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We have laid out the results of a rigorous theoretical investigation into the response of electron dressed states,
i.e., interacting Floquet states arising from the off-resonant coupling of Dirac pseudospin-1 electrons in «-T;
lattices, to external radiation with various polarizations. Specifically, we have examined the role played by the
hopping-scale parameter « that is a measure of the coupling strength with an additional atom at the center of
the honeycomb graphene lattice and which, when varied, continuously gives rise to different Berry phases. We
have found that the electronic properties of the «-T; model (consisting of a flat band and two cones) could
be significantly modified depending on the polarization of the imposed irradiation. We have demonstrated that
under elliptically polarized light the low-energy band structure of such lattices will directly depend on the valley
index. We have obtained and analyzed the wave functions, their symmetries, and the corresponding Berry phases,
connections, and curvatures, and revealed that such field-modified geometry phases could be finite even for a dice
lattice, which has not been observed in the absence of an optical dressing field. These results lead to possible
radiation-induced band structure control and engineering, as well as experimental and technological realization
of such optoelectronic and integrated photonic devices.
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I. INTRODUCTION

The «-T5 model is considered to be the most recent and
promising member of two-dimensional (2D) materials. Their
low-energy dispersions are obtained from a pseudospin-1
Dirac-Weyl Hamiltonian [1,2] and they possess strong sim-
ilarity to graphene [3-5]. The atomic structure of the «-Tj
model is represented by a honeycomb lattice with an addi-
tional site at the center (a hub atom) of each hexagon. The
model Hamiltonian depends on a hopping-scale parameter
a = tan ¢ which is a measure of the coupling strength with
the hub atom and depends on the ratio of the two hopping
coefficients for all hub-rim and rim-to-rim sites. Both o and
¢ may be varied continuously and the Berry phase could
be expressed in terms of these two parameters and could
play a crucial role in controlling many of the electronic and
many-body properties of such two-dimensional (2D) lattice
structures.

The most encouraging technological opportunity for «-Ts
is its applicability for tuning the value of the parameter « from
0 to 1. The results for graphene correspond to the o — 0
limit of this model, while the « — 1 limit is connected to a
class of available pseudospin-1 materials [1,6,7]. Such unique
tunability together with associated electron-state evolutions
have made studying various properties of these «-T3 materials
one of the most desirable directions in present-day condensed-
matter physics, chemistry, and technology.
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One of the latest advances in laser and microwave tech-
nologies has resulted in the possibility of an efficient con-
trol, as well as tunability of the basic electronic proper-
ties, low-energy band structures including band gap, and
corresponding spin- and valley-dependent electronic states,
by applying an off-resonant periodic field. Electron states
generated in such a way are referred to as either electron
(or optical) dressed states and represent a single quantum
object of strongly coupled light and matter. These dressed
states are further characterized by different polarizations of an
imposed field, as schematically displayed in Fig. 1. The effect
of such light-matter interaction on modifying key electronic
properties could vary substantially, depending on the type of
polarizations of incoming radiation. Most of the important
characteristics of such dressed states could be deduced from
conventional Floquet theory, which effectively describes an
extremely wide range of quantum-mechanical systems under
an external periodic field [8-11]. Based on these theories, re-
searchers have proposed and developed numerous techniques
to modify the existing electronic properties of condensed-
matter materials, which was subsequently referred to as “Flo-
quet engineering” of various nanostructures [12—14], espe-
cially for the low-dimensional Dirac-cone materials [15-22].
Considerable effort has been devoted to find a way to
present topological-insulator properties in such systems under
irradiation [12,23,24]. Optical dressing can also alter the
tunneling and conductance [25] properties of a topological
insulator, leading to tunable spin transport on their sur-
faces [26] or edges with potential applications in spintronics
and resulting in an optically stimulated Lifshitz transition as
well [27].
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(a) Elliptical polarization (b) Linear polarization
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FIG. 1. Schematics of an «-Tj lattice (in xy-plane) irradiated
with (a) elliptically and (b) linearly polarized off-resonance optical
dressing fields. In each case, & represents the amplitude of the
electric-field component of incident light.

Another important property of such electronic dressed sys-
tems for operating an optoelectronic device is the challenge
of confining these electron states within a specific spatial
region. This is directly related to the presence or absence of
the so-called Klein paradox [28] in «-T3 materials. Circularly
polarized radiation is known to open an energy gap in ini-
tially metallic graphene [15,29], leading to a suppression of
either electron transmission [30,31] or electronic trapping [32]
experimentally. For systems with a band gap, such as buck-
led honeycomb lattices, the modification of this energy gap
depends on its initial value and could be either increased
or decreased [16], which can affect all collective electronic
properties in a nontrivial way [33]. In contrast, radiation with
a linear polarization does not generate any band gaps but
can lead to a strong anisotropy in energy dispersions of «-T3
material [34]. Here, we would like to emphasize that the
right term in referring to the Floquet quasiparticles is the
quasienergy. Even though sometimes we still use the word
“energy”’ to mean the eigenvalues of a Hamiltonian equation,
the distinction is crucial and should be always recognized.
For such anisotropic massless fermions, a full head-on trans-
mission is replaced by asymmetric Klein tunneling [35] with
an important advance in electron technologies, i.e., electron
confinement in a 2D material. Interestingly, such unique Klein
tunneling within «-T3 materials [36] with « < 1 has been
shown to be different from both graphene (¢ = 0) and dice
lattice (¢ = 1) [37].

The principal focus of the present work is to develop a
formalism for investigating the properties of optical dressed
states for the «-T3 model corresponding to well-known po-
larizations of incoming radiation, i.e., elliptical (and circu-
lar as a special case) and linear. From a physics point of
view, elliptically polarized light has the combined effect of
opening two generally inequivalent band gaps, just as it was
shown for circularly polarized light. It also induces an in-
plane anisotropy, related to linear polarization. Therefore, one
can use elliptically polarized fields for tuning and control
of these optically induced modifications of the electronic
states. Contrary to recent work [2], we concentrate on deriv-
ing closed-form analytic approximations and the wave-vector
dependence of the energy dispersions around each valley, and

we determine and analyze the corresponding wave functions,
their symmetries, and the corresponding Berry phases which
are now significantly modified by electron-light coupling.

We have conducted a comprehensive investigation of the
way in which the Berry phase of «-T3 is modified in the
presence of irradiation. The procedure is significantly dif-
ferent from the study of the properties of dressed states for
various phases ¢. These phases are not equivalent to the
Berry phases, even though they are directly and uniquely
related. We have found that the dice lattice could acquire a
finite Berry phase due specifically to the irradiation, while it
was zero initially. Generally, the Berry phases substantially
depend on the material parameter & and the electron-light
coupling Ao, as well as the polarization of the dressing field.
The Berry phase was proven to be connected to most phys-
ical properties of «-T3 lattices [38]. Researchers have found
that its orbital susceptibility will undergo a transition from
diamagnetic in graphene to paramagnetic in a dice mate-
rial [10,39], which was also demonstrated by using a tight-
binding model [40]. The same conclusion applies to magneto-
transport in «-T3 materials [41], where the calculated conduc-
tivities present several peaks, and each of these peaks will be
split if « is finite [42,43]. Therefore, one of our goals in this
paper is studying how the geometric Berry phase of «-Ts
lattices is modified in the presence of an optical dressing field.

Our results can be verified by experimental measure-
ments, such as scanning tunneling microscopy [44], transmis-
sion electron microscopy [45], angle resolved photoemission
spectroscopy (ARPES), and scanning tunneling spectroscopy
(STS) applications [46]. Recently, the Floquet states, their
topological properties, and even the Berry curvatures have re-
ceived a great deal of attention by experimentalists, including
in Refs. [47,48].

The rest of this paper is organized in the following way.
In Sec. II, we provide a brief description of important elec-
tronic properties, including low-energy band structures in
the vicinity of the K and K’ valleys, their corresponding
wave functions, and all their dependences on the geometry
phase parameter ¢(«) as well. Following this, we present our
detailed derivations for off-resonance electron Floquet states
under elliptically, circularly, and linearly polarized irradiation.
Meanwhile, we also show corresponding eigenstates for such
dressed electrons and analyze their structure and symmetry
properties. Specifically, we examine how all our results de-
pend on ¢(a) and on electron-field coupling Ao. We also
indicate some cases in which the band structures become
valley dependent. In Sec. III, we calculate Berry phases for
different eigenstates, provide analytical expressions for them,
and discuss their properties. Our concluding remarks are
provided in Sec. IV. In addition, detailed derivations of all
our major results are given in Appendixes A, B, and C.

II. ELECTRON DRESSED STATES

In this section, our goal is to obtain quasienergy disper-
sions and wave functions of quasiparticle dressed states by
incident light with elliptical, circular, and linear polarizations.
In calculating these quantities, we are mainly concerned with
elucidating the effect of Berry phase ¢ on these dressed states.
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To establish notations, we start with an overview
of the low-energy Hamiltonian of the «-T3; model, its
eigenfunctions, and energy dispersions. The eigenstates are
determined from the following ¢-dependent pseudospin-1
Dirac-Weyl Hamiltonian [2],

A 0 k* cos ¢ 0
M (k) = hwp | k7 cos ¢ 0 Ksing |, (1)
0 ki sin ¢ 0

where k = (k,, k) is a 2D wave vector and ki = vk, £ ik,
with 7 = % labeling two different valleys and vy denoting
the Fermi velocity. In Eq. (1), « = tan ¢ is a bonding-strength
parameter in Fig. 1, characterizing an «-T; lattice. For o =
1 or ¢ = m /4, this Hamiltonian reduces to that of a dice
lattice [1]. Three energy bands of the Hamiltonian in Eq. (1)
are E}(,O)(k) = y hvgk, corresponding to valence (y = —1),
conduction (y = +1), and flat (y = 0) bands of electrons.
These energy bands are degenerate with respect to T and ¢.
Their corresponding wave functions are

Tcos¢ e Tk

W= k| T, ¢) = —= y : )
V2| ; sin g /™%

where 6 = arctan(k,/k,) is the angle associated with the
wave vector k, and

Tsing e it
Wkl . ) = ot 3)
—tcos¢g ek

Unlike the degenerate electron dispersions E.*(k), the en-
ergy dispersion of dressed-state quasiparticles depends on the
Berry phase ¢ and valley t.

