
PHYSICAL REVIEW B 99, 214305 (2019)

Broadband passive nonlinear acoustic diode
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In dynamical and acoustical systems, breaking reciprocity is achievable by employing external biases, spatial
temporal variations of material properties, or nonlinearities. In this present work, we propose, theoretically an-
alyze, and experimentally demonstrate the first passive broad-band mechanical diode, by adding an asymmetric
local nonlinear interface to an otherwise linear waveguide. It is shown that for a broad range of input energies
and frequencies, three different types of nonreciprocal behavior are obtained, (i) different transmitted energies
depending on the direction of wave propagation, (ii) transmission of acoustic waves allowed in one direction but
not in the reverse direction, and (iii) arrest of propagating waves at the nonlinear interface only in one (preferred)
direction. A unique feature of the proposed acoustic device compared with previous designs is its capability to
achieve passive nonreciprocity without altering or distorting the frequency content of the sending signal. The
proposed system can pave the way for designing passive acoustic or thermal diodes, and adaptable nonreciprocal
wave transmission devices of enhanced robustness that are tunable with, and passively adaptive to energy.
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I. INTRODUCTION

Originated from the Onsager–Casimir principle of mi-
croscopic reversibility [1,2], in a linear time-invariant (LTI)
system, acoustic reciprocity is defined as a symmetrical wave
transmission from a source to a receiver by exchanging their
positions [3,4]. In contrast, nonreciprocity violates this prop-
erty to enable the control of wave propagation in a desired
direction [5]. Motivated by the electric diode, acoustic non-
reciprocity has recently received significant attention due to
applications in biomedical ultrasound devices [5,6], energy-
harvesting metamaterials [7,8], thermal computers [9–11],
and direction-dependent topological insulators [12–14].

Achieving nonreciprocity in mechanical systems is ob-
tained by two different techniques: (i) breaking time-reversal
symmetry in linear systems (active) [15–19], and (ii) in-
corporating nonlinearity to create configurational asymmetry
(passive) [20–22]. Breaking time-reversal symmetry for linear
systems has been studied theoretically and experimentally in
the past few years by employing external controllers [23,24].
Nonreciprocity in these devices was obtained by using uni-
rotational circulating fluids [12], spatial temporal variation of
the material properties [25,26], or piezo-structures in electroa-
coustic devices [27,28]. As discussed earlier, all of these re-
viewed works need an active element to continuously control
the response of the system.

On the other hand, achieving nonreciprocity by passive
means for mechanical devices has been given less consider-
ation. One possible technique to break reciprocity passively
is to utilize both nonlinearity and asymmetry in a periodic
metamaterial [29]. These systems introduce energy-dependent
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dispersion and the group-velocity relationship to design
acoustic filters, switches, and diodes [20,30]. Boechler et al.
presented experimentally the first bifurcation-based acoustic
rectifier and switch in a granular chain with a point defect
to generate waves at lower frequencies which fall within the
bandpass of the structure [24]. However, the location of the
interface relative to the source limits the application of the de-
sign for sound and vibration isolation. To overcome this issue,
Grinberg et al. proposed a device by employing vibro-impact
elements to break reciprocity, where two unequal grounding
springs provided the necessary asymmetry in the system
[31]. Most recently, Moore and Fronk et al. theoretically
analyzed and experimentally demonstrated passive acoustic
diodes based on irreversible nonlinear energy transfers from
large to small scales in a periodic system [32–34]. Most of
these reviewed devices are either narrowband or significantly
alter and distort the frequency content of the sending signal,
which raises difficulties in the applicability of the design.

