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Wave-packet dynamics in multilayer phosphorene
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We investigate the dynamics of Gaussian wave packets in multilayer black phosphorus (BP). Time-dependent
average position and velocity are calculated analytically and numerically by using a continuum model and
a method based on the split-operator technique, respectively. By analyzing the wave-packet trajectories with
nonvanishing initial momentum along y direction, we observed transient spatial oscillations due to the effect
known as zitterbewegung (ZBW). We also demonstrated, based on the Heisenberg picture and by the calculation
of the velocity operators, that the trembling motion along the y direction at small times is unavoidable even for
null initial momentum. We verified that the ZBW is directly related to the splitting of the wave packet into two
parts moving with opposite velocities, as similar to graphene, and the linear dependence on ky in out-of-diagonal
terms in the Hamiltonian. In addition for phosphorene systems, the two portions of the propagated wave packets
have an asymmetric shape for unbalanced ([1, 0]T ) and phased different ([1, i]T ) initial pseudospin components,
playing an important role in the amplitude, frequency and duration time of the transient oscillations. Electrons
in the vicinity of the Fermi energy traveling in N-layer phosphorene also exhibit qualitatively similar trembling
motion and transient character as found in the monolayer case, except by the oscillation phase difference and
final group velocity achieved after the transient behavior. As a consequence of the anisotropy on the N-layer BP
energy bands, effective masses and group velocities along the x and y directions, the wave packet propagates
nonuniformly along the different directions and deforms into an elliptical shape. By comparing our analytical
results with those ones obtained by the split-operator technique, we verified a good qualitative and quantitative
agreement between them, except for very larger values of wave vector and after long time steps.
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I. INTRODUCTION

The well-known zitterbewegung (ZBW) phenomenon, a
trembling motion caused by interference between positive and
negative energy states [1,2], was predicted by Schrödinger
in 1930 for the motion of relativistic electrons in vacuum
governed by the Dirac equation and has been subject of
renewed interest over the past decade in various condensed
matter systems [3,4]. This oscillatory dynamic of the center of
a free wave packet is manifested in the time evolution of the
expectation values of some physical observables, such as posi-
tion, velocity, current, and spin angular momentum. The char-
acteristic frequency of ZBW motion is determined by the gap
between the two states with positive and negative energies and
is of the order of 2m0c2/h̄, where m0 is the bare electron mass,
c is the speed of light, and h̄ is the Planck constant, whereas
the amplitude of oscillations is of the order of the Compton
wavelength, i.e., h̄/m0c. This corresponds to large oscillation
frequencies of ≈1021 Hz and small oscillation amplitudes
of ≈10−3 Å, making its direct experimental observation a
really hard task [4–10]. Although, the ZBW is, in principle,
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a relativistic effect, it may arise even for a nonrelativistic
particle moving in crystalline solids if their band structures
could be represented by a two-band model reminiscent of the
Dirac equation [11–13], or for quasiparticles governed by the
Bogoliubov-de Gennes equations in superconductors [14,15],
in which the energy-wave-vector dependence is similar to the
relativistic relation, or in some semiconductor nanostructures
with spin-orbit coupling [15–22].

Two of the pioneering works investigating the ZBW effect
in narrow-gap semiconductors are the theoretical studies of
Schliemann [16] and Zawadzki [23] in 2005, which con-
sidered the coupling between the positive-negative energy
eigenstates of the quantum systems using a two energy bands
model. Zawadzki [23] demonstrated that semiconductor elec-
trons experience a ZBW, considering the analogy between the
band structure of narrow-gap semiconductors and the Dirac
equation for relativistic electrons in vacuum. The former ex-
hibits more experimentally favorable frequency and amplitude
characteristics than electrons in a vacuum. Schliemann et al.
[16,17] studied the ZBW of electronic wave packets in III-V
zinc-blende semiconductor quantum wells in the presence of
spin-orbit coupling of the Rashba and Dresselhaus type, by
using the Hamiltonian of spin splitting (the Bychkov-Rashba
mechanism), which requires structure inversion asymmetry
of the system. These works triggered a strong interest in
the theoretical investigations of wave-packet dynamics and
ZBW oscillations in other physical systems, as, for instance,
2D photonic crystal [24,25], 2D sonic crystal [26], trapped
ion [27,28], hole Luttinger systems [29,30], ultracold atoms
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[31,32], topological insulators [33,34], and electromagnetic
pulses propagating through metamaterials presenting an op-
tical analog ZBW effect [35]. Experimental observations of
ZB phenomenon have been reported in 2008 for macroscopic
sonic crystals [26], in 2010 for trapped ion systems [27] and
for photonic superlattices [25], and in 2013 for spin-orbit-
coupled Bose-Einstein condensates [36,37].

In the last two decades, the production of graphene has
led to a significant level of interest on the physics of layered
materials [38–41]. This interest is not only due to its possible
future technological applications, but also because it provides
the possibility to probe interesting phenomena predicted by
quantum field theories not found in conventional semicon-
ductors and metals. One of these exotic properties of low-
energy electrons in single- and few-layer graphene, described
by the zero mass Dirac equation, is the existence of ZBW
as reported in Refs. [42–52] for monolayer and [42,46,53]
bilayer graphene. Maksimova et al. [43] in 2008 analyzed the
detailed description of wave-packet evolution in monolayer
graphene, using the Green’s function representation and the
low-energy Dirac equation, and investigated the influence on
the wave-packet dynamics of different pseudospin polariza-
tions for the initial wave function and the phenomenon of
ZBW of the packet center. Similar investigation was per-
formed numerically by Chaves et al. [54] in 2010 by means the
split-operator technique. Rusin and Zawadzki [46] studied the
evolution of the wave packet in bilayer graphene and found
the analytical expressions for the pseudospin components of
wave function and average position operator as well as an-
alytical results for the ZBW oscillations. They demonstrated
that the transient character ZBW in bilayer graphene is related
to the increasing spatial separation of the subpackets corre-
sponding to the positive and negative energy states moving
in opposite directions, in a similar way to some pseudospin
configurations in monolayer graphene, and not only due to
the packet’s slow spreading which in turn is responsible for
the attenuation and decay of ZBW.

Most recently, there is growing interests in black phospho-
rus (BP), also known as phosphorene [55–60]. It is a semi-
conductor with puckered structure due to its sp3 hybridization
and displays a tunable band gap [55,56,59,61–71] ranging
of 1.8 eV for single-layer BP to ≈0.4 eV for bulk samples,
which is very relevant for possible technological applications
[55,56,72–76]. BP presents a highly anisotropic band struc-
ture and consequently a large anisotropic effective mass [69].
Although previous works have studied wave-packet propaga-
tion for standard semiconductors [1,2,16,17,21–23], mono-
layer [42–52] and bilayer [42,46,53] graphene, silicene,[77]
and transition metal dichalcogenide [78], no similar theo-
retical investigation on wave-packet propagation in N-layer
BP system was reported in the literature, to the best of our
knowledge. Therefore it is also interesting to see whether
the results observed in these cited 2D materials differ or are
similar for multilayer phosphorene, and if the anisotropic

character of electronic properties of multilayer phosphorene
implies in any atypical feature in the dynamics of the wave
packets.

The paper is organized as follows. In Sec. II, we present
the theoretical models used to describe the time evolution
of wave packets in multilayer phosphorene systems, based
on (Sec. II A) the continuum approximation [69,79,80] for
low-energy electrons. The two frameworks are depicted in
Secs. II B and II C), described within the Green’s function
formalism and the split-operator technique [54,81–93] for
the expansion of the time-evolution operator, respectively. In
Sec. III, the analytical expressions for some physical quanti-
ties, such as the average values of position operator and the
components of wave function, are found for different config-
uration of initial pseudospin polarization and these results are
compared with the numerical split-operator ones in order to
check the limit of accuracy of the both models. We also show
the probability amplitudes of the wave packet at different time
steps (t > 0) to understand the origin of transient character of
the oscillations on the average positions. An important remark
concerning the wave-packet dynamics is about the oscillatory
behavior of the velocity as a manifestation of zitterbewegung
on the wave-packet motion. Therefore, in Sec. IV, we cal-
culate the velocity operators and their commutators with the
continuum Hamiltonian for multilayer phosphorene in order
to verify whether vx and vy are constants of motion or not,
and thus check the consistency of our formalism. Concluding
remarks are reported in Sec. V.

