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We study Bell-state correlations for quasiparticle pairs excited in nonlinear current through a double quantum
dot in the Kondo regime. Exploiting the renormalized perturbation expansion in the residual interactions of
the local Fermi liquid and Bell’s inequality for cross correlation of spin currents through distinct conduction
channels, we derive an asymptotically exact form of Bell’s correlation for the double dot at low bias voltages.
We find that pairs of quasiparticles and holes excited by the residual exchange interaction violate Bell’s inequality

for the spin currents.
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I. INTRODUCTION

Recent advancement in current observation has realized
ultrasensitive current noise measurements on current through
a Kondo dot, spin current, and current cross correlation [1-5].
Low-energy properties of quantum dots with magnetic mo-
ments that strongly interact with conduction electrons in
connected lead electrodes exhibit the Kondo effect, which has
been a central issue of condensed-matter physics over the 50
years [6]. The low-energy properties of the Kondo effect are
described well by the local Fermi-liquid theory. The local
Fermi liquid is an extension of Landau’s Fermi liquid to cover
quantum impurities, in which free quasiparticles and resid-
ual interactions account for the underlying physics [7-13].
In electric current through the Kondo dot at low applied
bias voltages, residual interactions excite quasiparticle pairs
that have an effective charge of 2¢ [10,14-20]. This doubly
charged state has been observed as enhancements of the shot
noise [1,2,21-25].

This paper will explore the nature of the correlation be-
tween the quasiparticles that are excited by the residual inter-
actions within the current. In a previous work of ours [26], we
found that the residual exchange interaction of a quantum dot
excites spin-entangled quasiparticles and holes. However, it
remains a question how the entanglement can be observed. We
exploit Bell’s inequality with current correlations to investi-
gate the quasiparticle’s entanglement. Bell’s theorem draws an
essential distinction between the correlations found in quan-
tum mechanics and those found in classical mechanics. As a
no-go theorem, Bell’s theorem places limits on physical pos-
sibility [27-33]. Bell-state correlation of electrons involved
in tunneling currents through mesoscopic devices has been
studied for the past 20 years [34-37]. Several studies have
focused on Bell-state correlations caused by many-body ef-
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fects. For example, Bell-state correlations of superconducting
electron pairs have been studied with the Cooper pair splitter
both theoretically and experimentally [4,38,39]. Bell-state
correlations have also been predicted for electrons scattered
by the Kondo exchange interaction at temperatures near the
Kondo temperature [40]. Our work paves a way to investigate
quantum entanglement in a variety of correlated materials, and
will bring deeper understanding and different applications of
local Fermi liquid.

This paper is organized as follows. First, we introduce a
double quantum dot to generate quasiparticles’ entanglements
between the channels in Sec. II. Then, we briefly describe
Bell’s inequality with current correlations in Sec. III, and in-
troduce the source term to systematically calculate the current
correlations in Sec. IV. We also describe the renormalized
perturbation theory to correctly treat the low-energy excited
states of the local Fermi liquid in the nonlinear current in
Sec. V. We discuss the restriction on the measurement time
interval, and the Bell’s inequality for an effective current that
carries spin entanglements in Sec. VI. A measurable form of
the Bell’s inequality for the full current and the interaction
dependence are investigated. A brief summary is given in
Sec. VIL

II. MODEL

Consider the double dot illustrated in Fig. 1. The system is
described by the action of the Anderson impurity model given
asS=3, f_ﬁﬁz dt(o;)"* L'y, where the Lagrangian is given
as Ly = Lff + L4 + L{ with
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FIG. 1. Schematic of the double dot and quasiparticle pairs ex-
cited within the two channels of the current. The bias voltage eV is
applied between the left and right leads. The filled and unfilled cir-
cles represent quasiparticles and holes, respectively, and the arrows
attached to them indicate their spin degrees of freedom. Cyan and
yellow indicate channels 1 and 2, respectively.

