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We discuss the polarization amplitude of quantum spin systems in one dimension. In particular, we closely
investigate it in gapless phases of those systems based on the two-dimensional conformal field theory. The
polarization amplitude is defined as the ground-state average of a twist operator which induces a large gauge
transformation attaching the unit amount of the U (1) flux to the system. We show that the polarization amplitude
under the periodic boundary condition is sensitive to perturbations around the fixed point of the renormalization-
group flow rather than the fixed point itself even when the perturbation is irrelevant. This dependence is encoded
into the scaling law with respect to the system size. In this paper, we show how and why the scaling law of
the polarization amplitude encodes the information of the renormalization-group flow. In addition, we show that
the polarization amplitude under the antiperiodic boundary condition is determined fully by the fixed point in
contrast to that under the periodic one and that it visualizes clearly the nontriviality of spin systems in the sense
of the Lieb-Schultz-Mattis theorem.
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I. INTRODUCTION

The electric polarization is one of the most fundamental
quantities in condensed-matter systems. It is sensitive to the
conductivity of electrons and thus allows us to diagnose
whether the system is in a conducting phase or in an insulating
phase [1,2]. The polarization is regarded as a bulk property
of the system [3], and therefore, it should be well defined
under the periodic boundary condition. However, the naive
definition of the polarization as the spatial integral of the
product of the position x and the charge-density n(x) suffers
from an ambiguity of the position operator under the periodic
boundary condition. It was thus proposed [1,2] to define the
polarization through the polarization amplitude z given by

z := 〈ψ0|ei(2π/L)P |ψ0〉, (1.1)

where |ψ0〉 is the ground state of the system, L is the length of
the system along an arbitrarily chosen direction, and P is the
polarization operator along that direction P = ∫ L

0 dx xn(x).
Using the polarization amplitude, one may write the polar-
ization as (L/2π ) Im ln z. The polarization amplitude has
attracted much attention of theoretical physicists [4–9].

The polarization amplitude also plays an important role
in magnetic insulators. Dealing with magnetic excitations as
charged particles, we can adapt the polarization amplitude to
distinguish gapless and gapped ground states of quantum spin
systems. Moreover, a generalized polarization amplitude,

z(q) := 〈ψ0|U q|ψ0〉 , (1.2)

with an integer q and

U q := exp

⎛
⎝i

2πq

N

N∑
j=1

jSz
j

⎞
⎠ (1.3)

is useful to distinguish symmetry-protected topological
phases and topologically trivial gapped phases [10–12]. In
addition, one can expect that z(q) is also related to the “gappa-
bility” of the ground state, that is, the possibility of having a
unique symmetric gapped ground state. This notion is closely
related to the Lieb-Schultz-Mattis (LSM) theorem [5,13,14]
and the symmetry protection of gapless phases [15]. In fact,
the operator U played a key role in the original proof of the
LSM theorem [13].

The growing awareness of the LSM theorem and related
phenomena in condensed-matter physics [16–20] leads theo-
retical physicists naturally to studies on the polarization am-
plitude (1.2) in gapless quantum many-body systems [6,7,9].
Recently, Kobayashi et al. [6] investigated the polarization
amplitude (1.2) in gapless phases of one-dimensional quan-
tum spin systems with a finite chain length L on the basis of
equivalence of quantum spin chains and interacting spinless
fermion systems in one dimension [21]. They found an inter-
esting scaling law of the polarization amplitude with respect
to L,

z(q) ∝
(

2π

L

)βq

, (1.4)

with a power βq. It was found that the scaling law in
the S = 1/2 XXZ spin chain differs from that in an S =
1/2 J1-J2 XXZ chain although the ground states of those
systems belong to the same quantum phase described by a
low-energy effective field theory known as the Tomonaga-
Luttinger (TL) liquid [21]. This observation implies that
the scaling law of the polarization amplitude is sensitive
to some high-energy degrees of freedom which can usually
be ignored without any problem in the low-energy effective
theory. Currently, the scaling law of the polarization amplitude
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TABLE I. Comparison of the scaling law z(q) ∝ (2π/L)βq in four spin-chain models: the XXZ spin chain, the J1-J2 XXZ spin chain, the
Haldane-Shastry model, and the spin ladder on and off the quantum critical point (QCP). Although all these models have the same fixed-point
theory, they disagree in the scaling law. The second column refers to the existence of the most relevant perturbation (7.1) in the first three
models and H′ ∝ ∫ dx cos(2

√
2φ+) in the last two. The third column refers to the relevance of H′ in the RG sense, and the fifth column refers

to the smallest positive q that makes z(q) nonzero under the periodic boundary condition. The rightmost column shows the power βq for that q.

“Lattice model” “H′ at L → +∞” H′ in the RG Interaction range” q Power βq

XXZ chain Present Irrelevant Local 2 4K − 2
Fine-tuned J1-J2 XXZ chain Absent Irrelevant Local 2 4K
Haldane-Shastry Absent Irrelevant Nonlocal 2 4K − 1
Ladder on QCP Absent Relevant Local 1 2K
Ladder off QCP Present Relevant Local 1 2K − 2 (< 0)

in gapless phases is yet to be understood despite its poten-
tial importance in the recent development around the LSM
theorem.

Also, the authors reported quite recently in Ref. [22]
that the polarization amplitude exhibits a discontinuity by
a universal amount at a quantum critical point described
by the TL liquid. Such a universal jump shows up when
the antiperiodic boundary condition is imposed [23], that
is, when a 1/2-unit U (1) flux is attached to the sys-
tem. Although the universal jump was investigated ana-
lytically and numerically, the low-energy field-theoretical
description of the universal jump was not discussed in
Ref. [22].

In this paper, considering those recent developments in
theoretical studies on the polarization amplitude, we de-
velop a theory of the polarization amplitude in and near
quantum critical phases of quantum spin systems in one
dimension. Our discussion is based on the two-dimensional
conformal field theory (CFT). We deal with four specific
models: the S = 1/2 XXZ spin chain, the S = 1/2 J1-J2

spin chain, the Haldane-Shastry model [24,25], and a S =
1/2 spin ladder. We show that the scaling law is universal
but sensitive to perturbations around the fixed point of the
renormalization-group (RG) flow. The scaling law in those
systems is summarized in Table I. In addition, we point
out another interesting aspect of the polarization amplitude.
The polarization amplitude under the antiperiodic boundary
condition is determined by the fixed-point theory alone, which
is in sharp contrast to the case of the periodic boundary
condition.

This paper is organized as follows. In Sec. II, we deal
with the simplest case of the S = 1/2 XXZ spin chain. We
discuss a simple perturbative approach to the scaling law
consistent with the numerical results of Ref. [6]. To get further
insight into the scaling law, we consider another model, the
S = 1/2 J1-J2 XXZ chain where the perturbation considered
in Sec. II is eliminated in the L → +∞ limit by a fine-tuning
of parameters. We show that the fine-tuning modifies the
scaling law and clarifies the mechanism of modification in
Sec. III. In Sec. IV, we focus on a specific model known as the
Haldane-Shastry model which is free from any perturbation
and realizes the fixed-point theory. The results in Secs. II–IV
are adapted to a spin ladder in Sec. V. In Sec. VI, we discuss
another property of the polarization amplitude independent of
perturbations to the fixed-point theory. Finally, we summarize
this paper in Sec. VII.

