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We theoretically study the topological properties of the tight-binding model on the breathing kagome lattice
with antisymmetric spin-orbit coupling (SOC) between nearest neighbors. We show that the system hosts
nontrivial topological phases even without second-nearest-neighbor hopping and that the weakly dispersing band
of the kagome lattice can become topological. The main results are presented in the form of phase diagrams,
where the Z, topological index is shown as a function of SOC (intrinsically allowed and Rashba) and lattice
trimerization. In addition, exact diagonalization is compared with effective low-energy theories around the
high-symmetry points. We find that the weakly dispersing band has a very robust topological property associated
with it. Moreover, the Rashba SOC can produce a topological phase rather than hinder it, in contrast to the
honeycomb lattice. Finally, we consider the case of a fully spin polarized (ferromagnetic) system, breaking
time-reversal symmetry. We find a phase diagram that includes systems with finite Chern numbers. In this case
too, the weakly dispersing band is topologically robust to trimerization.
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I. INTRODUCTION

A series of theoretical predictions and experimental obser-
vations of topological band insulators (TBIs) has stimulated
the emergence of a wide collection of topological quantum
materials and topological phenomena [1,2]. The topological
phases are classified according to an invariant in the bulk, as
was originally shown for the noninteracting integer quantum
Hall effect [3], whereas gapless excitations appears at the
border between topologically distinct phases. Time-reversal
invariant nonmagnetic insulators have been shown to reveal
a topological Z, classification which divides them into two
categories described by the Z, topological invariant v: trivial
insulators (v = 0), adiabatically connected to a trivial state,
and “topological” insulators (v = 1) that are not connected to
a trivial state without a bulk gap closure [4,5]. In the original
Kane-Mele model, intrinsically allowed spin-orbit coupling
(SOC) between second nearest neighbor was shown to be
essential to achieve a topological nontrivial phase [4]. In
addition, both the inclusion of Rashba SOC, which breaks the
reflection symmetry across the plane of the two-dimensional
(2D) system, and of an inversion asymmetric on-site potential
drive the insulator in the trivial phase when sufficiently strong.

The topological properties of the tight-binding model on
the kagome lattice have also been investigated in the past
[6-12]. In particular, 2D organometallic topological insulators
have been predicted for both the hexagonal and kagome lat-
tices [12—-15]. Recently, coordination nanosheets with atomic
thickness have been intensively studied both experimentally
and theoretically because of their attractive physical and
chemical properties [16]. The synthesis of such materials
is an exciting way of potentially engineering new materials
with nontrivial topological properties. In addition, on the
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kagome lattice, topological properties of Floquet-Bloch band
structures have been studied in Floquet systems [17], and
the magnon bands of kagome magnets with SOC have been
shown to be topological and lead to a finite magnon thermal
Hall conductivity [18-20].

On the kagome lattice, in contrast to the honeycomb one,
there is no inversion symmetry centered on the middle of the
nearest-neighbor bonds, and antisymmetric SOC is allowed
between nearest neighbors [21,22]. Kagome systems with
such intrinsic SOC between nearest neighbors were shown
to host nontrivial phases [9,11,12]. Moreover, the energy
spectrum of the tight-binding model on the kagome lattice
has an extra dispersionless band which can also become
topological thanks to SOC [9]. Topological flat bands have
been studied in the context of the fractional quantum Hall
effect and topological flat-band lattice models [11,23-25] and
are an important feature of some TBIs.

In real materials, the mirror symmetry about the plane
containing the 2D system is often not protected, resulting
in Rashba SOC between nearest neighbors, in addition to
the intrinsic SOC. For instance, the breaking of the mirror
symmetry can be caused by the interaction with a substrate, by
buckling of the 2D material, or simply by an external electric
field [14,26]. In addition, inversion symmetry-breaking lattice
trimerization (i.e., the breathing kagome lattice) can also be
important for materials on the kagome lattice [27,28].

