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Many proposals to generate a time-reversal invariant topological superconducting phase are based on imposing
a m-phase difference between the superconducting leads proximitizing a nanostructure. We show that this
phase can be induced on a thin film of a topological insulator such as Bi,Se; in proximity to a single s-wave
superconductor. In our analysis we take into account the parity degree of freedom of the electronic states which
is not included in effective Dirac-like surface theories. We find that the topological phase can be reached when
the induced interparity pairing dominates over the intraparity one. Application of an electric field perpendicular
to the film extends the range of parameters where the topological phase occurs.
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Introduction. The interest in topological phases of matter
and, in particular, in topological superconductors (TSs) has
not ceased to grow [1]. In addition to their fundamental
interest, TSs are predicted to host topologically protected
Majorana zero modes (MZMs) at the edges with potential
applications in future quantum technologies [2].

Although topological superconductivity is expected to oc-
cur spontaneously in certain compounds such as Sr,RuQOy4
[3], actual vigorous experimental progress is coming from the
side of artificial nanostructures. In particular, clear signatures
of MZMs have been demonstrated in hybrid nanostructures
combining semiconducting nanowires with a strong spin orbit
(such as InAs or InSb) and conventional superconductors
[4-8].

As in the case of other proposals based on arrays of
magnetic impurities [9], these platforms constitute a real-
ization of broken-time reversal (symmetry class D) one-
dimensional (1D) topological superconductivity. Although the
time-reversal counterpart or class DIII superconductivity has
attracted great theoretical interest [10], its actual realization is
still an experimental challenge. The zero-energy excitations in
this class of TSs are Kramers pairs of Majorana modes. While
their braiding properties appear to be path dependent [11,12],
they exhibit other exotic transport [13,14] and spin [15-18]
properties which render them objects of fundamental interest.

Intrinsic DIII superconductivity in two- and three-
dimensional systems has been discussed in the literature (see,
for instance, Refs. [19-21]), but also in this case most theoret-
ical proposals have been focused on proximitized nanostruc-
tures. These, in general, require two basic ingredients: a mul-
tichannel or multiband electronic structure and a mechanism
for inducing opposite pairing amplitudes on these channels
[22]. These include Rashba nanowires proximitized by a d
wave [23] or an iron-based superconductor with sy pairing
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symmetry [24], or two parallel nanowires with interwire pair-
ing [25-27] or subject to opposite Zeeman fields [28]. Another
scenario is spin orbit and many-body interactions in proximity
with ordinary superconductivity [29,30]. Induction of the DIII
phase on the edge or surface states of a 2D or a 3D topo-
logical insulator (TT) has also been considered [26,31-35].
References [33,35] suggest that for the case of a thin 3D
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FIG. 1. (a) Surface state bands along k, (with k, = 0) in a thin
Bi,Se; film in the presence of an electric field, controlled by the
biasing potential V between the top and bottom surfaces. The bands
are helicity degenerate for V = 0 (dashed lines in left panel) but
the degeneracy is broken for finite V. The signs in the middle panel
indicate the band helicity and the color scale of the lines is set by the
normalized relative weight 7, of the surface states on the two parity
sectors [with 77, = 27, /(1 +7}), where 7, is the relative weight
defined in the main text]. The gray areas indicate the regions for
the bulk states and the dashed horizontal line indicates the position
of the chemical potential. (b) Geometry considered for analyzing
the proximity effect. (c) Schematic representation of the interparity
pairing which can be induced from the s-wave superconductor.
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TI film, reaching the DIII phase requires forming a S/TI/S
junction and imposing a 7 -phase difference. These studies are
based on effective 2D models describing the surface states
on the 3D TI film. In Ref. [35] the case of coupling to a
single superconductor but including intersurface pairing is
also considered.

In the present Rapid Communication we propose an ap-
proach for the case of proximitized 3D TI thin films. In
contrast to previous works which start from the projected 2D
theory, we use a 3D model which keeps track of the parity
degree of freedom. We show that the DIII-TS phase may
arise naturally by proximity to a single s-wave superconductor
when considering the presence of interparity pairing. We
further show that the inclusion of an external electric field,
breaking inversion symmetry, helps to stabilize this topologi-
cal phase.