L= [vdly Wl + 0 T, dlty ] ©)

amo

Ll =UY ol nh, +Wnliinly +2J85 Sk, (3)

Here, 7 is a measurement time, o, = ((1,0)’, (0, —1)") is
the third element of the Pauli matrix o, and the superscripts
@ = — and + represent the forward and backward paths of the
Keldysh contour, respectively. Throughout this paper, the time
argument ¢ in the Lagrangian and the Grassmann numbers
are suppressed. £/} represents electrons in the lead electrodes
and the double dot. ¢, ~and ¢, are the Grassmann
numbers for electrons with spin o =1, | and energy ¢ in
the conduction band of the left and right leads « = L, R of
channel m = 1, 2. d*_ and d*_ are the Grassmann numbers
for electrons with spin o in level €, of dot m. L represents
electron tunneling between the leads and the dots. They are

connected by tunneling matrix element v through %~ :=

[P, de JPeceamo and YL = [0 de /pct,,, with D the
half width of the conduction band and p, = % the density of
state for the conduction electrons. Electron tunneling causes
an intrinsic linewidth of the dot levels to be ' = 27 pc|v|2.
L' represents the electron interactions in the double dot.
U and W are the intra- and interdot Coulomb interactions,
respectively, and J is the exchange interaction. The Grass-
mann number corresponding to the electron occupations and

the total spin in the dot m are givenby ny, . =d, d, ., ny, =
> Mo and Sy, =43 d, 0,0d,, . We impose the
particle-hole symmetry ¢; = —% — W and the absolute zero
temperature 7 = 0 to eliminate the thermal and partition
noises and maximize the effect of J. The bias voltage eV is
applied symmetrically: the chemical potentials of the left and
right leads are pu; = +%eV and up = —%eV, respectively.
With no loss of generality, a positive bias voltage eV > 0 can

be assumed. We also use the natural units 7 = ky = 1.

III. BELL’S INEQUALITY WITH
CURRENT CORRELATIONS

We investigate quasiparticles that become correlated across
the two channels. In the original argument of Bell’s theo-
rem, the spin correlation of two particles was studied [41].
However, one-by-one detection of every spin of the quasi-
particles in a quantum-scale current remains is still diffi-
cult to be achieved in solid-state devices. Thus, we ex-
ploit Bell’s inequality for two correlated currents, derived by
Chtchelkatchev ef al. [39]. This approach is outlined below.

The key idea of Bell’s theorem is that determinism with a
hidden variable is assumed to describe any correlations [41].
The violation of this assumption gives a sufficient condition
for the quantum entanglement. For our double dot, the corre-
lation between channel 1 and 2 are assumed to be described
by a hidden variable 5. Then, the density matrix of the whole
system can be written in the form

Pavt = /dnf(n)m(n)ébpz(n), 4)

where the distribution function for the hidden variable is
satisfied with f(n) > 0 and [dn f(n) =1, and p,,(n) is the
density matrix for channel m. Integration of the current can
give the average of spin angled to 6 per a particle in the current
of channel m in a measurement time from ¢ — % tot + %:

] T A e, (1 I (1))
Am&(tv 77) = +T/2 . (5)
S dialp, @ Mg )]
Jio =Jy — Imo+x and J =J, , + Juoin are the spin and

charge current, respectively, where J, , is the current with spin
angled to the 6 direction in channel m. For a current which
effectively carries the spin correlation, the average spin is
normalized as |A,,4(¢, )] < 1. Then, the conventional deriva-
tion of Bell’s inequality for two incident entangled particles is
applicable to the averaged spin in the currents through the two
channels. We obtain the Clauser-Horne-Shimony-Holt Bell
inequality for two correlated currents as

0<C<2, (6)
where Bell’s correlation is given in the form
C=IFO,9)—FO,0)+FO,¢)+FO,¢". (1)

