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Dual topological nodal line and nonsymmorphic Dirac semimetal in three dimensions
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There are two types of previously known three-dimensional Dirac semimetals (DSs)—topological DSs and
nonsymmorphic DSs. Here, we present a three-dimensional DS that exhibits features of both topological and
nonsymmorphic DSs. We introduce a minimal tight-binding model for the space group 100 that describes a
layered crystal made of two-dimensional planes in the p4g wallpaper group. Using this model, we demonstrate
that double glide mirrors allow a noncentrosymmetric three-dimensional DS that hosts both symmetry-enforced
Dirac points at time-reversal invariant momenta and twofold-degenerate Weyl nodal lines on a glide-mirror-
invariant plane in momentum space. The proposed DS allows for rich topological physics manifested in both
topological surface states and topological phase diagrams, which we discuss in detail. We also perform first-
principles calculations to predict that the proposed DS is realized in a set of existing materials BaLaXBY5, where
X = Cu or Au, and Y = O, S, or Se.
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Dirac semimetals (DSs) refer to a class of topological
semimetals, characterized by hosting massless Dirac fermions
in momentum space [1]. First identified in graphene with
vanishingly weak spin-orbit coupling (SOC), there has been a
surge of interest in massless Dirac fermion systems, exhibiting
exotic properties and potential applications for future elec-
tronic devices [2,3]. Notably, with the advent of topological
insulators [4,5], three-dimensional (3D) DSs with strong spin-
orbit coupling have reinforced their status as an important
class of topological semimetals. It was first noted that a 3D
DS can occur at the phase boundary between the topological
and the normal insulators in the presence of inversion sym-
metry [6,7]. Later, Young et al. found that the 3D DSs can be
stabilized by crystalline symmetries and time-reversal sym-
metry [8], and Wang et al. theoretically proposed material re-
alizations in Na3Bi and Cd3As2 [9,10], which were confirmed
experimentally [11–15]. Currently, the DSs are expected to
exist in a variety of forms, such as two-dimensional (2D)
DSs [16], double DSs [17], type-II DSs [18], and Dirac-Weyl
semimetals [19].

In spite of this variety, it is surprising to notice that all the
previously known DSs fall into two disjoint classes, dubbed
topological and nonsymmorphic DSs, respectively [20]. The
nonsymmorphic class of DSs is characterized by hosting
Dirac points (DPs) that are pinned at the time-reversal in-
variant momenta (TRIM) of the Brillouin zone (BZ). On the
other hand, the topological class of DSs distinguishes itself
from nonsymmorphic DSs by having a pair of DPs off TRIM.
Another distinguishing feature of topological DSs is the co-
existence of nontrivial band topology in the bulk, manifested
as gapless excitations on the surface [21,22]. In contrast, the
bulk bands of nonsymmorphic DSs are expected to be topo-
logically trivial. Instead, the topological nature of the non-
symmorphic class is reflected in topological phase transitions,
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driven by symmetry-lowering perturbations from the nonsym-
morphic DS into either a topological insulator or a normal
insulator [8,20,23–25].

In this Rapid Communication we provide an exception to
this a priori classification of 3D DSs. Developing a mini-
mal tight-binding model for space groups (SGs) P4bm (No.
100), we establish the existence of another type of 3D DS,
characterized by featuring both topological nodal lines and
nonsymmorphic DSs. It is shown that the DS hosts the DPs
that reside at TRIM, which is a characteristic feature of
nonsymmorphic DSs. Simultaneously, the bulk bands carry
nontrivial band topology, giving rise to topological surface
states, which is unexpected from the previously known non-
symmorphic Dirac semimetals. A striking consequence of this
dual nonsymmorphic and topological nature of the DS is the
rich topological physics manifested not only in the surface
energy spectrum but also in topological phase transitions
driven by symmetry-breaking perturbations. Drumheadlike
topological surface states arise due to the nontrivial band
topology in the bulk, characterized by hosting Weyl nodal
lines (WNLs). Moreover, symmetry-lowering perturbations
derive a topological phase transition from the proposed DS
to distinct topological phases, including a weak topologi-
cal insulator (WTI) and Weyl and double Weyl semimetal
(WS) phases. Using first-principles calculations, we also
discuss its material realization in an existing compound,
BaLaCuBO5.

