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Origins of asymmetric charge transport properties of weakly coupled molecular junctions
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Understanding charge transport properties of a molecular junction plays a crucial role in the possible
application of such devices. In this work we present a theoretical study on the transport properties of molecular
transistors in the sequential tunneling regime. Special attention is paid to the origins of the asymmetries
in the charge transport properties as presented by the commonly measured conductance stability diagrams
(two-dimensional plots of the differential conductance against gate and bias voltages). It is found that both the
external factors, including the bias coupling constant and the coupling strength between the molecule and the
electrodes, and the intrinsic molecular properties such as the frequency differences between different charging
states, the anharmonicity of the potential energy surface, and the mode-mixing effect can lead to asymmetric
conductance stability diagrams. Especially, we show that the uneven bias coupling between the molecule and
the two electrodes can result in strong current rectifications. These results successfully reproduce the change in
rectification directions of molecular diodes as observed in a recent experiment [L. Yuan et al., Nat. Commun.
6, 6324 (2015)]. The differences in the asymmetric stability diagram caused by the studied factors are also
discussed, which helps us to correctly interpret the experimental results.
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I. INTRODUCTION

Molecular junctions are tiny devices in which molecules
are connected to electrodes to form electric circuits. Such
systems are often considered to be one of the promising
building blocks for future electronic devices and have been
extensively studied both experimentally and theoretically in
the past two decades [1–8]. The rapid development of ex-
perimental techniques has also made molecular junctions an
important test bed for fundamentally important problems such
as the interaction of charge carriers and the nuclear motions of
the molecules during the charge transport process. Especially,
the charge transport properties of single-molecule transistors
as designed as an analog to the classical field effect transis-
tors have been measured to extremely high precision, which
has led to the observation of many interesting phenomena
such as the excitation of molecular vibrations [9–12] and
the suppression of the low-bias current by strong electron-
vibration couplings (Franck-Condon blockade) [7,8,13]. The
charge transport properties of single-molecule transistors are
normally measured as functions of both the source-drain bias
voltage and the gate voltage and presented as two-dimensional
plots of the differential conductance as functions of the bias
and gate voltages (known as the conductance stability diagram
or Coulomb diamond). From the conductance stability dia-
grams, much important information about the electron trans-
port properties of the molecular transistor can be obtained,
including the charging energies of different charging states,
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the vibrational modes, and vibrational progressions of the
conducting state. However, because the transport property of
a single-molecule transistor can be affected by many factors
such as the molecule-electrode coupling strength, the bias and
gate couplings, and the intrinsic properties of the molecule
itself, the resulting conductance stability diagrams could be
rather complicated to interpret, which thus causes difficulties
in the unambiguous determination of the properties of interest.

To address such a problem, we present in this work a sys-
tematic theoretical study of the charge transport properties of
a single molecule weakly coupled to the metallic electrodes.
The charge transport through the molecule is assumed to be
dominated by one spin-degenerate quantum level. The elec-
tronic transport properties of such weakly coupled molecular
junctions were described by performing rate equation calcu-
lations in the sequential tunneling regime [14–18]. Special
attention is paid to the possible origins of the asymmetry
in the conductance stability diagrams of the system, which
could supply helpful guidance for the interpretation of the
experimental results. Moreover, we also show that strong
current rectifications can be obtained when the bias couplings
between the molecule and the source and drain electrodes are
not equal. Depending on the ratio of the bias couplings, the
direction of the current rectification can also be tuned, which
nicely reproduces the change in the rectification directions of
molecular diodes, as observed in a recent experiment by Yuan
et al. [19].

The rest of the paper is organized as follows: in Sec. II
we introduce the model and theoretical method we used
to simulate the single-molecule transistor and its transport
properties. The influences of various factors on the charge
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FIG. 1. (a) Schematic drawing of the single-molecule transistor studied in the present work. The molecule (M) was capacitively coupled
to the left (L), right (R), and gate electrodes with the corresponding electrode capacitances CL , CR, and CG [14]. (b) The corresponding
energetic diagrams of the transistor. The molecule is represented by two charging states (|0〉 and |1〉), each with a number of vibrational
levels. (c) A typical symmetric conductance stability diagram computed for harmonic potentials with α = β = 0.5, ω1 = ω2 = 1000 cm2,
γ L = γ R = 1.0 μeV, �Q = 41.90 a.u.

transport properties of the model transistor are presented in
Sec. III together with corresponding discussions. Section IV
gives a summary of the work.