II. THEORETICAL MODEL

In this section, we present the theoretical frameworks
used to obtain the physical observables of a Gaussian wave
packet moving along a N-layer BP system discussed in the
following sections by assuming an arbitrary initial pseudospin
polarization. In both formalisms described in Secs. II B and
II C, we use the continuum model discussed in Sec. II A.

A. Continuum approximation for N-layer phosphorene
and the polarization angle

Based on the tight-binding model for multilayer phospho-
rene reported by Rudenko et al. [94] involving ten intralayer
and four interlayer hopping parameters and with the layers
alignments obeying the AB stacking [see Fig. 1(a)], a sim-
ple analytical model was recently derived within the long-
wavelength approximation to describe low-energy charge
carriers in N-layer BP sheet around � point [69]. In this
continuum approximation, the Hamiltonian for the N-layer
BP is composed by N blocks of 2 × 2 monolayer-type BP
Hamiltonians where each one of these effective monolayer
Hamiltonians is formed by layer-dependent Hamiltonian co-
efficients and reads in momentum space as

H =
(

un
0 + ηn

x k2
x + ηn

y k2
y δn + γ n

x k2
x + γ n

y k2
y + iχnky

δn + γ n
x k2

x + γ n
y k2

y − iχnky un
0 + ηn

x k2
x + ηn

y k2
y

)
, (1)
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FIG. 1. (a) Top view of lattice structure of AB-stacked N-layer BP system, emphasizing the orientations of the lattice adopted in this work
and the four sublattices: A and B at bottom sublayer (purple symbols), and C and D at top sublayer (brown symbols). The x and y coordinates
correspond to the zigzag and armchair directions, respectively, and z direction is the out-of-plane direction. (b) (Left) Lowest electronic energy
band obtained by diagonalizing the Hamiltonian (1) with n = N for monolayer (black solid curve), bilayer (red dashed curve), trilayer (blue
dot curve), and tetralayer (green short-dash curve) phosphorene. (Right) Initial wave-packet energy for the corresponding initial wave vector
assumed here in the wave-packet simulation. θk as a function of (c) the polar angle β for fixed momentum vector and (d) the momentum
vector for fixed polar angle β. (e) Momentum value for θmax as a function of the polar angle β, i.e., |k| in which θk has a maximum value as
emphasized in the orange dashed line in panel (d).

where un
0 = u0 + λnδAD′ , ηn

x = ηx + λnηAD′ , ηn
y =

ηy + λnγAD′ , δn = δ + λnδAC′ , γ n
x = γx + λnηAC′ , γ n

y =
γy + λnγAC′ , χn = χ + λnχAC′ , λn = cos [nπ/(N + 1)], N
is the number of BP layers and n ∈ [1, N]. The lowest
electron-hole energy bands are obtained by assuming n = N ,
being the value we consider here throughout all our analysis
(i.e., n = N = 1, 2, 3, 4 for monolayer, bilayer, trilayer,
and tetralayer phosphorene, respectively). The Hamiltonian
parameter values are summarized in Table I, being the
same ones used in Ref. [69], where they were obtained
by expanding the tight-binding structure factors for BP
system up to second oder in k. These coefficient values
of the Hamiltonian (1) include the contribution from the
tight-binding hopping energies and the lattice geometry
of the BP sheet, incorporating a direct link between the
microscopic tight-binding description and the continuum
approximation. References [69,79,80] have showed that
the continuum model for BP system is very suited for
describing the physics of large BP systems, yielding very
accurate results within its limit of validation, and it is
less computationally demanding than microscopic models,

as for instance tight-binding model and first-principles
calculations.

The eigenstates of H are two-component spinors given by

� =
(

φ1

φ2

)
=

(
φA + φD

φB + φC

)
, (2)

TABLE I. Hamiltonian parameters of the effective continuum
model [Eq. (1)] derived by the expansion of the structure factor
coefficients of the tight-binding model for multilayer BP (see Ref.
[69]).

Parameter Value Parameter Value

u0 −0.414 eV δAC′ 0.712 eV

ηx 1.265 eV Å
2

δAD′ −0.132 eV

ηy −1.384 eV Å
2

ηAC′ −0.9765 eV Å
2

δ 0.919 eV ηAD′ 2.699 eV Å
2

γx 2.510 eV Å
2

γAC′ 2.443 eV Å
2

γy 2.035 eV Å
2

γAD′ 0.364 eV Å
2

χ 5.896 eV Å χAC′ 2.071 eV Å
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where φA,B,C,D are the probability amplitudes for finding elec-
trons on the atomic sites A, B, C, and D, respectively, which
are related to the four phosphorus atoms that are contained in
the unit cell of a single layer of BP, as shown in Fig. 1(a).
The Hamiltonian (1) was obtained by taking into account the
sublattice symmetry between atomic sites A/D and B/C in
each monolayer BP, due to the D2h group invariance of the
BP lattice [69,79] and, as a consequence, the two-component
wave function (2) is composed by the combination of these
sublattices in pairs. Rewriting H in a more compact form in
polar notation, in order to highlight the angular dependence,
we find

H =
(

ε1 ε2eiθk

ε2e−iθk ε1

)
, (3)

with

ε1( �p) = fc + fv
2

, (4a)

ε2( �p) =
√(

fc − fv
2

)2

+
(

χn py

h̄

)2

, (4b)

θk ( �p) = arctan

[
2χn py

h̄( fc − fv )

]
, (4c)

where fc and fv are associated with the conduction (c) and va-
lence (v) energy dispersion terms, respectively, being defined
as

f c
v

= (
un

0 ± δn
) + (

ηn
x ± γ n

x

) p2
x

h̄2 + (
ηn

y ± γ n
y

) p2
y

h̄2 . (5)

By diagonalizing Eq. (1) or equivalently Eq. (3), we obtain the
dispersion relations for electrons and holes, given by

E �p,s = ε1( �p) + sε2( �p), (6)

with s = +1(−1) for electrons (holes), i.e., the plus (minus)
sign yields the conduction (valence) band. Figure 1(b) shows
the lowest electronic energy levels for (black solid curve,
N = 1) monolayer, (red dashed curve, N = 2) bilayer, (blue
dot curve, N = 3) trilayer, and (green short-dash curve, N = 4)
tetralayer phosphorene. In the wave-packet dynamics, we
choose the initial wave-packet energies for electrons standing
on these lower bands, as shown in the right panel of Fig. 1(b)
for the three assumed initial wave vectors for a fixed num-
ber of layers. Note that, as seen in Fig. 1(b): (i) the band
gap is tunable by the number of BP layers, decreasing as
N increases, and (ii) phosphorene band structure is highly
anisotropic, exhibiting for small momentum values an approx-
imately parabolic dispersion along �-X (zigzag) direction and
approximately linear dispersion along �-Y (armchair) direc-
tion, therefore, behaving similarly as Schrödinger and Dirac
particles, respectively. As we will discuss further, the linear
dependence on ky in the out-of-diagonal terms of Eq. (1) and
this anisotropic feature of the energy levels and, consequently,
of effective masses and group velocities [69], bring up very
interesting consequences in the wave-packet dynamics in
phosphorene.

