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Quantum spill-out in nanometer-thin gold slabs: Effect on the plasmon mode index
and the plasmonic absorption

Enok J. H. Skjølstrup,* Thomas Søndergaard, and Thomas G. Pedersen
Department of Materials and Production, Aalborg University, Skjernvej 4A, DK-9220 Aalborg East, Denmark

(Received 12 October 2018; published 26 April 2019; corrected 26 April 2019)

A quantum mechanical approach and local response theory are applied to study plasmons propagating in
nanometer-thin gold slabs sandwiched between different dielectrics. The metal slab supports two different kinds
of modes, classified as long- and short-range plasmons. Quantum spill-out is found to significantly increase the
imaginary part of their mode indices, and, surprisingly, even for slabs wide enough to approach bulk the increase
is 20%. This is explained in terms of enhanced plasmonic absorption, which mainly takes place in narrow regions
located near the slab surface.
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I. INTRODUCTION

Recently, it was found that the effect of quantum spill-out
in nanometer-thin gaps in gold has a significant impact on
the propagation of surface plasmon polaritons (SPPs) in such
structures. In the limit of vanishing gap, the SPP mode index
was found to converge to the refractive index of bulk gold [1],
while classical models neglecting spill-out find a diverging
mode index [2,3]. In addition, it was discovered in Ref. [1]
that spill-out significantly increases the plasmonic absorption
in these gaps. Furthermore, the predicted reflectance from
an ultrasharp groove array is in much better agreement with
measurements [4] than the classical model [5,6].

In this paper, we study the opposite geometry, i.e., a
nanometer-thin gold slab surrounded by different dielectrics.
Such a structure supports long- and short-range SPPs, which
are p-polarized electromagnetic waves bound to and propa-
gating along the slab [7–11]. For a nanometer-thin slab, the
short-range mode is strongly bound, meaning that a large
part of the field profile is located in the slab region, while
the long-range mode is weakly bound with most of its field
profile located in the dielectric regions. The magnetic fields
of the modes are symmetric and antisymmetric, respectively,
if the metal slab is sandwiched between identical dielectrics,
while the symmetry is broken when sandwiched between
different dielectrics [9]. Applications of such SPPs are found
in, e.g., plasmonic lenses for biosensors and as mode couplers
into dielectric or plasmonic waveguides [12,13]. In addition,
plasmonic structures find applications within, e.g., solar cells
[14] and, furthermore, they can be applied to squeeze light
below the diffraction limit [15,16], and can be utilized in
lasers [17].

Plasmons supported by metal slabs have previously
been studied using both classical and quantum models
[7–11,18–21]. Thus, Refs. [7–11] applied a classical model
neglecting quantum spill-out, such that the dielectric function
takes one value in the metal region and another value in the
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dielectric region, thus changing abruptly at the inter-
faces, while quantum effects have been included in, e.g.,
Refs. [18–21]. Furthermore, gold films with thicknesses down
to 1 nm have recently been fabricated [22].

Here, we examine the effect of quantum spill-out on
plasmons propagating in nanometer-thin gold slabs. Local
response theory is applied to calculate the mode indices
and associated electromagnetic fields. We show that spill-out
significantly increases the imaginary part of the mode index,
even for slabs wide enough to approach bulk. This is explained
in terms of strong plasmonic absorption mainly taking place
a few Å from the slab surface, a phenomenon not found in
classical models.

II. QUANTUM DIELECTRIC FUNCTION

In the vicinity of the gold slab, the electron density and
the effective potential arising from the free electrons (in the
s, p band) are significantly modified due to electron tunneling
through the surface barrier. To capture this effect, we calculate
the electron density using density-functional theory (DFT) in
the jellium model [23,24] (see Appendix A for further descrip-
tion). The optical cross sections of metal nanowires [25–28],
metal clusters, and spheres [25,29–31] have previously been
calculated by applying such a DFT model in the jellium
approximation. Likewise the plasmon resonances of metal
dimers and semiconductor nanocrystals have been calculated
in Refs. [32–34], while Ref. [20] studied the plasmonic prop-
erties of ultrathin metal films. In addition, Ref. [35] examined
the role of electron spill-out and nonlocal effects on the
plasmon dispersion relation for gap plasmons propagating
between two gold surfaces as well as plasmons propagating
in gold slabs surrounded by air. It was found in that paper
that spill-out has a significant impact while the influence from
nonlocal effects was minor. In Refs. [20,35], only the real part
of the parallel wave number (analogous to mode index) was
considered, with no studies of the dependence of the slab (or
gap) width on plasmon propagation. In this paper, in contrast,
we compute both real and imaginary parts of the mode index
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FIG. 1. (a) Electron density in units of the bulk gold density n0

across a gold slab of width 1 nm. (b) Real and imaginary parts of
the dielectric function ε across the same gold slab at a wavelength of
775 nm, with the shaded areas indicating the surrounding dielectrics.
The solid black (blue) curve is for a slab surrounded by air (glass) on
both sides. The imaginary part is unaffected by the kind of dielectric.
In both figures, the colored areas represent the ion charge.

and, furthermore, investigate in detail how they depend on the
slab width.

