
PHYSICAL REVIEW B 99, 140414(R) (2019)
Rapid Communications
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Recent experiments on strongly coupled microwave and ferromagnetic resonance modes have focused on
large volume bulk crystals such as yttrium iron garnet, typically of millimeter-scale dimensions. We extend these
experiments to lower volumes of magnetic material by exploiting low-impedance lumped-element microwave
resonators. The low impedance equates to a smaller magnetic mode volume, which allows us to couple to a
smaller number of spins in the ferromagnet. Compared to previous experiments, we reduce the number of
participating spins by two orders of magnitude, while maintaining the strength of the coupling rate. Strongly
coupled devices with small volumes of magnetic material may allow the use of spin orbit torques, which require
high current densities incompatible with existing structures.
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The coherent transformation of the excitations of a con-
densed matter system to an electromagnetic mode is made
possible when they are strongly coupled [1], i.e., the dissipa-
tion rates of the two systems are less than their coupling rate.
This is typically harder to achieve through magnetic than elec-
tric fields due to the lower interaction strength in free space
[2]. However, the relative weakness of the magnetic dipole
moment can be compensated for by the

√
N enhancement [3]

of the coupling rate with the number of spins N . This has
allowed the strong coupling of microwave and ferromagnetic
resonance modes, recently explored for quantum magnonic
[4] and microwave-optical conversion [5] applications. While
the microwave resonance has been coupled to millimeter-scale
bulk yttrium iron garnet (YIG) crystals [6–9], or large scale
thin films [10], reliance on increased N to enhance coupling
cannot extend to micro- and nanoscale devices.

The strength of dipole coupling rates in device structures
can also be significantly modified through the impedance
of the electromagnetic mode [11]. Lowering or raising the
impedance tunes the relative amplitudes of the magnetic and
electric field fluctuations, which can be chosen as appropri-
ate for the specific application. This idea has enabled the
optimization of coupling rates of microwave resonators to
superconducting qubits [12] and semiconductor quantum dots
[13], and is driving the development of novel low-impedance
resonators [14], which should allow inductive electron spin
resonance experiments on a single atom [15].

In this Rapid Communication, we demonstrate that low-
impedance resonators [14] can compensate for the reduction
in N , to reach strong coupling of magnons and microwave
photons at much smaller magnetic mode volumes than has
been achieved previously. This may lead to novel spintronics
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effects, such as spin-orbit torques, playing a role in strongly
coupled devices. In particular, antidamping torques [16] can
be used to modify the linewidth of ferromagnetic resonance
modes [17], which could be useful for exploring exceptional
point physics [18,19], or driving auto-oscillations [20,21] in
this hybrid system.

We take the design of these low-impedance resonators from
recent progress towards electron spin resonance on a single
spin of an isolated donor in silicon [14,22]. These lumped
element resonators consist of a small inductor shunted by a
large capacitance (leading to low impedance Z = √

L/C). The
small inductor localizes the magnetic field of the mode. The
volume of magnetic material interacting with the microwave
mode is therefore reduced without micro-patterning of the
YIG film. This avoids the issues that can arise from patterning
yttrium iron garnet, for example by etching [23], which in gen-
eral introduces roughness or material damage that increases
the damping rates of ferromagnetic resonance modes.

A schematic of the microwave resonator is shown in Fig. 1,
following the design in Ref. [14]. The inductor L is a small
strip line of length lind, and the capacitor C is an interdigitated
finger structure distributed on both sides of the inductor. The
resonator is driven and measured through a coplanar waveg-
uide to which the resonator is coupled. The transmission |S21|
of the coplanar waveguide is measured with a vector network
analyzer.

The resonators are fabricated from 80-nm-thick Nb, which
is magnetron sputtered onto single crystal sapphire, by optical
lithography and reactive ion etching. The patterned Nb has a
critical temperature of approximately 9 K. Electrical measure-
ments are performed at 4.2 K in a helium bath cryostat, with
a single axis superconducting magnet for applying magnetic
fields. We restrict our experiments to in-plane fields, where
the Nb remains superconducting up to 1.1 T [24]. Although
the use of superconducting niobium places limits on applied
magnetic field and temperature, these are not restrictive as
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FIG. 1. (a) Schematic of the resonator design. (b) Equivalent
circuit which reproduces the behavior of the first two modes. (c) Di-
agram indicating current flow in the fundamental (left) and second
(right) harmonic modes. For the second harmonic there is no current
flow through the wire inductor. (d) Transmission spectrum of the
resonator without YIG layer. Inset shows detail of the fundamental
mode.

compared to, for example, superconducting Al devices requir-
ing dilution refrigeration.