Here, F (0, ¢) = h*(0, ¢)/h° is given by a cross correlation of
the spin current

T2
W, 9) = / dt dt'(J35 ()5, (")) ypyps (8)
)
and that of the charge current,
T/
K = / dt di' (T ()5 () )
)

with the average by the density matrix of the hidden vari-
able theory, (...)yyr := trlogyr - - - |. Therefore, violation of
Eq. (6) for Bell’s correlation CQM calculated with the fully
quantum-mechanical density matrix pg,, gives a sufficient
condition for quantum correlation.
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IV. CURRENT CORRELATIONS

In our quantum dot, the current of the electrons with spin
angled to the 6 direction in channel m is given as

—ie( UC?mG me@ - I[meH dm@ )- (10)

To calculate current correlation, we introduce the source term

Ly =

Smgx)-—-—sz:KeMwy Dvd,,, Vi,
-+(e_“WV——1)v*¢kmydmy] (11)
in ). Here, A}, = (03)"*,,, is a contour-dependent source

field, and y (= 0, 6 + 1) is the spin index defined with respect
to the 6 direction. The Grassmann number for an electron in
the dot with spin y can be given by a rotational transformation
as dly, = cos 5d),. +sin§d), . d,, Yl ., and gl are also
defined in the same manner. Current correlations can be
calculated by differentiating the generating function In Z ()
with the corresponding source fields. The partition function is

given in the form

Z(A‘) = / D(Eaama )D(Csama )D(d_ma )D(dmo )eiS(}L)

12)

with
T2
dt (o))" [D/i Lh (X)] (13)

S = Z /

The specific form of In Z(A) up to order V? is given in
Ref. [26].

V. RENORMALIZED PERTURBATION THEORY

To take electron correlations into account, we use the
renormalized perturbation theory [42—44]. At low energies,
perturbation expansion in L provides an exact result if
all the terms in the series are accounted for. However, this
expansion is difficult, except for some special cases. Below,
employing the idea of the renormalized perturbation theory,
we reorganize the perturbation expansion and effectively carry
out all-order calculations at low energies.

First, we formulate the quasiparticle’s Lagrangian L
replacing €;, v, U, W, J, d!_, and d!  of L) W1th the
renormalized parameters and the Grassmann numbers of the
quasiparticle given by &,, 7, U , W, J~, c?,’,ja, and c?,‘,‘m.These
renormalized parameters and Grassmann numbers are defined
by sets of perturbation series given by the self-energy and the
four vertex at T = eV = 0 [26]. Note that the renormalized
linewidth given by [i=2x /oC|v|2 corresponds to the charac-
teristic energy scale, namely, the Kondo temperature: Tx =
nl'/4. We can evaluate &;, I, U, W, and J by using the
numerical renormalization group (NRG) approach [44—46].
The nonequilibrium effects at low bias voltages eV < T
arise through perturbation expansions in the renormalized
interactions.

As a part of the interaction effects are taken into account
ab initio in the quasiparticle’s Lagrangian during renormal-
ized perturbation expansion, a counter term has to be intro-
duced to avoid overcounting in the perturbation expansion. In

TABLE I. Signs of spin/charge current correlations of particle-
particle (p-p), hole-hole (h-h), and particle-hole (p-h) pairs with
parallel and antiparallel spins. The pairs excited in the current are
shown in Fig. 1.

p-p or h-h pairs p-h pair
Parallel spin i) +/+ (i) —/—
Antiparallel spin >iii) —/+ @iv) +/—

the other words, the total Lagrangian has to be satisfied with
L) = L, + L¢p. The counter term L, can be expressed in
terms of the renormalized parameters and the renormalized
Grassmann numbers, which are determined by the renor-
malized condition for the renormalized self-energy and the
renormalized four-vertex. In the particle-hole symmetric case,
the perturbation expansion up to only the second order in the
renormalized interactions provides an asymptotically exact
form of the self-energy at T = 0 up to the second order in
o and eV because of the counter term. As a result, asymp-
totically exact forms of currents and current correlations up
to order (eV)? are obtained. We shall calculate the current
correlations using perturbation expansion in the residual in-
teractions.