The electron density n across a gold slab of width d =
1 nm is shown in Fig. 1(a) in units of the bulk gold density
n0, where the geometry is chosen such that the x axis is
perpendicular to the slab, while the plasmons are propagating
in the y direction. The colored area in the figure shows the
position of the ion charge in the jellium model, and spill-out
is clearly seen to occur as the electron density contains an
exponential tail that stretches ∼0.3 nm into the dielectric
region. In addition, charge is conserved (

∫
n(x)dx = n0d),

and the density inside the slab is thus also affected by spill-out.
In Fig. 1(a) the integrated value of the spilled-out charge is
0.05n0d . As the slab gets wider, the electron density near
the slab boundary contains Friedel oscillations in agreement
with Refs. [23,24,36] where the electron density at a single
interface between gold and air was studied.

The dielectric response function has been studied in several
papers [37–43] using a fully quantum mechanical approach
within the random phase approximation [44]. As the metal
slab is a two-dimensional (2D) material, it only has bound-
aries in the direction perpendicular to the slab, implying that
the response is anisotropic. The tensorial dielectric function←→ε (x, x′) can be obtained from the electric conductivity in
Ref. [43] as

←→ε (x, x′) =
(

1 − e2n(x)

meε0(ω2 + i�ω)

)
δ(x − x′)

←→
I

− 1

2π2ε0 h̄ω2

∑
n,m

∫
fmn(�k‖)

×
�jnm(�k‖, x)�jmn(�k‖, x′)
ω + i� + ωm − ωn

d2k‖. (1)

Here, the first line is a local isotropic Drude term,
where the spatially varying electron density n(x) corre-
sponds to a position-dependent plasma frequency ω2

p(x) =
e2n(x)/(meε0), where e and me denote the electron charge
and mass, respectively. In the second line of Eq. (1), fnm(�k‖)
denotes the difference between Fermi factors of states with
energies h̄ωn and h̄ωm, respectively, where �k‖ is in the (y, z)
plane, thus parallel to the slab. Furthermore, �jnm is a matrix
element of the transition current (see Appendix B for an
explicit expression) and � is a damping term. The second
line of Eq. (1) is denoted ←→ε NL(x, x′). Equation (1) shows,
thus, that rigid quantum mechanical response theory implies
a dielectric response function that is separable into a local
isotropic and a nonlocal anisotropic term. The nonlocality has
been studied in several papers [18,21,45–48], and for metal
dimers and cylinders it is found to only slightly blue-shift
the plasmon resonances, illustrating, as in Ref. [35], that
nonlocality is a relatively small modification to the dielectric
response.

For the short-range mode, the x and y components of the
electric field are odd and even, respectively [7,8]. From the
expressions of �jnm in Appendix B this implies that the nonlo-
cal part of the displacement field �DNL(x) = ε0

∫ ←→ε NL(x, x′) ·
�E (x′)dx′ is zero on average across the slab, where the con-
tribution from the x component of the field is zero because
the field is odd, while the contribution from the y component
is zero due to orthogonality of the wave functions applied
in �jnm. For the y component the same applies for the long-
range mode. Based on symmetry arguments, this explains the
physics behind the small impact from the nonlocal effects on
the short-range mode. The same phenomenon has previously
been discussed for other cases in Refs. [18,21,35,45–48].

For the long-range mode, the x component of the field
is almost constant across the slab [7,8], which implies that
the contribution to �DNL, which is nonzero on average, is
reduced to an integral of the x̂x̂ component of ←→ε NL with
respect to x′. In this paper, the nonlocal part of the dielectric
function is taken into account by an averaging procedure,
which leads to an anisotropic step function that gives the
correct net response from the slab for both kinds of modes.
It is modeled as a piecewise constant function taking the
value

∫∫ ←→ε NLdx dx′/d inside the slab and zero outside (see
Appendix B for details). The effect of spill-out is included
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in the first line of Eq. (1), while the effects of interband
transitions and dielectric substrates will be incorporated by
modifying the local dielectric function as shown below.