In this work, we propose and experimentally verify a sim-
ple, passive, and highly effective nonlinear acoustic diode for
broad frequency and energy ranges with minimal distortion
of the acoustic signal. The proposed system is composed of
two linear waveguides connected by a nonlinear interface,
where three unequal masses are attached by strongly nonlinear
springs to provide local asymmetry. We demonstrate that the
considered asymmetry in the nonlinear region is crucial to
achieving a nonreciprocal response. The presented structure
provides three different types of nonreciprocal behavior based
on energy and frequency range of operation: (i) the amount of
transmitted energy in opposite directions is significantly dif-
ferent without distorting the frequency of the input signal, (ii)
waves are partially transmitted in one direction with minimal
frequency distortion, but propagation in the other direction
is prevented, and (iii) transmitted waves are arrested at the
location of the nonlinear interface only for one propagation
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FIG. 1. System model. Schematic of a one-dimensional chain composed of two identical linear waveguides and a connecting nonlinear
interface (blue masses marked with orange dashed lines). Each linear domain (i.e., waveguide) contains N grounded masses (green connections)
connected through linear springs (blue connections). For the nonlinear domain, three different masses are connected through nonlinear springs
(red connections with black arrows). A harmonic force F0 at each end provides equal and opposite forces to initiate waves into the system.
Note that none of the masses at the nonlinear interface are grounded.

direction. This latter nonreciprocity (yielding energy localiza-
tion) can be used to dissipate the unwanted vibrational energy
through resonance capture with minimal backscattering for
applications in vibration and shock isolation [35,36], dynamic
instability suppression [37], vortex-induced-vibration control
[38,39], control of Bouc–Wen structures [40], and acoustic
mitigation [41,42].

II. RESULTS

A. Numerical results

Figure 1 displays the system capturing the essential ideas
of the system. As depicted, two identical linear waveguides
each containing N = 100 masses are connected through a
nonlinear interface composed of three different masses which
are coupled to each other by cubic springs. For the linear
domains, all the masses M are connected by using linear
springs k and grounding springs kg. Considering the system
from left to right, M1, M2, and M3 denote masses, and kNL1,
kNL2, kNL3, and kNL4 denote the cubic springs in the nonlinear
domain. These mass variations from left to right provide
asymmetry in the nonlinear domain, which is necessary to
achieve nonreciprocity [29]. To reduce the complexity in the
system, new parameters have been defined as follows:

M = M1 = m, M3 = εM2 = ε2m, (1)

kNL4 = βkNL3 = β2kNL2 = β3kNL1, (2)

where ε and β are two new parameters to define the asym-
metry and nonlinearity in the structure. Furthermore, for
simplicity, all other parameters in the system are normalized
as follows:

ω0 =
√

kg

m
, t = τω0, k1 = k

mω2
0

, α = kNL

mω2
0

. (3)

Full details on deriving equations of motion and dispersion
relationships of the linear waveguides are provided in the
Supplemental Material [43].

For the system presented in this study, waves are initiated
at either end of the whole waveguide. The initiated waves then
travel along the linear domain until they reach the nonlinear
interface. After reaching the first mass in the nonlinear
domain, a portion of the wave energy will be transmitted
through the connection, and the rest will be reflected back.
The normalized amount of energy for each domain is defined
as follows:

ηi = Ei

Etot
, (4)

where Ei represents the energy of the considered domain,
and Etot denotes the total energy in the system, respectively.
When the system is excited on the left end, the initial waves
travel from left to right (LR), and the normalized transmitted
energy is the energy of the right waveguide (ηR), while when
the harmonic force is applied on the right end of the system,
waves travel from right to left (RL) and the transmitted energy
is the energy of the left waveguide (ηL). For all the numerical
results presented in this section, the system parameter values
are ω0 = m = k1 = α = 1 and ε = √

0.1. See Supplemental
Material [44] provides details on numerical modeling, energy
calculations, and a discussion on choosing system parameters.

Figure 2 demonstrates the normalized transmitted energy
by sweeping the input amplitude and frequency for two differ-
ent systems. For the top figures, the nonlinear springs in Fig. 1
are replaced by purely linear springs (k1), while the bottom
figures plot the normalized transmitted energy for the system
with nonlinear connections. As observed, for a purely linear
system with an asymmetrical configuration, reciprocal behav-
ior is documented; this documents the necessity of nonlinear-
ity to achieve a nonreciprocal response. As depicted in the
bottom figures, for broad ranges of input force and frequency,
the system behaves differently for opposite wave directions.