The corresponding eigenstates of Hamiltonian (3) are

� �p,s = 1√
2

(
1

seiθk ( �p)

)
. (7)

Note that this expression is similar to the graphene’s eigen-
states [43], but with the fundamental difference that for N-
layer phosphorene the phase angle θk does not necessarily cor-
respond to the polar angle β associated with the momentum
vector:

θk (|k|, β ) = arctan

[
χn|k| sin β

δn + (
γ n

x cos2 β + γ n
y sin2 β

)|k|

]
. (8)

This can be seen in Fig. 1(c), which shows the phase angle
θk as a function of the polar angle β for three different
momentum vectors (whose values are the ones used in the
results for the wave-packet simulation in Sec. III). It is a
very crucial point concerning the initial set up to define the
direction of the wave-packet propagation. For instance, in
the cases of isotropic semiconductors and graphene systems
[43,54,81,82], the phase angle is exactly the same as the polar
angle in the momemtum space, i.e., θk = β = arctan (py/px ),
making the definition of the initial propagation angle value
more direct and intuitive. Furthermore, it can be noticed by
Fig. 1(c) that θk exhibits a maximum value at β = π/2 for all
momentum values and this critical value θk (β = π/2) = θmax

k
is energy-momentum-dependent. Figures 1(d) and 1(e) con-
firm these statements. From Fig. 1(d), it is seen that, as the mo-
mentum |k| increases, θk approaches a maximum value (em-
phasized by the orange dashed line) and then decays to zero.
The momentum value for θmax

k (i.e., |k|max in which θk has a
maximum value) is slightly different for different values of the
polar angle β, as shown in Fig. 1(e). According to Fig. 1(e)
and also by performing the differentiation of Eq. (4c) with
respect to |k| at β = π/2, i.e., (∂θk/∂|k|)|β=π/2 = 0, one can

find that |k|max = 0.67201 Å
−1

and the critical phase angle
is θmax

k = 65.114◦. In summary, the phase angle can assume
values in the threshold range between: −θmax

k � θk � θmax
k ,

unlike the polar angle β that can assume any value.

B. Green’s function formalism for N-layer phosphorene

We now shall follow a similar procedure as reported by
Maksimova et al. in Ref. [43], based on the Green’s function
formalism. According to Eq. (7), the time-dependent eigen-
functions of Hamiltonian Eq. (3) are given by

ϕ �p,s(�r, t ) = 1

2
√

2π
exp

[
i
�p · �r
h̄

− i
E �p,st

h̄

](
1

seiθk ( �p)

)
, (9)

with E �p,s being the energy eigenvalues given in Eq. (6). The
initial wave packet �(�r, 0) at t > 0 acquires a form that can
be calculated as

�μ(�r, t ) =
∫

Gμ,ν (�r, �r′, t )�ν (�r′, 0) d �r′, (10)

where G(�r, �r′, t ) is the 2 × 2 Green’s function matrix and the
matrix indices (μ, ν = 1, 2) correspond to the two compo-
nents of the pseudospin eigenfunctions. The matrix elements
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of Green’s functions are defined as

Gμ,ν (�r, �r′, t ) =
∑
s=±1

∫
d �pϕ �p,s,μ(�r, t )ϕ∗

�p,s,ν (�r′, 0). (11)

Replacing Eq. (9) into Eq. (11) and after some straightforward
algebra, one finds the components of Green’s function matrix,
such as

G11(�r, �r′, t ) = G22(�r, �r′, t ) = 1

(2π h̄)2

∫
exp

[
i �p · (�r − �r′)

h̄

]
exp

[−iε1( �p)t

h̄

]
cos

[
ε2( �p)t

h̄

]
d �p, (12a)

G12(�r, �r′, t ) = −i

(2π h̄)2

∫
e−iθk ( �p) exp

[
i �p · (�r − �r′)

h̄

]
exp

[−iε1( �p)t

h̄

]
sin

[
ε2( �p)t

h̄

]
d �p, (12b)

G21(�r, �r′, t ) = −i

(2π h̄)2

∫
eiθk ( �p) exp

[
i �p · (�r − �r′)

h̄

]
exp

[−iε1( �p)t

h̄

]
sin

[
ε2( �p)t

h̄

]
d �p. (12c)

To describe the time evolution of an arbitrary state, we choose the initial wave function to be a Gaussian wave packet, for three
main reasons: (i) Gaussian wave packets describe roughly localized quantum states for which the product of the uncertainties in
position and momentum is minimal; (ii) by setting the initial state as Gaussian wave packet, this situation covers most cases of
practical interest, because any wave packet can be approximated by a superposition of a finite number of Gaussian states; and
(iii) since the ZBW is, by nature, not a stationary state but a dynamical phenomenon, it is natural to study it with the use of
wave packets [1,23,46]. The assumed initial Gaussian wave packet, with width d and nonvanishing average momentum along
y-direction (p0y = h̄k0), is given by

�(�r, t ) = f (�r)√
|c1|2 + |c2|2

(
c1

c2

)
, (13a)

f (�r) = 1

d
√

π
exp

[−r2

2d2
+ ik0y

]
. (13b)

where c1 and c2 determine the initial pseudospin polarization of the injected wave packet and are related to the two pseudospin
components in Eqs. (2) and (7). Now inserting Eqs. (13a) and (13b) into Eq. (10) and using the expressions of the components of
Green’s function matrix [Eqs. (12a)–(12c)], one obtains the components of the time evolved wave packet �(�r, t ) at a later time
t in the following two-component form:(

�1(�r, t )
�2(�r, t )

)
= 1√

|c1|2 + |c2|2
(

c1�1(�r, t ) + c2�3(�r, t )
c1�2(�r, t ) + c2�4(�r, t )

)
, (14)

where

�1(�r, t ) =
∫

G11(�r, �r′, t ) f (�r)d �r′ = de−k2
0 d2/2

2h̄2
√

π3

∫
exp

[
i �p · �r

h̄
− p2d2

2h̄2 + pyk0d2

h̄
− iε1( �p)t

h̄

]
cos

(
ε2( �p)t

h̄

)
d �p, (15a)

�2(�r, t ) =
∫

G21(�r, �r′, t ) f (�r)d �r′ = −ide−k2
0 d2/2

2h̄2
√

π3

∫
eiθk ( �p) exp

[
i �p · �r

h̄
− p2d2

2h̄2 + pyk0d2

h̄
− iε1( �p)t

h̄

]
cos

(
ε2( �p)t

h̄

)
d �p, (15b)

�3(�r, t ) =
∫

G12(�r, �r′, t ) f (�r)d �r′ = −ide−k2
0 d2/2

2h̄2
√

π3

∫
e−iθk ( �p) exp

[
i �p · �r

h̄
− p2d2

2h̄2 + pyk0d2

h̄
− iε1( �p)t

h̄

]
cos

(
ε2( �p)t

h̄

)
d �p, (15c)

and �1(�r, t ) = �4(�r, t ), according to Eq. (12a).
The time-dependent expectation value of the position op-

erator can be calculated as

〈�r(t )〉 =
2∑

j=1

∫
d �p�∗

j ( �p, t )ih̄
d� j ( �p, t )

d �p , (16)

with � in momentum representation. Note that analytical
expressions for two components of wave function were found
for N-layer BP [Eqs. (14) and (15a)–(15c)], which allows us to
investigate the ZBW phenomenon of a Gaussian wave packet
for different relations between the initial electron amplitudes

on the sublattices, as will be discussed in Sec. III, by means
of the analytical calculation of the time dependent expectation
values of the position (x, y) of the center of the injected wave
packet according to Eq. (16).