In general, the dielectric tensor is given by ←→ε =
diag(ε⊥, ε‖, ε‖) [49], where the parallel part ε‖ is similar to
the one in Ref. [1]. In the bulk, the electron density n0 implies
a bulk plasma frequency of ωp,bulk =

√
n0e2/(meε0), which

gives rise to a Drude response εp,bulk(ω) = 1 − ω2
p,bulk/(ω2 +

i�ω) [50]. Bound electrons in the lower-lying d bands also
contribute to the dielectric function [50], but in contrast to the
free electrons, we assume, as in Ref. [35], that they are entirely
located in the jellium region, thus not tunneling through
the potential barrier. The response from the bound electrons
is calculated from the experimental response of bulk gold
εgold(ω) from Ref. [51] as εbound(ω) = εgold(ω) − εp,bulk(ω).
The parallel part of the final dielectric tensor in the vicinity of
a gold slab with a jellium region spanning from x = −d/2 to
d/2 is therefore given by

ε‖(ω, x) = 1 − ω2
p(x)

ω2 + i�ω
+ [εs(x) − 1]θ (|x| − d/2)

+ εbound(ω)θ (d/2 − |x|). (2)

Here, the first term describes the local Drude response of free
electrons with position-dependent plasma frequency ωp(x) =√

n(x)e2/(meε0) determined by the electron density n(x) cal-
culated using DFT. Also, h̄� = 65.8 meV has been applied
for the damping term [50]. The dielectric substrate and su-
perstrate, which in general can be different, are described
by εs(x), and the Heaviside step function θ in the first line
makes sure that the dielectric function sufficiently far from the
slab equals the correct values in the substrate and superstrate.
Hence, it has been assumed that the electron density across the
slab does not depend on the kind of substrate and superstrate it
is surrounded by. Lastly, the abrupt behavior assumed for the
bound electron term is modeled with the same step function θ

as used to describe the anisotropic response discussed above.
The perpendicular part of the dielectric tensor is written as

ε⊥(ω, x) = ε‖(ω, x) + εani(ω, d )θ (d/2 − |x|), (3)

where the expression for the anisotropic term εani(ω, d ) is
given in Appendix B. Anisotropy has previously been in-
cluded in Refs. [21,49] but neglected in several other papers
[1,19,20,28–30].

An example of the parallel part of the dielectric function
is seen in Fig. 1(b) for a slab width of 1 nm at a wavelength
of 775 nm. For a gold slab placed on a glass substrate with
air as superstrate, the blue curve to the left and the black
curve to the right of the slab describe the dielectric function
in the glass and air, respectively. The real part of the dielectric
function is clearly seen to jump at the slab boundary due to
the step function in the second line of Eq. (2). Although it is
difficult to see in the figure, the imaginary part of the dielectric
function also jumps across the interfaces. Since the substrate
and superstrate are assumed lossless, the imaginary part of the
dielectric function is unaffected by these materials.

III. MODE INDEX OF PROPAGATING PLASMONS

The magnetic field of the SPPs only has a z component and
is given by [6]

�Hm(�r) = ẑHm(x, y) = ẑ exp(ik0βmy)Hm(x), (4)

where the subscripts m = {l, s} indicate that the field and
associated complex mode index β can be either long range
or short range, respectively, in agreement with Ref. [9]. In
Eq. (4), k0 = 2π/λ is the free-space wave number, and Hm(x)
is the transverse magnetic field distribution. Both the mode
index and the transverse magnetic field depend strongly on
d , especially for the short-range mode, as will be shown
below.

The plasmon mode indices are found as poles in the
reflection coefficient [50,52], which is calculated by a transfer
matrix method relating the magnetic fields to the left and right
of the structure [1] (see Appendix B for the incorporation of
anisotropy and Appendix C for classification of modes).

Figures 2 and 3 show, respectively, the short- and long-
range mode indices as a function of d at a wavelength of
775 nm, where the response is isotropic in Fig. 2. For the
blue and red curves in Fig. 2(a), the geometric structure is
symmetric, while it is asymmetric for the green curves in
Fig. 2(b), as indicated in the text above each subfigure. This
implies that the magnetic fields associated with the blue and
red curves are antisymmetric, while the symmetry of the
associated fields is broken for the corresponding green curves,
which will be demonstrated in the next section.