The main ingredients of the proposed mechanism are illus-
trated in Fig. 1. The surface states of a 3D TI are characterized
by a well defined helicity, i.e., they are eigenstates of the
helicity operator /i = (¢ x K|)./k;, where kj is the wave
vector parallel to the surface and o, are Pauli matrices in spin
space [36]. In addition, these states are also characterized by a
certain parity pseudospin, which depends on the surface orien-
tation and on the material. For instance, in films of the Bi,Se;
family grown along the c¢ axis, states on opposite surfaces
have opposite helicities and opposite parity pseudospin [37].
In sufficiently thin films, the surface states corresponding to
opposite sides are not fully decoupled but hybridize to some
extent [38,39] and the helicity degeneracy can be broken by
an electric field perpendicular to the film, as illustrated in
Fig. 1(a). Therefore, when one of the surfaces is in contact
with a superconductor as in Fig. 1(b), superconductivity is
induced into the two surfaces in both parity channels, as well
as interparity, as schematically depicted in Fig. 1(c). Inter-
estingly, the interparity component induced on each helical
channel typically have opposite signs. Our goal is to show that
for the case of an s-wave superconductor, the TS phase can
be reached provided that the interparity component is large
enough and inversion symmetry is broken.

Modelfor a T film and proximity effect. The low-energy and
long-wavelength electronic properties of a TI of the Bi,Ses
family can be described by the k-p Hamiltonian introduced in
Ref. [36] in a basis of four states which are combinations of
p. orbitals on the Bi and Se sites with even and odd parities.
For analyzing the proximity effect it is convenient to perform
a unitary transformation [37,40] with respect to the model in
Ref. [36] [see discussion in the Supplemental Material (SM)
[41]], which yields

H® = M(K)(t, ® 00) + A1k, (1, ® 00)
_AZ[kx(Tx 0 o'y) - ky(Tx by Gx)]s (1)

where M(k) = My — Bk — By(k? + k}?) [42], while T, are
Pauli matrices operating in parity space. This Hamiltonian
commutes with the helicity operator, leading to the properties
of the surface states commented above.

In order to describe the proximitized thin film we now
switch into a tight-binding (TB) description of the electronic
structure. For this purpose we follow Ref. [43] and introduce
a cubic lattice with parameter a ~ 1 nm oriented along the ¢

axis and consider the k-p Hamiltonian as a long-wavelength
expansion of this TB model. We shall consider the case
of films of thickness L, = N,a and impose periodic bound-
ary conditions on the x,y directions. In the basis, ¥y, ; =
(Chy,itts Chynitds Chypiets cku,,',l)T, where c};‘,im creates an elec-
tron with parallel momentum k; on the i layer within the
film, parity t, and spin o. The TB model adopts the form
7TB _ T 4

H = Zk”,ij I/IkH,iH(kH)ijwkl\vj’ where

N A
Hk))ij = e(ky)(z, ® 00)8;; + f[sin kya(t, ® o)

B
— sink.a(t, @ 0y)18;; + a—zl(fz ® o)

A
X (8ij—1 4 8ij41) — 2—;(% ® 00)(8ij—1 — 8ijr1),
(2)

with  e(k)) = My — 2[B2(2 — cos kya — cos kya) + Bi]/a’.
Within this model the eigenstates are again helicity degenerate
(with the helicity operator properly extended to the discrete
case) but this degeneracy is broken when an electric field
along the z direction, 1%- =2V[i — (N; + 1)/2]/(N; — 1)§;j,
is introduced.

To include the effect of induced pairing correlations on the
film we consider the Bogoliubov—de Gennes (BdG) Hamilto-
nian, expressed in the basis W]T(k”) = (Y. j» —ioy Yy, ;). It
reads

7:leG(k||)ij = [ﬂ(kll)ij + ]A)ij —ul®n, + Aij Qnx, (3)

where u is the chemical potential, and n; are Pauli matrices in
the particle-hole space. Although this model allows for more
general configurations we shall focus in this work on the case
depicted in Fig. 1(b), where pairing is induced on the i = 1
layer only, i.e., A,-j = A18i18,-j. Al has intra- (A+) and inter-
(A) parity components,

AL A
A = T(To-i-fz)-# T(To—fz)—I-ATx- 4

The pairing potentials depend on the coupling of the TI
with the superconductor underneath. As discussed in the SM
[41], they would typically have the form Ay = 7 ppt7 and
A = mtit_pp, where pp is the superconductor Fermi level
density of states and t. are hopping parameters coupling
the TI orbitals with parity & and the superconductor. These
parameters might have opposite signs. In particular, when an
ordinary superconductor is contacted to the bottom of the
film, with the chosen basis orbitals we have 7.t < 0, which
implies that A has an overall sign with respect to Ay. On
the contrary, when the superconductor is contacted to the top
surface, 7.7_ > 0, and thus A1 and A have the same sign.