A. Elliptically polarized radiation

The vector potential for elliptically polarized light will
depend on the direction of the major axis of the polarization
ellipse. By assuming that this major axis is collinear with the
x axis, the expression for such a vector potential takes the
form [16]

A & T cos(wt)
(© . X -
ATo= [A;”(t)} - w[ﬁsin(w’)] v

where the superscript “(e)” stands for elliptical polarization
and B =sin®, # 1 is the ratio of field strengths along the
two axes of the polarization ellipse. Equation (4) represents
the most general form of various polarization types, where
B — 1 corresponds to circularly polarized light with equal but
7 /2 phase-shifted components and 8 — 0 describes linearly
polarized radiation, given by Eq. (23).

It is important to mention that as in previous studies [34] of
graphene, the dressed-state energy dispersions obtained with
a semiclassical time-dependent representation as in Eq. (4)
are found equivalent to that [15] derived from a quantum-field
theory in the limit of a large occupation number of photons.

By making use of the canonical substitution, k, , — k,, —
(e/ h)Aff; (1), the field-free Hamiltonian in Eq. (1) is changed
into

[ (k) = Ak t] 7. ¢) = A+ A ¢t 7. 6) . (5)

where the interaction term is given by
Ar(e)

H, |z, ¢)
0 e ™ cos ¢ 0
=—7c0] |0 0 e ™Wsing | + H.c.
0 0 0

(6)
In Eq. (6), H.c. represents the Hermitian conjugate of the
preceding matrix and Qg(f) = arctan [S tan(wt)] turns into
(wt) for circularly polarized light. The interaction strength,
co = e&yur /w, is the same for linearly polarized light. Apart
from ¢y, we also introduce another dimensionless coupling
constant Ag = ¢o/hiw in our calculations. Since our stud-
ies aim at an off-resonant high-frequency irradiation with
EP(k)/hw < 1, we can treat Ao as a small parameter,’ and
therefore corresponding series expansions could be executed
with it.

If the field-free Hamiltonian is linear in k, which holds
true for nearly all Dirac and gapped Dirac structures, e.g.,
gapped or gapless graphene, buckled honeycomb lattices, and
transition-metal dichalcogenides, the corresponding Hamil-
tonian for dressed states can be obtained simply by adding
a single k-interaction term. However, the situation becomes
drastically different for phosphorene with a more complicated
anisotropic k dependence in its field-free Hamiltonian [17].

Mathematically, in order to solve the current eigenvalue
problem, we have to rely on a perturbation theory. More-
over, nearly all off-resonant systems, subjected to an external
periodic field with E{” (k) < hw, could be effectively de-
scribed by a perturbative Floquet-Magnus expansion [8] of
the interaction Hamiltonian in powers of (1//iw). Eventually,
this allows for an approximate solution whenever the exact
diagonalization of an interaction matrix becomes impossi-
ble [16] or at least it substantially simplifies a very lengthy
calculation [17].

The key idea for using the perturbation approach is the fol-
lowing. Once the interaction Hamiltonian term H/(f) (t|t,p)is
expressed as

B (7. ¢) = Py e + P e @)

A~ . .. . F
where the operator P , and its Hermitian conjugate P, , are
time independent, the effective Hamiltonian representing our
dressed-state system becomes [§]

7 (e A 1 . AT
A, 117.9) = FILG) + [P B 1

1 5 Ard o
+W{[[PT¢’ Hr(k)],v Pr,q&],
+He} + -, (8)

A

where [A, B]. = AB — BA.

!"The actual irradiation frequencies, suggested for the experimental
verification of our results, depend on the initial band gap of the
material considered. Specifically, since nonirradiated «-T5 does not
acquire an energy gap between the valence, conduction, and flat
bands, our predicted features could be verified in the THz frequency
range.
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FIG. 2. Band edges aff)(k = 0] 7, ¢) (at either K or K’ point depending on valley index t = £1) calculated from Eqgs. (11) and (12) for
dressed states in «-Tj lattices under elliptically polarized light as a function of ¢ = arctan(«) in panel (a) and « in panel (b). In each panel, the
conduction, valence, and “flat” band dispersions correspond to blue, green, and red curves, respectively. As usual, the band gap is still defined
as the energy separation between the valence and conduction bands. Here, the upper conduction band touches the middle “flat” band in both

panels and €y = 78 ¢} /fiw is the unit for energy bands.

For most situations, it is sufficient to retain the first two
terms of such a power series in Eq. (8). In our case, com-
bining with Egs. (6) and (7), we obtain explicitly the time-
independent perturbation operator I@’W as

. c 0 (t — B)cos¢ 0
]P’T,(,J:——O (t + B)cos¢ 0 (t — B)sing
0 (t + B)sing 0

©))
This matrix is real, but clearly not Hermitian, as it always
occurs for all types of circularly polarized radiation, including
the general elliptical polarization with 0 < 8 < 1.
After evaluating the commutation relation in Eq. (8), we
arrive at the following expression for the effective perturbation
Hamiltonian up to the order of O(A%):

HE (k| T, ¢)

A cos’ ¢ 0 0
=M k)— tBroce| O  —cos2¢) 0
0 0 —sin’ ¢
. 0 hnkltg) 0
—ZEUM(% hi, (k| T, ¢) 0 hy (k| T, 9) |,
0 ns (k| T, ) 0

(10)
where hip(k| T, ¢) = cos p[1 + 3 cos(2¢)](B%k, — itky) and
has(k| T, ¢) = sinp[1 — 3 cos(2¢)](B%k, — itky).

It is important to point out that the chirality k = tk, £ ik,
kept in the third term of Eq. (10) for B =1 is the same as

that in ]I:Hf (k) given by Eq. (1). It is also interesting to check
the second term of Eq. (10), which is independent of k and
determines the dressed-state band edges ¢ de)(k =0|t,¢) at
the K point, i.e.,

2 —cos? ¢
ek =0l1,¢) = 1> x { +cos(29)
ho +sin® ¢
—-1/(1 +oz2)
= tBAoco X { (1 — az)/(l +a?), (11D
o?/(1+a?)

as well as the energy gap §p(¢p) between the valence and
conduction bands

M@=§M%

y {cos(2¢>) +cos? ¢,
1 )

for 0 < ¢ < ¢

for ¢o <p <m/4, (12)

where ¢y = 0.615rad = 0.196 7 or oy = l/ﬁ and the sub-
script “d” stands for dressed states. Hereafter, we will omit the
Ao dependence in other expressions for simplicity.

The simple but important band-edge and band-gap results
in Egs. (11) and (12) can be seen in Fig. 2. Each energy is
given in units of €y = 78 c(z) /hw; i.e., its actual value depends
on the valley index 7, the ratio of the ellipse polarization
axes B, the electron-light interaction strength c¢, and the di-
mensionless coupling constant Ay. The “flat” band is actually
not flat anymore, and all three bands are now distorted and
intersect with each other. Even for 8 = 1, the energy band
gap changes from Agcy for graphene to ioco/2 for a dice
lattice. It is intriguing to find that the band gap remains as
a constant in the region of ¢ > ¢y or ¢ > «. The band gap
of a dice lattice is the smallest and exactly half of that for
graphene (the largest). The o dependence of the band-edge
locations, presented in Fig. 2(b) for comparison, is similar but
not exactly identical to the corresponding dependence on ¢.
Although analytical solutions for band dispersions at finite k
could be obtained from a third-power algebraic equation, the
expressions are too lengthy to be shown and analyzed.

Our numerical results for the energy dispersions
8((;)(k| 7, ¢) for the elliptically polarized light are presented
in Fig. 3. Besides the simplest case with ¢ = /4, which was
discussed above and presented in Fig. 3(a), we examine the
remaining ones and find that the initially flat band Eéo)(k) =0
acquires a k-dependent nonzero curvature and can sit either
above or below the zero line depending on the selection of
Berry phase ¢ as well as the valley index t (not shown). The
valence and conduction band edges are shifted individually
in energies, and therefore we see no mirror symmetry with
respect to the zero line between valence and conduction
bands, as was noticed in Ref. [2]. However, a complete
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FIG. 3. Numerically calculated dressed-state energy dispersions
8;“)(k| 7, ¢) based on Eq. (10) under elliptically polarized and off-
resonant irradiation with 8 = 0.8 as functions of k, for k, = 0.
All results are obtained in the vicinity of the K valley with 7 =
1. Each plot involves dispersions for three bands, i.e., conduction
(y =1, blue), valence (y = —1, green) and “flat” (y =0, red)
bands. Here, panel (a) presents results for a dice lattice (¢ = 7 /4)
under circularly polarized irradiation (8 = 1) with Ao = 0.2 (solid),
0.4 (long-dashed), and 0.6 (short-dashed). Plots (c) and (e) on the
left correspond to Berry phase ¢ = 0.196 w with Ay = 0.25 in plot
(c) and Ay = 0.5 in plot (e), having closed the band gap between the
conduction and “flat” bands. Panels (b), (d), and (f) on the right are
for ¢ = /6 at Ag = 0.2 (b), 0.4 (d), and 0.6 (f). Here, the unit for
energy bands is €.

inversion symmetry for k — —k is still kept, which implies
that only even powers of wave-vector components k, and k,
will appear in the eigenvalue equation associated with the
Hamiltonian 7:122 (k, t| 7, ¢) in Eq. (10). Apparently, the effect
from the imposed radiation on the flat band and its distortion
around the zero line become most visible near k = 0. We
would like to emphasize that such distortion behavior and g
dependence in these dispersions result from the anisotropy of
incident light and are absent for circularly polarized radiation
with 8 = 1.