II. S = 1/2 XXZ CHAIN

Let us consider the S = 1/2 XXZ chain described by the
Hamiltonian,

HXXZ = J
N∑

j=1

(
Sx

j S
x
j+1 + Sy

j S
y
j+1 + �Sz

jS
z
j+1

)
, (2.1)

with J > 0 and −1 < � � 1. Here, S j is the spin defined on
the jth site of the spin chain with the finite chain length L =
Na0 (a0 is the lattice spacing). Hereafter, we employ the unit
a0 = h̄ = 1 for notational simplicity, but we will restore them
if needed for logical clarity.

The S = 1/2 XXZ chain (2.1) is well known to have the
gapless ground state known as the TL liquid. The S = 1/2
XXZ chain (2.1) provides us the simplest example to discuss
the scaling law in interacting systems. Note that we impose
the periodic boundary condition,

SL+1 = S1. (2.2)

The TL liquid state is described by the following Hamilto-
nian:

H∗
TL = v

2π

∫ L

0
dx

(
K (∂xθ )2 + 1

K
(∂xφ)2

)
. (2.3)

The fields θ (x) and φ(x) satisfy the commutation relation,

[φ(x), ∂yθ (y)] = iπδ(x − y), (2.4)

and are related to the spin operator through [21]

Sz
j = a0

π
∂xφ + (−1) ja1 cos(2φ), (2.5)

S±
j = e±iθ [(−1) jb0 + b1 cos(2φ)]. (2.6)

a1, b0, and b1 are nonuniversal and numerically determined
[26–28]. The periodic boundary condition (2.2) turns into

φ(x + L) = φ(x) + πNφ, (2.7)

θ (x + L) = θ (x) + 2πNθ , (2.8)

with Nφ, Nθ ∈ Z. The velocity v and the TL parameter K are
exactly obtained in the S = 1/2 XXZ chain [21],

v = Ja0

2

1

1 − β2
sin[π (1 − β2)], (2.9)

K = 1

2β2
, (2.10)
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where � = − cos(πβ2). We can also write down the Hamil-
tonian using the imaginary-time-dependent field φ(τ, x),

H∗
TL = v

2πK

∫ L

0
dx

(
1

v2
(∂τφ)2 + (∂xφ)2

)
. (2.11)

The asterisk on the left-hand side of Eqs. (2.3) and (2.11) is
set to emphasize the fact that the Hamiltonian H∗

TL is valid at
the fixed point in the RG flow. The Hamiltonian (2.1) deviates
from the fixed-point one (2.3),

HXXZ = H∗
TL + H′, (2.12)

The deviation H′ is irrelevant in the RG sense. The interaction
H′ is marginal for � = 1 and irrelevant for −1 < � < 1
and thus has no impact on the ground state although it gives
logarithmic corrections to observables for � → 1 [29]. In this
section, we neglect H′ as usual for the moment and put it back
when needed.

The bosonization formula (2.5) transforms the polarization
amplitude (1.3) into

U q = exp

(
i
2q

L

∫ L

0
dx x∂xφ(x)

)

= exp

(
i2qφ(L) − i

2q

L

∫ L

0
dx φ(x)

)
. (2.13)

Here, we dropped the oscillating term proportional to (−1) j in
Eq. (2.5) whereas it was taken into account in Ref. [6]. This is
because the dropped term gives rise to a subleading correction
to the power law. The ground-state average of U q has been
well investigated in one-dimensional gapped quantum spin
systems, such as a S = 1 Heisenberg antiferromagnetic spin
chain [11]. It is recognized that the polarization amplitude
(1.2) qualifies as an order parameter of valence-bond-solid
phases [11]. In the gapless phase of the S = 1/2 XXZ chain,
z(q) was calculated in Ref. [6] and turned out to be [30]

z(q) ∝
(

2π

L

)q2K

. (2.14)

The scaling law (2.14) was derived using CFT by regarding
z(q) as a multipoint correlation function of vertex operators
eiαφ . However, the scaling law (2.14) differs from numerical
estimations z(2) ∝ (2π/L)4K−2 and z(4) ∝ (2π/L)8K−4 [6].

Let us construct an alternative theoretical approach to the
scaling law consistent with the numerical estimations. We
note that the average (1.2) is an inner product of the ground-
state |ψ0〉 and another state U q |ψ0〉. The latter is an eigenstate
of another Hamiltonian,

H̃XXZ := U qHXXZU −q. (2.15)

U q is a large-gauge transformation for q ∈ Z. The transfor-
mation (2.15) by U q is also understood as an insertion of the
U (1) flux [5].

Although the complete set of the eigenstates of H̃XXZ is
identical to that of HXXZ, state U q |ψ0〉 is not identical to
|ψ0〉. The ground-state |ψ0〉 equals to the vacuum state |0〉0
of the fixed-point Hamiltonian H∗

TL if we identify HXXZ =
H∗

TL. Then, U q |ψ0〉 is the vacuum state |0〉q of the gauge-
transformed Hamiltonian (2.15). The polarization amplitude

z(q) measures the overlap of those two vacuum states,

z(q) = 0 〈0|0〉q . (2.16)

To understand this quantity, we need to relate two vacua to
each other.

Let us represent |0〉q in terms of the original model without
flux. If we identify HXXZ with the fixed-point one H∗

TL
[Eq. (2.3)], the low-energy form of H̃XXZ is derived in the
following manner. First, we note that U q shifts ∂xθ by a certain
amount,

U q∂xθ (x)U −q = ∂xθ (x) + 2πq

L
− 2πqδ(x − L). (2.17)

Equation (2.17) follows immediately from Eq. (2.13) and the
commutation relation (2.4). The integral part of the large
gauge transformation U q in Eq. (2.13) increases the winding
number by 2πq. This is because we can eliminate the term
2πq/L in Eq. (2.17) by modifying θ (x) into θ ′(x),

θ ′(x) = θ (x) + 2πq

L
x. (2.18)

This modification keeps the periodic boundary condition
intact for q ∈ Z. The large gauge transformation adds the
winding number 2πq to θ (x),

θ ′(x + L) = θ ′(x) + 2πNθ + 2πq. (2.19)

On the other hand, operation of exp[i2qφ(L)] on ∂xθ yields the
δ function in Eq. (2.17). The role of the δ function is clarified
when we move to the imaginary-time formalism.

The low-energy effective form of the transformed Hamil-
tonian (2.15) is

H̃XXZ = v

2π

∫ L

0
dx

[
K{∂xθ

′ − 2πqδ(x − L)}2 + 1

K
(∂xφ)2

]
.

(2.20)

Regarding the canonical conjugate of ∂tφ as ∂xθ
′/π , we obtain

the Lagrangian,

L̃XXZ :=
∫ L

0
dx ∂tφ

∂xθ
′

π
− H̃XXZ

= v

2πK

∫ L

0
dx

(
1

v2
(∂tφ)2 − (∂xφ)2

)
+ 2q ∂tφ(t, x = L), (2.21)

which immediately leads to

H̃XXZ = v

2πK

∫ L

0
dx

(
1

v2
(∂τφ)2 + (∂xφ)2

)
− i2q ∂τφ(τ, x = L). (2.22)

The last term inserts vertex operators e±i2qφ at τ = ±∞. In
fact, the partition function Z = ∫ Dφ exp (− ∫∞

−∞ dτ H̃XXZ)
is written as

Z =
∫

Dφ ei2qφ(∞,L) exp

(
−
∫ ∞

−∞
dτ H∗

TL

)
e−i2qφ(−∞,L).

