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We analyze spin and orbital angular momenta in monochromatic acoustic wave fields in a homogeneous
medium. Despite being purely longitudinal (curl-free), inhomogeneous acoustic waves generically possess
nonzero spin angular momentum density caused by the local rotation of the vector velocity field. We show
that the integral spin of a localized acoustic wave vanishes in agreement with the spin-0 nature of longitudinal
phonons. We also show that the helicity or chirality density vanishes identically in acoustic fields. As an example,
we consider nonparaxial acoustic Bessel beams carrying well-defined integer orbital angular momentum, as well
as nonzero local spin density, with both transverse and longitudinal components. We describe the nontrivial
polarization structure in acoustic Bessel beams and indicate a number of observable phenomena, such as nonzero

energy density and purely circular transverse polarization in the center of the first-order vortex beams.
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I. INTRODUCTION

Spin and orbital angular momenta are important properties
of both classical light and photons, which have been exten-
sively studied in the past few decades [1-5]. It is well known
that the spin angular momentum (AM) of photons originates
from the circular (or elliptical) polarization of electromagnetic
waves, i.e., rotation of the electric or magnetic fields, while
the orbital AM is produced by the circulation of the phase
gradient, i.e., canonical momentum density in optical fields.
Optical beams or photon states carrying longitudinal (i.e.,
along the propagation direction) spin and orbital angular
momenta have become ubiquitous in many areas of modern
optics, including optical manipulations, nanophotonics, quan-
tum information, etc. Recently, it was noticed that in inho-
mogeneous optical fields (e.g., nonparaxial or evanescent),
rotations of the electric and magnetic fields also occur in the
propagation plane, which results in a transverse spin [5—13]
with unusual properties, such as spin-momentum locking via
evanescent waves [14-20].

Acoustic and elastic waves or phonons exhibit many phe-
nomena similar to those in optics and electromagnetism. It
has been known that polarization/spin properties of transverse
(shear, divergence-free) elastic waves [21] are quite similar
to those of light, and transverse phonons can be regarded as
spin-1 particles analogous to photons [22-27]. Furthermore,
since orbital AM is a phase property largely independent
of the polarization (at least in paraxial fields), it has been
intensively studied, both theoretically and experimentally, in
acoustic vortex beams similar to the optical ones [28-37].
These acoustic beams in fluids or gases were essentially
treated as scalar pressure waves. In fact, in terms of the vector
velocity field, these are longitudinal (i.e., curl-free) vector
waves corresponding to spin-0 longitudinal phonons [21].

Finally, very recently, it was noticed that longitudinal
vector fields, including acoustic waves, can also have non-
trivial polarization and spin properties [38—40]. Even though
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acoustic plane waves are always linearly polarized (veloc-
ity is aligned with the wave vector), inhomogeneous waves
(e.g., evanescent or interference fields) locally exhibit ellipti-
cal polarization with rotating velocity vector. This generates
nonzero spin AM density in curl-free acoustic fields. It was
shown that the transverse spin in inhomogeneous acoustic
waves [38—40] is quite similar to that in optical fields [5-20],
and this phenomenon was observed experimentally [39].

In this work, continuing the studies in Refs. [38—40],
we provide general analysis of the spin and orbital angu-
lar momenta, as well as other dynamical quantities (energy
flux, canonical momentum, and helicity) in monochromatic
acoustic fields. We show that the helicity (chirality) density
vanishes identically in longitudinal wave fields, while the
spin AM density is generically nonzero. Furthermore, the
integral spin AM of a localized wave field also vanishes,
which agrees with the spin-0 nature of longitudinal phonons.
Due to the presence of spin density, the energy flux density
(i.e., the kinetic momentum density analogous to the Poynting
vector) differs from the canonical momentum density. The
latter determines the orbital AM of the acoustic field. We
compare all dynamical characteristics of acoustic fields with
their electromagnetic counterparts. As an explicit example of
acoustic field carrying both spin and orbital angular momenta,
we consider nonparaxial vortex Bessel beams. We show that
such beams have rather nontrivial polarization properties, with
spin AM having both transverse (azimuthal) and longitudinal
components, purely circular vortex-induced transverse polar-
ization in the beam center, and nonzero energy density in the
center of the first-order vortex beams.