For sufficiently small input force amplitudes (F0 < 0.5N),
the restoring forces in the nonlinear springs are significantly
smaller than the linear springs (FNL/FL < 0.001). For this
condition, wave propagation is forbidden in both directions,
since nonlinearity acts as an open connection that reflects
back the initial wave to the primary domain. On the other
hand, for sufficiently large amplitudes (F0 > 9N), the rel-
ative displacements of the masses in the nonlinear region
are small (Z1 � Z2 � Z3); hence the nonlinear springs act
as rigid connections resulting in a reciprocal behavior ac-
cordingly. As illustrated in Fig. 2(c), when the initial wave
propagates from left to right (LR), two domains of interest
(A, B) are observed; while for the reverse direction, three
domains (A, B,C) are observed [see Fig. 2(d)]. In domain
A, the amount of normalized transmitted wave is more than
5%, while domain B is defined where the value of ηi is less
than 5%. In addition to these two domains, domain C is only
defined for RL propagation, whereas the transmitted energy is
less than 5%, but instead of the wave being reflected back, it is
localized in the nonlinear gate (i.e., the nonlinear gate acts as
an energy sink). These figures clearly indicate three different
scenarios for nonreciprocity in the proposed system: (i) waves
propagate in both directions from the primary waveguide to
the secondary one, but with different amount of transmitted
energies (A-A); (ii) waves propagate in one direction but the

214305-2



BROADBAND PASSIVE NONLINEAR ACOUSTIC DIODE PHYSICAL REVIEW B 99, 214305 (2019)

FIG. 2. The normalized transmitted energy by sweeping input amplitude and frequency. (a) Purely linear system when initial wave travels
from left to right (LR). (b) Purely linear system when initial waves travel from right to left (RL). (c) Proposed system incorporating a nonlinear
interface, when initial waves travel from left to right (LR). (d) Proposed system incorporating a nonlinear interface, when initial waves travel
from right to left (RL). For the system with a nonlinear coupling, black dashed lines separate different nonreciprocity zones on the frequency-
amplitude graphs. Note that, each of the stars in panels (c) and (d) represents a case with a different type of nonreciprocity.

propagation is forbidden for the other direction (B-A); and
(iii) waves are fully reflected without transmission for LR
(i.e., 100% reflection), but wave is localized in the nonlinear
gate for RL (B-C). Each of these scenarios will be extensively
analyzed in the following sections.

1. A-A nonreciprocity

Figure 3 plots the normalized transmitted energy over time
for F0 = 2, and ω = 2π f = 1.9 (marked with black stars in
Fig. 2) for both propagation directions. These plots demon-
strate that, when the primary wave propagates from left (right)
to right (left), a portion of the left (right) domain energy trans-
mits to the right (left) waveguide, and the rest is reflected back
to the primary domain. As shown, for both directions, the pri-
mary wave starts transmitting to the secondary domain until it
reaches the steady level of energy at τ ∗. Since the last cycle of
the wave is reached to the coupling domain at τ ∗, no wave will
be sent to the nonlinear connection; therefore wave transmis-
sion is completed. For both of these graphs, the total energy
in the system is constant (i.e., ηtot = 1), which confirms no
energy dissipation in the system. As observed in these graphs,
when the structure is being excited on the left end, approx-
imately ηR = 22% of the wave energy is transmitted to the
secondary domain, while this value is ηL = 61% when the
initial wave is generated on the right end of the structure.

This difference between the transmitted energies documents a
clear and strong nonreciprocity for opposite wave propagation
directions, in which the energy transferred to the secondary
subdomain for RL is three times of the same value for LR.
Figure 2 in the Supplemental Material [44] provides the fast
Fourier transform (FFT) of signals at both input and output.
As clearly shown, nonreciprocity is achieved with minimal
frequency distortion of the sending signals. Furthermore, the
spatiotemporal graphs are provided in the Supplemental Ma-
terial [45], where the propagation of the wave in the structure
is depicted for both the forward and backward directions.