In this paper, we thus study systems with both types of
SOC and with the lattice trimerization. We show that the
inclusion of Rashba SOC drives the system into a topological
phase by itself, in contrast to graphene where it hinders the
nontrivial phase. In addition, we show that the flat band is
intrinsically topological, in a very robust way. We note that
the trimerization term has already been considered in Ref. [9],
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FIG. 1. (a) Breathing kagome lattice with the hopping terms of
Egs. (5) and (6) indicated and the definition of the lattice vectors
a;, a,, and a;. White, black, and gray dots represents sites in the
A, B, and C sublattices, respectively. (b) SOC vectors &1, &2, and
d; defined in Eq. (3) for pure Rashba SOC (o = 0). (¢) Same SOC
vectors for pure intrinsic SOC (o = 7 /2).

but only perturbatively, and not in combination with Rashba
SOC.

The present paper is structured as follows. First, in Sec. I,
we introduce the model considered. We then calculate the Z,
topological index in Sec. III and draw the full phase diagram
considering nearest-neighbor SOC (intrinsic and Rashba) and
lattice trimerization.

Subsequently, in Sec. IV, we consider the same model but
for a system with ferromagnetically polarized spins and derive
an effective three-band tight-binding model. We calculate the
Chern numbers of the three bands and draw the phase diagram
accordingly. Finally, we conclude in Sec. V.

II. MODEL

Let us consider the tight-binding model on the kagome lat-
tice as depicted in Fig. 1. The spin-independent Hamiltonian
is written as

H =— Z[ICI{BCRA + t,c(TR,a])BCRA + ICLCCRB
R
+ t/cZRfaz)CcRB + l‘ClT{ACRC + t,czRfag)AcRC] + H.c.,
(D

where c;;a = (C;;zx ,c;;a ¢) with « € {A, B, C} for the three
sublattices. Here labels the position of the unit cell

composed of three sites forming an upward triangle, and
a; = (—1/2,—+/3/2), a; = (1,0), and a3 = (—1/2,+/3/2)
[see Fig. 1(a)]. The trimerization of the lattice, corresponding
to the breathing kagome lattice, is obtained by considering dif-
ferent hopping amplitudes on the two distinct sets of triangles:
t =ty + 8 for upward triangles and ' =ty — § for downward
triangles. Here § is trimerization parameter, and (1) can be
decomposed as H; = Ho(to) + Hirim (8).

The SOC coupling is introduced as a spin-dependent hop-
ping between nearest neighbors. Furthermore, we assume
that SOC hopping amplitudes are similarly affected by the
trimerization of the lattice. The general nearest-neighbor SOC
Hamiltonian is

Hso =iy [Achy(d - 0)era + Nefy_, 5(d1 - 0)era
R

+ )»Cﬁc(&z - 0)Crp + )»/C(TR,az )C(&z - 0)CRB
+ Aef(ds - 0)ere + A'efy_, 14(ds - 0)erc] + Hee.,
(2)

with L = A9 + 8 and A’ = Xy — §;, so that /A" =1¢/t’ (i.e.,
3, = A -8/ty). Here, o = (oy, 0y, 0;) are the Pauli matrices
and the d;’s are unit vectors which depend on the type
of SOC considered. The intrinsic SOC (i.e., it respects all
symmetries of the lattices including the mirror symmetry
across the 2D plane) corresponds to d=d= 33 =7 [see
Fig. 1(c)] with amplitudes denoted by A = A; = A¢i + 6.
and A = Al = Xo; — &,i- In a system breaking the mirror
symmetry, we also have Rashba SOC with amplitudes denoted
by A= )‘-R = )\(),R + 8)\’}2 and A/ = )\.k = )\().R — Sk,Ra which
corresponds to in-plane d;’s perpendicular to their respective
bonds, as depicted in Fig. 1(b). We consider the general
situation with both types of SOC, so that

A 3 01
d;, =cosa £,——,0 + sin«(0, 0, 1),
2 2
d, = cosa(0, 1, 0) + sin(0, 0, 1),
N 3 1
d3:cosa(—%_,—z,0>+sinoz(0,0,1). 3)

Here « is the angle between the 2D plane and the d;’s such
that « = 0 corresponds to pure Rashba SOC and o = 7 /2 to
pure intrinsic SOC: tana = Aqi/AoRr.