II. General properties of acoustic wave fields

We start with the linear equations for acoustic (sound)
waves in a homogeneous dense medium, fluid or gas [41]:
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Here the variables are the velocity v(r,?) and the pressure
P(r,t) fields, while the real-valued medium parameters are
the mass density p and the compressibility 8 = 1/B (B is the
bulk modulus). Equations (1) obey the energy conservation
law, an acoustic analog of the electromagnetic Poynting theo-
rem:
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where the expressions in the first and second parentheses
determine the acoustic energy density and energy flux density,
respectively [41].

From now on, we consider monochromatic acoustic
waves of frequency w. Making the substitution v(r,7) —
Re[v(r)e~™'] and P(r,t) — Re[P(r)e ], Egs. (1) are re-
duced to the following equations for the complex velocity and
pressure fields v(r) and P(r):

V.v=iwP, VP=ipwyv. 3)

Equations (1) or (3) support only longitudinal (i.e., curl-free)
waves: V x v = 0. For plane waves with the wave vector
k, V — ik, the dispersion relation and the “longitudinality”
condition follow from Egs. (3):

o = 2t =

2
—, kxv=0, 4
oB @
where c is the speed of sound.

Importantly, although commonly classified as “scalar
waves”, sound waves also have inherent vector properties
[38—40]. Indeed, these waves are described by one scalar
(pressure) and one vector (velocity) fields, which determine
the qualitatively different degrees of freedom in the acoustic
field. These scalar and vector degrees of freedom are equally
important, as can be seen from their equal contributions
to the energy conservation law (2). In quantum-like terms,
one can say that acoustic waves are described by the four-
component “wave function” ¥ = (P, v)T. In what follows,
we will use a fruitful analogy with electromagnetic waves
described by Maxwell equations. The main difference is that
Maxwell waves are described by two vector fields (electric
and magnetic), = (E, H), and these are transverse (i.e.,
divergence-free) rather than longitudinal: V-E =V -H = 0.

Similarly to electromagnetic waves [5,6,42,43], the main
dynamical properties of acoustic wave fields are the energy,
momentum, and angular momentum. The time-averaged en-
ergy density and energy flux density (an acoustic counterpart
of the Poynting vector) in a monochromatic acoustic field
follow from Eq. (2):

1 1
W= Z(ﬁll"l2 +plv)?), M= gRe(P*v). (5)

Employing the quantum-like formalism [5,42,43], the energy
density can be regarded as the local expectation value of
the energy (frequency) operator w, W = (Y|w|y), where
the inner product (¥ |y) is defined with the scaling coeffi-
cients 8/4w and p/4w at the pressure and velocity degrees
of freedom, respectively. Using this formalism, similarly to
the electromagnetic case [5,6,8,10,42-44], we introduce the
canonical momentum density of the acoustic field as the local

expectation value of the momentum operator p = —iV:
1 %k *
p= EIm[ﬂP VP + pv* - (V)v], (6)

where [v* - (V)V], =) j v;? V;v;. The momentum density (6)
represents the natural definition of the local phase gradient
(i.e., the local wave vector) in a multicomponent field i (for
a single-component scalar field it would be proportional to
VArg(y)) [44].

In analogy with electromagnetism, the energy flux den-
sity (5) can also be associated with the momentum density
(multiplied by ¢?), but this should be regarded as the kinetic
momentum density TI/c* [41]. Using some vector algebra
involving the “longitudinality” condition V x v = 0, the dif-
ference between the kinetic and canonical momentum can be
written as

B privxs s=Lmexv. O

c 4 2w
Here, S is the spin AM density of the acoustic waves
[39,40]. Thus, entirely similar to the electromagnetic case
[5,6,8,10,42,43], the difference between the kinetic and
canonical momentum densities in the acoustic field is related
to the presence of the spin AM density. This difference can
be regarded as the spin momentum density ps = %V xS
[8,10,42,44,45]. The only distinction as compared to electro-
magnetism is the prefactor 1/4 instead of 1/2; this is because
the scalar (pressure) part of the “wave function” i does not
contribute to the difference between the kinetic and canonical
momentum. Remarkably, the spin density (7) can also be
presented as the local expectation value of the spin-1 operator
S acting on the vector (velocity) degrees of freedom such
that v* - (S)v = Im(v* x v) [5,42-44]: S = 2(y|S|¥), where
a factor of 2 originates from the same asymmetry between the
scalar and vector degrees of freedom [40].