Let us begin by elucidating the role of symmetries in SG
100 to protect the degeneracies of the Bloch states. SG 100 has
the distinguishing feature that it is generated by a glide mirror
gx and a fourfold rotation C4z without inversion symmetry.
As emphasized in Refs. [26,27], the double glide mirrors, gx

and gy = C−1
4z gxC4z, together with time-reversal symmetry T ,

span four-dimensional irreducible representations (FDIRs) at
M = (π, π, 0) and A = (π, π, π ), where gx and gy satisfy the
minimal algebras for a FDIR, g2

x = g2
y = 1 and [T , gx(y)] =

{gx, gy} = 0. Moreover, the linear dispersion of the bands
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FIG. 1. (a) Schematic illustration of a two-dimensional (2D)
layer in the p4g wallpaper group (left panel) and an infinite stack
of the p4g layers (right panel). The red (green) lines represent mirror
(glide-mirror-) invariant lines. The center of the C4z rotational axis
is designated by the ⊗ symbol. (b) Corresponding BZ in two (left)
and three (right) dimensions. The locations of the twofold-degenerate
WPs and fourfold-degenerate DPs are indicated by the Weyl and the
double Weyl (Dirac) cones, respectively. The location of WNLs in
the 3D BZ is indicated by green lines.

is generic at M and A since a T -odd vector representation
of the point group at the M and A points is present in the
tensor product of the FDIRs [8,17,26]. Therefore, the presence
of DPs is enforced in SG 100 when the filling is an odd
multiple of four. In addition, gx (gy) and T further give rise
to a constraint to the connectivity of the bands, such that the
Kramers pairs at � and Y (X ) should exchange their partners
from � to Y (X ) without opening a band gap, leading to
an hourglasslike connectivity [27–29]. As a consequence, it
is guaranteed that additional twofold-degenerate WNLs are
present on the kx = 0 (ky = 0) plane, protected by glide mirror
gx (gy).

The above symmetry analysis provides a guiding principle
to design the DS hosted in SG 100. Since SG 100 and the
p4g wallpaper group are equivalent, generated by C4z and
gx, a minimal four-band tight-binding model can be con-
structed from an infinite stack of the identical layer in the
p4g wallpaper group as illustrated in Fig. 1. The constructed
lattice model is presented in Fig. 2(a). A unit cell comprises
two sublattices A and B (labeled by τz = ±1), which are
coordinated at d(τz ) = 1

4 [(2 + τz )ax + (2 − τz )ay], respec-
tively. The corresponding tight-binding Hamiltonian is given
as

H0(k) = Ht (k) + V (k), (1)

where

Ht (k) = t1 cos
kx

2
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ky

2
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y

xz y

z

x

X

R

M

A

Z

kx

kz

X
ky

R
Z

E
ne

rg
y 

(t 1
)

E
ne

rg
y 

(t 1
)

X X RM

(c) 

(e) 

(d) 

( f ) 

(b) (a) 

X XRZ

-2

2

0

-2

2

0

-
+

-
+

Z2=1
Z2=1

 

X X X

FIG. 2. (a) Model lattice for SG 100. The glide planes are
represented by dashed boxes. (b) Bulk tetragonal and surface
rectangular BZs. (c) Electronic energy bands for SG 100, calcu-
lated from (1) with the parameter set {t1, t2, t3, v0, v1, v2, v3, v4} =
{0.35, 0, 0, 0, 0.5, 0.6, 0.45}. The bands in the + and − eigensectors
of gy (gx) are colored red and blue, respectively. The DP is indicated
by a dashed (green) circle. (d) Bulk (gray) and slab (red) energy
bands. Topological surface states emerge in the interior region of the
projected nodal lines, where X and R are contained. (e) Schematic il-
lustration of band inversion at X (R). (f) Topological characterization
of twofold-degenerate nodal lines in SG 100.