The full Hamiltonian H = Ho + Huim + Hso.i + Hsor is

H=— Z[C;{Blﬂ Cra + C(TR,a])Bfl/CRA + C;{CIAQCRB
R

+ C(TR_aZ)CtAéCRB + C;A%CRC + CIR_%)A%CRC] + H.c.,
4

where each hopping is accompanied by a spin rotation

defined by
fi = /12 + 22 + 22 exp(ipd; - 0), )
£ = /12 + A2 + 32 expligd,; - 0), (©)
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FIG. 2. (a) Band structure with pure Rashba SOC («¢ =0)
with (i) § = 0, Agr = 0.055¢y, (ii) § = 0.1¢y, Aor = 0, and (iii) § =
Aor = 0. (b) Brillouin zone with high-symmetry points. (c) Band
structure with § = 0.17 and Aor = 0.055¢) which corresponds to a
band touching at the K, points.
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After a Fourier transform cIm = %ﬁ Dk cltae’ik'R, where N

is the number of unit ce]ls, we obtain the Bloch Hamiltonian
H (k). In the (c;EA, c;zB, ¢, basis, the 6 x 6 matrix is

0 tT + ffe”'k‘a‘ 3+ fée"k‘*”
HEk)=—| # +f{eik'al 0
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Without SOC nor trimerization, the Hamiltonian (8) has three
doubly degenerate bands: two pairs of dispersing bands sim-
ilar to graphene with two Dirac points at Ky = (+47/3,0)
and an additional pair of flat bands as shown in Fig. 2(a)(iii).

A gap opens at the Dirac points when introducing either
SOC or trimerization. However at the quadratic band touching
point, a gap does not open from trimerization alone but only
opens when either type of SOC is introduced. In this case, the
top bands are not perfectly flat anymore but are only weakly
dispersing as long as SOC is small (L¢ < #y), as can be seen
in Fig. 2(a)(i) and 2(c). We also note that the transformation
¢ — ¢ £ misequivalenttos; — —t; and t{ — —t/ so that the
topological properties at 1/3 filling with angle ¢ are the same
as at 2/3 filling with angle ¢ & 7.

III. Z, TOPOLOGICAL INVARIANT
A. Results

First we briefly discuss the topology of the system without
trimerization, § = 0. In this case, the system is invariant under
inversion symmetry and the Z, topological invariant v is eas-
ily obtained from the parity eigenvalues &,,,(I"|_4) of the 2mth
occupied bands with m = 1, 2, or 3 at the four time-reversal-
invariant (7 -invariant) points I'y =T, = (27,0), '3 =
(m, rr/«/g), 'y =(m, —n/\/g) [29]. For the kagome lattice,
the parity operator at the 7T -invariant points, which is spin

independent, is concisely written as a 3 x 3 matrix,
P(k) = diag(1, ek, gmiarky 9)

where we chose the inversion center on an A site
so that P(I'y) =(1,1,1), P(I'y) =(1, -1, =1), P(I'3) =
(1,—-1,1), and P(I'y) = (1,1, —1). The Z, index for the
mth Kramers pair is given by (—1)" = ]_[i & () and,
by explicitly calculating the wave functions of the Bloch
Hamiltonian (8), we find that v,, = 1 for both the bottom and
top pairs of bands independently of ¢. Hence, the overall Z,
index is always v = 1 for both 1/3 and 2/3 filling (as long as
the different Kramers pairs of bands are not touching). Most
interestingly, this is not only true for the intrinsic SOC but also
for the Rashba SOC.