We now describe the angular momentum of the acoustic
field. The spin density (7) represents its intrinsic (i.e., origin-
independent) part, while the extrinsic orbital AM density is
determined by the canonical momentum (6) [5,6,8,10,42,43]:

J=L+S, ®)

where J is the total AM density in the canonical picture. In the
kinetic picture, the total AM density is extrinsic and is deter-
mined by the kinetic momentum: M =r x II /c? [29,30,32].
Akin to the electromagnetic case, the equivalence between the
canonical and kinetic pictures can be seen when considering
integral over the whole space values of the above dynamical
quantities, (...) = f ... dV, for a localized (i.e., sufficiently
fast decaying at infinity) acoustic field. Namely, the volume
integral of any localized solenoidal field vanishes, and

L=rxp,

I
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The last equality here follows from the potential character of
the velocity field, v = —i(p w)~' VP, and Eq. (7):

1 1
S= —Im(VP* x VP) = ——V x Im(P* VP). (10)
2pw? 2pw?

Thus, the acoustic spin AM density is a solenoidal field,
which can be regarded as the vorticity of the scalar part of the
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TABLE I. Comparison of acoustic and electromagnetic quantities and properties.

Electromagnetism

Acoustics
Fields Velocity v, pressure P
Constraints Vxv=0
1
Energy density 7 (pIvI* + BIPP)

Canonical momentum density

1
@Im[ﬁ P*VP+ pv* - (V)V]

Electric E, magnetic H
V-E=0,V-H=0

1
Z(&“IEI2 + uHP)

ilm[a E*- (V)E + pH* - (V)H]
4w

1 1 1
Kinetic momentum density —Re(P*V) =p+ -V xS —Re(E* xH)=p+ -V xS
2¢? 4 2¢2 2
1 1
Spin AM density e o Im(v* x v) — [¢ Im(E* x E) + uIm(H* x H)]
w [
Orbital AM density L=rxp L=rxp
Integral AM values M) = (L), (S) =0 M) = (L) +(S), (S) #0
Helicity &=0 S£0
momentum density o« Im(P* VP) [44], and its integral value become

(9) vanishes. This corresponds to the well-known fact that
longitudinal phonons are spin-O particles. Nonetheless, the
local spin AM density is generally nonzero in inhomogeneous
acoustic fields and is an observable quantity [39,40].

Finally, we consider one more quantity, which plays an
important role in Maxwell electromagnetism. This is the
helicity, which is described by the projection of the spin onto
the momentum [5,42,46-49]. Using the spin operator S and
the canonical momentum operator P, the helicity operator
becomes proportional to the curl operator: SxS - p=vVx
[48,49]. Due to the longitudinal character of acoustic waves,
the helicity density vanishes identically:

Sxv-Svav - (Vxv)=0. an

Since the helicity can be regarded as a measure of the chirality
of the field, this means that acoustic waves cannot be chiral
(even locally), and the absorption of longitudinal phonons
cannot distinguish between chiral enantiomers interacting
with acoustic fields (cf. the case of photons [49-52]).
Equations (6)—(11) are the main general results of our
work. Their comparison with the analogous well-studied
equations for electromagnetic waves in an isotropic medium
with permittivity ¢ and permeability p is shown in the Table I.
Note that we used the spin-orbital canonical decompo-
sition of the momentum and AM based on the canonical
momentum density (6), which is “democratic” (i.e., sym-
metric) with respect to the pressure and velocity degrees of
freedom. This is similar to the symmetric form of the en-
ergy and energy-flux densities (5) and to the dual-symmetric
(with respect to the electric and magnetic contributions) ap-
proach to Maxwell electromagnetism [5,6,42-44,47,52]. Al-
ternatively, one can introduce asymmetric “pressure-biased”
and “velocity-biased” decompositions, which can be conve-
nient for some problems, akin to the electric- and magnetic-
biased quantities in electromagnetism [42,44,45]. Introduc-
ing the corresponding biased canonical momentum densities,
pP = %Im[P*VP] and p™ = ZIm[ v* - (V)v], so thatp =
%(p(v) +p?), then the biased spin-orbital decompositions

Ez =pV + loxs= p. (12)
c 2

This shows that the spin momentum density becomes twice
as large in the velocity-biased approach and vanishes in
the pressure-biased approach: pgv) %V x S and pgp ) =0.
Nonetheless, the spin AM density (7) is still well defined
because it corresponds to the real mechanical AM produced
by the local elliptical motion of the medium particles [38—40].
Different relations between the spin AM and spin momentum
densities do not cause any contradiction because of the inte-
gral connection between these quantities and the spin-0 nature
of the field: (S) = (r x ps) = (r x p§’) = (r x p(sv)) =0.In
contrast, in electromagnetism, the relation between the spin
momentum and AM densities is fixed as ps = %V x S, to
produce (S) = (r x ps) # 0 [42].