describes the nearest hopping of electrons, and

V (k) = v0 cos
kx

2
cos

ky

2
τyσz + v1(sin kx σx + sin ky σy)τz

+ v2(sin kx σy − sin ky σx ) + v3 sin kzτzσz

+ v4

(
sin

kx

2
cos

ky

2
σy − cos

kx

2
sin

ky

2
σx

)
τx

describes the potential terms that lower the transnational sym-
metry of Ht (k) into SG 100. V (k) is constructed, such that it
preserves the generators of SG 100, gx = τx exp (−i π

2 σx ) and
C4z = exp (−i π

4 σz ), and time-reversal symmetry T = iσyK ,
where {σi}i=x,y,z are the Pauli matrices for spins. We adopted
a gauge in which the Hamiltonian H0(k) transforms under the
translation of a reciprocal lattice vector G according to

H0(k + G) = e−id(τz )·GH0(k)eiG·d(τz ).

Figure 2(c) shows the electronic energy bands calculated
from the tight-binding model Eq. (1). Without the inversion
symmetry, each band along the high-symmetry M-�-X -R line
is nondegenerate, thus forming a fourfold degeneracy at M.
Note that the bands are linearly dispersing in the vicinity of
M point. Therefore, the bands feature a nonsymmorphic DP
at M. We also have confirmed that an additional DP is present
at A, as we expected from the symmetry analysis. Based on
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FIG. 3. Topological phase diagram and topological phase transitions induced by symmetry-lowering perturbations from the DS in SG
100. (a) Topological phase diagram in the (v−, ms, mA2u )-parameter space in the unit of t1. The DS in SG 100 resides along the |v−| axis
(colored red), which is connected with a centrosymmetric DS at the origin, where (v−, ms, mA2u ) = (0, 0, 0) (indicated by a yellow circle).
A WNL semimetal appears along the |mA2u | axis (green line). The WS phases are present in the gray-colored regions on the ms − |mA2u | and
|v−| − |mA2u | planes. The WS phase carrying both double (|C| = 2) and single (|C| = 1) WPs is distinguished from the WS phase carrying only
double (|C| = 2) WPs with a thicker gray color on the |v−| − |mA2u | plane. A WTI phase is colored blue on the ms − |mA2u | plane. The remaining
white area represents the trivial insulator phase. (b) Evolution of the WPs as a function of mA2u during the topological phase transition occurring
along the vertical yellow line in (a). The numbers near a trajectory indicate the corresponding Chern number of the WPs. A color scheme is
used to indicate the magnitude of mA2u at ms = 0 and v− = 1.0. The WPs are annihilated at the red crosses. (c) Evolution of the WPs as a
function of ms during the topological phase transition occurring along the horizontal yellow line in (a). A square (circle) represents a |C| = 2
(|C| = 1) WP.

the Wilson band calculations [30], we find that the DPs carry
the zero Chern number [31]. This indicates that the fourfold
degeneracy is a genuine DP, in the sense that it is a composite
of two WPs with ±1 Chern numbers, respectively.

Besides the fourfold degeneracy, we find that the bands
also feature twofold-degenerate WNLs, the hourglasslike
band connectivity on the high-symmetry �-X (Z-R) line. This
guarantees the presence of a twofold degeneracy on the ky = 0
plane, as shown in Fig. 2(c). A close inspection of the entire
BZ reveals that one-dimensional nodal lines are present in the
vicinity of X (R) lying on the ky = 0 plane. We have confirmed
that a Weyl line node carries the π Berry phase, calculated
along a C2T -invariant path that threads the nodal line [see the
left panel of Fig. 2(f)], where the Berry phase is Z2 quantized.
As a consequence of the π Berry phase, drumheadlike states
emerge on the surface where the projected interior region of
a nodal line has nonzero area, such as the (100) surface. As
shown in Fig. 2(d), the slab band calculation results in the
topological surface states at E = 0 near the � (R), which
constitute a part of the drumheadlike surface states on the
(010) surface.