Motivated by this preliminary result, we show the full
phase diagram in Fig. 3 as a function of both ¢ and the
inversion symmetry-breaking § for several values of «. The
phase diagrams are plotted for « = 0 (pure Rashba), 7 /6,
/3, and 7 /2 (pure intrinsic) considering both 1/3 and 2/3
fillings. They were obtained by numerically calculating the
number of zeros of the Pfaffian

p(K) = PE[(ui (k)| T | (K)))], (10)

which is the method originally described by Kane and Mele
[4]. Here T is the time-reversal operator, |u;(k)) are the band
wave functions, and i ranges over the filled bands. Due to
the D3 symmetry of the breathing kagome lattice, only zeros
along the high-symmetry [I" — I';] line segment (along which
ky = 0) are relevant. We observed that the band touchings
happen at either k = Ky or k=T. All gap-closing-gap-
opening transitions at the Ky Dirac points (which always
happen simultaneously for both points) result in a change of
the topological index. When ¢ = 0 or r, the pair of flat bands
touches another dispersive pair of bands “quadratically” at
k = TI', but the topological index is not affected. Finally, in the
unphysical case where t = —t’ (or § — £00), all six bands
are degenerate at the I point and v changes in a nontrivial
way [30].

B. Discussion

In the following, we derive effective Hamiltonians in two
different limits to give some analytical insight to the phase di-
agram: (1) the Ay, § <K ty limit (small SOC and trimerization)
relevant at 1/3 filling and (2) the ¢’ < ¢ limit (close to full
trimerization §/fy = 1), relevant at 2/3 filling.

1. Small SOC and trimerization

The gap-closing-gap-opening behavior near the Dirac
points, relevant at 1/3 filling, can be understood by con-
sidering the linearized Dirac Hamiltonian expanded around
k = K. The effective Hamiltonian is obtained after a projec-
tion onto the subspace of the two pairs of bands forming the
Dirac cones. For the trimerization and intrinsic SOC,

Heso (K) = v (k0 T, + kyoy) + (V300 7.5, — 38)0, + const.,
(1)

with vr = +/3%/2 and 1;, s;, and o; (i € {x,y, z}) are Pauli
matrices which refer to the Ky valleys, spins, and bands (in

165141-3



ADRIEN BOLENS AND NAOTO NAGAOSA

PHYSICAL REVIEW B 99, 165141 (2019)

2/3 filling:
(@) =0

(d) a=m/2

1

§
~
< 0

-1

1/3 filling:
1 (e) a=0

-2 0 2-2 0
5/t 3/t

2-2 0 2-2 0 2
5/t 3/t

FIG. 3. Phase diagrams as a function of §/1y, and ¢ for various SOC vector directions corresponding to & = 0O (pure Rashba), 7 /6, 7 /3,
and 7 /2 (pure intrinsic). The v = 0 and 1 regions are indicated in white and gray, respectively. Both 2/3 filling (top) and 1/3 filling (bottom)

cases are shown, which are related by a ¢ — ¢ £ 7 transformation.

a given basis), respectively. The constant term in Eq. (11)
includes all terms independent of the o;’s. A similar re-
sult has already been obtained in Ref. [9]. We see from
Eq. (11) that the band at 1/3 filling becomes topological when
Iho.il > +/318].

For the Ay g Rashba term, we obtain no contribution com-
ing out of this projection, which apparently contradicts what
we observe numerically in Fig. 3. However, in order to obtain
Eq. (11), the projection was done on the eigenstates at the
K. points calculated without SOC and with 6 = 0. Hence, it
corresponds to a first order perturbation theory in Him, #s0.i,
and Hso r. The first contribution from the Rashba SOC comes
at second order (in Ag g and §) and we find

2

A
Hsor — «/§8A,R(oxsytz — 0ySy) + %tzszaz, (12)
0

where we can also write §, R = Ao r8/f. Hence, Rashba SOC
drives the system in topological phase by itself when )L(z]’R >
6|8 19| + O(8?). Both the linear and quadratic behaviors can
be seen around the (§/f9 = 0, ¢ = 0) point in Fig. 3(h) and
Fig. 3(e), respectively.