(2.23)

The partition function (2.23) provides us translation rules
from eigenstates in the presence of the flux to those in the
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absence of the flux. Let us denote the highest-weight state of
H∗

TL corresponding to the operator ei2nφ as |ei2nφ〉0, which is
defined as [31]

|ei2nφ〉0 := lim
T →+∞

(
2π

L

)x2n

exp

(
−2πx2n

L
T

)
ei2nφ(x,−T ) |0〉0 .

(2.24)

Here, x2n is the scaling dimension of vertex operators e±i2nφ ,

x2n = n2K. (2.25)

ei2qφ is an operator going with a U (1) charge proportional to
q in the two-dimensional Coulomb gas picture [32].

The insertion of the vertex operators at τ = ∞ and τ =
−∞ into the partition function (2.23) immediately means that
|0〉q is equivalent to [23]

|0〉q = ei�q |ei2qφ〉0 , (2.26)

with �q ∈ R and

q 〈0| = e−i�q
0 〈ei2qφ | . (2.27)

The left-hand side of Eq. (2.26) is nothing but U q |ψ0〉. Thus,
�q is proportional to q,

U q |ψ0〉 = eiq�1 |ei2qφ〉0 , (2.28)

The phase �1 is determined in accordance with symmetries
that HXXZ and H̃XXZ share in common. The simplest example
is the one-site translation symmetry,

T1S jT
−1

1 = S j+1, (2.29)

or

T1φ(τ, x)T −1
1 = φ(τ, x) + π

2
. (2.30)

Both HXXZ and H̃XXZ have the one-site translation symmetry.
However, U q and T1 do not commute with each other in

general [5]. In fact,

T1U
qT −1

1 = eiπqU q (2.31)

holds true for the S = 1/2 spin chains.
Thanks to Eq. (2.31), HXXZ and H̃XXZ are both symmetric

under the one-site translation. The ground state is an eigen-
state of T1 with an eigenvalue eiP0 ,

T1 |ψ0〉 = eiP0 |ψ0〉, (2.32)

which can be rephrased as T1 |0〉0 = eiP0 |0〉0. Operation of T1

on Eq. (2.28) results in �1 = 0 mod 2π . We, thus, end up
with

z(q) = 0 〈0|e−i2qφ〉0 . (2.33)

As far as HXXZ is identified with H∗
TL, the right-hand side is

zero for many reasons, such as the charge neutrality [32].
We found that we need to take the perturbation H′ in the

Hamiltonian (2.12) into account. Unless the parameter is fine-
tuned, the Hamiltonian of the effective field theory usually
deviates from that at the fixed point. The S = 1/2 XXZ spin
chain is a typical example. The most relevant interaction in H′
[Eq. (2.12)] for � � 1 is the umklapp term [33],

H′ = λ

∫ L

0

dx

2π
cos(4φ). (2.34)

The importance of the umklapp interaction (2.34) was already
pointed out in Ref. [6]. However, it remains obscure how we
should take properly the umklapp term into account.

The vacua |0〉0 and |0〉q are perturbed by H′ and

H̃′ := U qH′U −q, (2.35)

respectively. The transformed perturbation (2.35) plays the
central role in discussions in the subsequent sections. The per-
turbative expansions of |0〉0 and |0〉q are given in the following
well-known form:

|0〉0 −→ |0〉0 −
∑

n( �=0)

0 〈ei2nφ |H′|0〉0

E2n − E0
|ei2nφ〉0 +

∑
n( �=0)

∑
m( �=0)

0 〈ei2mφ |H′|ei2nφ〉0 0 〈ei2nφ |H′|0〉0

(E2n − E0)(E2m − E0)
|ei2mφ〉0

−
∑

n( �=0)

0 〈ei2nφ |H′|0〉0 0 〈0|H′|0〉0

(E2n − E0)2
+ · · · , (2.36)

|0〉q −→ |0〉q −
∑

n( �=0)

q 〈ei2nφ |H̃′|0〉q

E2n − E0
|ei2nφ〉q +

∑
n( �=0)

∑
m( �=0)

q 〈ei2mφ |H̃′|ei2nφ〉q q 〈ei2nφ |H̃′|0〉q

(E2n − E0)(E2m − E0)
|ei2mφ〉q

−
∑

n( �=0)

q 〈ei2nφ |H̃′|0〉q q 〈0|H̃′|0〉q

(E2n − E0)2
+ · · · ,

= |ei2qφ〉0 −
∑

n( �=0)

0 〈ei2(n+q)φ |H̃′|ei2qφ〉0

E2n − E0
|ei2(n+q)φ〉0 +

∑
n,m( �=0)

0 〈ei2(m+q)φ |H̃′|ei2(n+q)φ〉0 0 〈ei2(n+q)φ |H̃′|ei2qφ〉0

(E2n − E0)(E2m − E0)
|ei2(m+q)φ〉0

−
∑

n( �=0)

0 〈ei2(n+q)φ |H̃′|ei2qφ〉0 0 〈ei2qφ |H̃′|ei2qφ〉0

(E2n − E0)2
+ · · · . (2.37)

Here, E0 and E2n are the unperturbed eigenenergies of |0〉0 and |e±i2nφ〉0, respectively, of H∗
TL. We emphasize that |0〉q and

|e±i2nφ〉q also possess the unperturbed eigenenergies E0 and E2n, respectively, of the transformed Hamiltonian U qH∗
TLU −q. The
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excitation gap E2n − E0 is proportional to 2π/L,

E2n − E0 = 2π

L
x2n. (2.38)

We discarded in Eqs. (2.36) and (2.37) eigenstates which contain spatial or temporal derivatives. This is because the perturbation
(2.34) does not have any derivative in the integrand. The terms involving such derivatives give subleading contributions to the
scaling law which is out of our focus in this paper.

The first-order correction to the polarization amplitude, which we denote δ1z(q), is thus given by

δ1z(q) = −
⎡
⎣∑

n( �=0)

0 〈0|H′|ei2nφ〉0

E2n − E0
0 〈ei2nφ |ei2qφ〉0 +

∑
n( �=0)

0 〈ei2(n+q)φ |H̃′|ei2qφ〉0

E2n − E0
0 〈0|ei2(n+q)φ〉0

⎤
⎦

� −2 0 〈0|H′|ei2qφ〉0

E2q − E0
. (2.39)

In the last line, we approximated H̃′ � H′. This relation is exact when L → +∞. The difference of H̃′ from H′ is, however,
nonzero at the level of the lattice model and will be discussed in the next section.

Since the matrix element 0 〈0|H′|ei2qφ〉0 is given by [34]

0 〈0|H′|ei2qφ〉0 = λL

4π

(
2π

L

)x4

(δq,2 + δq,−2), (2.40)

and the precise form of the energy denominator is available with the aid of the conformal field theory, we obtain

δ1z(q) = − λ

x4

(
2π

L

)x4−2

(δq,2 + δq,−2). (2.41)

It correctly reproduces the numerical result of the scaling law [6].
The second-order correction δ2z(q) to z(q) is also easily derived. Keeping nonzero terms only, we obtain the second-order

correction,

δ2z(q) =
∑

n( �=0)

0 〈0|H′|ei2nφ〉00 〈ei2nφ |H′|ei2qφ〉0

(E2n − E0)(E2q − E0)
+
∑

n( �=0)

0 〈0|U qH′U −q|ei2(n+q)φ〉00 〈ei2(n+q)φ |U qH′U −q|ei2qφ〉0

(E2n − E0)(E2q − E0)

+
∑

n( �=0)

0 〈0|H′|ei2nφ〉00 〈ei2nφ |U qH′U −q|ei2qφ〉0

(E2n − E0)(E2(n−q) − E0)
. (2.42)

The matrix elements in the numerators give a restriction on q due to the charge neutrality, for instance,

0 〈0|H′|ei2nφ〉0 0 〈ei2nφ |H′|ei2qφ〉0

= λ2

4
δn,2δq,4

∫ L

0

dx dy

(2π )2 0 〈0|e−i4φ(x)|ei4φ〉0 0 〈ei4φ |e−i4φ(y)|ei2qφ〉0 + λ2

4
δn,−2δq,−4

∫ L

0

dx dy

(2π )2 0

× 〈0|ei4φ(x)|e−i4φ〉0 0 〈e−i4φ |ei4φ(y)|ei2qφ〉0

= λ2

4
(δn,2δq,4 + δn,−2δq,−4)

(
2π

L

)2x4−2

. (2.43)

It results in the following second-order correction,

δ2z(q) = 3λ2

4x4x8
(δq,4 + δq,−4)

(
2π

L

)2x4−4

. (2.44)

Therefore, z(4) follows the scaling law z(4) ∝ (2π/L)8K−4,
which reproduces the numerical result [6].