2. B-A nonreciprocity

Figure 4 displays the energy transformation from the pri-
mary waveguide to the secondary waveguide for F0 = 1.6
and ω = 2π f = 2.05 [marked with red stars in Figs. 2(c)
and 2(d)]. As shown, waves propagate from the input on the
right end to the output on the left end; while propagating in
the reverse direction is forbidden. Figures 4(a)–4(c) plot the
energy of each mass in the structure depicted in Fig. 1. The
energy for each mass is the summation of the kinetic energy
of the mass, and half of the potential energy of connected
springs. As clearly documented in Figs. 4(a) and 4(b), for
RL propagation, approximately 40% of the initial energy is
transmitted to the left domain. Same as case A-A, this energy

214305-3



AMIR DARABI et al. PHYSICAL REVIEW B 99, 214305 (2019)

FIG. 3. A-A energy transmission. (a) Normalized transmitted
energy for F0 = 2 and ω = 2π f = 1.9, when the initial wave propa-
gates from left to right, (b) Normalized transferred energy for F0 = 2
and ω = 2π f = 1.9, when the initial wave propagates from right to
left. For both graphs, blue represents the normalized energy of the
left domain, red is for the right domain, green is for the nonlinear
interface, and purple is for the total energy. Note that this case is
marked by black stars in Figs. 2(c) and 2(d).

transformation from right to left happens without changing
the frequency content of the original signal (see Fig. 4 in
Supplemental Material [45]). On the other hand, when the
structure in Fig. 1 is excited from its left-end site, a very small
portion of the energy is leaked to the left linear waveguide,
and most of the propagating wave reflects back to the left
side. Note that the amount of transferred energy for this case is
less than 5% without a dominant frequency in the FFT graph;
therefore this energy leakage is negligible (see Supplemental
Material [44] for more details).

3. B-C nonreciprocity

In this section, the most intriguing nonreciprocal behavior
of the device is studied and analyzed. For this type of nonre-
ciprocity, wave transmission is forbidden in both directions,
but the wave can be localized at the location of the nonlinear
springs only for RL propagation. Figures 5(a) and 5(b) plot the
spatial temporal energy distribution of the structure for both
propagation directions at F0 = 6, ω = 2.1 (marked with red
stars in Fig. 2). Furthermore, the temporal variation of normal-
ized energies in each domains are displayed in Figures 5(c)
and 5(d). As depicted, for both propagation directions, less
than 5% of the primary wave energy is transmitted to the sec-
ondary domain. Close inspection of these figures reveals that,
when the initial wave propagates from right to left, energy

FIG. 4. B-A spatiotemporal energy graphs. (a) Energy distribu-
tion of each unit cell as a function of time and location, and (b) nor-
malized transferred energy for F0 = 1.6 and ω = 2π f = 2.05, when
the initial wave propagates from left to right. (c) Energy distribution
of each unit cell as a function of time and location, and (d) normal-
ized transferred energy for F0 = 1.6 and ω = 2π f = 2.05, when the
initial wave propagates from right to left. For panels (b)–(d), green
represents the normalized energy of the left domain, and red is the
normalized energy of the right domain. Note that the red vertical
lines in panels (a) and (b) indicate the boundaries of the nonlinear
interface.

is trapped in the nonlinear gate [bounded by two red vertical
lines in Fig. 5(b)]. Figure 5(d) shows that approximately 20%
of the initial energy is localized in the nonlinear domain. It
should be noted that energy localization never happens for LR
propagation for any choices of F0 and f . This phenomenon
(i.e., energy localization) can be employed in acoustic devices
to design nonlinear energy sinks for vibration suppression, or
energy-harvesting purposes.

The next step to study this phenomenon is to analyze the
incoming and outgoing forces on the nonlinear region. As
such, for LR propagation, the force between XN−1 and XN is
defined as the input force ( f in

LR), and the one between YN , and
YN−1 is defined as the output force ( f out

LR ). Similarly, for RL
propagation, the force between YN−1 and YN is defined as the
input force ( f in

RL), and the one between XN , and XN−1 is defined
as the output force ( f out

RL ) (see the Supplemental Material [44]
for more details). Figures 5(e)–5(h) depict the wavelet
response of all of these forces for both propagation directions.
As indicated, for LR propagation, energy enters the nonlinear
region at the frequency equal to the excitation frequency
(ω = 2π f = 2) and later leaves the nonlinear region with
minimal distortion. Since this frequency lies in the bandpass
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FIG. 5. B-C energy localization. (a), (b) Spatiotemporal energy distribution of each unit cell. (c), (d) Normalized energy of each domain as
a function of time. (e), (f) Wavelet response of the input force entering the nonlinear gate. (g), (h) Wavelet response of the output force leaving
the nonlinear domain, at F0 = 6, and ω = 2π f = 2.1. Note that the graphs on the left (right) side represent the condition in which the initial
waves propagate from left (right) to right (left). In addition, in panels (c) and (d), blue represents the normalized energy of the left domain, red
is the normalized energy of the right domain, and purple is the normalized energy of the nonlinear domain. Also, the red horizontal dashed
lines in panels (e) and (h) indicate the passband boundaries of the linear waveguides, and yellow arrows indicate the created mode outside of
the passband.