Actually, not just the band edges and gaps from Egs. (11)
and (12), but the whole k dispersions of energy bands in

9
11
1=

i\)‘\\\\\\\\\\

FIG. 4. Numerically calculated valley-dependent dressed-state
quasienergies eﬁf)(k| 7, ¢) based on Eq. (10) under an elliptically
polarized dressing field with 8 = 0.8. We plot s{(f)(k| 7, ¢) as func-
tions of k, for k, = 0. Panel (a) presents dispersions for ¢ = 0.196 7,
while panel (b) shows plots for ¢ = 7 /6. In each plot, Ay = 0.25,
where solid curves correspond to K valley with T = 1, whereas
dashed ones to K’ with T = —1. Here, the “flat” band touches either
the conduction or the valence band in panel (a) for t =1 and 7 =
—1, respectively, and the unit for energy bands is €.

Fig. 4 demonstrate their direct and substantial dependence
on valley index t = =£1. Here, the location of each energy
band varies near the K and K’ valleys, and this noticeable
difference is certainly not limited to just a sign switching,
in contrast to all situations studied before. As ¢ = 0.196
or a = 1/+/2, either upper or lower band gap is closed,
depending on t value. Consequently, we expect nonequivalent
density of electronic states in each low-energy (near K or
K’) region. The contributions from these t-dependent density
of electronic states will not be equal or simply opposite to
each other, leading directly to valley-dependent optical and
transport properties.

The 8;6)(k| 7, ¢) dispersions also display a striking resem-
blance to silicene, in which the electronic states with a given
spin o = +£1 present two inequivalent band gaps A;, =
|Aso — oTA,[, in which Agg is a constant intrinsic spin-orbit
gap and A, can be tuned continuously by an external per-
pendicular electrostatic field. Therefore, by varying the field
strength, one of the gaps between the conduction and valence
bands can be either opened or closed, and then such a buckled
honeycomb lattice would behave like a topological insulator,
valley-spin polarized metal, or just a conventional band insu-
lator. Here, the lower energy gap |Asp — A.|, which defines a
physical band gap between the valence and conduction bands,
changes into the upper one Agp + A, as either the valley in-
dex t or the spin index o switches its sign [49,50]. This unique
dependence gives rise to specific transport properties [51] and
many valleytronics applications [52], and more importantly it
could be realized by «-T; lattice under elliptically polarized
irradiation.

As a comparison, for graphene with E;O)(|k|) = yhup|K|
and interacting with circularly polarized radiation, we find
the dispersion relation for off-resonant dressed states can be
expressed as

% C% ? o \? :
el (k) =y <%> +{szpk|:1—2<%> “ . (13)
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FIG. 5. Angular dependence of the valley-independent dressed-
state energy dispersions SSL; (k| ¢) from Eq. (26) for the case of lin-
early polarized radiation applied to an «-T; lattice, as schematically
shown in panel (a) with 6 = arctan (k,/k,). Plot (b) demonstrates
how the angular function A (6 |¢), given by Eq. (27), depends
on hopping-scale parameter « at various angles 6, where curves
for 6y = 7 /6 (red), 7 /4 (blue), and 7 /3 (green) are displayed for
Ao = 0.5 in addition to the black line A(6 | ¢) = 1 for 6y = 0. The
two lower polar plots (c) and (d) show ¢ dependence in Eq. (26)
for fixed X (k| ¢)/Er = 0.5, where Ay = 0, 0.2, 0.4, and 0.6 are

d,y
selected for black, red, blue, and green curves.

which could be derived from the limit of vanishing anisotropy
for multilayer black phosphorus [17] or by setting all band
gaps to zero for transition metal dichalcogenides [16]. The
explicit expression in Eq. (13) is a result of expansion up to
the order of O[1/ (iw)?]. On the other hand, an exact solution
predicts [15] that the energy band gap is given by

2c2 co \2
_ 2 2 fp s 250 (2
264 =\ (ho)? +4c} — o = =0 [1 (hw) + }
(14)

Consequently, from Eq. (12) we know the field-induced en-
ergy bandgap in Eq. (14) for graphene is exactly twice as large
as that of a dice lattice (taking 8 = 1).

B. Symmetric band structure and wave function of a dice lattice

In this part, we would like to address spin-1 dice lattices
with « = 1 or ¢ = /4 as a special case, in which all the
equations are greatly simplified and analytical expressions
can be obtained to gain a deeper insight into dressed-electron
dynamics. It is also interesting to notice that the effect of
irradiation becomes the smallest in this case for a given
dressing-field intensity, as we see by comparing Fig. 3(a) with
Figs. 3(b), 3(d) and 3(f). Moreover, this case has its own
significance in device applications since 73 spin-1 materials
could be possibly synthesized now.

In this case, the noninteracting Hamiltonian (1) for a dice
lattice takes the form

UL PE

0 k0
V210 koo

1 (k| 1) = dokesl, s
a==%

where ${) = £ 4 () are defined based on spin-1 matri-
ces in Appendix A. By expanding the Hamiltonian in Eq. (15)
up to the order of O[1/(hw)?], the effective Hamiltonian in
Eq. (10) becomes

—('L’,B/4))\.0CQ g(k| 'L') 0
H k| T) = 0 0 Gkl 1)
0 0 (TB/4) Moco
+Hec., (16)
where
_ hop B3\ . 23
Gk|t) = 7 |:rkx<1 +— ) - tky(l + T)]‘ (17)

Here, the significant simplification of Eq. (10) has been made
possible mainly due to the fact that ha(k| 7) = hps(k| T) =
1/v/2 (B%k, — itky) at ¢ = 7 /4.

For the effective Hamiltonian in Eq. (16), the low-energy
band structure is symmetric with respect to electrons and
holes, given by one flat and two dispersive bands:

ek)=0 and &P(k)=+/Sk), where

2 2 242
Sk) = <ﬂ)\:cO) +(FIUF)2{/€2 + %[(ﬁkx)2<1 + %)

+ k2<1 + A—g)“ (18)
y 8 ’

which becomes independent of valley index 7. Only in this
case does the middle band stay flat for all wave vectors k,
while the dispersive valence and conduction bands remain
symmetric to y = =£1 at the same time. From Eq. (18), we
know the opening of a finite band gap in this case is the same
as 8o = BAoco/2 given by Eq. (12) at ¢ = /4. It is clear
that the anisotropy of the energy bands comes solely from the
elliptical polarization of the dressing field and disappears for
B = 1. From now on, we will focus only on the latter case for
circularly polarized radiation. In this way, the energy index
y = =1 still labels a Dirac cone with a renormalized isotropic
Fermi velocity vp = vr (1 + 13/4).

Now we can find the wave functions for dispersions (18).
The solutions, pertaining to the valence and conduction bands
y = %1, are

7 g it
c® ,  (19)
7 (hupk)? etito

1
N @)

Uy, 1 h0, k) =

where

CO(y, tlro. k)

= (thk)z + 2[A2()L) - 2C0)\'0 YT (thk)2 + Az()»)]’
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CO%. 1. k)
= V2y (k) [ (hopk? + A%, =y T A,
NP (| r < 1,k)
« 2{2 (hvpk)* — 5y T coro(hvpk)® + 9[coro (Avpk)]? ).
(20

Parameter A ;) = 2Xxoco/ (4+A%) is not equivalent to the
actual energy band gap 2Ay(8 = 1, Ag) = Agco-
For the flat band, we obtain

Wy =0,7|20,Kk)

kefirek

1
= 2200 (4 — 22 h , (21
N © V2 O(ke+itokCO/( VF) (21
where
c 2
NO@G, <<1,k)r2[k2+<8koh—0) :|+ .2
VF

Here, the middle component of wave function (21) is nonzero
only in the presence of circularly polarized irradiation. One
can easily verify that the wave functions (19) and (21) in
the limit of vanishing electron-light interaction Ay — 0 agree
with the results in Eqs. (2) and (3).

Electronic states with a finite energy gap between the
valence, flat, and conduction bands are critical for electron
confinement, gate control, and the investigation of excifons in
our considered materials. The latter notion becomes extremely
important, since pursuant to our results, one should now
be able to construct an excitonic state and analyze its col-
lective properties, such as Bose-Einstein condensation [53],
depending on various lattice and electron-light interaction
parameters. In fact, excitons simply do not exist without a
band gap, and we believe that our work indeed paves a route
to pursue this type of research in a-Tj3.