The Hamiltonians (11) and (12) have a limitation: They
do not tell anything about the topology of the top bands.
In particular, the gap opened at the quadratic band touching
point I' is stable under the inclusion of the trimerization
8, even when a gap closes at a Dirac point, as shown in
Fig. 2(c), which reflects the fact that § by itself does not open a
gapat I

The full phase diagram reveals that the pair of weakly
dispersing bands is intrinsically topological. As soon as
the quadratic band touching at I' is lifted, e.g., by an
infinitesimally small SOC contribution, the now well-
defined Z, index of the top bands is nontrivial until a

band-closing-band-opening happens at Ky for large trimer-
ization or SOC: § or Ay ~ ty. Thus, the topological phase at
2/3 filling is very stable thanks to the weakly dispersing bands
and exists over a large range of values for . As opposed to
the 1/3 filling case, an arbitrarily small SOC will gap the flat
bands in a topological way independently of the strength of
the trimerization § (as long as —1 < §/tp < 1). In Fig. 4, we
show the energy dispersion of a system with edges in the §
direction for « = 0 (Rashba SOC), ¢ = 0.3z, and both § = 0
(top) and § = 0.21y (bottom). We clearly see the change in the
edge states at 1/3 filling from the topological phase at § = 0
to the trivial phase at § = 0.2fy, while at 2/3 filling the phase
stays topological.

2. Fully trimerized limit

We now derive a second effective Hamiltonian for large
trimerization 8, valid near the fully trimerized limit § = £, or
t' = 0. We also assume small SOC, A < t.

The fully trimerized system consists of independent up-
ward triangles. The now localized system has no energy
dispersion, and the Hamiltonian is simply

0 1 1
Hk)=—{1 0 1], (13)
1 1 0

where I, is the identity in spin space, so that there are
two pairs of bands with energy E =t and one pair with
energy E = —2t. The effective theory at 2/3 filling can
thus be obtained by projecting the other Hamiltonians onto
the subspace spanned by the E =t states. The dispersion
comes from the small hopping ¢’ between the nearly isolated
triangles. Expanding H; in Eq. (1) with finite ' around Ky
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0 or/3 m 4r/3 o
K

FIG. 4. Energy dispersion of a system periodic in the X direction
and with edges in the § direction, with « = 0 (Rashba SOC), ¢ =
0.37, and (top): 6 = 0.0, (bottom): § = 0.2.

we obtain
/

3t
Hi — vp(—keo, + kyo )T, + Taytz’ (14)

where v, = V3t /2, and the o; Pauli matrices now refer to
the two E = ¢ bands [we have chosen two real eigenvectors of
Eq. (13)]. The intrinsic SOC on each trimer gives a gap term,

Hso.i — V3hrioys., (15)

and the contribution from Rashba SOC only comes at second
order in Ag and ¢/,

3, by
Hsor = - rg (0css + 02,7 = 2—*§oysz, (16)

where we can also write A = Art’/?.

When the intertriangle hopping ¢ = 0, the completely
localized system is obviously topologically trivial. This cor-
responds to the §/t) = 1 lines in Fig. 3. Then, as ¢’ increases,
the previously £ =t degenerate bands split in a topological
manner. For small SOC and ¢’ (A, < t), the phase boundary
is given by Egs. (14)—(16): The system is topological if |A;| <
V3|t'|/2 for pure intrinsic SOC and A% < 3|tt'| for pure
Rashba SOC. The linear and quadratic behavior can be seen
around the (§/to = 1, ¢ = 0) point in Fig. 3(d) and Fig. 3(a),
respectively.