It is found that the relative effect of anisotropy on both
components of the short-range mode indices is small, why
Fig. 2 only shows the mode indices for an isotropic response.
Mode indices calculated with an anisotropic response are
instead shown for the long-range mode in Fig. 3. The results
in Fig. 2 are in agreement with previous studies [7–9] when
spill-out is neglected. The real parts are almost unaffected by
spill-out, while it plays a significant role for the imaginary
parts, as will be elaborated upon below. A similar calculation
of the mode index with and without spill-out for gap plasmons
propagating in narrow gaps in gold showed that the mode
index when including spill-out converges to the refractive
index of bulk gold in the limit of vanishing gap width [1],
while neglecting spill-out leads to an unphysically diverging
mode index [2,3]. For plasmons bound to the slab, the mode
index when neglecting spill-out also diverges unphysically in
the limit of vanishing slab thickness [7–9]. This is not the
case with spill-out included, as plasmonic modes only exist
when the real part of the metal dielectric constant is negative
in some region along the direction normal to the slab [50]. It
is found that for a slab of subatom thickness (∼0.3 Å), the
electron density becomes so delocalized that the real part of
the dielectric constant is everywhere positive. Hence, with
spill-out included, the mode index does not diverge in the
limit of vanishing slab thickness. Instead, plasmonic modes
cease to exist for slabs below a cutoff thickness in the subatom
range. However, since a gold atom has a diameter of roughly
0.3 nm [4], we only consider slab widths larger than this value.

For an asymmetric structure with glass as substrate and
air as superstrate, the short-range mode index is shown in
Fig. 2(b). Here, it is difficult to see the difference in mode
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FIG. 2. Real (solid and dashed lines) and imaginary (dotted and
dashed-dotted lines) parts of the short-range mode index vs slab
width d at a wavelength of 775 nm. Results are shown for spill-out
(SO) included (solid and dashed-dotted lines) and neglected (dashed
and dotted lines). In (a) the structure is symmetric, and the blue
and red lines are for slabs surrounded by glass (gg) and air (aa),
respectively. In (b) the structure is asymmetric, where the slab is
surrounded by glass and air (ga), and the inset shows a zoom for
d below 1 nm. In both (a) and (b), the response is isotropic.

index with and without spill-out when the slab width exceeds
1 nm. Therefore, the mode index when neglecting spill-out
is only included in the inset showing results for d below
1 nm, where β has the same behavior as for the symmetric
structure in Fig. 2(a). Although it is hard to see in the figure,
the imaginary part is small but nonzero for all slab widths. The
mode index has converged when d = 100 nm, and for such a
wide slab the plasmon behaves as if bound to a single interface
between glass and gold [50].

The asymmetric structure also supports long-range modes,
but only for slab thicknesses above a certain threshold [8]. The
long-range mode is mainly bound to the air-gold interface,
with a mode index that is lower than the refractive index of
the glass substrate. This implies that the normal component
of the wave vector becomes real (with a very small imaginary
part due to loss in the gold) on the glass side of the structure,
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FIG. 3. Long-range mode index for a slab surrounded by glass
(gg) at a wavelength of 775 nm. In (a), the real and imaginary parts
are shown on the left and right y axes, respectively, as indicated by the
arrows. The black dashed-dotted line shows the imaginary part of the
mode index when the response is anisotropic. (b) Shows a zoom of
the imaginary part in (a) for d below 10 nm, where the line types have
the same meaning as in (a). Inset shows the potential barrier for a slab
of width 4.5 nm, as indicated by the arrow, where the Fermi energy is
shown by the red horizontal line, and all the discrete quantum energy
levels as the dashed blue horizontal lines. A transition between an
occupied and an empty state with energy difference h̄ω is illustrated
by the vertical arrow, and is near resonance at the wavelength
of 775 nm.

leading to a wave propagating in the substrate, thus not a
truly bound mode [10]. Hence, the wave will leak out into
the substrate, where conservation of momentum determines
the leakage angle [52]. However, if the dielectric constants
of the substrate and superstrate are not too different, it is
possible to obtain a long-range mode that is truly bound to
both interfaces (see, e.g., Fig. 3 in Ref. [9]). The phenomenon
of leaky modes can be examined using leakage radiation
microscopy (see, e.g., Refs. [10,53,54]).

Figure 3(a) shows the mode index of the corresponding
long-range mode for a gold slab surrounded by glass, where
the response is isotropic for the blue lines and anisotropic
for the black line. Again, the results are in agreement with
previous studies [7–9] when spill-out is neglected. In this
case, the mode index for an ultrathin slab is very close to
the refractive index of the substrate, which implies that the
mode is weakly bound. The mode is therefore long range
with most of its field profile located in the dielectric regions,
which will be illustrated in the next section. As the slab width
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increases to 200 nm, the mode index without spill-out has
converged to