III. FINE-TUNED J1-J2 XXZ SPIN CHAIN

In the last section, we clarified the relevance of the ir-
relevant interaction (2.34) in the polarization amplitude z(q).
The importance of the irrelevant interaction was deduced in
Ref. [6] from comparison of the scaling laws in the S = 1/2

XXZ spin chain and in the S = 1/2 J1-J2 XXZ spin chain. The
latter model is described by the following Hamiltonian:

HJ1−J2 =
∑

n=1,2

L∑
j=1

Jn
(
Sx

j S
x
j+n + Sy

j S
y
j+n + �Sz

jS
z
j+n

)
. (3.1)

Fine-tuning of the ratio J2/J1 eliminates the coupling constant
of cos(4φ) in the L → +∞ limit where the system is on the
quantum critical point described by the TL liquid. The quan-
tum critical point corresponds to the Berezinskii-Kosterlitz-
Thouless transition point for � = 1 [35–37]. It seems that
the polarization amplitude z(2) and z(4) are to be exactly
zero without the interaction (2.34). Nevertheless, scaling laws
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z(2) ∝ (2π/L)4K and z(4) ∝ (2π/L)8K were observed [6]. The
powers are shifted from those in the XXZ spin chain by
universal amounts.

Precisely speaking, another irrelevant interaction cos(8φ)
is present even when λ is fine-tuned to be zero. This highly
irrelevant interaction in the RG sense can make z(4) nonzero.
The cos(8φ) interaction adds to z(4) a term proportional
(2π/L)x8−2. However, it disagrees with the numerical result
[6].

The numerically observed scaling law implies that the
cos(4φ) interaction somehow survives in the finite-L case
because of the estimated power β2 = x4. To confirm the impli-
cation, we need to recall the fact that the state U q |ψ0〉 = |0〉q

is the ground state of H̃J1−J2 but not of HJ1−J2 at finite L. The

former is defined as

H̃J1−J2 = U qHJ1−J2U
−q. (3.2)

This transformation was discussed in Ref. [38] for J1-J2 spin-S
chains to evaluate the Berry phase in their ground-state phase
diagrams. The Berry phase characterizes the valence-bond-
solid phase in one dimension as well as does the polarization
amplitude. This similarity is easily understood by paying
attention to a fact that both discussions on the Berry phase
and on the polarization amplitude rely on the transformation
U q.

It follows from U qS±
j U −q = e±i2πq j/LS±

j and U qSz
jU

−q =
Sz

j that:

H̃J1−J2 =
∑

n=1,2

L∑
j=1

Jn

(
1

2
(e−[(i2πnq)/L]S+

j S−
j+n + ei[(2πnq)/L]S−

j S+
j+n) + �Sz

jS
z
j+n

)

= HJ1−J2 −
∑

n=1,2

Jn sin

(
2πnq

L

) L∑
j=1

(
Sx

j S
y
j+n − Sy

j S
x
j+n

)−
∑

n=1,2

Jn

[
1 − cos

(
2πnq

L

)] L∑
j=1

(
Sx

j S
x
j+n + Sy

j S
y
j+n

)
. (3.3)

For L 
 a0, the second term of Eq. (3.3) yields the interaction
proportional to (πq/L)∂xθ , which is also present in the low-
energy effective form of H̃XXZ. The last term of Eq. (3.3)
was not taken into account in Eq. (2.15), which leads to the
following interaction:

H̃′ = λ′
(

2πq

L

)2 ∫ L

0

dx

2π
cos(4φ). (3.4)

This observation of the finite-L system makes it possible to
treat the models in the last and present sections on equal foot-
ing. At finite L, the irrelevant interaction (2.34) is generically
given by

H̃′ = λL

∫ L

0

dx

2π
cos(4φ), (3.5)

with the coupling constant λL,

λL = λ + λ′
(

2πq

L

)2

. (3.6)

We approximated λL � λ in the XXZ chain (2.1) because
λL − λ = λ′(2πq/L)2 is negligible compared to λ for large L.
However, in the J1-J2 XXZ chain, the fine-tuning makes λ be
zero and, thus, λ′(2πq/L)2 be the leading contribution to λL.

The interaction (3.4) is irrelevant in the RG sense and
negligible in the L → +∞ limit. Even when we fine-tuned
the parameters to realize λ∞ = 0, the coupling constant λL is
nonzero for finite L, and the interaction (3.5) perturbs state
|0〉q. State |0〉q gets perturbed by H̃′ [Eq. (2.37)]. The matrix
element 0 〈ei2(n+q)φ |H̃′|ei2qφ〉0 in the first-order perturbation
term is nonzero for n = ±2,

0 〈ei2(n+q)φ |H̃′|ei2qφ〉0 = q2λ′

2
(δn,2 + δn,−2)

(
2π

L

)x4+1

.

(3.7)

The first-order correction immediately turns out to be

δ1z(q) = −2(δq,2 + δq,−2) 0 〈0|H̃′|ei2qφ〉0

E2q − E0

= −q2λ′

x4
(δq,2 + δq,−2)

(
2π

L

)x4

. (3.8)

This result explains the numerically obtained scaling law
z(2) ∝ (2π/L)x4 [6]. The extra factor (2π/L)2 in Eq. (3.4)
shifts the power. Similarly, we obtain z(4) ∝ (2π/L)2x4 from
the second-order perturbation, which is again consistent with
the numerical estimation.

IV. HALDANE-SHASTRY MODEL

The fine-tuning was required in the spin-1/2 J1-J2 XXZ
spin chain to eliminate the cos(4φ) interaction in the L →
+∞ limit. In contrast, the Haldane-Shastry model is known
to give the TL liquid ground state described by the fixed-point
Hamiltonian with K = 1/2 and H′ = 0 requiring no fine-
tuning [24,25]. The Haldane-Shastry model has the following
long-range interaction,

HHS = J

4

(
2π

L

)2∑
r<r′

Sr · Sr′

sin2[π (r′ − r)/L]
. (4.1)

The ground state of the Haldane-Shastry model is exactly |0〉0
even for finite L. To evaluate finite-size effects on |0〉q, we
transform the Haldane-Shastry model by U q,

H̃HS = U qHHSU −q

= HHS− J

4

(
2π

L

)2∑
r<r′

sin[2πq(r′−r)/L]

sin2[π (r′−r)/L]

(
Sx

r Sy
r′−Sy

r Sx
r′
)

− J

4

(
2π

L

)2∑
r<r′

1− cos[2πq(r′−r)/L]

sin2[π (r′−r)/L]

(
Sx

r Sx
r′ + Sy

r Sy
r′
)
.