C. Split-operator technique for N-layer phosphorene

In this section, we introduce the split-operator technique
for wave-packet propagation in N-layer phosphorene, based
on the Hamiltonian within the continuum approximation
[Eq. (1)]. This approach is similar to the one developed by
A. Chaves et al. [54,81,83] for calculating the dynamics of a
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wave packet in graphene by taking a Dirac-Weyl Hamiltonian.
It consists in the solution of time-dependent Schrödinger
equation by taking a separation of the time-evolution oper-
ator in a series of matrices, such that the propagated wave
function after a time step �t can be calculated by apply-
ing the expanded exponential time-evolution operator on the
wave packet at any instant t [54,81–93]. The advantage of
this technique is due to its flexibility inasmuch as it can be
applied for BP systems under arbitrary external potentials and
magnetic fields. Besides, it allows to track the center of mass
trajectories, which is very important for the understanding of
ZBW phenomenon in the current work.

Let us first find the time-evolution operator as a series of
matrix multiplications for the Hamiltonian (1) and then apply
it for the time evolution of the wave packet, following the
split-operator method for spin-dependent Hamiltonian as de-
scribed in Refs. [54,81,83]. The long-wavelength Hamiltonian
(1) can be written in terms of Pauli matrices �σ = (σx, σy) as

H = H01 + �α · �σ , (17)

where 1 denotes the 2 × 2 unit matrix, and

H0 = un
0 + ηn

x k2
x + ηn

y k2
y , (18a)

�α = (αx, αy) = (
δn + γ n

x k2
x + γ n

y k2
y ,−χnky

)
. (18b)

Since H does not explicitly depend on time and
[H01, �α · �σ ] = 0, the time-evolution operator for the Hamil-
tonian Eq. (17) is given by

exp

[
− i

h̄
H�t

]
= exp

[
− i

h̄
H01�t

]
exp[−i �A · �σ ], (19)

where �A = �α�t/h̄. Using the properties of the Pauli matrices
for the second term in Eq. (19), one finds

MA = exp[−i �A · �σ]

= cos(A)1 − i sin(A)

A

(
0 Ax − iAy

Ax + iAy 0

)
, (20)

where A = | �A|, whereas the first term of Eq. (19) is equiv-
alent to

MH0 = exp [−iH01�t/h̄] = 1 exp [−iH0�t h̄]. (21)

Thus the time-evolution operation is represented by a simple
multiplication of two 2 × 2 matrices. Notice that this resulting
matrix is an exact representation of the time-evolution opera-
tor, including all the terms of the expansion of the exponential,
and that there is no error induced by the noncommutativity
of the involved operators. Although no approximation was
taken, we refer this method as the split-operator technique
due to the similarities in the development of the method as
in Refs. [54,81,83], and also because we in fact are splitting
the time-evolution operator.

The time evolution of �(�r, t ) can be computed by applying
the time-evolution operator Eq. (19) to obtain the propagated
wave function after a time step t + �t , such as

�(�r, t + �t )= e−iH�t/h̄�(�r, t )=MAMH0�(�r, t ). (22)

Since MH0 and MA depend on the wave vectors kx and ky,
the matrix multiplication is computed in reciprocal space by

performing a Fourier transform on the wave function, in order
to rewrite it in a space where the k’s are numbers, instead of
derivatives.

The initial wave packet is assumed as a circularly sym-
metric Gaussian distribution, multiplied by the pseudospinor
[Eq. (2)] that accounts for the probability distributions over
the two pairs of coupled sublattices of phosphorene (labeled
c1 for φA + φD and c2 for φB + φC), and by a plane wave with
wave vector �k = (k0 cos β, k0 sin β ), such as

�(�r, 0) = N

(
c1

c2

)
exp

[
− (x − x0)2 + (y − y0)2

d2
+ i(�k · �r)

]
,

(23)

where N is a normalization factor, (x0, y0) are the coordinates
of the center of the Gaussian wave packet in the real space,
and d is its width. The pseudospin polarization [c1, c2]T

of the wave packet plays an important role in defining the
direction of propagation [see Eq. (7)]. It is worth to point
out that, for phosphorene, the phase angle θk does not cor-
respond to the polar angle β associated with the momentum
vector [see Eq. (8)], such that the characterization of the
pseudospin polarization angle and consequently the direction
of propagation are not directly related, as it is, for example, in
graphene, where we have a wave packet propagating along
the y and x direction in cases of the pseudospin [1, i]T

and [1, 1]T , respectively [81,82,89,90,93]. Unless otherwise
explicitly stated in the text, we consider that the wave packet
starts at (x0, y0) = (0, 0) Å and its width is d = 100 Å. In
order to compare the results obtained by the method based on
split-operator technique developed in the current section with
the ones within the Green’s function formalism (Sec. II B),
we assume kx

0 = 0 in Eq. (23) as in Eq. (13b). The assumed
time step for all obtained results here in both approaches is
�t = 0.1 fs.

III. ZITTERBEWEGUNG OF GAUSSIAN WAVE PACKET
FOR DIFFERENT PSEUDOSPIN POLARIZATIONS

Let us now show results for three different Gaussian distri-
butions along the subalttices: (Sec. III A) [c1, c2]T = [1, 0]T ,
(Sec. III B) [c1, c2]T = [1, 1]T , and (Sec. III C) [c1, c2]T =
[1, i]T , where we discuss the presence or absence of ZBW
along the x and y directions, manifested by oscillations on the
average position and average group velocity of the Gaussian
center of mass of the wave packet, as well as other features
of the trembling motion, such as the oscillation amplitude and
frequency.

A. c1 = 1 and c2 = 0

We first consider the simple case where the lower compo-
nent of the initial electronic wave function (13a) is zero, i.e.,
taking c1 = 1 and c2 = 0. This corresponds to the situation in
which the electron probability is initially located only at φ1 =
φA + φC , i.e., at the A and C the sublattices of phosphorene
layer. According to Eq. (14), the wave function for t > 0 in
this case is

�(�r, t ) =
(

�1(�r, t )

�2(�r, t )

)
, (24)
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where �1,2 are defined by Eqs. (15a) and (15b). By using
Eq. (16) and after some lengthy but straightforward algebra,

we calculate the time dependent expectation value of position
(x, y) of the wave-packet center of mass, given by

〈x(t )〉 = − ide−a2

π

∫ ∞

0

∫ π

−π

e−q2+2aq sin β

⎡
⎢⎣ 2iχnγ n

x h̄4dq3 sin(2β ) sin2 (ε2(q, β )t/h̄)[
δnh̄2d2 + (

γ n
x cos2 β + γ n

y sin2 β
)
q2 h̄2

]2 + d2(χn)2h̄4q2 sin2 β

+ 2itηn
x q2 cos β

h̄d2
+ q2 cos β

⎤
⎥⎦dβdq, (25a)

〈y(t )〉 = − ide−a2

π

∫ ∞

0

∫ π

−π

e−q2+2aq sin β

⎡
⎢⎣ − iqχnh̄2d

(
d2δnh̄2 + γ n

x q2 h̄2 cos2 β − γ n
y q2 h̄2 sin2 β

)
sin2 (ε2(q, β )t/h̄)[

δnh̄2d2 + (
γ n

x cos2 β + γ n
y sin2 β

)
q2 h̄2

]2 + d2(χn)2h̄4q2 sin2 β
+ q2 sin β

− aq + 2itηn
y q2 sin β

h̄d2

⎤
⎥⎦dβdq, (25b)

in which the average values are written explicitly as a func-
tion of the polar angle β ∈ [−π, π ] and the dimensionless
parameters q = pd/h̄ and a = k0d , with k0 corresponding to
the initial wave vector. For this, we rewrote ε1 and ε2, given
by Eqs. (4a) and (4b), respectively, as functions of q and β.