II. MODEL AND THEORETICAL METHOD

A. Model

A schematic picture of the single-molecule transistor con-
sidered in this work and the corresponding energetic diagrams
are shown in Figs. 1(a) and 1(b), respectively. The molecule
(M) was assumed to weakly coupled to the left (L) and
right (R) electrodes which act as electron reservoirs. In the
weak-coupling limit, the transport is dominated by sequential
tunneling where the charge carrier can stay on the molecule
for a time sufficiently long to lose coherence [20]. As a result,
the molecule undergoes charging and decharging during the
charge transport process [schematically shown by the vertical
red arrow in Fig. 1(b)]. For the sake of simplicity, we consider
only two electronic charging states, an electron unoccupied
state |0〉 and an occupied state |1〉, in the following discussion.
Such a treatment is equivalent to the assumption that the
transport through the molecule is dominated by a single spin-
degenerate conducting channel under the Coulomb blockade
condition [15].

The influences of the bias and gate voltages on the
molecule were included by the capacitance of the molecule to
the electrodes (CL, CR, and CG) [14,16]. Charge transport can
take place when the conducting channel enters the potential
window between the left and right electrodes as opened up
by applying a bias voltage Vb, as shown in Fig. 1(b). In order
to facilitate the discussion, we assume the energy difference
between the conducting channel and the Fermi energy of the
electrodes E f is ε0. In the electronic state picture, ε0 can
be considered effectively as the energy difference between
electronic states |1〉 and |0〉. It should be noted here that we
have neglected the internal relaxations and the interactions
between electrons in different energy levels [14]. The energy
of the electrons in the reservoirs should exceed ε0 for the
charge transport to happen. A gate voltage can be introduced
to tune the relative position of the conducting channel with

respect to E f . Under a gate voltage of Vg, the energy difference
between the conducting channel and E f can then be written as
ε = ε0 − eβVg, with β = CG/(CL + CR + CG) being the gate
coupling constant [14–16]. The effect of the gate voltage can
also be understood from the electronic states’ point of view. In
fact, electronic states with different numbers of electrons will
respond differently to the gate voltages [14,21]. As a result,
the energy difference between the two states will also be
affected by the applied gate voltage. This change is equivalent
to the energy shift of the conducting channel caused by the
gate voltage. In the simulations we have assumed ε0 = 0,
i.e., the conducting channel is aligned with E f at Vg = 0 (or,
equivalently, the energy difference between the two states is
zero), which thus allows the charge transport to happen as
long as nonzero bias voltages are applied. Such a condition
can be met by applying a reference gate voltage of Vg0 =
ε0/eβ [14].

In order to take into account the electron-vibration cou-
pling effect, each state is associated with vibrational modes
described by given potential energy surfaces (PESs). In the
following simulations, we consider only one harmonic vi-
brational mode for each state unless otherwise stated. The
equilibrium positions of the corresponding PESs belonging
to different charging states were shifted by �Q to include
vibrational excitations.

The Hamiltonian describing the model molecular transistor
outlined above can be written as [15,22–24]

H = HM + HE + HV . (1)

Here HM , HE , and HV represent the Hamiltonians of the
molecule, the two electron reservoirs, and the coupling be-
tween the molecule and the reservoirs, respectively. The
molecular Hamiltonian can be written as [22,23]

HM =
∑

l

ε0,l |0, l〉〈0, l| +
∑

l ′
ε1,l ′ |1, l ′〉〈1, l ′|. (2)