(4.2)
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In analogy with the J1-J2 XXZ spin chain, we may expect that
the last line of Eq. (4.2), which we denote as H̃′

HS, makes

0 〈0|H̃′
HS|e−i4φ〉0 nonzero. However, H̃′

HS cannot be simply
reduced to Eq. (3.5) because of its long-range nature. To
understand the perturbation,

H̃′
HS =

∑
r,r′

J ′
r,r′
(
Sx

r Sx
r′ + Sy

r Sy
r′
)
, (4.3)

with

J ′
r,r′ = −J

4

(
2π

L

)2 1 − cos[2πq(r′ − r)/L]

sin2[π (r′ − r)/L]
, (4.4)

we first closely look into the coupling constant (4.4). Using
the Chebyshev polynomial of the second kind un(x), we can
express it as

J ′
r,r′ = −J

4

(
2π

L

)2

uq−1

(
cos π (r′−r)

L

)2
. (4.5)

The polynomial un(x) is defined for n ∈ Z as

un(cos θ ) := sin[(n + 1)θ ]

sin θ
. (4.6)

It is a family of the Chebyshev polynomial tn(x) (of the first
kind),

tn(cos θ ) := cos(nθ ). (4.7)

There are identities relating two Chebyshev polynomials. For
example, the following relation holds true for even n:

un(x) = −1 + 2
n/2∑

m=0

t2m(x). (4.8)

Combining it with another identity [un(x)]2 =∑n
m=0 u2m(x),

we obtain

[uq−1(x)]2 = −q + 2
q−1∑
m=0

m∑
l=0

t2l (x). (4.9)

In other words,

J ′
r,r′ = J

4

(
2π

L

)2
(

q −
q−1∑
m=0

m∑
l=0

(ei{[(2π l )/L](r′−r)}

+e−i[(2π l )/L](r′−r) )

)
. (4.10)

Equation (4.10) is nothing but the Fourier transformation of
J ′

r,r′ . The coefficient J ′
r,r′ turned out to contain the uniform part

coupled to qJ (2π/L)2/4 and the other oscillating part.
For the moment, we focus on the following perturbation

instead of dealing with H̃′
HS directly:

H′
k,k′ = λk,k′

(
2π

L

)2 ∫ L

0

dr dr′

(2π )2
eikreik′r′

× [Jx
R(r)Jx

L (r′) + Jy
R(r)Jy

L (r′)
]
, (4.11)

where k, k′ ∈ [0, 2π/L) and Ja
R (r) and Ja

L (r) (a = x, y) are
the right-moving and the left-moving parts of the uniform
component of Sa

r . For S±
r = Sx

r ± iSy
r , they are

J±
R (r) = e±i[2φ(r)+θ ′ (r)], (4.12)

J±
L (r) = e∓i[2φ(r)−θ ′ (r)]. (4.13)

Ja
R and Ja

L have the conformal weights (x4/2, 0) and (0, x4/2),
respectively. H̃′

HS is written as a superposition of Eq. (4.11)
with several k’s and k′’s.

At the fixed point, the right-moving and the left-moving
parts are decoupled. Thus, the highest-weight state |ei4φ〉0 is a
product of two states in right-moving and left-moving parts,

|ei4φ〉0 = |J+
R 〉0 |J−

L 〉0 . (4.14)

The matrix element 0 〈0|H̃′
HS|ei4φ〉0 is thus analytically

obtained

0 〈0|H′
k,k′ |ei4φ〉

0
= qλ′′

(
2π

L

)2∑
a=x,y

∫ L

0

dr

2π
0eikr 〈0|Ja

R (r)|J+
R 〉0

×
∫ L

0

dr′

2π
eik′r′ 〈0|Ja

L (r′)|J−
L 〉0

= 2qλ′′
(

2π

L

)x4

δk,0δk′,0, (4.15)

thanks to the relation 0 〈0|J±
R/L(r)|J∓

R/L〉
0

= 2(2π/L)x4/2 which
holds true independent of r [34]. The scaling law in the
Haldane-Shastry model is thus determined only by the uni-
form part of the long-range irrelevant interaction H̃′

HS,

H̃′
HS = qλ′′

(
2π

L

)2 ∫ L

0

dr dr′

(2π )2

[
Jx

R(r)Jx
L (r′) + Jy

R(r)Jy
L (r′)

]
+
∑
k( �=0)

∑
k′( �=0)

Hk,k′ , (4.16)

with λ′′ = O(J ). The scaling law is given by

z(2) = −qλ′′

2x4

(
2π

L

)x4−1

. (4.17)

The power x4 − 1 = 1 is identical to that coming out of the
Gutzwiler-Jastrow wave function [6]. It is obvious that the
second-order perturbation results in z(4) ∝ (2π/L)2(x4−1) =
(2π/L)2.

The reduction of the power β2 = x4 − 1 by 1 from β2 = x4

for the J1-J2 XXZ chain is clarified by comparing Eq. (4.16)
with the corresponding interaction (3.4) in the J1-J2 XXZ
chain. The latter is also written as

H̃′ = q2λ′
(

2π

L

)2 ∫ L

0

dr

2π

[
Jx

R(r)Jx
L (r) + Jy

R(r)Jy
L (r)

]
. (4.18)

Since the matrix element 0 〈0|Ja
R (r)Ja

L (r′)|ei4φ〉0 =
0 〈0|Ja

R (r)|J+
R 〉00 〈0|Ja

L (r′)|J−
L 〉0 is independent of r and r′,

the matrix element 0 〈0|H̃′
HS|ei4φ〉0 acquired the factor L2

coming out of the spatial integrals. On the other hand,
0 〈0|H′|ei4φ〉0 for Eq. (4.18) acquired the factor L from the
spatial integral. The difference purely results from the range
of interaction.
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V. S = 1/2 SPIN LADDER

In the previous Secs. II–IV, we dealt with the ground
state of three models which is nontrivial in the sense of the
LSM theorem [13]. Namely, we considered cases where the
fixed-point theory is exposed only to irrelevant interactions.
In this section, we discuss effects of a relevant interaction to
the fixed-point theory of the TL liquid.

We consider a S = 1/2 spin ladder,

Hladder = J
L∑

j=1

∑
n=1,2

S j,n · S j+1,n +
∑

j

[J⊥S j,1

·S j,2 + J×(S j,1 · S j+1,2 + S j,2 · S j+1,1)], (5.1)

with J and 0 < max{|J⊥|, |J×|} � J . When J⊥ and J× satisfy

J⊥ = J×, (5.2)

the excitation gap is closed [39]. The polarization amplitude
was also discussed in the spin ladder (5.1) in Refs. [40,41].

The low-energy effective field theory exactly at the quan-
tum critical point (5.2) is the TL liquid (2.3). We bosonize the
spin ladder based on

Sz
j,n = a0

π
∂xφn + (−1) j+na1 cos(2φn), (5.3)

S±
j,n = e±iθn [(−1) j+nb0 + b1 cos(2φn)]. (5.4)

We recombine φn and θn (n = 1, 2) and deal with symmetric
and antisymmetric modes,

φ± := φ1 ± φ2√
2

, θ± := θ1 ± θ2√
2

. (5.5)

It is well known that only the φ+ mode participates in the
quantum phase transition at the parameter (5.2) and the φ−
degree of freedom contributing only to the higher-energy
gapped modes is negligible. The low-energy Hamiltonian of
the ladder (5.1) near the transition point is a sine-Gordon-type
one,

Hladder = v

2π

∫ L

0
dx

(
K (∂xθ+)2 + 1

K
(∂xφ+)2

)

+ g
∫ L

0

dx

2π
cos(2

√
2φ+), (5.6)

where the coupling g ∝ (J⊥ − J×) vanishes at the transition
point.