By performing a numerical integration of Eqs. (25a) and
(25b), we obtain the expectation values as a function of time
for different initial central wave vectors and number of BP
layers, as shown in Figs. 2(a) and 2(b), respectively. The
average value 〈x(t )〉 remains constant and does not exhibit any
oscillation with time for different k’s values and number of BP
layers. On the other hand, the expectation value of the y posi-
tion of the wave packet oscillates, thus indicating the presence
of ZBW along the y direction. The different curves in Fig. 2(a)

are the results for k0 = 0.01 (black), 0.05 (red) and 0.1 Å
−1

(blue). As mentioned in Sec. I, this oscillatory behavior is
due to the interference between positive and negative energy-
momentum states that makes up the initial Gaussian wave
packet and in fact corresponds to the ZBW phenomenon. Note
in Fig. 2(a) that the ZBW of the wave packet propagating in a
monolayer BP have a transient character, i.e., they disappear
on a femtosecond timescale. This transient feature of the ZBW
presents different amplitude, frequency and duration time for
different initial wave vector. One verifies in Fig. 2(a) that (i)
the duration time and amplitude of the transient ZBW decays
faster as the wave vector increases and (ii) the larger the initial
wave vector, the smaller the oscillation amplitude, as seen
in the inset of panel (a). Both features are consequences of
the effect of wave-packet dispersion. It is worth to mention
that the transient oscillation time due to the ZBW effect is
shorter than the lifetimes of excited electrons in standard
semiconductors. According to the Refs. [43,46,49,54], ZBW
has a transient character with a decay time of femtoseconds
in graphene and picoseconds in nanotubes, whereas excited
electrons have lifetime, given by the Fermi’s gold rule, of
a few nanoseconds [95]. Similarly, we found that the ZBW
transient behavior for phosphorene is also in the order of
dozens of femtoseconds.

We also analyze the influence of the number of layers on
the wave-packet propagation. Results are shown in Fig. 2(b)

for N = 1, 2, 3, 4, considering a fixed value k0 = 0.1 Å
−1

.
One observes that increasing the number of layers causes a
reduction (increase) of the frequency (period) of the transient
oscillation. This is related to the fact that multilayer BP with
different numbers of BP layers presents slightly different

FIG. 2. [(a) and (b)] Average position and [(c) and (d)] expecta-
tion value of the velocity for trajectories of (a) and (b), respectively,
of a Gaussian wave packet of width d = 100 Å as a function of
time for the case c1 = 1 and c2 = 0. [(a) and (c)] Wave packet
propagating in a monolayer phosphorene sheet (N = 1) with dif-
ferent initial central wave vectors: k0 = 0.01 (black), 0.05 (red) and
0.1 Å

−1
(blue). [(b) and (d)] Wave packet propagating in multilayer

phosphorene (N = 1, 2, 3, 4) for fixed wave vector k0 = 0.1 Å
−1

.
The wave packet starts at (x0, y0) = (0, 0) Å. The inset shows an
enlargement of the physical averages [(a) and (b)] for first time
steps in order to emphasize the different oscillation amplitudes and
oscillation frequencies, and (d) nearby the time steps in which the
velocities achieve constant values.
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energy band structures and consequently different effective
masses along x and y directions, as discussed in Sec. II A. It
is known that the greater the number of layers, the greater
(smaller) will be the effective mass for electrons along the x
(y) direction, i.e., along the zigzag (armchair) directions.[69]
That in turn affects the mobility of electrons located on the
lowest conduction band, leading to a phase difference in the
oscillation of the average position 〈y(t )〉 for different number
of layers N . By comparing Figs. 2(a) and 2(b), one verifies
that the oscillatory behavior for multilayer BP is qualitatively
similar to monolayer case, except by this phase difference in
the ZBW, as emphasized in the inset of Fig. 2(b), due to the
different energy band curvatures as the number of layers BP.

Since the oscillatory behavior of the propagation velocity
as a function of time is also a manifestation of the ZBW
effect, we show in Figs. 2(c) and 2(d) the expectation values
of the velocity vy for average position y of panels (a) and
(b), respectively, calculated by taking the time derivative of
the 〈y(t )〉 results with respect to time. Note that the average
velocities exhibit clear oscillations that are damped as time
evolves, converging to a final constant value that depends
on the initial wave vector k0 and number of considered BP
layers. The velocity wiggles with shorter period and smaller
amplitudes for large values of k0 and fixed number N [see
Fig. 2(c)], as well as for large number of layer and fixed
k0 [see inset in Fig. 2(d)]. The convergence of the velocities
demonstrates that the ZBW is not a permanent but a transient
effect. Notice from the inset in Fig. 2(d) that the converging
value of 〈vy〉 has slightly larger module for larger N . This
is related to the fact that the lowest energy band along
�-Y direction for multilayer BP has approximately the same
curvatures for different number of layers, and consequently
the effective masses for electrons along y-direction are just
slightly different for different layers, as can be seen by the
following values: my

1 = 0.19474m0, my
2 = 0.18835m0, my

3 =
0.17088m0, and my

4 = 0.15648m0, being m0 the mass of a free
electron, and thus leading also to a slight difference in the
electronic mobility and group velocity in y direction [69].

Figure 3 shows the contour plots of the squared modulus
of the propagated wave functions at (a) t = 20, (b) 30, (c)
40, and (d) 50 fs, considering an initial wave vector k0 =
0.05 Å

−1
that corresponds the average position of the electron

wave-packet motion displayed by the red curve in Fig. 2(a). It
is seen that the time evolution of the electronic wave packet
for this case is along the armchair (y) direction. Starting
with a circularly symmetric shape, the wave packet evolves
and becomes distorted into an elliptic shape. This is due to
the strong anisotropy in multilayer phosphorene, such that
the momentum contributions along the (y) armchair and (x)
zigzag directions to the total momentum are different, thus
giving rise to elliptic probability distribution, as shown in
Fig. 3(a). For a large enough time, the wave packet splits in
two parts at t ≈ 50 fs [Fig. 3(d)] moving along y axis with
opposite velocities so that the electron probability density is
almost symmetrical with respect to y at a fixed time step:
|�(x, y, t )|2 ≈ |�(x,−y, t )|2. It should be noticed that the two
subpackets are definitely not completely symmetric, otherwise
we would not have a non-null average position in the y direc-
tion and a total propagation evolving to negative values of y, as
shown in Figs. 2(a) and 2(b). The two propagating subpackets

−400

−200

0

200

400

y(
Å

)

(a) (b)

| Ψ| 2

−400−200 0 200 400
x(Å)

−400

−200

0

200

400

y(
Å

)

(c)

−400−200 0 200 400
x(Å)

0 Max

(d)

FIG. 3. Time evolution of the electronic wave packet for the case

[c1, c2]T = [1, 0]T with |k| = 0.05 Å
−1

, corresponding the average
position shown by the red curve in Fig. 2(a). Snapshots at (a) t = 20,
(b) 30, (c) 40 and (d) 50 fs.

with approximately the same probability densities and widths
lead to vanishing oscillations in the average position and
expectation values of velocity, as verified by the red curves
in Figs. 2(a) and 2(c) after t ≈ 85 fs, which explains the
transient behavior of the ZBW and the fact that the average
velocity converges to values close to zero. Although not
shown here, it is intuitive that for higher wave vectors, the
wave packet splitting (into two) should take place earlier. As
a consequence, the average velocity would display a faster
decay rate and a shorter oscillation time transient.

In contrast to the results shown in Fig. 2 for the given initial
polarization [1, 0]T of wave packet propagating in multilayer
BP, the ZBW for monolayer graphene [43,54] and bilayer
graphene [46] occurs in the direction perpendicular to the
initial momentum ky

0, i.e., for initial polarization [1, 0]T the
wave packet propagates along x direction in which exhibits
ZBW effect, whereas 〈y(t )〉 remains constant. This is counter-
intuitive, since the initial momentum along x direction is null
as in Eq. (13b). However, similar to Fig. 3, in graphene the
wave function also is found to split in two subpackets along
the y direction [43]. This different direction of propagation
between the multilayer BP and those reported for monolayer
and bilayer graphene in Refs. [43,46,54] can be understood
considering the fact that, since the direction of propagation y
is the crystallographic direction in the phosphorene in which
electrons have greater (lower) kinetic energy (effective mass),
then electrons have greater mobility along the y direction,
being its preferred direction of propagation.