of the right waveguide (marked with red dashed lines),
waves propagate into this domain without being trapped at
the nonlinear region. Conversely, for RL propagation, f RL

in
has a frequency component outside the bandpass of both
waveguides, which rises over time. Accordingly, this part of
the signal cannot propagate into any of the waveguides and
will be trapped in the nonlinear region. One possible reason
for such behavior is the impedance mismatch between Z3

and YN , when the wave travels from right to left, while this
is not happening for the other direction of propagation. A
detailed investigation of the energy localization is provided in
the Supplemental Material [44] by studying wavelet-bounded
empirical mode decomposition (WBEMD) and nonlinear
normal modes (NNMs) of the nonlinear interface.

B. Experimental results

In this section, a set of experiments is performed to con-
firm the performance of the proposed nonreciprocal struc-
ture. The experimental structure depicted in Fig. 6 is formed
by connecting nine aluminum masses, where the masses at
either ends are excited by ten cycles of harmonic velocity
(see the Supplemental Material [46] for full details on the
experimental setup, parameters, and system identifications).
Figure 7(a) and 7(b) exhibit snapshots of the experimentally
measured velocity in response to excitation V0 = 2 sin(30 ×
2πt ) mm/s. The provided subfigures clearly confirm nonre-

FIG. 6. Experimental setup. Schematic of the experimental setup.
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FIG. 7. Experimental results. (a) Experimentally measured wave response of the signals at input and output when the source is on the left
end. (b) Experimentally measured wave response of the input and output when the source is on the right end. (c) Frequency response of the
outputs for both propagation directions when V0 = 2 sin(30 × 2πt ) mm/s. (d) Experimentally measured wave response of the input and output
when the source is on the left end. (e) Experimentally measured wave response of the signals at the input and output when the source is on the
right end. (f) Frequency response of the outputs for both propagation directions when V0 = 2 sin(30 × 2πt ) mm/s. For all of these plots, blue
lines represent the response of the first mass on the left side (X1), and red lines represent the response of the first mass on the right side (Y1).
Note that, for the frequency graphs, the amplitude of the signal is normalized with respect to the higher peak.

ciprocity, where the response of the output for RL is eight
times larger than that for LR. Figure 7(c) provides the fre-
quency response of both outputs for the same excitation
condition. As observed, waves at the output for both directions
propagate almost at the same frequency as the input; however,
the amplitude of the wave for RL is much higher than the
opposite direction. As another example, the responses of
the system for V0 = 1.5 sin(40 × 2πt ) mm/s are depicted in
Figs. 7(d)–7(f). For this example excitation, the frequency
response of the output for LR does not contain a dominant
peak, while for RL the FFT graph clearly demonstrates a dom-
inant peak at f = 40 Hz. These two examples clearly confirm
the potential of the proposed design to obtain nonreciprocal
responses for different propagation directions.

In summary, this work proposed and studied a passive
broad-band acoustic nonreciprocal structure. The introduced
system was composed of two identical linear waveguides
coupled with a nonlinear interface. This nonlinear domain

contained unequal masses and nonlinear springs. First, the
transmitted energy for broad ranges of input amplitude and
frequency was plotted and compared with a purely linear sys-
tem, documenting a clear nonreciprocity for opposite propa-
gation directions. Later, three different types of nonreciprocity
in the proposed system were studied and analyzed. Further-
more, energy localization for backward propagation was theo-
retically investigated by studying the intrinsic mode functions,
and nonlinear normal modes of the finite system. Finally, a set
of experiments was carried out to verify the performance of
the system in breaking the acoustic reciprocity.
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