Let us perform U q on Hladder. We define U q in the spin
ladder as

U q := exp

⎛
⎝i

2πq

L

L∑
j=1

j
(
Sz

j,1 + Sz
j,2

)⎞⎠

= exp

(
i
2
√

2q

L
φ+(L) − i

2
√

2q

L

∫ L

0
dx φ+(x)

)
. (5.7)

Note that the operator U q does not include the antisymmetric
mode by definition. At the level of the effective field theory,
U qHladderU −q =: H̃ladder acquires the shift of ∂xθ+,

H̃ladder = v

2π

∫ L

0
dx

⎡
⎣K

(
∂xθ++2

√
2πq

L
−2

√
2πqδ(x − L)

)2

+ 1

K
(∂xφ+)2

]
, (5.8)

which is equivalent to

H̃ladder = v

2πK

∫ L

0
dx

(
1

v2
(∂τφ)2 + (∂xφ)2

)

− i2
√

2q ∂τφ(τ, x = L). (5.9)

The last term means that |0〉q of H̃ladder equals |ei2
√

2qφ+〉0,

|0〉q = |ei2
√

2qφ+〉0 . (5.10)

The phase factor is determined in the same manner with the
spin chains.

Up to the first-order perturbation expansion, the polariza-
tion amplitude is given by

z(q) � − 0 〈0|H̃′|ei2
√

2qφ〉0

E2
√

2q − E0
. (5.11)

H̃′ in Eq. (5.11) is the perturbation to the fixed-point Hamilto-
nian in the gauge-transformed system. At the level of the lat-
tice model, the Hamiltonian of the spin ladder is transformed
into

H̃ladder = U qHladderU
−q

= Hladder + J sin

(
2πq

L

)∑
j

∑
n=1,2

(
Sx

j,nSy
j+1,n − Sy

j,nSx
j+1,n

)

+ J⊥ sin

(
2πq

L

)∑
j

(
Sx

j,1Sy
j+1,2 − Sy

j,1Sx
j+1,2 + Sx

j,2Sy
j+1,1 − Sy

j,2Sx
j+1,1

)

− 2J sin2
(πq

L

)∑
j

∑
n=1,2

(
Sx

j,nSx
j+1,n + Sy

j,nSy
j+1,n

)

− 2J⊥ sin2
(πq

L

)∑
j

(
Sx

j,1Sx
j+1,2 + Sy

j,1Sy
j+1,2 + Sx

j,2Sx
j+1,1 + Sy

j,2Sy
j+1,1

)
. (5.12)
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The terms proportional to sin(2πq/L) are regarded as in-
teractions (2πq/L)∂xθ+ and (2πq/L)∂xθ− with certain cou-
pling constants, which are insignificant in evaluating the
polarization amplitude. The terms proportional to sin2(πq/L)
are essential. They are turned into a relevant interaction
(πq/L)2 cos(2

√
2φ+) at low energies. Let us write the rele-

vant interaction H̃′ in H̃ladder as

H̃′ = g̃
∫ L

0

dx

2π
cos(2

√
2φ+). (5.13)

Just like in the spin chains, the coupling constant g̃ acquires
the correction of O(L−2),

g̃ = g + g′
(

2πq

L

)2

. (5.14)

When the model is located at the quantum phase transition
point (i.e., g = 0), the perturbation to H̃ladder is written as

H̃′ = g′
(

2πq

L

)2 ∫ L

0

dx

2π
cos(2

√
2φ+). (5.15)

Therefore, the polarization amplitude up to the first-order
perturbative expansion z(q) � δ1z(q) follows the scaling law
just like Eq. (3.8) for the fine-tuned J1-J2 XXZ spin chain,

z(q) � − 0 〈0|H̃′|ei2
√

2qφ+〉0

E2
√

2 − E0

= − q2g′

2x2
√

2

(δq,1 + δq,−1)

(
2π

L

)x2
√

2

. (5.16)

There are two differences between Eqs. (3.8) and (5.16). First,
the power is different. This is obviously due to the difference
of the interaction in H′. Second, the value of q that makes
z(q) nonzero is different. z(1) is nonzero in the spin ladder
but z(1) = 0 in the spin chain. The value q that makes z(q)

nonzero depends on the number of S = 1/2 spins in the unit
cell [11].

In analogy with the S = 1/2 XXZ spin chain, the scaling
law is changed for g �= 0 in the L → +∞ limit,

z(1) = − g

2x2
√

2

(
2π

L

)x2
√

2−2

. (5.17)

Note that x2
√

2 = 2K is smaller than 2 because cos(2
√

2φ+) is
relevant. The divergence (5.17) of z(1) in the L → +∞ limit
can be understood as a manifestation of the nonzero lowest-
energy excitation gap from the ground state in the L → +∞
limit.

The scaling law (5.17) is valid only when the relevant
interaction (5.13) can be regarded as a perturbation. This
condition is met when L is much smaller than the correlation
length v/�0 with �0 being the lowest-energy excitation gap
from the ground state.

Fortunately, the exact matrix element 0 〈0|ei2
√

2φ+|0〉0 is
available in the gapped phase of the sine-Gordon theory (5.6).
For g > 0, it is given by [42]

0 〈0|ei2
√

2φ+(x)|0〉0 =
[

a0�0�
(

1
2−2K

)
2v�

(
K

2−2K

)
]2K

exp

{∫ ∞

0

dt

t

[
−2Ke−2t + sinh2(2Kt )

2 sinh(Kt ) sinh t cosh[(1 − K )t]

]}
. (5.18)

The gapped phase for g < 0 has one-to-one correspondence
to the one for g > 0 via the shift φ+ → φ+ + π

2
√

2
which

goes with the sign change of the vertex operator ei2
√

2φ+ →
−ei2

√
2φ+ . Therefore, z(q) for g �= 0 converges to a finite value

in the L → +∞ limit and

lim
L→+∞

z(q) ∝ sgn(g)

(
�0

v

)x2
√

2

(δq,1 + δq,−1), (5.19)

where sgn(g) denotes the sign of g. Therefore, we obtain

lim
g→0

lim
L→+∞

z(q) = lim
L→+∞

lim
g→0

z(q) = 0. (5.20)

Therefore, the polarization amplitude z(q) in the L → +∞
limit is a continuous function of g and vanishes at the quantum
critical point smoothly.

VI. UNIVERSAL JUMP OF THE POLARIZATION
AMPLITUDE

A. Antiperiodic boundary condition

We showed that the scaling law (1.4) is universal in a sense
that it is explained in terms of the low-energy effective field
theory once the form of the perturbation to the fixed-point
theory is identified. Simultaneously, the scaling law turned
out not to be uniquely determined by the fixed-point theory

alone. It depends on some details of the perturbation. In this
section, we discuss a property of the polarization amplitude
determined fully by the fixed-point theory itself and indepen-
dent of the perturbations.