It should be stressed that the above expressions are fully
compatible with time-reversal symmetry. Regarding the size
of A, while a noninteracting model suggests A ~ /AL A_
(see SM [41]), the presence of even a mild local Coulomb
repulsion on the Bi and Se sites, reducing the intraparity
pairing, would yield the condition A > /A {A_ which is
necessary for stabilizing the DIII-TS phase as we show below.

Topological invariant. In the limit of weak coupling, the
topological character of the proximitized TI film can be fully
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determined by the normal electronic properties at the Fermi
level [44]. The Z, topological invariant introduced in Ref. [44]
is given by

N = [ Jrsgn (ke )| T AT [y (k1™ )

where 7 = 19 ® io, K, with K denoting complex conjugation,
is the time-reversal operator, n runs over all bands crossing
the Fermi energy, m,, is the number of time-reversal invariant
(TRI) points enclosed by a band n, and |y, (kr,)) is the
eigenstate on band n at the Fermi surface. In TIs of the Bi,Se;
family the only TRI point enclosed by the surface bands is
the I" point so that m,, = 1. On the other hand, due to the gap
isotropy, Eq. (5) can be evaluated along any direction in the
ky-ky plane.

As a paradigmatic example we shall examine the case N, =
2. Details on the calculations are presented in the SM [41],
where we also discuss the peculiar N, = 1 case. The spectrum
for N, = 2 consists of four bands with positive energy which,
expanded in k = k, are given by

Eu (k) = \/Ef +20F, +A2 + V2 (6)

o =241 is a band index, E12 = e,f + B2+ C?, F, =
V(BC —A VY + (V2 +B?), € =My —2B,/a*>+ B.k?,
with k = |k| and we have defined the parameters as
A, = xAxk, B=B;/a’, and C = A;/2a. The bands and
their evolution with voltage V are shown in Fig. 1(a). We
focus on a chemical potential p as indicated in Fig. 1(a),
intersecting the bands with « = —1. A nontrivial value of the
Z, invariant in the present case (i.e., N = —1) implies simply
different signs of the projected pairing in the two helicity
channels,

(W TA [Yy) = 21D P(Ay + A_my)(1 = By A). (D)

In this expression we have introduced the quantities D,
my =D_/Dy, and B, =2m, /(AL + A_nf), which are de-
fined from the components of the eigenstates of H™ on

the bottom surface, i.e., we have |/,) = (ﬁx, UX )T, where
U,=U,U) ®p, and D, = (D;,D_) ®¢,, and ¢,
are the eigenstates of the helicity operator, so that 7, measures
the relative weight of the two parity sector components on
the bottom surface. We then see that for having a nontrivial
value of the Z, topological invariant, the necessary (however
not sufficient) condition is m, (or equivalently B,) having
different signs for the two helicities. An analytic expression
for 7, is given in the SM [41].

As can be observed in Fig. 1(a), the 77, parameter evolves
differently along the lowest bands with opposite helicities,
which are split due to the action of the electric field. While
it remains negative for the y = —1 band for all values of the
chemical potential within the TI gap, in the x = +1 band it
evolves from negative to positive above a certain critical value
of the momentum. As a consequence, for a chemical potential
within this energy range and depending on the bias potential
V, the effective pairing of Eq. (7) may have different signs on
the two helicity bands leading to a nontrivial value of the Z,
invariant, provided that, in addition, 8, > 1/A (see SM [41]
for further details). In the following we study the occurrence
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FIG. 2. Phase diagrams in the V, u plane at fixed » = 0.2 and
d = 0.8 (upper panels) and in the r = A /A_, d = A/A_ plane
at fixed 4 = 10V (middle panels) and at © = V (lower panels) for
the cases N, = 2 and N, = 6. The dark (white) color indicates the
topological (trivial) regions. As can be observed, larger values of V
help to stabilize the topological phase for in a broader parameter
region. The red lines in the d-r diagrams for the N, = 2 case are
the analytical prediction for the phase boundary as described in the
SM [41].

of the TS phase as a function of the parameters r = A /A_
and d = A/A_ which determine the relative size of the intra-
and interparity pairing. We take A = A_ as the reference
energy.