III. ACOUSTIC BESSEL BEAMS

We now apply the above general theory to the explicit
example of acoustic Bessel beams. Bessel beams have been
repeatedly considered in optics [53-58], quantum physics
[59-62], and acoustics [32,63—65] as a convenient example
of nonparaxial vortex beams carrying both spin and orbital
angular momenta and allowing a laconic analytical descrip-
tion. It is known that the z-propagating Bessel beam of
order £ =0, 1, £2, ... represents a superposition of plane
waves with the same frequency and wave vectors k uniformly
distributed over a circle with fixed polar angle 6, (aperture
angle), Fig. 1(a). These plane waves have mutual phases
which depend on the azimuthal angle ¢ in k space as exp(if¢),
producing the helical phase (vortex) and the orbital AM in the
in real-space beam, Fig. 1(b) [1-5].

To construct the acoustic Bessel beam, we will not cal-
culate the Fourier integral involving the above plane-wave
spectrum, but will use a simpler approach providing the same
result [63]. We start with the well-known scalar part of the
Bessel beam, described by the pressure field:

P =AJi(kr)exp (ily + ik,2). (13)
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FIG. 1. Schematics of the acoustic Bessel beams. (a) The momentum (plane-wave) spectrum of the beam is a circle with fixed polar angle
6o. The mutual phases of the plane waves (color-marked) have an azimuthal gradient and the 27 ¢ increment around the circle (¢ = 2 is shown
here). (b) The real-space field forms a cylindrically symmetric vortex beam possessing the helical phase front and carrying the orbital AM
(L) o £z. This angular momentum is produced by the spiraling canonical momentum density p in the beam (shown in cyan). Although all
plane waves in the spectrum (a) are longitudinally polarized (i.e., the Fourier components of the velocity ¥(k) || k), the local polarization in
real space, v(r), becomes elliptical, which produces a nonzero spin AM density S o« Im(v* x v) (shown by red arrows).

Here, A is a constant amplitude, k, = kcos 8, is the lon-
gitudinal wave number, x = ksin6, is the transverse (ra-
dial) wave number, and (r, ¢, z) are the cylindrical coordi-
nates in real space. Then, the vector velocity part of the
acoustic Bessel field can be found from the second Eq. (3),
v=—i(pw) 'VP:

—iA/ d]g(Kr)
d

v, =

exp(i€¢ + ikzz)
— —iA/g [Joo1Gr) = Jopa(er)] explite + ik.z2),
L . .
v, =A ;Je(l{}") exp (zﬁgo + tkzz)

=A g[JH (kr) + Jer (k)] exp(ily + ik:z),

v, = A kJo(kr)exp (il + ik.z). (14)

Here, A’ = A/(p w), and we used the cylindrical-coordinate
components of the velocity, as well as the recurrence re-
lations for the Bessel functions. The Cartesian components
can be found as v, = v, cos¢ — v, sing and vy, = v, sing +
v, €os @, which yields

Uy = —iA/g [Jg,l(/cr)e_i“’ - Jg+1(/cr)ei‘”] exp(iﬁgo + ikzz),

vy, = A’% [J[_l (kr)e ™ + Jp (Kr)ei"’] exp(i&p + ikzz).
(15)

Equations (13)—(15) describe acoustic Bessel beams. Sub-
stituting these expressions into Eq. (5), and using and the
dispersion relation (4), we find the energy density distribution:

W = §|A|2{(1 + cos?0o)J; (k)

sin’6y ., )