Thus far, we have imposed the periodic boundary condition
(2.2) on the spin. Here instead, we consider the spin operator
S̃ j satisfying the antiperiodic boundary condition,

S̃±
L+1 = −S̃±

1 , S̃z
L+1 = S̃z

1. (6.1)

Let us focus on the simplest case, the S = 1/2 XXZ spin
chain. Under the antiperiodic boundary condition, its Hamil-
tonian is modified to be

HAP = J
L−1∑
j=1

(
S̃x

j S̃
x
j+1 + S̃y

j S̃
y
j+1 + �S̃z

j S̃
z
j+1

)
+ J
[−(S̃x

LS̃x
1 + S̃y

LS̃y
1

)+ �S̃z
LS̃z

1

]
. (6.2)

It is well known [23,43,44] that the S = 1/2 XXZ spin chain
under the antiperiodic boundary condition has doubly degen-
erate ground states in the L → +∞ limit. Let us denote them
as |ψ0,n〉 and n = ±.

One can see easily the double degeneracy by writing down
the low-energy effective theory. We take several steps to reach
the low-energy effective form of the Hamiltonian (6.2). Let us
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first consider the following transformation:

HP := U 1/2HAPU −1/2. (6.3)

HP is identical to the S = 1/2 XXZ spin chain under the
periodic boundary condition. Let us relate S̃ j to the spin S j

satisfying the periodic boundary condition through

S±
j = e±i(π/L) j S̃±

j , Sz
j = S̃z

j (6.4)

for j = 1, 2, . . . , L. The transformed spin operator indeed
obeys the SU(2) commutation relation and the periodic
boundary condition (2.2). In addition, HP is simply given by

HP = J
L∑

j=1

(
Sx

j S
x
j+1 + Sy

j S
y
j+1 + �Sz

jS
z
j+1

)
, (6.5)

which becomes the TL liquid Hamiltonian (2.3) plus irrele-
vant perturbations H′ at low energies. Next, performing the
inverse transformation,

HAP = U −1/2HPU 1/2, (6.6)

we obtain

HAP = v

2π

∫ L

0
dx

[
K
(
∂xθ − π

L
+ πδ(x − L)

)2
+ 1

K
(∂xφ)2

]

+ H′. (6.7)

The perturbation U 1/2H′U −1/2 is approximated as H′ in
Eq. (6.7) similar to the XXZ chain in the periodic boundary
condition.

Thus, the vacuum and the highest-weight state correspond-
ing to the vertex operator ei2nφ of the model (6.7) with H′ = 0
are given by |0〉q=−1/2 and |ei2nφ〉q=−1/2, respectively, which
are identified with [23]

|0〉−1/2 = |e−iφ〉0 , (6.8)

|ei2nφ〉−1/2 = |ei(2n−1)φ〉0 . (6.9)

One will be aware of a fact that |0〉−1/2 and |ei2φ〉−1/2 corre-
spond to |e−iφ〉0 and |eiφ〉0, respectively, and are energetically
degenerate thanks to a Z2 symmetry of the Hamiltonian HP.
The symmetry is the invariance under the φ(τ, x) → −φ(τ, x)
transformation. Respecting the φ → −φ symmetry, we can
reconstruct |e±iφ〉0 as

|cos φ〉0 := |eiφ〉0 + |e−iφ〉0√
2

, (6.10)

|sin φ〉0 := |eiφ〉0 − |e−iφ〉0√
2i

. (6.11)

The condition of φ(τ, x) → −φ(τ, x) can be relaxed. An
operation φ(τ, x) → −φ(τ, L − x) plays the same role. For
example, the site-centered inversion Is: S j → SL− j for even L
acts on φ(τ, x) as

Isφ(τ, x)I−1
s = −φ(τ, L − x). (6.12)

Is |e±iφ〉0 = |e∓iφ〉0 holds true.
Under the φ → −φ symmetry, every eigenstate of the

Hamiltonian can simultaneously be an eigenstate of the
corresponding symmetry operator, such as Is. The doubly

degenerate ground states respecting the site-centered inver-
sion symmetry are

|ψ0,+〉 = |cos φ〉0 , (6.13)

|ψ0,−〉 = |sin φ〉0 . (6.14)

Two kinds of polarization amplitude follow from the dou-
bly degenerate ground states,

z(q)
± := 〈ψ0,±|U q|ψ0,±〉. (6.15)

z(q)
± are formalized in terms of the TL liquid,

z(q)
± = 1

2 [0 〈eiφ |ei(2q+1)φ〉0 + 0 〈e−iφ |ei(2q−1)φ〉0

±0 〈eiφ |ei(2q−1)φ〉0 ± 0 〈e−iφ |ei(2q+1)φ〉0]. (6.16)

The last two terms of Eq. (6.16) can be nonzero for q �= 0 at
zeroth order of the perturbation. In fact, we obtain

z(q)
± = ± 1

2 (δq,−1 + δq,1), (6.17)

without requiring any perturbation to the fixed-point theory.
Moreover, the smallest positive q that makes z(q) nonzero is 1
instead of 2 under the periodic boundary condition.

The relation (6.17) means that the polarization amplitude
shows a discontinuity in the presence of the φ → −φ symme-
try. To clarify the claim, we modify the TL-liquid Hamiltonian
HP without flux to

HP = v

2π

∫ L

0
dx

(
K (∂xθ )2 + 1

K
(∂xφ)2

)
+ h
∫ L

0

dx

2π
cos(2φ).

(6.18)

The introduction of cos(2φ) corresponds to application of
the staggered magnetic-field h coupled to

∑
j (−1) jSz

j to the
spin chain. Up to the first order of h, the eigenenergy E0,±
of |ψ0,±〉0 is shifted by h

∫ L
0 (dx/2π )0 〈ψ0,±| cos(2φ)|ψ0,±〉0,

that is,

E0,± = 2π

L

[
x1 ± h

2

(
2π

L

)x2−2
]
. (6.19)

Therefore, |ψ0,+〉0 is the unique ground state for h < 0 and
|ψ0,−〉0 is the unique ground state for h > 0. The polarization
amplitude in the vicinity of the quantum critical point h = 0
is well defined except for h = 0,

z(1) =
⎧⎨
⎩

z(1)
+ , (h < 0),

z(1)
− , (h > 0).

(6.20)

It immediately follows that

lim
h→−0

z(1) = 1
2 , (6.21)

lim
h→+0

z(1) = − 1
2 . (6.22)

The polarization amplitude z(1) depends on a way to elim-
inate the relevant interaction. It is in sharp contrast to the
spin chains and the spin ladder under the periodic boundary
condition. In the periodic boundary condition, the polarization
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amplitude smoothly vanishes when going across the quantum
critical point. The universal value of the jump,

�z(1) := lim
h→−0

z(1) − lim
h→+0

z(1) = 1 (6.23)

reflects the Z2 symmetry at h = 0. As already pointed out
in Ref. [22], the universal jump (6.23) enables us to detect
precisely the phase transition at h = 0 pursuing z(q) as a
function of h under the antiperiodic boundary condition more
clearly than doing under the periodic boundary condition.

B. Physical origin of the jump

Here, we focus on symmetrical origin of the universal jump
(6.23) occurring in association with the LSM theorem. Let us
recall the fact that |ψ0〉 is orthogonal to U |ψ0〉. This fact is
crucial in the proof of the LSM theorem [13]. Also, it is the
orthogonality of U |ψ0〉 and |ψ0〉 to make the ground state
under the antiperiodic boundary condition doubly degenerate.
However, the double degeneracy of the ground state does not
immediately result in the universal jump.