B. c1 = 1 and c2 = 1

We now investigate the case in which the wave func-
tion is equally distributed in the combined sublattices A/C
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(correspoding to φ1) and B/D (correspoding to φ2), which
is equivalent as choosing c1 = 1 and c2 = 1 in Eq. (14),
resulting in

�(�r, t ) = 1√
2

(
�1(�r, t ) + �3(�r, t )

�1(�r, t ) + �2(�r, t )

)
, (26)

where �1,2,3 are defined by Eqs. (15a)–(15c). Note that an
initial wave packet in which the electron probability density
occupies equally all subllatices is more realistic experimen-
tally, as an expected configuration when one creates wave
packets by illuminating samples with short laser pulses [96]
and also because for an infinite system the initial wave func-

tion should describe electronic bulk states spread over all sites
around the center point of the Gaussian distribution. On the
other hand, the simplistic choice [1, 0]T of the initial wave
packet discussed in previous Sec. III A is widely used in the
literature [43,46,54], since it is amenable to analytical treat-
ment and gives valuable insight into the relevant timescales of
the problem. In addition, for the phosphorene case, the initial
configuration [1, 0]T can be seen as the representation of
quasiflat edge states in phosphorene nanoribbons with zigzag
edges that have nonzero wave function components just in
one of the coupled pairs A/D or B/C [80]. Replacing the
wave function Eq. (26) into Eq. (16), we find the following
expressions for the average positions in x and y directions:

〈x(t )〉 = − ie−a2

π

∫ ∞

0

∫ π

−π

e−q2+2aq sin β

⎧⎪⎨
⎪⎩

iχnγ n
x h̄4d2q3 sin(2β ) sin (2ε2(q, β )t/h̄) sin θk (q, β )[

δnh̄2d2 + (
γ n

x cos2 β + γ n
y sin2 β

)
q2 h̄2

]2 + d2(χn)2h̄4q2 sin2 β

+ dq2 cos β + 2itηn
x q2 cos β

h̄d
+

[
sin

(
2ε2(q, β )t

h̄

)
− i cos θk (q, β ) cos

(
2ε2(q, β )t

h̄

)]

×
[

2t
[
δnh̄2d2 + (

γ n
x cos2 β + γ n

y sin2 β
)
q2 h̄2

]
γ n

x q2 cos β

h̄3d3ε2(q, β )

]⎫⎪⎬
⎪⎭dβdq, (27a)

〈y(t )〉 = − ie−a2

π

∫ ∞

0

∫ π

−π

e−q2+2aq sin β

⎧⎪⎨
⎪⎩ − iqχnh̄2d2

[
δnh̄2d2 + (

γ n
x cos2 β − γ n

y sin2 β
)
q2 h̄2

]
sin (2ε2(q, β )t/h̄) sin θk (q, β )[

δnh̄2d2 + (
γ n

x cos2 β + γ n
y sin2 β

)
q2h̄2

]2 + d2(χn)2h̄4q2 sin2 β

− adq + dq2 sin β + 2itηn
y q2 sin β

h̄d
+ itq2 cos θk (q, β )

×
[

2γ n
x cos β

[
δnh̄2d2 + (

γ n
x cos2 β + γ n

y sin2 β
)
q2 h̄2

] + (χn)2h̄2d2 sin β

h̄3d3ε2(q, β )

]⎫⎪⎬
⎪⎭dβdq, (27b)

with θk , ε1,2 written explicitly as a function of the polar angle
β and the dimensionless parameters q [see Eq. (8)].

Similarly to the previous Sec. III A for the pseudospin
[1, 0]T , in the current case the average value 〈x(t )〉 is also
unchanged with time, whereas the expectation value of the
y position oscillates. These results are displayed in Figs. 4(a)
and 4(b) for monolayer BP with different initial wave vectors

and for multilayer BP with the fixed value k0 = 0.1 Å
−1

,
respectively. By comparing Figs. 4(a) and 4(b) with Figs. 2(a)
and 2(b), one can notice that the ZBW for the pseudospin
[1, 1]T exhibit a smaller (larger) oscillation frequency (period)
than for the case [1, 0]T [see insets in Figs. 4(a) and 4(b)],
with the total average position 〈y(t )〉 moving faster along
the positive y direction than for the case [1, 0]T that moves
along the negative y direction. This statement is confirmed
by the time derivative 〈vy(t )〉 = d〈y(t )〉

dt of the results shown
in Figs. 4(a) and 4(b), as demonstrated in Figs. 4(c) and 4(d),
that converges to clearly nonzero and larger final values as
compared to the ones obtained in Figs. 2(c) and 2(d). In
general, the main features of the ZBW remain the same as the
previous case: the dependence of the transient character, as
well as the different amplitude, frequency and duration time

of the ZBW for different initial wave vector and number of
layers. For the expectation values of the velocities [Figs. 4(c)
and 4(d)], note that in contrast to Figs. 2(c) and 2(d), in
the current case, the larger k0, it leads to large oscillation
amplitudes of 〈vy(t )〉. Moreover, the oscillatory behavior for
multilayer BP [Figs. 4(b) and 4(d)] remains qualitatively the
same as the one observed in Figs. 2(b) and 2(d) as compared
to their monolayer BP results, except for the fact that in the
[1, 1]T case, the difference of the converging final values of
〈vy(t )〉 are more pronounced for different numbers of layers.

In order to understand the origin of this weak oscillations
and also the fast drift along the y direction for the pseudospin
case [1, 1]T , we depict in Fig. 5 the spatial time evolution
of the initial wave packet by showing snapshots for t > 0 of
the total probability density. Note that the initial wave packet
also splits into two parts propagating along y in opposite
directions as in the [1, 0]T case discussed in Sec. III A and
shown in Fig. 3, but unlike the previous case, the portions
of probability amplitudes and widths of the two subpackets
are noticeably different, such that the electron probability
density is not symmetric with respect to y at a fixed time
step: |�(x, y, t )|2 = |�(x,−y, t )|2. This large asymmetry in
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FIG. 4. The same as in Fig. 2, but now for the case c1 = 1 and
c2 = 1.

the probability density explains the less evident ZBW effect
in the average y position in Fig. 4, so that it becomes clear
the reason why 〈vy(t )〉 converges to nonzero values, which
even increase with k0, since a greater portion of the wave

packet propagates to the positive y direction. Another feature
of Fig. 5 is that the propagating wave packet does not deform
as much as in the previous case, remaining approximately with
the same packet width even after the splitting that originates a
small subpacket moving in the opposite y direction.