It is interesting to note that, effectively, the trimerized
system at 2/3 filling can be seen as a two-band system on

r K. Ty r

FIG. 5. Energy dispersion of the effective Hamiltonian in the
nearly-trimerized limit with SOC given in Egs. (14) and (15) near
the phase transition: A; < v/3t'/2.

a triangular lattice. The nontrivial phase arises thanks to the
complicated effective hopping Hamiltonian 4 and the on-site
two-band Hamiltonian obtained after projecting out the third
pair of bands.

The effective model with, say, intrinsic SOC can be written
on a triangular lattice (made of the original unit cells at
positions R) as

3
Hetr = Z |:Z fl§+a,-(fi ® g + H.c.]

R i=1

+ V30 ) (0, ® s, (17)
R

where £ = (fg o1 ftay Sasr Sapy )» @ b = 1,2 are band
indices, and fli,a,s ( fl'; b.s) 1S the appropriate linear combina-
tion of c;a,s (¢ = A, B, C) corresponding to the a (b) band.
The complexity of the model is hidden in the hopping matrices
T:, which are different for the three directions a;, a,, and a3
and break the inversion symmetry on each bond (i.e., YA;T #*

T):
. (1 _J3 L (-1 =3
Tl‘?(o @ L=5lsz 37)

. (1 0
T3:§(ﬁ O)' (18)
The band dispersion of this effective model is shown in
Fig. 5 near the band-closing-band-opening transition. Note
that in the topological phase near the trimerized limit, there is
no overall gap between the two pairs of band when including
only linear terms in ¢’ /¢ (the third band in Fig. 5 has exactly
the same energy at k = K. as the lower bands at k =T'),
but higher order terms in '/t will gap the two pairs of band
completely (i.e., there is a full gap in the full model with all
bands). Finally, we note that in the unphysical § /7y ¢ [—1, 1]
situation (i.e., the trimerization results in hopping ¢ and ¢’ with
different signs), we can still define the topological index, but
the system is in a semimetal phase with no overall gap, even
in the full model.

IV. SPIN-POLARIZED SYSTEM

Let us finally consider a ferromagnetically ordered system
where, on each site, the magnetic dipole points along the

165141-5



ADRIEN BOLENS AND NAOTO NAGAOSA

PHYSICAL REVIEW B 99, 165141 (2019)

v (0, -1,1)
D (-1,0,1)
mE (-1,1,0)

FIG. 6. Diagram of the different phases characterized by the
Chern numbers of the three bands. The Chern numbers are indicated
as (cy, ¢, ¢c3), Where ¢y, ¢, and c3 are the Chern numbers of the
lowest, middle, and top bands, respectively. The dotted and hashed
regions are topological at 1/3 and 2/3 filling, respectively. Darker
and lighter regions of a given texture have opposite Chern numbers.

same unit vector € = (sin ® cos P, sin O sin @, cos O). In the
following, we show that the system can host nontrivial Chern
numbers for the three bands, as shown in Ref. [31] for the
8 = 0 case, and draw the resulting phase diagram for § # 0 in
Fig. 6.

Such a constraint can be enforced in our system through
the double-exchange model

Hos =H—AY Y @ 0)ra,  (19)

R «o=A,B,C

where H is given in Eq. (4). The coupling to the localized
magnetic moments (with A > 0) typically originates from
Hund’s coupling, but it could also originate from an on-site
repulsion U, based on the Hubbard model at the mean field
level. For large A, we effectively only keep the component
of the spinor parallel to &, |x), such that we are left with a
three-band model with effective hopping

’

eff
i

ff ~ __ ;i
17 = (x4 lfilxs) = €|t

ff 2 — g ff
ti,e = <X+|ti,|X+> =" iti,e

. (20)

We then define ¢ = ¢; + @2 + @3 and choose the gauge where
pr=¢p=p3=¢/3.

Furthermore, for the sake of simplicity, we only consider
cases where [¢¢ff| = |51 = |£5™|, so that the C; symmetry is
preserved. For intrinsic SOC, this is always the case and we
have the relation tan(gp/3) = cos(®) tan(¢) [where ¢ quanti-
fies the SOC, as defined in Eq. (7)], so that ¢ is finite unless
€ lies in the plane. For Rashba SOC, we can only have the Cs
symmetry for ® = 0, 7r, in which cases #ff =t cos(¢), and
¢ = 0. The results presented in the following are thus only
directly relevant for a system with intrinsic SOC.