The WNL hosted in SG 100 is of an hourglass
type [32–34], which is robust against the band inversion at
M (R). As illustrated in Fig. 2(e), the band inversion at X
shrinks the size of the nodal line into a fourfold-degenerate
DP. However, instead of annihilating it, the band inversion
reverts the DP to a nodal line due to the hourglasslike band
connectivity. We assert that this type of WNL can be charac-
terized by a nontrivial Z2 topological invariant, calculated on
the time-reversal invariant sphere that encloses a nodal line
[see the right panel of Fig. 2(f)]. The Wilson band calculation
results in the same connectivity of the Wilson bands as those
of a 3D Dirac point [31]. The nontrivial Z2 invariant, again,
reveals that the WNL can be shrunk to form a 3D DP.

Having demonstrated the topological aspect of the DS,
we now move to its nonsymmorphic aspect, captured in a
topological phase diagram shown in Fig. 3. From the DS
phase, we consider symmetry-lowering perturbations [31].
Among diverse possibilities, as a representative example, here
we consider a combination of the inversion symmetric Eg-
and B2g-mode strains and an mA2u -mode staggered potential.
These perturbations are described by a perturbed Hamiltonian
H1(k), where

H1(k) = mEg sin

(
kx + ky

2

)
τy + mB2g sin

kx

2
sin

ky

2
τx

+ mA2uτz. (2)

For simplicity, we assume the mass parameters are equivalent
between the inversion-symmetric perturbations (ms ≡ mEg =
mB2g). Furthermore, we decompose the pristine Hamiltonian
H0(k) [Eq. (1)] into the inversion-symmetric part H0

+(k) and
inversion-asymmetric part H0

−(k), where

H0
+ = t1 cos

kx

2
cos

ky

2
τx + v1(sin kxτzσx + sin kyτzσy)

+ v3 sin kzτzσz, (3)

and

H0
− = v−

[
v0 cos

kx

2
cos

ky

2
τyσz + v2(sin kx σy − sin ky σx )

+v4

(
sin

kx

2
cos

ky

2
σy − cos

kx

2
sin

ky

2
σx

)
τx

]
. (4)

Here, v− is introduced to parametrize the overall strength of
the inversion-asymmetric part.

Figure 3(a) shows a topological phase diagram that is
obtained from H0 + H1 in the (v−, ms, mA2u ) space. We first

201110-3



YUN-TAK OH, HONG-GUK MIN, AND YOUNGKUK KIM PHYSICAL REVIEW B 99, 201110(R) (2019)

(a) (b)

(c)

En
er

gy
 (m

eV
)

MX

En
er

gy
 (e

V)
-1

 0

 1

 2

En
er

gy
 (e

V)

X Z

z

yx -4
25

.2
-4

24
.8

 0
.4

0
 0

.4
8

M R A Z

y

xz

Dirac 
point

: O

: Ba : La

: B : Cu

FIG. 4. Atomic and electronic structures of BaLaCuBO5. (a) Top
view (top panel) and side view (bottom panel) of the atomic structure.
(b) Electronic energy band structure. The unit cell is indicated by a
solid box. The DFT (Wannier) energy bands are colored gray (blue).
The Wannierzation exactly reproduces the four DFT bands near the
Fermi level. (c) Magnified views of the red rectangles in (b) at X (left
panel) and at M (right panel). The WNL and DP are indicated by a
red circle.