C. c1 = 1 and c2 = i

The last investigated pseudospin polarization case is com-
posed by the pseudospin components c1 = 1 and c2 = i. That
means that all four BP sublattices are filled, but unlike the case
[1, 1]T discussed in the previous Sec. III B, it has a phase dif-
ference between φ1 and φ2 that couples the pairs of subllatices
A/D and B/C, respectively [see Eqs. (2) and (7)]. The reason
for the study of this choice of pseudospin polarization is based
on the corresponding interest in graphene case [43,54], since
these two polarizations represent full-filled sublattice states
points into perpendicular directions in monolayer graphene:
[1, 1]T is directed along x axis at t = 0, whereas [1, i]T is
directed along y axis at t = 0. From Eq. (14) for c1 = 1 and
c2 = i, the wave function is given by

�(�r, t ) = 1√
2

(
�1(�r, t ) + i�3(�r, t )
i�1(�r, t ) + �2(�r, t )

)
. (28)

Computing the average values for the position x and y using
Eqs. (16) and (28), one obtains

〈x(t )〉 = − ie−a2

π

∫ ∞

0

∫ π

−π

e−q2+2aq sin β

⎧⎨
⎩ − iχnγ n

x h̄4d2q3 sin(2β ) sin (2ε2(q, β )t/h̄) cos θk (q, β )[
δnh̄2d2 + (γ n

x cos2 β + γ n
y sin2 β )q2 h̄2

]2 + d2(χn)2h̄4q2 sin2 β

+ dq2 cos β + 2itηn
x q2 cos β

h̄d
+ i sin θk (q, β )

(
2tγxq2 cos β[δh̄2d2 + (γx cos2 β + γy sin2 β )q2 h̄2]

h̄3d3ε2(q, β )

)⎫⎬
⎭dβdq, (29a)

〈y(t )〉 = − ie−a2

π

∫ ∞

0

∫ π

−π

e−q2+2aq sin β

⎧⎨
⎩ iqχnh̄2d2

[
δnh̄2d2 + (

γ n
x cos2 β − γ n

y sin2 β
)
q2h̄2

]
sin (2ε2(q, β )t/h̄) cos θk (q, β )

2
[
δnh̄2d2 + (γ n

x cos2 β + γ n
y sin2 β )q2 h̄2

]2 + 2d2(χn)2h̄4q2 sin2 β

− adq + dq2 sin β + 2itηn
y q2 sin β

h̄d
− itq2 sin θk (q, β )

×
(

2γ n
x cos β[δnh̄2d2 + (γ n

x cos2 β + γ n
y sin2 β )q2 h̄2] + (χn)2h̄2d2 sin β

h̄3d3ε2(q, β )

)⎫⎬
⎭dβdq. (29b)

As in the previous cases, 〈x(t )〉 is unchanged with time
due to initial configuration kx

0 = 0 in Eq. (13b). The results
for 〈y(t )〉 and 〈vy(t )〉 for different initial wave vectors and
number of BP layers are shown in Figs. 6(a), 6(b) and 6(c),
6(d) respectively. As seen, these results also exhibit very
pronounced ZBW and are more similar to the results shown
in Fiqs. 2(a) and 2(b) for the case [1, 0]T concerning the
large oscillation amplitudes, high oscillation frequency and
small oscillation period, as compared to the ones shown in
Fiqs. 4(a) and 4(b) for the [1, 1]T case. The reason for the
pronounced ZBW effect in the cases [1, 0]T and [1, i]T can
be linked to the unbalance and/or phase difference of the
different pseudospin components. On the other hand, 〈y(t )〉
is shifted with time to positive y values, as in case [1, 1]T

shown in Fiqs. 4(a) and 4(b), that suggests that the overall
wave packet is propagating along the positive y direction. It is
confirmed by the contour plots shown in Fig. 7 for the time
evolution of the squared modulus of the wave function for
different time steps. Similar to the previous cases, as the ZBW
disappears, two separate parts of the initial wave packet are
seen to move along the y axis with opposite velocities. Fig-
ure 7(d) shows that the two subpackets have different widths
and thus the total wave-packet symmetry in y direction for a
fixed time is not preserved, i.e., |�(x, y, t )|2 = |�(x,−y, t )|2,
similar to the case [1, 1]T . The dominant contribution to the
total wave function is responsible for the positive shift in the
average position 〈y(t )〉 and also for the nonzero values for the
converging average velocities at large time steps.
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FIG. 5. The same as in Fig. 3, but now for the case c1 = 1 and
c2 = 1.

In order to check the agreement between the results ob-
tained by using the two frameworks adopted here, namely,
Green’s function formalism (Sec. II B) and the split-operator
technique (Sec. II C), we plot in Fig. 8 the comparison be-
tween them for two pseudospin configurations: [(a) and (b)]
for the case c1 = 1 and c2 = 1 and [(c) and (d)] the case c1 =
1 and c2 = i. We have omitted such comparison for the case
c1 = 1 and c2 = 0, since for the timescale, initial momentum
values, and wave-packet width investigated in the current
work, no difference at all was observed. It is really clear that
both analytical (dashed curves) and numerical (solid curves)
methods give similar qualitative results and illustrate similar
ZBW. They have a good quantitative agreement, exhibiting a

FIG. 6. The same as in Fig. 2, but now for the case c1 = 1 and
c2 = i.
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FIG. 7. The same as in Fig. 3, but now for the case c1 = 1 and
c2 = i.

small discrepancy, for the worst case of ≈11% at maximum,
as shown in the insets, and that occurs, in general, for much
larger values of wave vector, and only after long time steps
[see panels (a) and (b)], as well as fewer numbers of layers
[see panels (c) and (d)]. The reason for such discrepancy
for these two pseudopsin configuration must be related to
inaccuracy in numerical integration to obtain the expectation
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FIG. 8. Comparison between the results of the average position
of a Gaussian wave packet of width d = 100 Å as a function of
time obtained by (solid curves) the split-operator technique derived
in Sec. II C and (dashed curves) analytical calculations derived in
Sec. II B: [(a) and (b)] the case c1 = 1 and c2 = 1 and [(c) and (d)]
the case c1 = 1 and c2 = i. [(a) and (c)] Wave packet propagating in
a monolayer phosphorene sheet (N = 1) with different wave vectors:

k0 = 0.01 (black), 0.05 (red), and 0.1 Å
−1

(blue). [(b) and (d)] Wave
packet propagating in multilayer phosphorene (N = 1, 2, 3, 4) for

fixed wave vector k0 = 0.1 Å
−1

.
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values of the analytically derived position operators, since ex-
pressions (27a), (27b), (29a), and (29b) are more complicated
as compared to the ones (25a) and (25b) for the case [1, 0]T ,
in which both methods agree 100%, giving rise to these small
deviations.

IV. VELOCITY OPERATOR

Let us now obtain the velocities along the x and y directions
and verify whether vx and vy are constants of motion or not,
which also indicates the directions where the ZBW manifests.
To understand how this affects the velocity along certain
directions, we use the Hamiltonian Eq. (1), or equivalently
Eq. (3), for electrons in multilayer phosphorene, and calcu-
late the commutators [H, vx] and [H, vy]. According to the
Heisenberg picture, the velocity operator is given by

�v = ∂H
∂ �p = 1

h̄

∂H
∂�k = 1

ih̄
[�r,H], (30)

with �v = (vx, vy) and �r = (x, y), yielding

vx = 2kx

h̄

(
ηn

x1 + γ n
x σx

)
, (31a)

vy = 2ky

h̄

(
ηn

y1 + γ n
y σx − χn

ky
σz

)
. (31b)

Let us now verify whether vx and vy are constants of
motion, and if there is any situation where vx and vy are not
affected by the zitterbewegung. Evaluating [H, vi] by making
use of Eqs. (3) and (31), one obtains

[H, vx] = 4iε2

h̄
kxγ

n
x sin θk

(−1 0
0 1

)
, (32a)

[H, vy] = 4iε2

h̄

[
kyγ

n
y sin θk + χn cos θk

](−1 0
0 1

)
. (32b)

Equation (32a) suggests that [H, vx] = 0 when
(i) kx = |k| cos β = 0 [that implies either |k| = 0 → kx =

ky = 0, i.e., zero initial momentum, or cos β = 0 (sin β =
±1) → β = ±(2l + 1)π/2, with l ∈ N];

(ii) sin θk = 0 → θk = ±lπ , with l ∈ N and conse-
quently, by the definition of θk in Eq. (4c), one has ky =
|k| sin β = 0 [that implies either |k| = 0 → kx = ky = 0, i.e.,
zero initial momentum, or sin β = 0 (cos β = ±1) → β =
±lπ , with l ∈ N].