In Fig. 2 we show the phase diagrams in the (u, V) and in
the (d, r) planes for the N, = 2 and N, = 6 cases. As can be
observed in the upper panels, the topological phase appears
for pu above a certain value which decreases for increasing V.,
corresponding to the closing of the hybridization gap between
the surface states. On the other hand, © should not exceed
a value ~0.25 eV, where higher bands start to be populated.
In addition, we observe that a finite V is needed in order to
extend the stability of the topological phase in the (d, r) plane.
For small V values (middle panels in Fig. 2) the stability is
restricted to the regions d — 1 and r — 0, but these regions
grow when V' ~ u, gradually reaching the optimal case where
the TS phase appears for A > /A ;A _.

Another important aspect of the proximity effect in the
TI film is the size of the induced gap parameter Aj,g, which
is determined by the smaller value of |(, |7 AT|v, )| at the
Fermi surface. As shown in Fig. 3(a), this quantity drops to
zero at the boundary between the trivial and the TS region at
the (d, r) plane, as expected for a topological transition, and
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FIG. 3. (a) Induced gap Aj,q in the (d, r) plane for the same
parameters as in the lower right panel of Fig. 2. (b), (c) BdG spectrum
for a slab of finite width W ~ 20&, where £ ~ A, /A is the coherence
length in the TI film for the cases indicated by the red dots in (a).
As can be observed, subgap states reaching zero energy for k, — 0
appear in the topological case. (b) Electron probability amplitude for
these zero-energy states.

increases when departing from this boundary. The size of Ajnqg
can be more clearly appreciated in Figs. 3(b) and 3(c) where
we show the BAG spectrum for an N, = 6 film of finite width
in the x direction. The two cases correspond to parameters
within the trivial and the topological regions, as indicated by
the two dots in the lower right panel of Fig. 2 and in Fig. 3(a).
In the former case the spectrum exhibits a pair of subgap
states, dropping to zero energy for k, — 0. The corresponding
wave function, exhibiting localization at the edges of the film,
is plotted in Fig. 3(d). Notice that the localization length is of
the order of 5&, which coincides with an effective coherence
length &4 ~ Ay /Aing. As expected for a TS-DIII phase, these
states correspond to Kramers pairs of Majorana modes.

The above results correspond to very thin TI layers with
N, < 6. When N, is further increased, the DIII-TS phase
can still be reached for certain parameter values, but the
topological region shrinks and the phase diagram starts to
exhibit disconnected regions, as shown in the inset of Fig. 4
for N, = 10. The behavior of the induced gap with N, depends
on the V value. While for small V values, i.e., outside the
topological region, it decreases exponentially with N, for
larger V it exhibits a nonmonotonic behavior, first increasing
and eventually decreasing for N, > 10, as can be observed in
the main frame of Fig. 4. This behavior is associated with the
fact that higher bands start to cross the chemical potential.

A word of caution is in order regarding the reliability
of the precise quantitative predictions of our model, which

10 T T T T
— V'=0.0leV
4 =—— V=0.02¢V i
1077 — — y=0.10ev
— = V=0.11eV
20 -
< 10
<E — - == Hev)

_
lE = -

FIG. 4. Induced gap as a function of the TI layer thickness (NV;)
for fixed u = 0.04 eV and different values of V. Solid and dashed
lines indicate trivial and topological phases, respectively. The relative
weight of the inter- and intraparity pairing at the bottom layer was
fixed to d = 0.8 and » = 0.2. The inset shows the phase diagram in
the -V plane for N, = 10.

can nevertheless be trusted at a qualitative level. It is also
important to remark that when the film is contacted to a
superconductor through both surfaces, thus recovering the
inversion symmetry, the topological phase disappears [41].

Conclusions. We have shown that a time-reversal invariant
TS phase can be induced on a TI film of the Bi;Se; family
proximitized by a conventional superconductor. In contrast to
previous proposals, our mechanism does not rely on tuning
the phase difference in a S/TI/S junction but arises from
the induced interparity pairing which naturally occurs at the
S/TI interface. The mechanism requires breaking the spatial
inversion symmetry and a certain degree of hybridization
between the TI surface states. Application of an electric field
perpendicular to the layers helps to stabilize the TS phase for
thicker films in a broader parameter space. Notice that such
fields appear spontaneously at the interface between a TI film
and its substrate due to charge accumulation [38].

As a final remark let us mention that proximitized Bi,Ses
films have been analyzed in several experiments, either
through the Josephson effect [45,46] or by tunnel spec-
troscopy [47,48]. We hope that our work could motivate
further experimental studies on these types of devices.
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