VI. RESULTS AND DISCUSSION

Let us calculate C,, in terms of the quasiparticle parame-
ters. Since (I°,) = 0 in our model, the correlation of the spin
currents can be rewritten into the correlation of spin current

fluctuations 81, =I5, — (I} ) as
T/2
&@@:/ dt dt' (813, (1) 15, (1)). (14)
-T/2

At low energies, namely, 7 > (eV)~! > #, differentiation
of In Z(A) with the source fields yields

V (eV 1, 1_-
hQM(9 @) = _T_n<?> (4_1] - §U)J> cos(60 — ¢)

+0(V), (15)

where g o« I'"! is the Kondo time scale, and @& = ;—Vlg and

j= ;Jls Note that the spin correlation measured by /gy, (6, ¢)
comes from only a portion of the entangled quasiparticle
pairs within the current. As seen in the specific form of
In Z(A) [26], the residual interactions can excite four types
of the quasiparticle pairs in the current (see Fig. 1). As
Table I shows, the spin and charge current correlations of
these pairs have different signs from each other. Consequently,
some of the spin and charge correlations due to these pairs
are independently canceled in the full current. Therefore, the
correlation of the charge current I’ that effectively carries the

spin current correlation must be calculated, rather than that of
. T/2

the full current given by A = f 7/, e dt dt'(I§ (t)I5(¢")) with

=>_, 1, The current correlation can be written in terms

of current fluctuation of IS as

oM = Hoy + THIENIE). (16)
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where  Hgy = [T/, drdt’ (SIE(0SIE())  with  SIS(t) =
I'°(t) — (). Although an explicit expression of [)¢ is not
easy to derive, the correlation can be evaluated readily using

the terms of spin-correlated carriers in In Z(1):

SV VN1, 1_.
T —\ = —j = -wJ ow?). (17
P2 (L) (L La) 0w
The leading term of the charge current is of the third order in

the applied bias voltage, (I7) o eV(f»I‘é)z. Thus,

()]

a boundary value of the measurement time, divides the behav-
ior of Cqy into two regions. One is 7 > f,,, where Hgy <
7’2(1f)(12°). Then, the correlation function can be given sim-
ply as ¢y ~ T>(If)(I5). This results in Cyy ~ 0, and Coy
never violates Bell’s inequality in this region. In the opposite
region T <K t,, the correlation of the fluctuations is domi-
nant, namely, HéM > T2 D) (I3), which leads to hf)M ~ H(SM.
Then, Bell’s correlation is given in the form

Cou ~ K(0.659.¢) (18)

Hgy =

with
K(@©,0;0,¢") = |cos(@ — ¢) — cos(8' — @)
1 cos(d — ¢') 4+ cos(@ — ¢)|. (19)

Since K(6,0';¢, ¢') is bounded within [0, 2+/2], it is con-
cluded that the exchange interaction of the Fermi liquid can
violate Bell’s inequality. We note that the limit 7 — oo can be
taken to evaluate Foy (0, ¢) = hoy (6, ¢)/Hgy although the
measurement time is bounded within f, < 7 < f,, because
the 7" dependencies of /gy (0, ¢) and Hgy, cancel out each
other for 7 > #,.

However, Cg,, may be difficult to measure experimentally,
because gy is the current correlation of the carriers that
effectively carry the correlated spins. Next we suggest a
measurable form of Bell’s correlation. Multiplying each side
of Eq. (6) for our double dot by r = |h¢/h'¢|, we derive a
measurable form of Bell’s inequality and correlation that are
composed of the cross correlations of the full current as

C* =|F*0,9)—F*©', )
+F*0,¢")+ F*0', ¢")| (20)

with F*(0, @) = h*(0, ¢)/h. Then, Bell’s inequality for C*
is given by a deformed boundary:

0<C <2 21

For the quantum-mechanical density of states and t;y < 7 <
t,, C* and r take the forms
4
1-4(3)

N2
4w
1+5(5)

respectively. Since C* is simply given by a product of C and
r, Cou can also violate Bell’s inequality given by Eq. (21).