√
εgoldεglass/(εgold + εglass ), which is the mode

index of a plasmon bound to a single interface between gold
and glass [50]. In addition, the corresponding short-range
mode index when neglecting spill-out in Fig. 2(a) converges
to the same value for d = 200 nm (not shown) in agreement
with Refs. [8,9,12]. With spill-out included, the long-range
mode index for small slabs in Fig. 3(a) is also close to the
refractive index of the substrate, and the imaginary part is
very low. As for the short-range mode in Figs. 2(a) and
2(b), especially the real part of the mode index is almost the
same with and without spill-out, as seen by comparing the
solid and dashed lines. But, importantly, spill-out significantly
increases the imaginary part of the mode index, even for slab
widths up to 200 nm, as seen by comparing the dotted and
dashed-dotted lines in Fig. 3(a). When including anisotropy
in the model, it is found that the real part of the mode index
is almost unchanged (not shown), while the imaginary part is
modified. For wide slabs the effect of anisotropy is small, in
agreement with Ref. [49], as can be seen by comparing the
blue and black dashed-dotted lines. The same small effect of
anisotropy for wide slabs is found for the short-range mode
in Fig. 2(a) (not shown). In the other limit when the slab
width is only a few nm, the imaginary part of the long-range
mode index is modified due to anisotropy, as seen in Fig. 3(b)
showing a zoom of the imaginary parts in Fig. 3(a) for d
below 10 nm. As these values are on the order of 10−4, this
mode is relatively much more sensitive to anisotropy than the
corresponding short-range mode in Fig. 2, even though the
absolute change due to anisotropy is comparable for the two
modes. The anisotropic part contains peaks corresponding to
certain resonances in electronic transitions (see Appendix B
for details). For a wavelength of 775 nm, a resonance is found
at a slab width of 4.5 nm, for which the potential barrier
is shown in the inset, where the zero in potential is chosen
to be sufficiently far from the slab. A transition between an
occupied and an empty state with energy difference h̄ω is
illustrated by the vertical arrow. For wider slabs, the individual
energy levels are closer, and become continuous in the bulk
limit, implying that the response tends to become isotropic in
this limit.

Having now briefly accounted for the relative small impact
of anisotropy, we turn to further illustrate the effect of spill-out
in a symmetric structure. Hence, in the remaining part of the
paper, the shown results are all obtained using an isotropic
response. The ratio between mode indices with and without
spill-out is shown in Figs. 4(a) and 4(b) for the short- and
long-range modes, respectively. For both kinds of modes,
the real part of the mode index is almost unaffected by spill-
out, as the ratios shown by the solid lines in Fig. 4 have
converged to 1.0004 when d = 50 nm. For the short-range
mode the ratio between the imaginary parts is approximately
3.0 for a slab width of 0.3 nm, while it converges to ∼1.2
for d = 200 nm. The real part of the normalized magnetic
field profile when spill-out is included is shown in the inset
of Fig. 4(a) for a slab width of 200 nm, as indicated by the
arrow. It behaves as two decoupled plasmons bound to the
interfaces between glass and gold, as the field profiles bound
to the individual interfaces do not interact for such a wide
slab.

(a) Short-range mode

(b) Long-range mode
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FIG. 4. Ratio between mode indices with and without spill-out
at a wavelength of 775 nm for a slab surrounded by glass (gg). In
(a), the mode is short range, and the inset shows the real part of the
transverse magnetic field for d = 200 nm, as indicated by the arrow,
where the colored area represents the ion charge. In (b), the mode
is long range and the inset shows a zoom for d below 1 nm. The
response is isotropic.

For the long-range mode, the corresponding ratio between
the imaginary parts is extremely high for small d as seen in the
inset in Fig. 4(b). However, as d increases, the ratio decreases
monotonically and converges to ∼1.2 when d = 200 nm.
This is an important result showing that quantum spill-out
increases the imaginary part of the mode index by 20%, even
for relatively thick slabs that can readily be fabricated [12,53]
and approach bulk gold. It is highly surprising that spill-out
plays such a significant role for wide slabs, as it only modifies
the electron density in a region very close to the ion charge. In
addition, it is noticed that the ratios between the imaginary
parts of the two modes converge to the same value when
the slab is wide enough, as in this case the field profiles
bound to the individual interfaces are decoupled, similarly
to classical models [8,9,12]. Furthermore, the short-range
mode indices with and without spill-out in the asymmetric
structure in Fig. 2(b) converge to the same values as for
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the long-range mode in Fig. 3(a), as both modes behave as
bound to a single interface between gold and glass. Hence,
spill-out also increases the imaginary part of the mode index
by 20% in an asymmetric structure. The physical meaning
of the enhanced imaginary part is that the plasmon propa-
gation length will be significantly shorter, while the unal-
tered real part implies that the propagation velocity will be
unchanged.

Reference [20] applied an isotropic dielectric function with
components analogous to Eq. (2) to study the effect of spill-
out on plasmons propagating in a magnesium slab (rs = 2.66
bohrs) surrounded by silicon and air. With the present method,
the real part of the calculated mode index agrees well with
values estimated from Fig. 5 in Ref. [20], showing quantitative
agreement between that paper and the method presented here.
Likewise, the mode index calculated in this paper agrees
well with values estimated from Figs. 6 and S9 in Ref. [35]
regarding plasmons propagating in gold slabs surrounded by
air.