We first characterize the superconducting microwave res-
onators. The fundamental frequency of the resonator is mea-
sured to be 3.27 GHz, with the second harmonic at ω2/(2π ) =
5.49 GHz, in reasonable agreement with calculated values
[24]. The loaded Q factor of the fundamental mode is QL ≈
1400, while that of the second harmonic is QL ≈ 40, due to
significant loading from the large inductive coupling to the
line. The Q factor and resonant frequencies is negligible in
the 150 mT range of our measurements [24].

The parasitic inductance is estimated from the frequency
of the second harmonic ω2 = 1/

√
LpC/4 [see Fig. 1(b)], using

C = 4.7 pF, from the analytical expression for the capacitance
of an interdigitated capacitor [25] (adapted to the trapezoidal
geometry [24]). This gives Lp ≈ 0.715 nH. This then allows
us to calculate the inductance of the inductive wire, using the
fundamental frequency ω1 = 1/

√
(L0 + Lp/4)C, giving L0 ≈

0.325 nH. We therefore estimate the impedance of the res-
onator to be ZR = √

(L0 + Lp/4)/C ≈ 10.4 �, significantly
lower than the typical characteristic impedance Z = 50 � and
that of free space Z = 377 �. We find similar results for finite
element device modeling [24]. The resonator is found to be
robust to in-plane magnetic fields up to ∼0.5 T.

We now characterize the coupling of the microwave res-
onator to YIG thin films. In these measurements we concen-
trate on the fundamental mode, in which current density is
maximized in the inductor wire, localizing the magnetic field.
We use three YIG layers of thickness dYIG = 0.1, 2, and 5
μm, grown by liquid phase epitaxy on gadolinium gallium
garnet substrates [26]. These layers are successively mounted

face-down on the microwave resonator, and held in place by
vacuum grease.

Measurements of the coplanar waveguide transmission
|S21| as a function of magnetic field are shown in Fig. 2, for
the three film thicknesses, where the YIG layer covers the
entire area of the resonator. The magnetic field is applied in
the plane of the resonator, along the direction of the inductive
wire, such that the microwave magnetic field is perpendicular
to it. Firstly, it can be seen that loading the resonator with the
YIG film affects the resonance frequency, as both μ and ε are
modified: this results in a frequency shift of the resonator with
increasing YIG thickness. Secondly, for all thicknesses, there
is clear normal mode splitting of the resonator modes with the
ferromagnetic resonance mode. However, for the two thicker
layers, only one branch of the coupled modes is observed.
We believe that this could occur for two reasons. Firstly, the
symmetry of the drive field can affect which modes are driven
[27]. Secondly, the damping of the upper branch may be much
larger as it overlaps with the spin-wave band of the YIG [28],
meaning that it is difficult to observe.

The coupling rate for the three layers is extracted using a
manual fit to the lower branch. The magnetic mode frequency
is described by the Kittel formula ωm = γμ0

√
H0(H0 − M ),

where H0 is the applied magnetic field, M is the effec-
tive magnetization of the YIG, and γ /(2π ) = 28 GHzT−1

is the gyromagnetic ratio. We use a simple coupled mode
model of ωm and the microwave resonator mode ωc, so
that the hybrid modes are given by ω± = (ωm + ωc)/2 ±√

g2 + ((ωm − ωc)/2)2. The extracted coupling rate g is plot-
ted in Fig. 3, where a sublinear increase with thickness is
observed.

We can understand this trend by considering the theoreti-
cally expected coupling rate,

g = η

2
γ
√

h̄μ0ω
√

ρs, (1)

where ρ is the density of spins s. The rate is proportional to
the mode overlap of the magnon �m and microwave �B magnetic
fields [29],

η2 = | ∫ δ �m(�r) · �B∗(�r)dV |2
∫ |δ �m(�r)|2dV

∫ |�B(�r)|2dV
, (2)

which will depend on how much of the microwave magnetic
field mode volume is filled with magnetic material [6]. Note
that although the impedance does not appear in this expres-
sion, it affects the rate implicitly through this mode volume.

The magnon mode function is assumed to be Kittel-like,
i.e., with uniform amplitude and phase of the ferromagnetic
resonance oscillation, but localized around the wire. We ap-
proximate its spatial extent by a cuboid function, with two
of the dimensions given by the thickness of the film and
the length of the inductor wire. The third dimension is the
distance across the film, perpendicular to the inductor, over
which Kittel-like ferromagnetic resonance is excited by the
inductor. This extent is left as a fitting parameter which will
be determined from the coupling rate. This allows us to
approximate η by evaluating

η2 ≈ | ∫VM
Bx(�r)dV |2

VM
∫ |�B(�r)|2dV

, (3)
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FIG. 2. Transmission of the coplanar waveguide as a function of applied magnetic field and frequency, for YIG layers of (a) 0.1, (b) 2,
and (c) 5 μm. A field independent background has been subtracted. The white lines indicate the bare microwave resonator (short dash) and
ferromagnetic resonance (long dash) frequencies. The green and red dashed lines are the coupled modes fitted to the measured data.