+ T[JH(Kr) +Ji kPt (16)
This expression exhibits a phenomenon, which is also seen
in electromagnetic [58,66] and Dirac-electron [59] vortex

beams. In the paraxial limit, 6y < 1, the radial distribution

of the energy density is given by the single Bessel function as
in the scalar case: W (r) x Jf(/cr). In particular, it vanishes in
the center of vortex beams: W (0) >~ 0 for £ £ 0. However, for
nonparaxial beams, when 63-order terms are not negligible,
the first-order vortex beams with £ = £1 have a nonzero
energy density in the center: W(0) = B|A|*sin%6y/8, as can
be seen in Figs. 2 and 3 below. To detect this nonzero energy
density in the center of the first-order vortex beam, one needs
a detector sensitive to the kinetic (velocity) part of the energy
density. For example, the gradient acoustic force on a small
particle is determined by the potential involving this kinetic
energy density [67,68].

The energy flux density (5) or kinetic momentum density
(7) acquire simple forms in acoustic Bessel beams (13)—(15):

B

m=c*—
2w

|A|2(kzz + f@)ﬁ(w), (17)
r

where the overbars indicate the unit vectors of the corre-
sponding coordinates. The canonical momentum density (6)
has a more sophisticated form. First, since all the Cartesian
components of the Bessel-beam fields (13)—(15) share the
same phase factor exp(ik,z), it is easy to see that the z
component of the canonical momentum density (6) and the
integral momentum of the Bessel beam can be written as

G Woew) _em
pz—kzw, Wy = e = k,Z. (18)

Here the purely longitudinal direction of the integral mo-
mentum follows from the cylindrical symmetry of the beam.
Second, the canonical momentum density has the azimuthal ¢
component, which determines the z component of the orbital
AM density (8). Substituting Eqs. (13)—(15) into Egs. (6) and
(8), we obtain these components

W BIAP
Lo=pyr=~{—— 8—605111290[15271(10) — J} (k)]

(19)
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FIG. 2. Distributions of the energy-density W (x, y) (greyscale background plots) and polarization ellipses of the velocity field (v, v) in the
transverse cross sections of acoustic Bessel beams with 6, = 7 /4 and different orders £. Magenta and cyan colors correspond to right-handed
(S; > 0) and left-handed (S, < 0) elliptical polarizations, respectively. The nonvortex £ = O beam is radially polarized, i.e., S, = 0, while
vortex beams with £ # 0 have nonzero longitudinal spin density S, and purely circular polarization in the center. Flipping the sign of ¢ flips
the handedness of the polarization, i.e., S;. One can also see a nonzero energy density in the center of the £ = 1 beam.

The spiraling streamlines of the momentum density p =
P:Z+ p,®, Egs. (18) and (19), are schematically shown in
Fig. 1(b).

The spin AM density is also present in acoustic Bessel
beams. Substituting the velocity components (14) and (15)
into Eq. (7), we find the longitudinal and transverse (az-
imuthal) components of the spin AM density:

IA]* €

dJ
S, = — £ Je(ery M)
owd r

dr
BIAI?

= 4o sinzeo[Jffl(Kl’)—ngﬂ(’(”)],

(20)

k.|A)? dJ(kr)
= — 3 J[(Kr) dr

BIAI k.r .
i %smzeo[h{l(n)—J§+l(;cr)].

2y

We first note that the longitudinal spin AM density (20)
is induced by the vortex (proportional to £) and vanishes in
the zero-order beam with £ = 0. Similarly to electromagnetic
waves, the z component of the spin can be associated with the
polarization ellipticity in the transverse (x, y) plane. The trans-
verse polarization distribution for the velocity field (v, vy) in
acoustic Bessel beams is shown in Fig. 2. The £ = 0 nonvortex
beam has purely linear radial polarization, while vortex beams
with £ # 0 have radially- varying polarization, oscillating
between the right-hand and left-hand circular polarizations.
Notably, the polarization in the center of the vortex beam
is always purely circular, with the handedness determined
by sgn(€). This can be seen from Eqgs. (14), which yield
v, = isgn({)v, for r — 0. This phenomenon can be observed
in the first-order beams with £ = 41, which have nonvan-
ishing transverse velocity components in the center (while
the longitudinal component v, vanishes). Remarkably, recent
analysis of the acoustic torque on a small absorbing particle in
a Bessel beam [65] show the radial dependence to be exactly
proportional to S, in Eq. (20), including a nonvanishing torque

in the center of the first-order Bessel beam. It is worth noticing
that the circular transverse polarization in the center of the
beam does not contradict the longitudinal character of the
acoustic waves. The field (14) is curl-less, V x v = 0, and
its transverse polarization in the vortex center is a result of
destructive interference of multiple purely longitudinal plane
waves with different wave vectors and phases, Fig. 1. This
phenomenon is an acoustic counterpart of the abnormal longi-
tudinal polarization in nonparaxial radially polarized optical
beams [69-72].