CZSM = rQMK(e’ 9/;(p, (p/), rQM = (22)

The maximum value of Cy, is given by Coyy oy = ZﬂrQM,

@ 4 ‘ ‘
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FIG. 2. (a) Ciyma and 2rgy as a function of ferromagnetic

J(<0) for U =W =3.0nI". The gray area is covered by the
hidden variable theory, and the yellow area represents the suffi-
cient condition for the quantum correlation. (b) 2ryy as a function
of ferromagnetic J for U = 3.0nI" and several choices of W =
3.0xT, 2971, 2.87T, and 2.0, and U = W = 0. The thin dot-
ted line indicates the maximum value 2ryy = 1 + @ ~ 2.528.

which corresponds to Tselson’s bound [47] in our model. This
bound gives the upper limit for the correlation in the quantum
regime. Coy . and 2rgy, are plotted as a function of J;
J<0andJ > 0forU =W = 3.0xT in Figs. 2(a) and 3(a),
respectively. A critical point appears at J = J, > 0 [46,48].
For J > J,, two electrons occupying in the double dot form
an isolated singlet state and decouple from the conduction
electrons, and then no charge currents can flow through the
double dot. Thus, we focus on the region J < J_, in which
the low-energy state is accounted for by the local Fermi
liquid, and electric current flows through the dot. The region
between Ciyp max and 2rgy represents a sufficient condition
that the correlation of spin currents across the two channels is
quantum mechanical in nature. For J > 0, the value C&yy
takes a local minimum to zero, where the excited quasiparticle
pairs with parallel and antiparallel contributions to the spin
correlation cancel each other out. Thus, Bell’s test is not
applicable with this value of J.

Experimentally, the violation of Bell’s inequality can be
confirmed through observation with values of Cgy, larger than
the theoretically calculated value of 2rq,. This parameter
2rQM depends on the strength of U, W, and J, which can be
evaluated using NRG calculations. 2rg,; is plotted as a func-
tion of J for several choices of U and W forJ < OandJ >0
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FIG. 3. (a) Cijy.max @nd 27y as a function of antiferromagnetic
J(>0) for U =W =3.0nT. J is normalized by the critical value
J.. The gray area is covered by the hidden variable theory, and
the yellow area represents the sufficient condition for the quantum
correlation. (b) 2rq), as a function of ferromagnetic J forU = 3.0nT
and several choices of W = 3.0xT", 2.97T", 2.82T",and 2.07T", and
U =W = 0. The thin dotted line indicates the value of the local
maximum rgy = 1 — @ ~ (0.528.

in Figs. 2(b) and 3(b), respectively. For |J| > T, the values

of hgﬁ/l coincide with hf)M which results in Tom = 1 and the

rom independent form of Bell’s inequality is recovered. In this
region, therefore, Bell’s test can be examined without the need
for any numerical calculations of rqy;.

Finally, we discuss the causal locality of Bell’s theorem in
our model. Bell-state correlations in our model are induced
by entangled quasiparticles that are excited by the residual
exchange interaction that is scaled by Ty . Therefore, for the
causal locality to hold, the two measurements in channels
1 and 2 must be separated by a distance d > cty, where
I = kBLTK and c is the speed of light. For a typical Kondo
temperature of quantum dots 7x ~ 1 K, d must be much larger
than ct, ~ 4.58 x 1072 m.

VII. SUMMARY

We have found that spin entangled quasiparticles that are
excited by the residual exchange interaction of the local Fermi
liquid in the double dot leave their trace in the violation of
Bell’s inequality with correlations of the effective current.
By deforming the boundary of the hidden variable theory,
we have derived an experimentally measurable form of Bell’s
inequality that is composed of correlations of the full current.
The interaction dependence of the deformed boundary and
Bell’s correlation has been demonstrated by using the NRG
approach. We have also shown that the long measurement-
time limit can be taken to both theoretically and experimen-
tally evaluate correlations of current fluctuations, beyond the
restriction to extract the meaningful Bell-state correlation.
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