C. Linear polarization of the incoming radiation

We now turn our attention to an alternative situation in
which linearly polarized radiation will be incorporated into
the @-T3 model Hamiltonian. Being essentially anisotropic,
such optical fields are known to transform the Dirac cone into
an asymmetric elliptical cone without creating an energy gap
between the valence and conduction bands [34]. Whereas for
anisotropic phosphorene the direction of the linear polariza-
tion is important [17], for the isotropic energy dispersions in
a-Tj lattices we can assume the field polarization lies along
the x axis without loss of any generality, yielding

AD () = |:A§L(;(t)] _ %[cos(()wt)} . 23)

Assuming a linear k dependence to the field-free Hamilto-
nian Hf(k), we find the total Hamiltonian H® (k, 7| 7, ¢) for
dressed particles only acquires an additional k-independent
term, given by

¢ (k) = ALk, 1|7, ¢) = T (k) + T e 7. ), (24)

where

0 0 cos ¢ 0
H, (t|t,¢) = —tcocos(wt) | cos ¢ 0 sin ¢
0 sin ¢ 0

(25)

Here, the coupling constant ¢y = eEypvr/w is the same as
that in the case of elliptically or circularly polarized light.
However, each element of the matrix in Eq. (25) has the
identical periodic time dependence in comparison with a
circularly polarized radiation field.

The case of linearly polarized dressing field is distin-
guished because the time-dependent Schrédinger equation at
K (or K’) point for k = 0 could be solved analytically. This
implies that our result regarding the absence of an energy
band gap is precise and, more importantly, wave functions
with explicit time dependence could be obtained in contrast
to the previous case for elliptically polarized light.

The detailed derivation of the quasienergy dispersions and
the wave function for the linearly polarized dressing field
is provided in Appendix B. Specifically, the t-independent
dressed-state quasiparticle energy dispersions are found as

sffl),:o(k| ¢) =0 and

eF)_, (k| §) = Ehvpk VAl | ) (26)

with an angular function

Al | ) = cos? Ok + {[Jo(2ho) cos(2¢)]?
+ [Jo(ho) sin(2¢)]*} sin® G 27

to highlight field-induced anisotropy. The dispersion relations
for graphene, obtained in Ref. [34], are easily recovered by
setting ¢ to zero. In the opposite limit for a dice lattice with
¢ = /4, only the second term Jy(Xo) sin(2¢) in Eq. (27) is
kept, so that the effect of electron-field interaction becomes
the weakest with respect to all ¢ values.

Since the off-resonant radiation with Ay = co/hw K 1 is
considered, the zeroth-order Bessel function of the first kind
could be expanded up to the order of O(13), and therefore the
dispersions of conduction and valence bands in Eq. (26) are
further approximated as

22 .
8ff£=i1(k| $) = thopk {1 - §° [5 + 3 cos(4¢)] sin’ ek} .
(28)

Even for an infinitesimal coupling constant Ag, the anisotropy,
and therefore the difference in Fermi velocities along the k,
and k, directions, becomes the largest for graphene (¢ = 0)
and the smallest for a dice lattice (¢ = 7 /4).

Most importantly, we find the flat band 8[(1L,;)/=o(k| ¢)=0
is not affected under linearly polarized irradiation for all
wave vectors k. The valence and conduction bands, on the
other hand, display anisotropy with respect to k. As a result,
the standard right-circular Dirac cone is transformed into
an elliptic cone with its major axis parallel to the direction
of incident light-field polarization. We also notice that the
complete electron-hole symmetry of the upper and lower
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cones is preserved and there exists no energy gap between significance of induced anisotropy depends on the chosen
the valence and conduction bands. These features are quite parameter ¢.

similar to corresponding results of graphene [34]. However, After a lengthy calculation as presented in Appendix B,
an important feature comes from the ¢ dependence in k the two wave functions, corresponding to the valence and
dispersion of s;%;: 11kl ¢). As demonstrated in Fig. 5, the conduction band energies with y = %1, are as follows:

J

T . .
Wr=E ) 1) = ek O OSOY iy |y a2 To00)sin b

411 (6k) N J1(6) +cosbk | _4
Jo(ho) sin O T ’f .
_ 2 e:Flzh(t) , (29)
[ﬁ (6h) +costh ] | T
where
F100) = Ol @ = 7/4) = \/cos? b + sin® 6 T2 (ho) (30)
and z, (1) = Ag sin(wt). The wave function in Eq. (29) at = 0 can be further simplified as
. re—i®1GlT)
VT ek =S yv2 |
r6i®16 D)
, (31)
Jo(o) sin b } { Moo }
O,(0k|lt)=2arctan {7t ——————— = {6 — — sin“(20k) + - - ¢.
16kl T) { 7100 + cos b k=g (260k)

The two components of the wave function in Eq. (31) are identical to each other, except for a different phase, similar to that for
noninteracting dice lattice in Eq. (2) with ¢ = 7 /4. Here, the renormalized phase & (6| 7) contains the leading-order correction
proportional to the intensity of imposed radiation.

The remaining wave function for the flat band with y = 0 is given by

. 1 1
_ 1 iT .
Wk 1) = ——— 4 —— sin6 Jo(Ao) e /Dar | +cosb | 0 . (32)
a Gheo | 2T a:zﬂ | o

Here, the wave function in Eq. (32) also consists of two nonzero components of equal amplitude but with a different phase
@, (0| ) in comparison with Eq. (3). Similarly, the wave function in Eq. (32) at# = 0 can be simply written as
o~ i®2(6I )

_ 1
k1) = — 0 ,
@ 0 V2 | _gi®aln)

) (33)
A
@, (0| T) = arctan {t Jp(Xo) tan G} = r{@k — 70 sin(26k) + - - - }
It is interesting to compare our current results for a dice lattice with the corresponding wave function for graphene in Ref.

[34]. The Dirac electron in graphene, interacting with a linearly polarized and off-resonant dressing field, acquires the following
energy dispersions:

"= (k) = y hork fo(6k) ,
(34)

Sfo(Bk) = \/ cos? Ok + JZ(2Ao) sin” b,

where the anisotropy factor fy(6k) for graphene is equivalent to our derived expression in Eq. (B22) with ¢ = 0. This is an
opposite limit for the angular dependence in Eq. (B22) compared to the dice lattice with ¢ = 7 /4 and given by Eq. (B24). In
addition, the two corresponding wave functions for graphene at t = 0 take the form

- 1 1
==+1
v k) = 7 [V eid>o(0k>] ’

Jo(ho) sin B } A2
pa) 9k -

_— 20 in(26, + e
cos Ok + fo(bk) p SinG)

(35)
®y(6k) = 2 arctan {
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As expected for a distorted anisotropic Dirac cone, its wave function in Eq. (35) possesses an equal amplitude for two
components, while their renormalized phase factor ®((6x) depends on the interaction coefficient A.
For the most general case of an «-Tj lattice, its wave function is obtained as

= 1 .
ARy pep——— L A 20
‘ T, 9)
K Tcosgp | sin ¢ ; tcosp |
MED T | e#o0 yrpwin gy | 0 |+ BT T ol )
V2 T sin¢ —cos ¢ V2 Tsin¢g

where the coefficients r11 (k| ¢), r12(k| T, @), r13(k| T, ¢), and the normalization function N (k| T, ¢) are defined in Appendix B.
For the flat band with y = 0, the wave function takes the form

_ 1 roi (k| ) T ‘ cos ¢ sin ¢
W=k T, ¢) = & iz, (6) + roa(k 0 : 37
. (KklT, ) NP 7 azﬂe szlip roa(k| @) s (37)

where

ro1(k| @) = —isin(2¢)sin Ok Jo(Ao) , 8)
roa(k| @) = ﬁ[cos Ok + it cos(2¢) sin b Jo(2ro)] .

The components of the wave function in Eq. (37) are not equal to each other since this condition does not hold true even in the
absence of irradiation, while all the previously obtained wave functions have components which differ only by a phase factor.
This becomes explicit once the components of this wave function are reformulated as

| sin ¢ [ cos 6 — it sin X(§¢)(A0)]
WY, k) = ————= 0 ,

N&)(Ao, &) | —cos ¢ {cos bk + it sinby [2 To(ho) — X;‘p)(ko)]}

2
X (o) = 208> ¢ To(ho) — cos(2¢) To(2h) = 1 — % [1—3cos(2¢)],

2
2J0(h0) =X P) = 1 — % [1+3cos(2¢)], (39)

N (ho, ) = cos® Oy + sin® b ([ sin ¢ X\ (10)]* + | cos ¢ 270 000) — X,V (0)]})
2
wl-— % sin? O[5 + 3 cos(4p)] + - - - .

Here, for the most straightforward case of a flat band, we can explicitly demonstrate how the wave function is changed in the
presence of linearly polarized irradiation, yielding

1 sin ¢ e 7% 52 sing [1 — 3 cos(2¢)]
LAV 'S e —— 0 + it =2 sin by 0 +.. ],

\/W —cos¢ e 4 cos ¢ [1 4 3 cos(2)]

)\2
N o, 6) = 1 — ZO sin® O {5 + 3 cos(4¢)} + ... .

(40)

(

Obviously, the components of this wave function are not  components are determined only to a finite complex phase
equal to each other, in contrast to all previously considered factor.

cases involving a linearly polarized field. The way they are

modified in the presence of electron-photon interaction is

not correlated with their initial values. The normalization IIL. FIELD-INDUCED MODIFICATION OF THE BERRY

factors f0.r all obtained wave functions both in Eqs.. (29) aqd PHASES, CONNECTIONS, AND CURVATURES
(32) and in Egs. (36) and (37) do not depend on time. It is
quite simple to show that in the case of zero electron-light As an application of our derived photon-dressed electronic

interaction 1o — 0, the wave function in Eq. (36) is equivalent  states in Sec. II, we explore how the Berry phase of an «-T;
to that of nonirradiated «-Ts, given by Eq. (2). However, one  or a dice lattice is affected in the presence of an off-resonance
should also keep in mind that the results for the wave-function ~ dressing field with different polarizations. Specifically, we
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are interested in studying its dependence on geometry o and
coupling Ay parameters.