Here the eigenvalue and wave functions for the molecule
can be obtained by solving the Schrödinger equation for
given PESs; |0, l〉 and |1, l ′〉 correspond to the vibrational
levels with quantum numbers l and l ′ in states |0〉 and |1〉,
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respectively. Under the Born-Oppenheimer approximation,
|0, l〉 (|1, l ′〉) can be rewritten as |0〉e ⊗ |l〉ν (|1〉e ⊗ |l ′〉ν), with
|0〉e (|1〉e) and |l〉ν (|l ′〉ν) being the electronic part (e) and
vibrational part (ν) of the wave functions, respectively. ε0,l

and ε1,l ′ are the energies for the corresponding levels, and their
differences are dependent on Vg as ε1,l ′ − ε0,l = ε0

1,l ′ − ε0
0,l −

eβVg (ε0
1,l ′ and ε0

0,l are the unperturbed energies), as we have
discussed above. The Hamiltonian for the two reservoirs can
be written as [15,22–24]

HE =
∑
r,k

εrkc†
rkcrk, (3)

where r = L, R represent the left and right reservoirs. c†
rk and

crk are the creation and annihilation operators of electron in
the reservoir, with k being the momentum of the electron. The
energy of the electron in the two reservoirs εrk is dependent on
the applied bias voltages in the way shown in Fig. 1(b). The
coupling Hamiltonian that describes the tunneling of electron
into and out of the molecule can be written as [15,22–24]

HV =
∑
r,k

Vr (c†
rkd + d†crk ). (4)

Here d† = |1〉ee〈0| and d = |0〉ee〈1| are the creation and an-
nihilation operators of the electronic states. VL (VR) describes
the coupling strength between the molecule and left (right)
electrode. Vr is related to the bonding condition between the
molecule and the electrodes as well as the coupling between
the conducting channel and the electrodes. In this work we
assume that VL = γ L and VR = γ R, as shown in Fig. 1(b).

B. Theoretical method

As we discussed above, in the weak-coupling limit consid-
ered in the present work, the charge transport of the single-
molecule transistor considered is dominated by sequential
tunneling. In the sequential tunneling regime, the electron
transport properties of the transistor can be appropriately
described in the framework of rate equations [15,16].

The occupation probability Pl for a given vibrational level
l can be obtained by solving the rate equation [15–18]

dPl

dt
=

∑
l ′

(Rll ′ + 	ll ′ )Pl ′ . (5)

Here Rll ′ and 	ll ′ are elements of matrices describing the
tunneling rates and relaxations, respectively. The tunneling
rates for interstate transitions between level l in the initial
state |0〉 and level l ′ in the final state |1〉 can be computed
by Fermi’s golden rule as [16]

Rl ′l = γ L

h̄
f (εL )|ν〈l|l ′〉ν |2 + γ R

h̄
f (εR)|ν〈l|l ′〉ν |2 (6)

and

Rll ′ = γ L

h̄
[1 − f (εL )]|ν〈l ′|l〉ν |2 + γ R

h̄
[1 − f (εR)]|ν〈l ′|l〉ν |2.

(7)
Here f (ε) = 1/(1 + eε/kBT ) is the Fermi function, which
depends on the temperature T in the electrodes, and kB is
the Boltzmann constant. εL = ε0

1,l ′ − ε0
0,l − αeVb − eβVg and

εR = ε0
1,l ′ − ε0

0,l − (α − 1)eVb − eβVg describe the relative

position of the two levels and the potential window opened
up by the bias voltage Vb. Here α = (CR + CG/2)/(CL + CR +
CG) is the bias coupling constant. |ν〈l|l ′〉ν |2 = |ν〈l ′|l〉ν |2 are
the Franck-Condon factors. For simple potential energy sur-
faces such as harmonic potentials, the Franck-Condon factors
can be computed analytically [25]. Consider the simple case
of one-dimensional displaced harmonic potentials shown in
Fig. 1(b), and if we assume no frequency change between
these two states, i.e., ω1 = ω2 = ω, then the Franck-Condon
factors can be calculated from the displacement vector �Q
and the frequency ω. It is convenient to introduce the electron-
vibration coupling parameter λ = �Q

√
ω/2h̄ to compute the

Franck-Condon factors. The square of λ is known as the
Huang-Rhys factor. With λ in hand, the Franck-Condon over-
lap for the one-dimensional displaced harmonic potentials can
then be computed as [26]

ν〈l|l ′〉ν =
√

l!l ′!e−λ2/2
min(l,l ′ )∑

k=0

(−1)l ′+kλl+l ′−2k

k!(l − k)!(l ′ − k)!
. (8)

The diagonal elements of the rate matrix can be computed as

Rll = −
l ′ �=l∑

l ′=1,N

Rl ′l . (9)

Here N is the total number of vibrational levels included. All
of the other elements in the rate matrix are zero.