IV. FIELD PROFILE AND PLASMONIC ABSORPTION

Once the mode indices have been computed, the magnetic
field from Eq. (4) is calculated using the same transfer matrix
method as described in Refs. [1,55]. In the last part of Ap-
pendix B it is shown how the method is slightly modified to
describe the anisotropy. Applying the same phase convention
as in Ref. [7], the normalized real part of the short-range
transverse magnetic field Hs(x) across a gold slab of 0.3 nm is
shown in Fig. 5(a) at a wavelength of 775 nm. The associated
imaginary parts of the fields are not shown as they are small
compared to the real parts, similarly to classical models [7].

When neglecting spill-out, the slope of the magnetic field,
corresponding to the normal component of the electric field,
becomes discontinuous across the slab surfaces in agreement
with Refs. [7–9]. With spill-out included, the slope is still
discontinuous due to the abrupt change in the bound electron
term in Eq. (2), although it is difficilt to see in Fig. 5(a). But,
in the vicinity of the slab surface, the field profiles behave
more smoothly, and their maximum positions are slightly
shifted into the dielectric region. We have checked that the
appropriate boundary conditions regarding electromagnetic
fields across an interface [50] are satisfied. Further away from
the slab, the field profiles with and without spill-out become
almost identical. Consequently, the decay lengths into the
dielectrics, calculated as 1/Im(kx ), where kx = k0

√
εs − β2

is the wave number in the x direction, are very similar and
both are on the order of a few nm. This illustrates that the
short-range mode is strongly bound to the slab, as it decays
very rapidly into the dielectrics [9], and thereby has a large
part of its field profile located in the slab region. Notice
that as the real part of the mode index is much higher than
its imaginary part, the decay length mostly depends on the
real part of the mode index. Figure 5(a) demonstrates that
the short-range magnetic field is antisymmetric for the two
symmetric structures shown by the blue and red curves, while
this is no longer the case for an asymmetric structure, as
shown by the green curves. When the slab width increases, the
field profile broadens, as shown in the inset of Fig. 4(a) for a
200-nm-wide slab. For such a wide slab, the field profiles with
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FIG. 5. (a) Normalized real part of Hs(x) across a slab of width
0.3 nm. (b) Shows the decay length of the long-range mode for a gold
slab surrounded by glass (gg) with and without spill-out. The inset
shows the real part of the magnetic field profiles for a slab of width
0.3 nm as indicated by the arrow. In both (a) and (b), the colored
areas represent the ion charge, the wavelength is 775 nm, and the
response is isotropic.

and without spill-out are almost identical, and both behave
as two decoupled plasmons bound to the interfaces between
glass and gold. When including anisotropy, the short-range
mode indices were almost unchanged. This also applies for
the magnetic fields, why Fig. 5(a) only shows the fields for an
isotropic response.

As mentioned above, the long-range mode is weakly
bound. Consequently, the electromagnetic fields for a few-nm
slab have decay lengths of several micrometers, as shown for
a gold slab surrounded by glass in Fig. 5(b). As the decay
length mostly depends on the real part of the mode index, the
decay length in Fig. 5(b) is in practice unchanged when the
response is anisotropic. The long decay length implies that
most of the field profiles are located in the dielectric regions.
The field profiles are broader when spill-out is neglected, as
also seen in the inset showing the real part of the magnetic
fields across a slab of width 0.3 nm, i.e., the same slab as in
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FIG. 6. Normalized absorption density for the short-range mode
across a gold slab of width 0.3 nm at a wavelength of 775 nm. The
solid and dashed lines show the absorption density when spill-out
is included and neglected, respectively, where the red and blue lines
are for slabs surrounded by air (aa) and glass (gg), respectively. The
response is isotropic.

Fig. 5(a). Including spill-out effectively implies a broader slab
[see Fig. 1(a)], which means that the fields become slightly
more localized with a shorter decay length. For slabs wider
than 3 nm, the decay lengths with and without spill-out are
very similar, and both converge to the decay length of a
plasmon bound to a single interface between gold and glass
(not shown).