We are also going to calculate the Berry connections and
curvatures in vareious «-T5 materials and demonstrate that for
the case of linearly polarized field, the Chern number always
remains zero, and a topological phase transition between a
semimetal and Haldane insulator does not take place.

The Berry phase is defined as a geometrical phase dif-
ference, which a purely quantum system receives over a
complete cycle of adiabatic, or isoenergetic evolution [54-56].
All physically meaningful parameters, except for a quantum
phase, are expected to return to their initial values over
such a loop-like transformation. The Berry phase is logically
connected to a jump of the Aharonov and Bohm phase for a
charged particle moving along an arbitrary closed path, which
partially includes either electrostatic or magnetic field. Such a
topological phase can strongly affect transport properties and
lead to a finite conductivity at the band crossing even if the
density of propagating waves at this point vanishes [57].

As a first step to this study, we are going to carry out
a detailed investigation of the time-independent eigenstates,
corresponding to the distorted Dirac cone due to strong inter-
action of electrons with an optical field. This could lead to
either opening a band gap under an elliptically or circularly
polarized field or creating an anisotropy in the dispersion
relations due to the presence of linearly polarized light. While
in the former case the energy dispersions in Eq. (18) are
obtained by using a time-independent effective perturbation
Hamiltonian in Eq. (10), the wave functions for the latter
case involving linearly polarized light acquire a complete time
dependence and therefore need to be clarified further. Such
a picture could be regarded as a simplified model with an
additional ¥, Hamiltonian term for graphene under circularly
polarized light [17], which provides some insights to our
considered phenomena including irradiated graphene [34]. We
will suppress the time dependence in Egs. (36) and (37) by
using their expressions at ¢+ = 0 for all further computations.
This allows us to address a wider class of field-induced
electronic states, not necessarily equivalent to dressed states
under conditions discussed above.

In most cases, the time dependence in the obtained eigen-
states, such as Eqgs. (36) and (37), takes an exponential form
exp[=xiig sin(wt)] in some of their components. For our case
with an off-resonant field Ag < 1, this dependence would
produce noticeable modification to these wave function com-
ponents. Surprisingly, the normalization factors N (k) for
all types of «-T; materials under linearly polarized irradia-
tion, including the dice lattice limit, do not depend on time.
Another direct time dependence is in the initial phase factor
exp[Fivrkt f(6k)] of Egs. (36) and (29), which does not affect
most of its physical properties but leads to a linear increase of
its Berry phase ocvpkt f(6k).

The described situation of the time dependence above
is strikingly similar to the electrostatic Aharonov-Bohm in-
terference effect [58]. The wave function of a conventional
Schrédinger particle of energy [E has a phase factor exp[ig]
with ¢ = —[E¢/h. If such a particle is confined in the re-
gion with a constant electrostatic potential Vj and then a
zero electrostatic field, this potential produces an additional
phase ¢(t) — ¢p(t = 0) = —eVipt /hi to its eigenstate, which can

influence actual properties of the particle and the outcome of
a double-slit interference experiment.

As is well known, we can write down a general expression
for Berry phase ®5(y, k| 7, ¢) as [55,56]

®p(y, K| T, ¢) = —i fcdk- [V k|7, ¢)]
X Vk\l’;'(kl T,9), 41

where C represents an arbitrary closed path within a lattice
plane. For the case of nonirradiated wave functions of an
«-T3 lattice presented in Eqgs. (2) and (3), we immediately
find the results as ®g(y = £1,k| 7, ¢) = T cos(2¢) for
the conduction and valence bands and ®(y = 0,k| 7, ¢) =
2t cos(2¢) for the flat band at two valleys. These conclu-
sions do not depend on the choice of a closed curve C, which
in general cannot be true since the wave function components
are k dependent. We also remark that the Berry phase is gauge
invariant and its value is unique up to multiples of £2.

The details on how to evaluate the integral with respect
to k in Eq. (41) using polar coordinates are provided in
Appendix C for various types of incoming light polarization.
In the case of circularly polarized light, components of the
wave function are only k dependent except for e factors,
which are similar to those for the nonirradiated eigenstates in
Egs. (2) and (3). Therefore, the path of such isoenergetic linear
integration is a circle of radius k. As a result, the Berry phase
for a dice lattice irradiated by circularly polarized light takes
the analytical expression as

. CZ( ,k)—l 2
¢%)(y,ko|r=1)=ljvy(y—°ko)/ b
) 0

Co
flvpko

These Berry phases are not symmetric, but opposite for
electron and hole states except for the first-order term in
the Ao expansion. However, this expression is symmetric for
valleys, i.e., @ (y, ko|t = —1)=—d(y, ko|T = 1), as
seen in Fig. 6(a), which is in analogy with the dice lattice
in the absence of irradiation [56]. Even for a dice lattice
which has a zero Berry phase, a finite Berry phase can still be
established by an elliptically or a circularly polarized dressing
field which opens an energy gap for the dice lattice. Although
the dispersions in a dice lattice are symmetric, the wave
function components and therefore the Berry phases do not
share this property. The corresponding phase for the flat band
remains zero with respect to valley index and intensity of
incoming radiation.

Finally, we have numerically calculated the Berry phase for
the «-T3 lattice with an arbitrary ¢ in the presence of linearly
polarized radiation. Our numerical results are presented in
Fig. 6. Figures 6(c) and 6(e) represent the results for the flat
band, while the three right plots [Figs. 6(b), 6(d) and 6(f)] are
for the conduction band. In both cases, the phase is zero for a
dice lattice, disregarding the light intensity or the parameters
ko of isoenergetic elliptic integral path so that all the curves in
Fig. 6(b) approach zero in the limit of « — 1, which confirms
our analytical result in Appendix C for a dice lattice under a
linearly polarized dressing field. The results for the flat band
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FIG. 6. Numerically calculated Berry phase <I>,(f)(y, klz,¢)
from Eq. (41) for irradiated «-T; lattices at 7 = 1 valley. Panel
(a) corresponds to circularly polarized light (labeled by c), while
panels (b)—(f) correspond to linearly polarized light (labeled by L).
Panel (a) presents q)g')(y, |k| = ko| ¢) having B8 = 1 with ¢ = 7 /4
for y = 1 (three positive curves), y = 0 (middle red curve), and y =
—1 (three negative curves), where ko /kr = 0.5, 0.6, 0.7 are selected
for green, black, and blue curves. Berry phases ® ,gL)(y, k| ¢) having
B =y = 0in plot (c) with ky/kr = 0.5 and plot (e) with ¢ = 7 /4
on the left display X, dependence for ¢ = 30° (green), 35° (blue),
40° (black), and 45° (red) in panel (c) and for ky/kr = 0.5 (green),
ko/kr = 0.6 (black), and ko /kr = 0.7 (blue) in panel (e). All the right
panels [(b), (d), (f)] are for B =0 and y = 1, where ko/kr = 0.5
is chosen in panel (b) to show Ay dependence for ¢ = 25° (green),
35° (blue), 40° (black), and 45° (red); ko/kr = 0.5 is chosen in
panel (d) to show o dependence for Ao = 0.1 (green), 0.2 (blue), 0.3
(black), and 0.4 (red); and ¢ = /4 is chosen in panel (f) to show
Ao dependence for ky/kr = 0.5 (green), 0.55 (blue), 0.6 (black), and
0.65 (red).

demonstrate a stronger dependence on the coupling constant,
as well as on the parameters ky. As we see from Fig. 6(d),
the Ao dependence of the Berry phase becomes nonmonotonic
for various « values. Such unique dependence has not been
reported for the case of circularly polarized irradiation.
Recently, topological effects in connection with various
optical phenomena have become a crucial research subject
for photonic crystals, quasicrystals, and metamaterials. In

Ref. [59], the authors discussed creating interface supported
new states of light based on topologies in wave-vector space
and unidirectional waveguides that allow unimpeded propaga-
tion of light around large imperfections in a photonic crystal.
An investigation on longitudinally driven photonic lattices in
connection with Lieb and kagome lattices, based on a tight-
binding model, has been reported in Ref. [60]. A topological
phase transition in @-T3 materials under a circularly polarized
irradiation was also addressed in a recent paper [61]. Conse-
quently, in the present calculation, we will focus solely on a
linear polarization for incoming light. The Berry connection
vector field A7 7 (K, A0) and the Berry curvature Q7 7oK 20)
are defined as

Al s(K X)) =
Sl’t’ s(K, Ao) =
In the absence of incident light, the Berry connections
for the cone bands with y = +1 are Ayzil(k Ao) =

+(t/2) cos(2¢) Vi and for the flat band are A7~ - (k Ap) =

—2AY ¢i1(k Ao). Here, the x2 difference comes from the
normahzat10n of different wave functions.

(Wh(k, hol T, 9)|iVi |¥) (k, 2ol T, 9))
Vi x A7 (K, Ao) - 43)

In Appendix C, we show that without external
irradiation [52]
Q1 (k. ko = 0) = 77 cos(2¢) 5(k) .
’ (44)

275 (k, ho = 0) = 217 cos(2) 8(K).

The two-dimensional § function &(k) of a vector k has a
dimension of 1/k and is expressed as 8(k) = 8(ky) 8(ky) =
1/(2mk) 8(k) if there is no angular dependence. Therefore, the
Berry connection for a dice lattice will always remain zero
even in the presence of a linearly polarized dressing field.