Note that there are options of choice to construct the eigen-
state of the Hamiltonian based on symmetry. In Eqs. (6.13)
and (6.14), we took the eigenstates |ψ0,±〉 to be the simultane-
ous eigenstate of Is,

Is |ψ0,±〉 = ±|ψ0,±〉. (6.24)

We can define |ψ0,±〉 to be the simultaneous eigenstate of the
symmetry operation of T1. Since T1 |e±iφ〉0 = ±i |e±iφ〉0, we
can define

|ψ0,±〉 = |e±iφ〉0 (6.25)

to respect the one-site translation symmetry of HP.
The choice (6.25) of |ψ0,±〉 makes z(1)

± continuous. In
fact, z(1)

± = 0. We can ask a question of what symmetry we
should impose on the system to realize nonzero z(1) under
the antiperiodic boundary condition. Recall that |ψ0,±〉 of
Eqs. (6.13) and (6.14) leads to z(1)

± �= 0 because |cos φ〉0 and
|sin φ〉0 are superpositions of U 1/2 |ψ0〉 and U −1/2 |ψ0〉,

|cos φ〉0 = U 1/2 + U −(1/2)

√
2

|ψ0〉, (6.26)

|sin φ〉0 = U 1/2 − U −(1/2)

√
2i

|ψ0〉 . (6.27)

This representation of |cos φ〉0 and |sin φ〉0 is consistent with
a relation,

IsUI−1
s = U −1. (6.28)

The essence of the relation (6.28) is clarified when we repre-
sent the operator U = exp(2π iP/L) using the naive polariza-
tion operator,

P =
L∑

j=1

jSz
j . (6.29)

The relation (6.28) is rephrased as

IsPI−1
s = −P + L

L∑
j=1

Sz
j . (6.30)

Namely, when the ground state has zero total magnetization∑L
j=1 Sz

j = 0, the site-centered inversion operator Is anticom-
mutes with the parity operator P . This is in contrast to the
one-site translation T1 that anticommutes with U ,

T1UT −1
1 = −U, (6.31)

rather than P . The one-site translation symmetry,

T1HAPT −1
1 = HAP (6.32)

is obvious if we write it in terms of S j as

HAP =
L∑

j=1

(
eiπ/L

2
S+

j S−
j+1 + e−iπ/L

2
S−

j S+
j+1 + �Sz

jS
z
j+1

)
.

(6.33)

On the other hand, the Hamiltonian HAP has the site-centered
inversion symmetry Is in the sense of the large-gauge trans-
formation,

IsHAPI−1
s = UHAPU −1. (6.34)

This difference of the symmetries in association with U
determines the fate of z(1).

The above argument around the relation of Is to z(1) is
generalized as follows. Let |ψ0〉 be the unique ground state
of a generic Hamiltonian Hgen of one-dimensional spin sys-
tem with the chain length L: Hgen |ψ0〉 = E0 |ψ0〉. Here, we
perform the following transformation:

H̃gen = U 1/2HgenU −1/2. (6.35)

In addition, we assume

lim
L→+∞

H̃gen = Hgen. (6.36)

The ground state of H̃gen is obviously |ψ1/2〉 = U 1/2 |ψ0〉. Let
us assume the existence of an operator Osym that satisfies

OsymHgenOsym = Hgen, (6.37)

OsymU 1/2O−1
sym = ei�U −1/2, (6.38)

with � ∈ R. The latter relation leads to

OsymH̃genO−1
sym = U −1H̃genU . (6.39)

Osym commutes with H̃gen only for L → +∞. Then,
|ψ−1/2〉 = U −1/2 |ψ0〉 is also the ground state of H̃gen.

In the L → +∞ limit, we can take every eigenstate of the
Hamiltonian H̃gen as a simultaneous eigenstate of Osym. The
doubly degenerate ground states are then given by

|ψ±〉 = U 1/2 ± ei�U −1/2

√
2

|ψ0〉. (6.40)

In fact, they satisfy

Osym |ψ±〉 = ±|ψ±〉, (6.41)

and

z(1)
± = ± 1

2 ei�. (6.42)

In short, the double degeneracy of the ground state of HAP

results from the LSM theorem. Another symmetry satisfying
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the relation (6.38) is required to visualize the ground-state
degeneracy as the jump of the polarization amplitude z(1)

± .
To conclude this section, we point out that the Z2 value

z(1)
± = ±1 in the spin ladder system corresponds to the Z2

value of the Berry phase [44–46]. Imposing the antiperiodic
boundary condition is equivalent to imposing a local twist
[38,44]. The latter is directly related to the Berry phase.
Therefore, the universal jump as well as the Berry phase
captures the same topological property of gapped phases. It
is an interesting feature of the polarization amplitude that it
contains much information of the ground state deep in the
gapped phases and in the vicinity of the quantum critical
point.

VII. SUMMARY

Let us summarize the paper. The scaling law (1.4) of z(q)

depends on the most relevant interaction in H̃′ which perturbs
the fixed-point theory of the large-gauge-transformed system
in the interesting way. The scaling law for the three models
discussed in Secs. II–IV are dealt with on equal footing. The
perturbation H̃′ in those three models are special cases of the
following interaction:

H̃′ =
∫ L

0

dr dr′

(2π )2
γL(|r − r′|)[Jx

R(r)Jx
L (r′) + Jy

R(r)Jy
L (r′)

]
,

(7.1)

with a distance-dependent coupling constant γL(|r − r′|). In
Secs. II and III, we considered a local interaction, that is,

γL(|r − r′|) = γL(0)δ(r − r′). (7.2)

This case is further divided into two: the cases with
limL→+∞ γL(0) �= 0 and limL→+∞ γL(0) = 0. The former is
the XXZ chain in Sec. II, and the latter is the fine-tuned J1-J2

XXZ chain in Sec. III. In Sec. IV, we considered the nonlocal
interaction,

γL(|r − r′|) = γL(0), (7.3)

with limL→+∞ γL(0) = 0. The power βq of the scaling law
(1.4) in those models is composed of two parts,

βq = 4qK + δ. (7.4)

The first part 4qK results from the scaling dimension of
Jx

R(r)Jx
L (r′) + Jy

R(r)Jy
L (r′), and the second part δ is indepen-

dent of K but dependent on the range of perturbation and on
the L → +∞ limit of the perturbation.

The fixed-point Hamiltonian of those spin chains are ex-
posed only to the irrelevant (or marginal at most) perturba-
tions. In contrast, that of the spin ladder is exposed to the
relevant interaction. When the system is off the quantum
critical point, the scaling law (1.4) is valid when the relevant
interaction can be seen as a perturbation, that is, when the
chain length L is short enough. For large enough L, the
polarization amplitude is insensitive to L and determined by
the lowest-energy excitation gap [Eq. (5.19)]. When the pa-
rameter is fine-tuned so that the system is exactly on the
quantum critical point, the polarization amplitude follows the
scaling law (1.4) just like the fine-tuned J1-J2 XXZ chain.
These results are summarized in Table I.

Section VI was devoted to discussions on the property
of the polarization amplitude determined by the fixed-point
Hamiltonian alone. Here, we imposed the antiperiodic bound-
ary condition on the generic one-dimensional spin system.
We considered the symmetry whose generator Osym satis-
fies the relation (6.38). If we classify the eigenstates of the
Hamiltonian by such a symmetry, the polarization amplitude
in the gapless phase under the antiperiodic boundary condition
turned out to be double-valued [Eq. (6.42)]. It immediately
follows from Eq. (6.42) that the polarization amplitude ex-
hibits the universal jump at the quantum critical point as
shown in Eq. (6.23). We comment that the universal jump is a
consequence of the LSM theorem.
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