Thus vx will be a constant of motion if (kx, ky) = (0,±|k|)
or (kx, ky) = (±|k|, 0), corresponding to a constant motion
along the y and x directions, respectively. On the other hand,
[H, vy] should be null if and only if ky and cos θk are both null,
i.e., θk = ±(2l + 1)π/2, with l ∈ N. However, as mentioned
in Sec. II A and shown in Figs. 1(c)–1(e), the phase angle of
the pseudospin varies in the range −θmax

k � θk � θmax
k , where

θmax
k corresponds to the value of θk for kx = 0 and ky = ±1,

being equivalent to β = π/2 [see Figs. 1(c)–1(e)]. Therefore
one concludes that [H, vy] = 0, suggesting that: vy is never
a constant of motion, and the trembling motion along the y
direction at small times for the wave-packet propagation in
phosphorene systems is unavoidable, even for the case where

one assumes kx = ky = 0, which yields

[H, vy]|kx=ky=0 = 4iδnχn

h̄

(−1 0
0 1

)
, (33)

and, therefore, the wave packet will also move in the y direc-
tion. Similar behavior has been observed in previous works
for graphene, where it was demonstrated both numerically
[9,54] and analytically [43] within the Dirac and tight-binding
models that even when kx = ky = 0 the wave-packet motion
is still observed due to zitterbewegung effects. Considering
the three different pseudospin configurations used here, one
observes in Fig. 9 that this also holds for the electron mo-
tion in phosphorene for (black curve) [c1, c2]T = [1, 0]T and
(blue curve) [c1, c2]T = [1, i]T , exhibiting oscillations in the
[Fig. 9(a)] average position and [Figs. 9(b) and 9(c)] velocity
along y direction, similarly to the ones observed in Figs. 2 and
6 for small momentum values, but now with a much higher
oscillation frequency and shorter period, that is clearly a
consequence of the reduction of the momentum value. To un-
derstand the nature of such oscillations that counterintuitively
appear even for the case with null initial momentum, we
illustrate on the right panels of Fig. 9 the electron probability
density (I) at t = 390 and (II) at 391 fs nearby a valley
and a peak of the average velocity curve, corresponding to
points with negative and positive velocities, respectively, as
labeled in Fig. 9(c). It can be observed that the dispersion
of the wave packet is just along the y direction, keeping
its radius along x direction practically unchanged from the
initial circularly symmetric shape, and thus, for longer times,
it becomes distorted into an elliptical shape. One can see
by comparing panels I and II that for positive and negative
points of the average velocity curve, the wave packet oscillates
along y, such that the symmetry of the probability density
concerning this axis changes over time, i.e., |�(x, y, t )|2 =
|�(x,−y, t )|2. In the right panel, we show the isosurfaces
at these two time steps (orange and green curves represent
the states I and II), in order to emphasize that in fact the
wave packet shakes around y = 0 while distorting along y
direction. On the other hand, for the case [c1, c2]T = [1, 1]T

(red curves in Fig. 9) with null initial momentum |k| = 0, both
the position and velocity averages along both x and y direc-
tions remain unchanged over time, although the wave packet
also distorts for this case along the y direction, exhibiting
an elliptical shape for large time, but it deforms keeping the
symmetry |�(x, y, t )|2 = |�(x,−y, t )|2.

V. CONCLUSIONS

In summary, we have studied the dynamics of free elec-
trons described by an initial Gaussian wave packet in mul-
tilayer phosphorene samples by using the Green’s function
representation [21,43] and the continuum model [80] for
low-energy electrons in N-layer BP. We performed analytical
calculations to investigate the time evolution of some physical
observables and, by regarding an arbitrary pseudospin ampli-
tude for the BP sublattices, we obtained explicit analytical
expressions for the two components of wave function and
the expectation values of the x and y position operators. A
numerical method based on the split-operator technique for N-
layer BP system was also used, and its results were compared
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FIG. 9. (a) Average position and [(b) and (c)] expectation value of the velocity along y direction as a function of time for the case [c1, c2]T =
[1, 0]T (black), [c1, c2]T = [1, 1]T (red), and [c1, c2]T = [1, i]T (blue). (c) A magnification of the results in (b) for large time steps showing
the oscillatory behavior of vy. (Right) Contour plots of the squared modulus of the wave function at (I) t = 390 and (II) 391 fs, and a zoom
emphasized by the dashed curves showing the isosurfaces at the two time steps.

to the analytical ones. Both analytical and numerical methods,
reported here for the first time in the literature for N-layer
phosphorene systems, illustrated similar effects, such as the
packet splitting and ZBW oscillation, with a good qualitative
and quantitative agreement. The methods exhibited a quanti-
tative discrepancy for the worst case of ≈11% at maximum
and it occurs, in general, for very larger values of wave vector
and after long time steps, as well as fewer numbers of layers,
that it is related to two facts for (i) inaccuracy in numerical
integration to obtain the expectation values of the analytically
derived position operators and (ii) small numerical errors
accumulated over the temporal evolution in split-operator
technique.

The results obtained for infinite monolayer, bilayer, tri-
layer, and tetralayer phosphorene clearly demonstrate that the
time evolution of wave function is accompanied by ZBW
oscillations, which strongly depend on the initial pseudospin
polarization, and decay of the wave-packet amplitude. The
trembling motion and transient character of the ZBW were
verified in the average position and average group velocity
of the center mass of the propagated wave packet. The am-
plitude, frequency and duration time of the transient ZBW
are shown to decay faster with increasing wave vector, due
to wave-packet dispersion. It was also found that for the
three investigated configurations of initial pseudospin, the
oscillation amplitude of average position is more pronounced
for the case c1 = 1 and c2 = 0, being related to the unbalance
of the probability amplitude on the BP sublattices. Moreover,
we showed that electrons moving in N-layer phosphorene
exhibit qualitatively similar results as the ones observed in the
monolayer BP case, except for the oscillation phase difference
and final group velocity achieved after the transient behavior,
that is caused by the different curvature of the energy bands
for the different N-layer phosphorene, and consequently

different effective masses and Hamiltonian parameters in the
continuum model. In addition, the anisotropic character of the
N-layer BP energy bands and their effective masses along the
x and y directions imply an elliptical shape for the propagated
wave packet, since the group velocity is also consequently
anisotropic, i.e., it is greater in one direction than the other
leading to a nonuniform propagation along the different direc-
tions. This elliptical shape for the propagated wave packet in
N-layer BP is not observed in other isotropic materials, such
as monolayer and bilayer graphene, whose group velocities
are the same along both zigzag and armchair directions. This
is related to the linear dependence on ky in the out-of-diagonal
terms in the BP Hamiltonian, that implies, for small momen-
tum values, a Schrödinger-like (Dirac-like) behavior along
the zigzag (armchair) direction for the electrons, bringing up
very interesting consequences in the wave-packet dynamics in
phosphorene systems.

In order to understand in more details, the nature of the
transient character of the ZBW effect in multilayer BP sys-
tems, we investigated numerically also the spatial evolution
of the initial wave packet by showing snapshots for t > 0 of
the probability density of the wave function. We demonstrated
the effect of the packet splitting is associated to the ZBW. This
splitting of the wave packets in two parts appears due to the
presence of the electron states with a Gaussian distribution
of negative and positive momenta, which propagate with
different group velocity in opposite directions. Furthermore,
based on the Heisenberg picture and by the calculation of the
velocity operators, we demonstrated that the trembling motion
along the y direction at small times for the wave-packet
propagation in phosphorene systems is unavoidable even for
null initial momentum.

Although no experimental measurement about the ZBW
effect in BP system has been reported in the literature up to
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the date, we believe that the theoretical descriptions developed
here for the time evolution of wave-packet propagation in
multilayer BP systems will make possible further investiga-
tions of transport properties in a plenty of BP-based materials
in the presence or absence of external fields.
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