Now let us address a general case for «-Ts lattices
with an arbitrary o value within the range of 0 <« < 1.
Here, however, the absolute values of nonzero components
of a wave function are no longer equal to each other, not
just different phase factors. In this general case, the wave

function acquires a form \Dy(ko, k) = {c/, c2 , c3 } with its
three components c V(r ¢ |6k, Mo) fori=1, 2, 3.
Therefore, the Berry field for y = 0 is calculated as

A0k, ho) = —fV (2, ¢ | 6k, 20) &6

(45)
3 =0

_ovx 07
y=0 _ y=0\* i
Fr=AT, ¢ 16k, ho) = ?:1 (™) T

For this case, the derivation is greatly simplified because
each component and the normalization factor of the states
(including those for y = #£1) only depend on the angle 6.
The next step is the derivative of Ay; (k, Ao) with respect
to k, which leads to an additional § function, while the k-
dependent term is kept unchanged.

Finally, the Berry curvature is found to be

10 oy 1,
PRTALGIN 2

= M o g e @)

Q70 (k, ko)
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FIG. 7. Angular factor F7=(z, ¢ | 6k, A¢) from Eq. (45) for the
flat band with y =0 at the 7 = 1 valley under a finite electron-
light interaction 0 < Xy < 1. Panel (a) shows the dependence of
F7=0 on the geometry phase ¢ at 6 = m /8, where each curve
represents different Ao values. Panel (b) demonstrates its dependence
on Ay at O = /8 for various phases ¢. Contour plots (c) and
(d) display F7=° as a function of both angle 6 and phase ¢, where
Xo = 0.05 and Ay = 0.25 are assumed, respectively, in panels (c)
and (d).

Similar results can be obtained for y =41 wave
functions. Since there is an angular dependence and
FY(t, ¢ |6k, Ao) becomes anisotropic in Eq. (45), the identity
8(k)/k =2m5(k) cannot be applied to FV(t,¢ |6k, Ao)
anymore.

We see from Figs. 7 and 8 that the obtained angular
factor is only slightly modified by the presence of a dress-
ing field because we only consider the weak-coupling case
with L9 < 1. This agrees with the assumption that the field

050 ] = (.50 FF oI T oI -
0.38 =y ;
025 T e
013 ;;ﬂ)‘ /6 =1 | E

0.0 k "/% o=
00 01 02 o 04

0.0 025 049
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FIG. 8. Calculated F"='(t, ¢ | 6, o) for T = 1 under a finite
electron-light interaction, where all the parameters, panels, and
curves are presented in the same way as in Fig. 7.

frequency lies within the off-resonance region. In addition,
the anisotropic dependence of F on 6, as well as in other
observable quantities, appears only under an irradiation since
its isotropic dependence in the Ao — O limit can be verified
directly from Eq. (44). From panels (a) and (b) in both Figs. 7
and 8, we can further verify F¥ = 0 for dice lattice (¢ =
m/4) even with an electron-light interaction. The results for
y = —1 are not shown here since they are nearly the same
as those for y =1 in Fig. 8. The ¢ dependence becomes
visible only for ¢ close to 0 or 7 /4 and small 6 with an
enhanced electron-light coupling in Figs. 7(d) and 8(d). For
Ao — 0, on the other hand, the results for y = 1 become
half of that for y = 0 with an opposite sign, as predicted by
Eq. (44).

For all three bands and allowable intensities of an imposed
irradiation, the most important observed feature is that the
Berry curvature always retains the valley symmetry; i.e.,
Sl: »(K, Ao) is proportional to 7, just as we have found in
Eq. (44) for a nonirradiated «-T3. In contrast to the previously
studied case, the current work clearly indicates that a linearly
polarized dressing field cannot change the Chern number
of «-T; materials due to its conserved valley symmetry.
This conclusion can be compared with bilayer graphene as
discussed in Ref. [62]. However, our results for both Berry
connection and curvature are very useful for exploring the
electronic properties of crystalline solids [55]. We also need
to point out that in the case of linearly polarized irradiation
there is no breaking of time-reversal symmetry.

Now we are ready to analyze the way in which the
topological properties of «-T3 materials are modified by a
dressing field. For all types of irradiation which open a finite
band gap, a semimetal is transformed into a Chern insulator,
accompanied by a phase transition. This includes the case for
a circularly polarized irradiation with 8 = 1, as described in
the above mentioned arXiv preprint by Dey and Ghosh [61],
and the case for a general elliptic polarization with0 < g < 1,
where 0 < 8 < 1 is the ratio of field strengths along the
two axes of a polarization ellipse, introduced in Eq. (4) and
discussed below. Since two obtained band gaps, given by
Egs. (11) and (12), are proportional to B¢y, the Chern number
would always be varied, as long as at least one or two gaps
occur in the energy dispersions of a material considered.

On the contrary, in the opposite limit of 8 — 0 for a
linearly polarized dressing field, the Chern number can not
be changed and remains to be zero due to the valley symmetry
remained in the calculated Berry curvature. Using this unique
feature, one is able to manage a tunable topological phase
transition in an actual optoelectronic device.

IV. CONCLUDING REMARKS

In this paper, we have executed a thorough investiga-
tion into electron-photon dressed states in «-T; lattices
for all possible polarizations (elliptical, circular, and lin-
ear) of the impinging radiation. We have derived closed-
form expressions and analytic approximations of the quasi-
particle energy dispersions for all types of such optical
states.

We have demonstrated that the geometry phase ¢ or the
hopping-scale parameter « plays a crucial role and affects the
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low-energy band structure for various types of polarizations of
incident light. The obtained dressed states demonstrate both
similarity and strong distinction compared to those earlier
results obtained for graphene or buckled honeycomb lattices.
As an example, elliptically polarized irradiation is connected
to opening a band gap in the energy dispersions of «-Tj
lattices, as well as symmetry breaking between the valence
and conduction bands. For the case with a linearly polarized
light field, the parameter « has also been shown to modify sig-
nificantly the radiation-induced anisotropy and the angular de-
pendence of the dressed quasiparticle dispersions in k space.
Generally speaking, we find that the band-structure anisotropy
due to electron-light coupling becomes the strongest for
graphene with « — 0 and the weakest for a dice lattice with
a =1 for both circular and linear polarizations of incoming
light.

We have also found that for an elliptically polarized field
applied to «-T; lattices with o # 1, its low-energy band
structure, including opened band gaps, explicitly depends on
the valley indexes v = =£1. This gives rise to valleytron-
ics applications, which now could be developed based on
irradiated «-T3 lattices and enables electrically controlled
valley filtering as a milestone for such technologies and
applications.

In addition to calculated energy dispersion relations, we
have analytically obtained the corresponding wave function
for electrons dressed by an optical field with different po-
larizations. For elliptically polarized light, the components
of eigenstates obtained are shown to be inequivalent beyond
a simple phase factor as seen from Egs. (2) and (3) in the
absence of irradiation. Instead, these components depend on
both the wave vector k and the band index y. As a result, the
modifications to the eigenstates of the valence, conduction,
and flat bands are completely different. Our current study
presents the first explicit expression for the dressed-state wave
function of a dice lattice with an opened energy gap under
external irradiation.

Unlike the previous discussion for circularly polarized
irradiation, our obtained eigenvalue equation, including a
linearly polarized dressing field, permits an exact solution for
energy dispersions with respect to k. This leads us to the
following conclusions: (i) There is no energy gap between
the conduction and valence bands; (ii) the flat band stays
forever at zero energy; and (iii) a complete symmetry between
conduction and valence bands is retained. However, the pres-
ence of linearly polarized dressing induces an a-dependent
anisotropy of the Dirac cone in k space, similar to graphene.
Therefore, we are able to tune the anisotropy and angular
dependence of the energy band structure by adjusting the
hopping-scale parameter «. Although some discussions on the
breaking of band symmetry in the irradiated «-T3 model were
reported earlier in Ref. [2], we reveal a number of other crucial
symmetries in the dressed states, and more importantly, these
symmetries could be either broken or retained depending on
the type and intensity of the selected dressing field and on the
value of hopping-scale parameter .

Throughout the paper, we have continually compared our
results with the limiting case of a dice lattice for which o =
1 or ¢ = /4. Because dice lattices were discovered much
earlier than «-T3 and could be synthesized in a relative easy

way, there has already been a substantial amount of research
effort devoted specifically to the dice, such as Ref. [1]. In
contrast with general «-T3 materials, the dice lattice preserves
the valence and conduction band symmetry under irradiation
of any polarization. Only because of this unusual property
could the electronic states be presented in such a concise way.
Our results suggest that in the presence of a linearly polar-
ized irradiation, each component of the wave function only
receives an additional phase depending on the electron-light
coupling. Therefore, the actual complex phase is no longer
equivalent to the wave vector angle 6, as shown in Eq. (33).
Consequently, all observables, such as, electron momentum,
current, etc., will be modified in a specific and predictable
way.

The wave functions are shown to be drastically different
for the dice lattice (@ = 1) and all other possible «-Tj5 lattices
(o # 1). In the former case, the wave function components
of such a dressed state are equivalent and differ only by a
phase factor, which are similar to anisotropic Dirac fermions
in few-layer black phosphorus [35] and expected to reveal
a non-head-on asymmetric Klein paradox. In contrast, the
wave function components for arbitrary 0 < o < 1 differ from
each other beyond a simple phase factor, which will bring in
considerable modifications to tunneling and transport prop-
erties in general «-T3 lattices. In particular, to highlight such
imbalance in components, we also present explicit initial wave
functions at # = 0 to elucidate a wider class of phenomena
pertaining to light-induced distortions in Dirac cone disper-
sions for general o-Tj lattices.