where the magnon mode volume is VM ≈ linddYIGwδ �m. We
evaluate the numerator by considering the magnetic field
distribution in the 2D plane perpendicular to the wire using
the approximate distribution of current in a superconducting
strip [30]. This field distribution is shown in Fig. 3(b). The
integral in the denominator is evaluated from the same field
distribution, but must be corrected by a factor L0/(L0 + Lp/4)
to account for the magnetic field due to parasitic inductance
in the device. The effect of kinetic inductance, negligible for
our film [24], was omitted. However, we have also performed
measurements with high kinetic inductance niobium nitride
thin films [31], in which the coupling rates are reduced by the
significant additional inductance of the strip line.

The only free parameter in the calculation is the extent
of the magnon mode in the transverse direction wδ �m. By
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FIG. 3. (a) Measured coupling rate verses YIG thickness, with
calculated fit (red line). (b) Magnetic field distribution around the
inductor strip, used to fit the coupling rate with Eq. (3). The dashed
white lines indicate where the upper and lower surfaces of a 2-μm-
thick YIG film would lie.

adjusting this parameter, we obtain reasonable agreement with
the experimental data, as shown by the solid line in Fig.
3(a). The value is wδ �m/2 ≈ 15 μm. This length-scale can
be understood as the spin-wave propagation length, or the
coherence length of the uniform mode, and is in reasonable
agreement with other experiments in YIG thin films [32].

The analysis above assumes that the coupling was localized
around the inductive wire, as that is where the microwave
magnetic field is concentrated. However, although the current
density is weaker elsewhere in the resonator [24], the interac-
tion volume is much larger, so in principle could contribute
significantly to the coupling rate. To characterize this contri-
bution, we performed further measurements using a small 2-
μm-thick YIG chip [see Fig. 4(b)]. With this smaller piece we
can cover the inductor wire, while minimizing the coverage
of the interdigitated capacitor, as shown schematically in Fig.
4(b). In this measurement we see that the coupling rate is
g/(2π ) = 380 MHz, compared to g/(2π ) = 300 MHz when
the 2-μm YIG layer covers the entire resonator. That these

(c) (d)
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on GGG
over whole
resonator
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on GGG on
inductor

-2
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FIG. 4. Comparison of measurements with (a) YIG layer cov-
ering the entire chip and (b) YIG layer largely covering only the
inductor. A field independent background has been subtracted. Note
that avoided crossings of the fundamental and second-harmonic
resonator modes are shown.
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values are comparable indicates that most of the coupling
indeed comes from a localized area around the inductive wire.

From our experiments, the total volume of magnetic mate-
rial contributing to the normal mode splitting is estimated to
be VM ≈ 1.2 × 10−14 m3. Given the spin density ρ = 2.1 ×
1022 cm−3, the corresponding number of spins N ≈ 2.6 ×
1014 is two orders of magnitude smaller than that achieved
in YIG with a standard coplanar waveguide resonator [6].

We have shown that low-impedance superconducting mi-
crowave resonators promise an excellent path towards strong
coupling of microwave fields to magnetization dynamics at
the nano-scale. This circumvents the need for high resolution
lithography of magnetic elements, which typically leads to
degradation of the ferromagnetic resonance properties. The
use of this type of resonator may be transferable to similar
experiments in magnetic molecules [33], and in achieving
strong-coupling to metallic ferromagnet thin films. Although
the linewidth of the ferromagnetic resonance in metallic layers
is not as narrow as in YIG, the application of anti-damping
spin-orbit torques [16] may allow this problem to be over-
come.

As well as applications that require strong coupling at
the micrometer scale, in the weak-coupling limit, these types
of resonators may allow direct inductive ferromagnetic reso-
nance experiments on small magnetic objects. Typically, fer-
romagnetic resonance must be measured on an array of such
devices to attain sufficient signal, but device inhomogeneity
can then have a significant impact on the measured linewidth

[23]. Alternatively, noninductive readout mechanisms can be
used, such as optical [34], torsional [35], or resistive [36]
methods, but these add additional measurement complica-
tions.

Finally, recent efforts towards microwave-optical conver-
sion in yttrium iron garnet [5,37–39] have been limited by
the poor overlap of magnetic and optical modes. By coupling
microwaves into a much smaller volume of magnetic material,
it should be possible to increase the conversion-efficiency
significantly [40]. While optical cavities of wavelength λ ∼
1 μm can be made with mode volume V ∼ 1 μm3 [41],
coupling microwaves to that volume may require novel tech-
niques such as those outlined here.
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