As argued above, spill-out plays almost no role for the
decay length for slabs of a few nm. On the other hand, it
significantly increases the imaginary part of the mode index
as shown in Fig. 4. This leads us to investigate how spill-out
affects the electric field and plasmonic absorption across the
slab. First, the electric field is calculated from the magnetic
field in Eq. (4) as [50]

�Em(x, y) = i←→ε −1(x, y)

ωε0

�∇ × [ẑHm(x, y)]. (5)

The electric field is subsequently used to calculate the
absorption density defined as

Am(x, y) = Im( �E∗
m(x, y) · ←→ε (x, y) · �Em(x, y)). (6)

By considering the time average of the Poynting vector,
〈�S〉 = 1/2 Re( �E × �H∗) [50], it can be shown that conserva-
tion of energy implies that the plasmonic absorption and the
imaginary part of the mode index are related in the following
way:

Im(β ) = cε0
∫

Am(x, y)dx

2
∫

Re( �Em(x, y) × �H∗
m(x, y)) · ŷ dx

. (7)

We have checked that this relation is satisfied for both kinds of
modes with and without spill-out. The normalized absorption
density is shown in Fig. 6 for the short-range mode across the
slab of width 0.3 nm at a wavelength of 775 nm. If spill-out

is neglected, absorption can only take place in the gold as
the surrounding dielectrics are assumed lossless. In this case,
the absorption density is almost unaffected by the kind of
surrounding dielectric, why Fig. 6 only shows it for a slab sur-
rounded by air. But, with spill-out included, strong plasmonic
absorption occurs, and the absorption density mostly consists
of two narrow peaks located in the dielectric regions close to
the interfaces. At these positions, similarly to Refs. [1,56], the
real part of the dielectric function is zero (at the wavelength
775 nm), while its imaginary part is small but nonzero, which
ensures that the peaks in the absorption density are finite. The
narrow peaks are found a few Å outside the ion charge, and
the same is found for the long-range mode (not shown). The
contribution from these peaks leads to enhanced plasmonic
absorption, as they are a consequence of electron spill-out, and
therefore not found in classical models. The peaks correspond
to the increase in imaginary part of the mode index observed
in Sec. III. For a slab surrounded by glass, the peaks occur
slightly closer to the slab, as the real part of the dielectric
function has its zero shifted slightly compared to the case
with a slab surrounded by air [see Fig. 1(b)]. The same
phenomenon was found in Ref. [20] for a magnesium slab
surrounded by silicon and air. The peaks in absorption density
due to spill-out were recently discussed in Ref. [1], where
they were found to significantly reduce the reflectance from
an ultrasharp groove array in much better agreement with
measurements [4] compared to classical models [5,6]. Like for
the magnetic field, the absorption density is almost unaffected
by anisotropy, why Fig. 6 only shows results for an isotropic
response.

The increased absorption loss due to spill-out will man-
ifest itself as decreased propagation lengths in fabricated
plasmonic structures. Losses in such structures have been
studied in, e.g., Refs. [57–60], where it was found that the
measured propagation length of plasmons propagating in a
70-nm silver film deposited on glass is significantly shorter
than the one calculated using classical models [59,60]. In
addition, attenuated total reflectance (ATR) has been studied
for a silver film on glass in the Kretschmann configuration.
It is found that the measured reflectance at the Kretschmann
angle [50] is significantly lower than the one calculated using
classical models [61,62], illustrating that the losses are higher
than expected from a classical point of view. Hence, these
works together with Ref. [1] also support the finding that a
classical model is not sufficient to correctly describe losses
occurring in plasmonic waveguides.

V. CONCLUSION

In conclusion, we have applied a quantum mechanical
approach and local response theory to study the propagation of
plasmons in nanometer-thin gold slabs surrounded by differ-
ent dielectrics. The effect of spill-out is found to be small on
the real part of the mode indices but remarkably increases the
corresponding imaginary part, and even for slabs wide enough
to approach bulk the increase is 20%. This is explained in
terms of enhanced plasmonic absorption mainly taking place
in narrow regions located a few Å outside the ion charge. It is
highly surprising that spill-out plays such a significant role for
wide slabs, as it only modifies the electron density in a region
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very close to the ion charge. For slab widths above a few
nanometers, the decay length of the fields into the dielectrics is
almost unaffected by spill-out, as it mostly depends on the real
part of the mode index. By taking anisotropy into account, a
comparable change is found in the imaginary part of the mode
index for both kinds of modes, while the relative change,
however, is much larger for the long-range mode. When the
slab width increases, the effect of anisotropy becomes less
pronounced, and for a 200-nm-wide slab the response is
almost isotropic. Furthermore, in contrast to classical models,
the short-range mode index does not diverge in the limit of
vanishing slab thickness when spill-out is included. Instead,
plasmonic modes cease to exist for slab widths below a cutoff
thickness in the subatom region.
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APPENDIX A: CALCULATION OF ELECTRON DENSITY

In this Appendix, we discuss in more detail how the
electron density is calculated. Within the jellium model it is
assumed that the charge of the gold ions is smeared out, such
that their charge density is constant within the slab [23,24].
The characteristic spill-out, as seen in Fig. 1(a), stems from
the distribution of free electrons in the vicinity of this positive
background. The Kohn-Sham equations [23] are solved self-
consistently within the local density approximation (LDA)
[44], applying the Perdew-Zunger parametrization [63] for the
correlation term. The applied Wigner-Seitz radius for gold is
rs = 3.01 bohrs [24].