Next, the “transverse spin” (21) is quite similar to its op-
tical counterpart, which appears in nonparaxial optical beams
[5,6,11]. The sign of the transverse spin does not depend on
the vortex sign, sgn(€), and it does not vanish in the zero-
order beam with £ = 0. The distributions of the longitudinal-
plane polarization (v,, v,) in acoustic Bessel beams, with its
ellipticity corresponding to the transverse spin (21), are shown
in Fig. 3.

Equations (19)—(21) reveal remarkable general properties
of the spin and orbital AM in nonparaxial acoustic vortex
beams. Namely, it follows from Egs. (19) and (20) that

S A w
L+ 5 =Wl +S5[y)=£—. (22)
1)

This means that acoustic vortex beams are eigenmodes of the
“total AM” operator L. + ., but not eigenmodes of . and S.
separately. On the one hand, this is entirely similar to cylindri-
cal optical [58,73,74] or Dirac-electron [59,61] modes, which
have well defined integer total AM £h “per particle”. This
is a consequence of the intrinsic spin-orbit interaction in
vector optical or quantum fields [58,59,75], and acoustic fields
display similar features. On the other hand, there is a crucial
difference due to the factor of 1/2 in the spin contribution
in Eq. (22), which originates from the definition of the spin
density as S = 2(yr |S|W) in Eq. (7). (Note that the normalized
spin density w|S,|/W reaches the maximum value of 2 in the
circularly polarized center of the |¢| = 1 Bessel beams.) It is
tempting to define the acoustic spin density as 8’ = (v/|S|v),
which would yield L. + S, = £ W/w, but this contradicts the
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FIG. 3. Distributions of the energy density W (r, z) (greyscale background plots) and polarization ellipses of the velocity field (v,, v,)
in the longitudinal cross sections of acoustic Bessel beams with 6, = 7 /4 and different orders £. Magenta and cyan colors correspond to
right-handed (S, > 0) and left-handed (S, < 0) elliptical polarizations, respectively. Flipping the sign of £ does not change the handedness of

the polarization, i.e., does not affect the transverse spin S,.

actual physical density of the intrinsic AM originating from
the local elliptical motion of the medium particles [38—40].
Due to this, the physical total AM density (8) is not quantized
and equals J, =L, + S, =£W/w+ S,/2. Nonetheless, the
general integral relations (9) hold true in acoustic Bessel
beams, and the integral AM is properly quantized:
oD _oll) _ ;. B _y (23)
wy W) W)

Here, the purely longitudinal directions of the angular mo-
menta follow from the cylindrical symmetry of the beam,
while the vanishing of the spin contribution follows from
Eq. (20) and relation £ [~ Jg(ﬂ)% dr = 0. Note that
the noninteger character of the normalized total AM density,
wJ,/W # £, and the integer character of the integral value
(23) is in agreement with previous calculations [30,32] for
nonparaxial acoustic vortex beams.

We finally note that the spin AM density (20) and (21) has
its direction exactly orthogonal to the energy flux density (17)
[which is a general fact following from Egs. (5) and (7)], as
schematically shown in Fig. 1(b):

¢
Soc(—i—k@), S-T=0. 4)
r

The spin-density direction is described by the unit vector s =
S/IS|, which can be written as

L7 — k,r
S:gﬂ (25)

Here, the parameter 0 = £1 changes its sign with radius,
such that o (r = 0) = 1 and it flips sign in every maximum or
minimum of the radial distribution le (kr) for r # 0. Indeed,
when dJ}(kr)/dr = 0, the spin density vanishes, S = 0, see
Egs. (20) and (21), and its direction (25) is indeterminate
[it is well-defined at » = O because of the 1/r factor in the
expression (20) for S.]. Note that the spin direction distribu-
tion in the vicinity of the beam axis resembles a magnetic
skyrmion texture [76,77]. However, skyrmions have a smooth
distribution of well-defined magnetization direction every-
where, while the distribution (25) has singularities (jumps

to the opposite direction) at the r # 0 extrema of the radial
distribution J?(xr). These polarization singularities are the
cylindrical “L surfaces” of purely linear polarization [78,79].