note that the DS phase in SG 100 resides along the |v−| (red)
axis. From this DS phase, a centrosymmetric strain, described
by ms, drives a topological phase transition; positive (nega-
tive) ms induces a WTI (normal insulator), characterized by
Z2 topological indices (μ0; μ1, μ2, μ3) = (0; 001) [(0; 000)].
Therefore, the DS phase defines a phase boundary between the
normal and topological insulator phases [7], thus exhibiting
the nonsymmorphic nature of the DS. In addition to the WTI
phase, we find that a Weyl semimetal (WS) can also be
induced from the DS phase by applying the staggered poten-
tial (|mA2u | > 0). Interestingly, we find that three distinctive
WS phases are allowed: (1) one having regular (single) WPs
with the Chern number |C| = 1, (2) another having double
WPs with |C| = 2, and (3) the other having both single and
double WPs. We also note that an archetypal centrosymmetric
DS phase is restored from the DS phase by turning off the
noncentrosymmetric interactions v− = 0, from which a WNL
semimetal phase is induced by the ms strains, represented by
a vertical green line in the figure.

Figure 3(b) illustrates the detailed process of topological
phase transition via the creation and annihilation of WPs along
the vertical (yellow) path indicated in Fig. 3(a). When varying
mA2u from 0.1 to 0.4 in the unit of t1, the in-plane C = 1 WP
near X (Y ) and the in-plane C = −1 WP near the DP of M
fuse and annihilate eventually, while the WPs residing on the
kz axis find their antichiral partners by moving along the kz

axis. This inter-TRIM WP annihilation results in the trivial

insulator phase. On the other hand, Fig. 3(c) illustrates the
evolution of the WPs during the topological phase transition
from the WS with C = 2 to the WTI phase that occurs along
the horizontal (yellow) path indicated in Fig. 3(a). Apart from
zero, ms > 0 splits a WP with C = 2 into two C = 1 WPs
off the kz axis. One of the two C = 1 WPs encounters the
other two C = −1 WPs from the kz = 0 plane. This event
results in a single C = −1 WP, indicated by a solid green
circle. The resultant C = −1 WP is eventually annihilated on
the kz = 0 plane by meeting with another WP with C = 1,
which originates from the double WP on the kz axis. This
annihilation results in a WTI [31].

Finally, searching for materials that realize the DS in SG
100, we have found an existing material, BaLaCuBO5 [35].
BaLaCuBO5 is a layered system in SG 100 as shown in
Fig. 4(a). It comprises p4g multilayers with each layer
preserving C4z rotation and double glide-mirror gx and gy

symmetries. Our first-principles calculations, performed us-
ing the QUANTUM ESPRESSO package [36], support that
BaLaCuBO5 realizes the proposed DS phase [31]. Fig-
ures 4(b) and 4(c) show the first-principles electronic energy
bands of BaLaCuBO5. The sticking of four bands is clear
from the band structure, featuring filling-enforced gapless-
ness [37]. A fourfold-degenerate DP is present at M, and the
hourglasslike band connectivity appears on the �-X line. The
hourglasslike band connectivity leads to a band crossing on
the �-X line, as shown in the magnified view in Fig. 4(d).
The presence of band crossing signals the presence of a WNL
that encircles the M point lying on the kx = 0 plane, which we
have confirmed throughout the band calculations performed in
the entire BZ. Our results are in good agreement with the on-
line time-reversal invariant topological encyclopedia, which
indicates BaLaCuBO5 is a high-symmetry point topological
semimetal [38].

In conclusion, we have established the existence of another
type of DS in three dimensions, characterized by hosting
topological surface states and mediating topological phase
transitions. Hosting topological surface states in nonsymmor-
phic DSs, the proposed DS features a unique topological
character unlike archetypal 3D DSs. The surface energy spec-
trum should give rise to drumheadlike topological surface
states, which should be feasible to observe in the BaLaCuBO5

compound using a known experimental technique, such as
angle-resolved photoemission spectroscopy (ARPES). More-
over, defining a symmetry-tuned topological critical point
between a normal insulator and a WTI, the proposed DS
can transform to diverse topological phases by symmetry-
lowering perturbations.
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