It is found that 2500 basis functions on the form
sin (mπ (x/L + 1/2)) are sufficient to describe the density for
slab widths up to 200 nm. The length L is 1 nm larger than the
slab width d , and the slab is centered at x = 0. As in Ref. [1],
the density is said to converge when a variation in Fermi
energy between two iterations below 10−7 Ha is achieved.
Furthermore, in the Anderson mixing scheme [64], the mixing
parameter α must be below a certain threshold which strongly
decreases with d . It is found that α � 5 × 10−4 is necessary
for slab thicknesses up to 20 nm. The potentials for wider
slabs can afterward be constructed from the potential of the
20-nm slab, as the oscillations in potential near its center are
negligible, meaning that the effective potential near the center
can be seen as constant. This constant potential is added in the
central region of wider slabs.

APPENDIX B: ANISOTROPY

In this Appendix, we discuss how the anisotropic term
εani(ω, d ) in Eq. (3) is calculated, and how the transfer matrix
method is slightly modified to describe an anisotropic re-
sponse. As mentioned in Sec. II, we approximate the nonlocal
part of the dielectric tensor by a piecewise constant function
taking the value

∫∫ ←→ε NL(x, x′)dx dx′/d inside the slab and
zero outside. From Ref. [43], the transition matrix elements

used in Eq. (1) are given by

�jnm(�k‖, x) = − eh̄

2mei
(2i�k‖Anm(x) + x̂Bnm(x)), (B1)

where

Anm(x) = ϕn(x)ϕ∗
m(x),

Bnm(x) = ϕ∗
m(x)

∂ϕn(x)

∂x
− ϕn(x)

∂ϕ∗
m(x)

∂x
. (B2)

Here, the ϕn’s are the wave functions corresponding to the
energies En = h̄ωn in Eq. (1). From Eqs. (B1) and (B2),
the parallel part of the step function is found to be zero
due to the orthogonality of the wave functions. Using
the commutator relation 〈ϕm| p̂x|ϕn〉 = imeEmn〈ϕm|x|ϕn〉/h̄,
where Emn = Em − En, and the oscillator strength gmn =
2me|〈ϕm|x|ϕn〉|2Emn/h̄2, the perpendicular part describing the
anisotropy can be shown to be

εani(ω, d ) = e2

πdε0 h̄2(ω + i�)2

×
∑
m,n

gmn
E2

mn(EF − En)θ (EF − En)

E2
mn − h̄2(ω + i�)2

. (B3)

Here, the energies and number of bands depend strongly on
d . A resonance is found when Emn for a certain transition is
close to the photon energy h̄ω, as illustrated by the vertical
arrow in the inset of Fig. 3(b). When the slab width increases
to 200 nm, the anisotropic term tends to zero, implying that
the response becomes isotropic in this limit.

When describing anisotropy, the reflection and transmis-
sion coefficients in the transfer matrix method are slightly
modified into [65]

ri j = kx,iε‖, j − kx, jε‖,i
kx,iε‖, j + kx, jε‖,i

, ti j = 1 + ri j, (B4)

where kx,i = k0

√
ε‖,i − β2ε‖,i/ε⊥,i. It is seen that if the ma-

terial is isotropic, ε‖,i = ε⊥,i, the original coefficients from
Ref. [55] are restored.

APPENDIX C: CLASSIFICATION OF PLASMONIC MODES

In this short Appendix, we discuss how the plasmonic
modes are classified. The mode index is calculated by the
same type of transfer matrix method as presented in detail
in Ref. [1]. However, only one kind of plasmonic mode was
studied in that paper, while the classification of modes was
not presented there. A structure matrix S is constructed,
which relates the magnetic fields to the left and right of
the structure, and a mode index is found when the matrix
element S11 is zero, as this condition yields a pole in the
reflection coefficient. The mode is classified by the sign of
S21, where positive and negative signs correspond to long-
and short-range modes, respectively, and S21 is exactly ±1 for
symmetric structures. Expressions for the matrix elements can
be found in Refs. [1,55]. In addition, the x axis is divided into
tiny segments, each modeled as having a constant dielectric
function. Similarly to Ref. [1], we find that segments of
2.7 × 10−4 nm are sufficient to avoid discretization errors.
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