IV. DISCUSSION

We have considered properties of acoustic monochromatic
fields in a homogeneous medium (fluid or gas). These are
longitudinal waves described by one scalar (pressure) and one
vector curl-free (velocity) fields. So far, mostly the energy
and energy-flux densities were considered for these fields, and
recently it was shown that inhomogeneous acoustic waves
also possess a nonzero spin AM density [38—40]. We have
described the whole set of dynamical characteristics of acous-
tic wave fields, analogs to their electromagnetic counterparts,
including canonical momentum, spin momentum, orbital AM,
and helicity densities. We have shown that the helicity density
vanishes identically in acoustic fields, which reflects their
nonchiral character. At the same time, the spin AM density is
generically nonzero (the velocity field can have an elliptical
local polarization), but the integral spin AM for localized
acoustic fields vanishes. This is in agreement with the spin-0
nature of longitudinal phonons.

As an example of acoustic beams carrying both spin
(locally) and orbital angular momenta, we have considered
nonparaxial Bessel beams with the vortex of charge £. These
beams exhibit a rather nontrivial polarization structure and a
number of measurable spin-related phenomena, such as torque
on small absorbing particles [39,65]. In particular, we have
found that the energy density does not vanish in the center
of the first-order, £ = +1, Bessel beams, which is similar to
optical vortex beams and in contrast to scalar vortex beams.
Moreover, the velocity polarization in the center of vortex
beams is purely circular, with the handedness determined by
the vortex sign, sgn({), and transverse, i.e., orthogonal to
the beam axis. This is an acoustic counterpart of the purely
longitudinal polarization on the axis of optical radially polar-
ized focused beams [69—72]. Remarkably, the spin density in
acoustic Bessel beams has both longitudinal and transverse
(azimuthal) components, which are odd and even with respect
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to the vortex charge £, respectively. Also, the spin density
vanishes and changes its direction to the opposite one in
the r # 0 extrema of the radial Bessel-function distribution
JL;Z(K}’).

Importantly, all of the above phenomena are experimen-
tally observable. The nonzero energy density in the center of
the tightly focused £ = £1 vortex beams can be measured
by a detector sensitive to the kinetic (velocity) part of the
energy density, cf. optical experiment [66]. The nonzero spin
density can be directly measured via torques on small ab-
sorbing particles, similarly to the recent experiment [39] and
calculations [65]. The main difficulty in such measurements
is to discriminate between the torque from the spin AM and
the torque from the orbital AM [32,80,81]. One can notice
that the orbital torques always accompany the spin-related
torques and these often act in the same direction. Therefore,
an accurate theory of the acoustic field interaction with an
absorbing particle and careful experiments are required to
study acoustic spin- and orbital-induced torques.

The T-odd and P-even nature of the angular momentum
and the local character of the spin density makes it the main
natural property which can be coupled to an external magnetic
field [5] (see, e.g., the Zeeman interaction, optical Faraday ef-
fect, magnetic circular dichroism, etc.). Therefore, it is natural
to expect that the acoustic spin density will play an important
role in magnetoacoustic effects. Note that magnetic circular
dichroism [82], as well as interactions with the Zeeman-
split atomic states [83,84], have been successfully employed
to detect nontrivial local polarization and spin properties in
inhomogeneous optical fields. Moreover, various magnetoa-
coustic interactions involving angular momentum of phonons

in solids were recently intensively explored [25-27,85]. This
marks magnetoacoustics as one of the most promising direc-
tions for future studies of acoustic spin-related phenomena.

We finally note that the separation of the spin and or-
bital degrees of freedom in electromagnetic waves is in-
timately related to the difference between the “canonical”
and “kinetic” (Belinfante) pictures in relativistic field theory
[8,42,45,86—89]. In this manner, the canonical momentum and
angular momentum properties, as well as their local conser-
vation laws, can be derived from the field Lagrangian and
Noether’s theorem. It would be highly desirable to develop
a similar field-theory approach to acoustic fields, to derive
the quantities introduced in Egs. (6)—(9), as well as their
conservation laws, from first principles.
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