We investigates the Berry phases of dressed electron eigen-
states in connection with their unusual composition and sym-
metric properties. The Berry phase is shown to be a specific
quantum characteristic of an electronic state, which is greatly
sensitive to a particle’s environment and adiabatic change of
external fields or their potentials.

Berry phases are directly related to the wave function’s
k dependence, its components, and the phase difference be-
tween them. For instance, the phases corresponding to the
valence and conduction bands for a gap-opening elliptically
or circularly polarized irradiation for the simplest dice lattice
are not just different by an opposite but are quite differ-
ent from their energy dispersions. We have uncovered the
complex connection between dressed states of conduction
and valence bands and demonstrated a zero phase for the
flat-band electronic state. For a dice lattice with ¢ = /4,
the Berry phases are all zero for three bands even in the
presence of linearly polarized light. For all other values of
¢ # /4, on the other hand, we have found moderate depen-
dence of Berry phase on electron-light coupling X, hopping-
scale parameter «, and the selection of closed integration
path as expected from the Aharonov-Bohm effect. We have
noted that modified Berry phases by specific electron-light
coupled states can affect some important physical proper-
ties of a system, e.g., results of a double-slit interference
experiment.

We have also calculated the Berry connections and curva-
tures for the case of linearly polarized irradiation and demon-
strated that for linear polarization, which does not lead to the
creation of a finite band gap, the Chern numbers remain to be
zero and topological phase transition will not occur.
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APPENDIX A: ELECTRON-FIELD DRESSED STATES FOR ELLIPTICALLY AND CIRCULARLY POLARIZATIONS
APPLIED TO A DICE LATTICE (¢ = n/4)

For a dice lattice, the time-independent perturbation operator introduced in Eq. (9) is

A TCo A
P, = “>h Y —arp)s, (A1)
a==%
where we have defined
0 i 0 1 O 0 0 O 0 0 O
=10 "2 |=(0 0 1| and =V = i ol=|1 0 0 (A2)
0 0 0 0 0 0 220 0 1 0
The operators fl(il) can be built from the spin-1 matrices
1 0 1 0 1 0 —i O
$W=—11 0 1| and 2P =—|i 0 —il, (A3)
V210 1 o0 V2 o i o

and £ =0 4 12(1) similar to the case of 2 x 2 Pauli matrices for spin 1/2 used for graphene. Moreover, the energy gap
exists if a EZ( 1) matrix is present in the Hamiltonian. For our case, this matrix is in the form

0

1 0
sW=—10 0 0 |. (A4)
©V200 0 -1

Using the above results in Eqs. (A1)-(A4), from Eq. (8) we get the effective perturbation Hamiltonian presented in Eq. (10):

. h h
AU 1) = % Sk, — k)T — LIV SR ”F2 3 (Brk, — iak,) B0 . (AS)
a==%

2 4\/_)\0 a==%

Furthermore, for the Hamiltonian in Eq. (AS), we arrive at the following eigenvalue equation for energy-band dispersions

ef (k| 7):
© 3 (Beoro) (o 2 /310222 10222 £
[ (k| T )] - (T) 5,16 (k| ) — (hvr) 1+ (T) ki + |1+ (3) ky C(klT) = (A6)

Here, we see the dispersions 8;0 (k| v) acquire a complete electron-hole symmetry and a renormalized isotropic Fermi velocity vp

given by
2
0 1+A2 1+A2 14 (20 (A7)
U =V =V s
P 2 8 ! 2

and we will omit the Ao dependence hereafter in other expressions for simplicity.

APPENDIX B: LINEARLY POLARIZED IRRADIATION ON A «-T; LATTICE
First, the total Hamiltonian of a quasiparticle interacting with linearly polarized field is

Tk, 17, ¢) = A (k) + 1t 7. §) (B1)
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which contains an additional time-dependent interaction term

w 0 cos ¢ 0
H, (t|t,¢) = —tcocos(wt) | cos ¢ 0 sing |, (B2)
0 sin ¢ 0
where the coupling amplitude ¢y = eEyvr /w is identical to that in the case of elliptically or circularly polarized light. Therefore,
for k = 0 and then Hf (k) = 0, the Schrodinger equation becomes

d s A
"hw — A 7. ) olt] . ). (B3)

The solutions of Eq. (B3) for the valence and conduction band edges with y = 1 atk = 0 are

T CoS ¢ o
g:il (t| T, ¢) _ +1 e:l:l)uo sin(wt ) , (B4)
V2 T sin¢
and for the flat band with y = 0 are
sin ¢
Wlune)=| 0 |. (BS)
—cos ¢

The wave functions in Egs. (B4) and (BS5) are obviously orthonormal to each other and these expressions respectively resemble
the k-dependent results in Egs. (2) and (3) in the absence of light interaction.

The next step is to extend our solution for k = 0 to a finite wave vector k. For this purpose, we would solve the following
time-dependent Schrodinger equation

a .
in E\Il(k, tit,¢p) =HEk, t|T,9)V(k, t| T, D) (B6)
for the full Hamiltonian in Eq. (B1). We look for its solution in the following expansion form

Wk, 1|7, ¢) = Y Fk ], 9) ¥ (] T, ), (B7)
14

in which y = 0, £1 and the unknown time- and k-dependent expansion coefficients F)(k, ) need to be determined. By using
Eq. (B3) for k = 0 and the orthogonality of wg)' (t| T, ¢), Eq. (B6) can be rewritten perturbatively as

ad A
ih— FOk 1|7, ¢) = ) FO U117, 0) (¥ (17 ¢) | T ) | gt 7. ¢)- (B8)
P

This leads to three coupled linear partial-differential equations:

il %}'@E“ = Fk, FF F é e* 0 sin(2¢) ky FO F ie* 0 1 cos(2¢) ky FEV
VUp :

(B9)
D50 2 Y Gnek, > wen® Fo,
ot \/z ' a=%l1

where 7, (t) = Ag sin(wt), and we omit the k and ¢ dependence in F) for simplicity. Using the Floquet theorem, we look for
the dressed state in the form of [2,17,34]

FO k1] T, ¢) = exp{—% ekl T, ¢>t} Do ferer (B10)

n=—00

where ¢;4(k| T, @) represents the dressed-state energy dispersion to be decided. The second factor in Eq. (B10) is a periodic
function of time (with the period Ty = 27 /w), which can be expanded in a Fourier series. A nested exponential function is
traditionally reduced by the Jacobi-Anger series expansion, i.e.,

exp{+£¢ sin(wr)} = Z Tn(£L) ™, (B11)

m=—0o0
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where J,,(¢) is the Bessel function of the first kind. We will also apply the orthogonality condition for the Fourier expansion
function, namely,

Ty
/ dt einwte—imwl =35
— On,m
0
for any fixed integer —oo < m < 00. As a result, we arrive at the following set of coupled linear algebraic equations, i.e.,

k
{qckx Sd(h” D 4w }fﬁ” P Z [5in28) £2), To(Fho) + v/21 cos24) 2D T, (£200)) =
(B12)

sin(2¢) Z > adu(—ar) £ =0.

m=—00 a==+1

{ eq(kl T, ¢) } (0)
Tivr f

Furthermore, we notice that two terms in the front brackets of Eq. (B12) all reduce to lw for [ # 0 since hw > ¢4(k| T, ¢)
and /ivpk,,, in the case of off-resonant interaction. Therefore, Eq. (B12) is simplified into

o]

s > {sin@e) £, Tu(Ehro) + V21 cos2e) £2) T(E200)}

lofiTV = iﬁ
m=—0o0

(B13)
lofy” = 7 in2g) Y Y adu-ai) [

m=—00 a==1

Equation (B13) cannot be satisfied unless all the expansion coefficients fl(o’il) = 0 for [ # 0. For this reason, we will just follow
the standard procedure [17,34] by eliminating all the terms f[(o’i]) for I # 0. Once only the / = 0 terms are retained in Eq. (B13)
do we simply get

(=1

0
1 =o, (B14)

{/%(k| 7.¢) - —S"(’;LZ’ %) %} ®
(1)
0

<>
where 7 is the unit matrix, and

. —ke/2  —(iky/v/2)sin(2¢) To(ho)  —iTky c0s(2¢) To(210)
Kk, ¢)=| 0 0 —(iky/~/2) sin(29) Jo(ro) | + Hec. (B15)
0 0 ke/2

Here, H.c. means adding a Hermitian conjugate matrix, and we have also used the fact that Jy(§) = Jo(—&) =1 —& 2 /4 for
%‘ = )»0 and 2)»0.
Finally, the eigenvalue equation in Eq. (B14) can be easily solved to give

ekl ¢) =0,
" (B16)
)= (k| ¢) = Thopk f(6k] ¢)
which becomes independent of T, where f (6| ¢) = /A(6k| ¢), and the angular function is
A(Ok| ) = cos® Ok + {[To(2h0) cos(29)]* + [To(ho) sin(2¢)]*} sin® by . (B17)

Here, A(6k| ¢) displays an anisotropy in the energy dispersions due to electron-photon interaction, which reduces to joz(ZAO)
for graphene [34] with ¢ = 0. For a dice lattice with ¢ = 7 /4, on the other hand, only the term »702 (o) remains, which is found
weaker than the electron-photon interaction in graphene.