A. Results

Because of the C3 symmetry, the gap-closing-gap-opening
transitions only happen at k = K, or k = K_, where a pair

of bands forms Dirac cones. Additionally, when ¢ = 0 or 7,
the perfectly flat band touches one of the dispersive bands at
k =T'. In Fig. 6, the different regions are delimited by lines
in parameter space along which a pair of bands are touching
(calculated analytically). The three Chern numbers, one for
each band, are indicated in the different regions. The Chern
numbers in each region were calculated numerically using the
algorithm described in Ref. [32].

B. Discussion

In Ref. [31], the same effective model with § =0 has
already been studied. They have shown that unless ¢ = 0, 7,
the top and bottom bands have finite Chern numbers. The
same result is deduced from the § = 0 line in Fig. 6.

The effect of trimerization is very different for 1/3 and 2/3
filling because of the weakly dispersing band, in a manner
reminiscent of what we observed in Sec. III for the Z, index.
At 1/3 filling, the system is topologically nontrivial in the
dotted regions in Fig. 6. For small SOC, a sufficient large
trimerization § (of the order of the SOC) will drive the system
in a trivial phase, after a gap-closing-gap-opening transition at
either K or K_, as is usually the case for inversion-symmetry
breaking terms in Chern insulators (e.g., for the Haldane
model).

However, we see that the weakly dispersing band stays
topological in a large region around § = 0 and ¢ = 0. Just
like in Sec. II1, its topological properties are robust to trimer-
ization. This can be seen in Fig. 6; the system is topological
at 2/3 filling in the hashed regions. As soon as there is
an infinitesimally small SOC, lifting the degeneracy at the
quadratic band touching point k = I', the weakly dispersing
band hosts a nontrivial Chern number for any values of §,
except close to the fully-trimerized limit.

Finally, for Rashba SOC, we expect a similar robustness
of the topology of the flat bands (as in Sec. III). However, we
also expect a more complex phase diagram because of the lack
of C; symmetry and the additional potential gap-closing-gap-
opening transitions. We do not explicitly calculate this phase
diagram here, which would depend on extra parameters (the
direction of &), in addition to ¢ and §.

V. CONCLUSION

In this paper, we investigated the topological properties of
electrons on the (breathing) kagome lattice with symmetry-
allowed SOC between nearest neighbors. We drew several
phase diagrams with respect to three parameters: trimeriza-
tion, Rashba SOC, and intrinsic SOC.

We considered the topological phases associated with both
the Z, index, in the original time-reversal invariant six-band
model, and the Chern numbers, in an effective spin-polarized
three-band model. Interestingly, the overall topological prop-
erties (i.e., the effects of the different parameters) are similar
for those two models.

We showed that the effects of Rashba SOC and the inver-
sion symmetry-breaking term (the trimerization) is different
than what is usually expected (for instance in graphene). We
showed that the pair of flat bands (or the single flat band
for the spin-polarized system) is intrinsically topological. As
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soon as the quadratic band touching at IT" is lifted, e.g., by an
infinitesimally small SOC contribution, the now well-defined
topological index of the top bands is nontrivial until a band-
closing-band-opening happens close to the fully-trimerized
limit 6 = f9. We stress that the weakly dispersing bands are
topologically very robust against the perturbation (here the
trimerization), unlike the other dispersive bands.

In addition, the inclusion of Rashba SOC was shown to
drive the system into a topological phase by itself, in contrast
to graphene where it hinders the nontrivial phase. Finally,
because of the possibility to host a nontrivial topological
phase close to the fully-trimerized system, we showed how the
same topological phase could be obtained from a two-band

system on a triangular lattice, which could be relevant for
experimental implementations.
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