For off-resonant radiation with low intensity, i.e., Ag = co/fiw < 1, the conduction and valence bands energy dispersions are
further approximated as

2
e" =" (k| ¢) = yth\/ *o [5+3cos(4¢)]k2 (B18)

The anisotropy and difference between the Fermi velocities in the k. and k, directions for both valence and conduction bands
reach the maximum for graphene with ¢ = 0 and the minimum for a dice lattice with ¢ = 7 /4.
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The corresponding wave function for the dressed-state quasiparticle, obtained from Eq. (B7), is

y=+l 1 ek o g ) 111 KL @) TCosg L) sin ¢
WU T, §) = e T I TUEE g e H O k|7, ) | O
d o) V2 Tsing —cos ¢
TCOS¢
PREIULIDN paarag eSS .

V2 Tsin¢
where
rin(kl §) = 2f (6| §)Lf (0| ¢) + cos 6] — T (o) sin” b sin*(29) ,
rintk| T, ¢) = —iv2 sin O sin(2¢) Jo(ro)[f (Ok| ¢) + cos Ok + it sin b cos(2¢) T (2Ao)] , (B20)
ri3(k| T, ¢) = — sin 6 [sin 6k sin®(2¢)J; (Ao) + 2i £ (Bk| ¢) c0s(29)To(240)]

_ 2
and the normalization factor is just N1 (k| T, ¢) = |\113;_i1(k| T,9)| .
For the flat band with y = 0, on the other hand, the wave function takes the form

_ I kDT | P sin ¢
Wk 1, ¢) = Ol ot | +rpklt,d)| 0 (B21)
d 9 b 9
V2N (k[ $) V2 a==+1 sin ¢ —cos¢
where
ro1(k| @) = —isin(2¢) sin 6k Jo(ro) ,
(B22)
ropkl T, ) = \/E[cos Ok + it cos(2¢) sin Ok Jo(2Xrg)] .
For the case of a dice lattice with ¢ = /4, we get from Eq. (B19) that
_ . (6h) +cos by | 4. t
WY :H(k, tt) = e FivrkfiGir fi oFin () iﬁ
¢ 411(0x) T
27000 sin by | L JoGro)singe \*| T .
- 0 | — <—> FV2 [T (B23)
J1(0k) +cosbk | 4 J1(6k) + cos bk r

where

Fi60) = f(6l ¢ = 7/4) = \Jcos? b + sin? b T (ho) (B24)

and z, () = g sin(wt). The wave function in Eq. (B23) at t = 0 could be presented in a simplified way, yielding
Te—i®1k| D)
_ 1
R = 2| V2|,
rei®1tl 1)
(B25)

: 2
O,(6k|T) = 2arctan{ v Jo(ho) sin B } Sa ‘L'{ * } .

TJotro) St O — 20 sin2(26,) + - - -
F1@0) + cos by k=g S (260

where the phase @ (6| t) for dice lattices differs from that in graphene by the correction from the weak-coupling constant
o L 1.
The remaining wave function for the flat band with y = 0 takes the form

. 1 1
_ 1 iT .
W 1) = ——§ —— sinb Jo(ho) s /2at | +cosby| 0 ) (B26)
a VTGS ) B a;ﬂ | o

The structure of the wave function in Eq. (B26) is such that at# = 0 it consists of two components of equal amplitudes and phase
difference ®((6k| ) and could be rewritten as

| [eioio
k| 1) = — 0 ,
¢ V2| _gi®o@ln)

, (B27)
Oy (O| T) = arctan {t Jyp(1o) tan O} = t{@k — % sin(26k) + - - - } .
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APPENDIX C: DRESSING FIELD-INDUCED MODIFICATIONS TO BERRY PHASES

In this part, we provide details of the Berry phase evaluation for the dressed-state wave functions in Egs. (19) and (21) with
a circularly polarized field applied to a dice lattice, as well as for the eigenstates in Egs. (29)—(32) and in Eqgs. (36) and (37),
corresponding to various types of «-T3 lattices interacting with a linearly polarized field. We also explain the derivation of the
Berry connection and curvature.
By using polar coordinates, the general expression for gradient Vi and the vector length element dk can be expressed as [63]
a 1 0 ,

Vs et -,
k=t 1 ag. ¢

dk = dkeéx + kdby e, .

(CDH

As a first step, we must choose the proper closed integration path for Eq. (41). In order to satisfy the requirement of an adiabatic
(or isoenergetic) evolution of a quantum system, during which a Berry phase is accumulated, we have to choose a path with a
constant energy of our quasiparticle, i.e., with a constraint of sfj’zil (k| T, ¢) = €9 = const.

For the first case of a dice lattice interacting with circularly polarized light, the energy dispersions in Eq. (18) and the
corresponding eigenstates in Egs. (19) and (21) are isotropic in k space, so that the required path can be chosen as a circle of
radius ky. While the wave function components and their scalar product in this case still depends on k and 6, the integration
variable in Eq. (41) is simply written as dk = ko d6 €. We begin with the eigenstates in Eq. (19) associated with valence and

conduction bands. For any circular path of radius k, the Berry phase defined in Eq. (41) is calculated as

Ciy, ko) —1 [* o
Oy, kolt=1) =L 20 / db =y A0 . (C2)
B Ny. k) Jo hvrko
In addition, we have CDI(BC)()/, klt=-1)= —CDE;C)()/, kol T = 1) for the K’ valley, similar to the case of a nonirradiated «-T;

lattice. In the absence of the circularly polarized irradiation, however, the Berry phase for a dice lattice is zero due to the fact [56]
that CDg))(y, ko| T) = tm cos(ir /2) = 0. Furthermore, the Berry phase of the flat band remains zero in the presence of circularly
polarized light, which could be easily verified by evaluating the integral in Eq. (41) with respect to the wave function in Eq. (21).

In contrast, for a-Tj lattices the constant-energy cut of dispersions in Eq. (26) with angular dependence given by Eq. (27) has
an elliptic shape, as displayed in Fig. 5(a). Such an ellipse is described by

[kl(ek)coswk)r N [kl(ek)sin(ek)T L ©)
a b(¢)
where
2
a= ;—0 b($) = —2 {[To(20) coSQ2PI + [To(ho) i)}~ = a {1 4 As g 3cos<4¢)]} Sa.  (C4)
VF FZUF 8
Moreover, we have defined
b b
k16 ($)a ) ©s)

Va2 cos? Oy + 2 (¢) sin® Oy B V1 —eX(¢)cos? by ’

where a and b(¢) are major and minor semiaxes of an ellipse in k space and e(¢) = /1 — b?(¢p)/a? is its eccentricity. We see that
each specific elliptical path, as well as its eccentricity, also depends on the intensity of incoming radiation or coupling constant
Ao. Our notation # = arctan(k, /k,) should not lead to confusion since the angle 6y is independent of the radial component k in
polar coordinates. For the current case, we find

_ _l 2 sin(26k)
ki (Oh) = =5 b@) (@) 3= o (C6)

b(¢) {é _ *(¢) sin(26y)
JI—@)cost | | 2[1—eX(¢)cosby]

Particularly, in the case of linearly polarized light, we notice that the wave function components in Egs. (31) and (33) depend
only on 6 but not on the radial component k for all possible values of ¢. Therefore, we find from Eq. (31) that

dk =

@k} 6 . )

| 5 . %0 1 (0| T) —_ e~ P01l T)

_ _ 1T T

Vi = k1) = —— — w7 = 0.137k 0 , (C8)
k1(6k) 00k 2k (6k) 00k 0i®0.1 (0| T)

so that [\I’;:il(k| t)]TVk\l':;:il(M 7) = 0. The only difference between the flat and the valence or conduction bands is the
explicit expressions for ®((6k| t) and P, (6| 7), which will not change the fact of a zero Berry phase from Eq. (41).
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In the remaining part of Appendix C, we would like to show details of the calculation on the Berry connection vector field
A” »(K, A9) and the Berry curvature Q! (K, X0), which are defined by

AY (K, ho) = (W] (K, Aol T, 9)| iV | ¥ (K, Aol T, b)), )
sz(k, )»0) = Vk X A)t/,¢(k, )»0).

In the absence of incident light, the Berry connections for the cone bands with y = 41 are Ar’zil(k, Ao) =

+(7/2) cos(2¢) Vi and Azzo(k, o) = —ZAZ;iI (k, Ag) for the flat band. The x2 difference comes from the normalization
of different wave functions.

In polar coordinates, according to Eq. (C1), Vibx = (1/k) & is directed along the &y unit vector. We immediately find that
for all bands (y = 0, %1) the Berry field is always zero for a dice lattice with ¢ = /4.

It is straightforward to verify that for a dice lattice the Berry connection will remain zero even in the presence of a linearly

polarized dressing field. As described above, for a dice lattice with & = 1, we get [W} ="' (k| 7)]' VW) ="' (k| 7) = 0. Here,
the only difference between the flat and valence or conduction bands is the explicit expressions of phases ®(6k| ) for y =0
and @, (6| t) for y = £1. We would also like to emphasize that the Berry connection is closely connected to the Berry phase
defined in Eq. (41), except that the closed-linear integration is not performed.

Furthermore, the Berry curvature is calculated as

, 1(o[k(A” ,),] A )\ o« d
ez~[kaAZ,¢<k,xo>]=;< T 56 | = 2 cos(29)

— O(k),
2k dk )

(C10)

where (k) is a step function which is introduced because k/k is always 1 if k is finite but undetermined for k = 0. Here, we
also make use of the following identity in the polar coordinates, i.e., §(k) = §(k)/(2mk), where §(k) = d®(k)/dk is the Dirac §
function. Finally, from Eq. (C10) we obtain

Q5 (k20 = 0) = T cos(2¢)8(k) ,

(C11)

7=(k, 1o = 0) = —2t7 cos(2¢) 5(K) .

¢

These results imply a complete valley symmetry since each of them is proportional to the valley index t.
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