For the two-charging-state model considered here, only the
matrix elements for the intrastate vibrational decay processes
are nonzero. And the decay rates were modeled by a single
vibrational relaxation time τ , as has been used in previous
works [16–18]. For the nondiagonal terms, we have

	ll ′ = 1

τ

e−εl /kBT∑
k e−εk/kBT

. (10)

The second term on the right-hand side of the above ex-
pression is the equilibrium occupation probability of level l
according to the Boltzmann distribution. And the summation
over k runs over the vibrational levels in the charging state that
vibrational levels l and l ′ belong to. εl and εk are the energies
for the corresponding vibrational levels. For the diagonal
terms, we get

	ll ′ = 1

τ

(
e−εl /kBT∑
k e−εk/kBT

− 1

)
. (11)

By solving the rate equations, we can obtain the steady
state of the system under given bias and gate voltages. Based
on the steady-state populations, the current can be computed
as

I = e
∑

l

∑
l ′

(PlRl ′l − Pl ′Rll ′ ). (12)

With the current available, the conductance can then be ob-
tained as G = ∂I/∂Vb.

C. Simulation details

In the simulations we solve the rate equations by comput-
ing the null space of the matrix M containing both the tunnel-
ing rate matrix R and the decay matrix 	 as M = R + 	 by
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FIG. 2. Conductance stability diagrams simulated with different values of the bias coupling constant α. All of the other parameters are the
same as in Fig. 1(c).

singular-value decomposition [16–18]. Sufficient vibrational
energy levels were included in the calculations to guarantee
the convergence of the results. The vibrational relaxation time
has been set to τ = 1.0 ns. The Franck-Condon factors for
models with harmonic potentials were computed analytically
with the DYNAVIB software [27]. For the Morse potential,
the Franck-Condon factors were computed numerically by
the direct integration of the corresponding vibrational wave
functions [18]. All of the simulations were performed under
the temperature T = 50 K; β has been set to 0.5 in all of the
simulations presented in this work.

III. RESULTS AND DISCUSSION

A typical conductance stability diagram obtained with
symmetric molecule electrode coupling (γ L = γ R), symmet-
ric bias coupling (α = 0.5), and the same frequency for the
two charging states (ω1 = ω2) is shown in Fig. 1(c). The
displacement �Q has been set to 41.90 a.u., which corre-
sponds to λ = 2. This value of �Q allows us to have sufficient
vibrational levels in the conductance stability diagram, which
is helpful for the following discussion. It can be clearly
seen that, under such ideal conditions, the conductances are
symmetric with respect to both the bias and gate voltages.
It is worth mentioning that the two sides with respect to the
gate voltage represent different transitions. On the Vg < 0
side, the initial state is |0〉, and the conductance lines are
results of the |0〉 → |1〉 transitions. In contrast, the Vg > 0 side
represents the |1〉 → |0〉 transitions. In the following we will
discuss the factors that could partly break the symmetry of
the stability diagrams. The unique signature for each type of
asymmetric diagram will be given, which could be helpful for
the understanding and interpretation of experimental results.

In practice, both the external properties such as the
electrode-molecule coupling strength (γ L and γ R) and the
bias coupling constant α and the intrinsic properties of the

molecule itself such as the frequency difference between the
two charging states, the anharmonicity of the PESs, and the
vibrational mode-mixing effect [18] could break the symme-
try of the stability diagrams. Some of these properties, espe-
cially the intrinsic molecular properties, have been studied in
previous works. These effects will also be examined here to
discuss specifically the corresponding effect on the shape of
the stability diagrams.

A. Effect of the external factors

We start the discussion by examining the effect of the ex-
ternal factors on the charge transport properties of the model
molecular transistor. The effect of changing the bias coupling
constant α and the electrode-molecule coupling strength (γ L

and γ R) will be discussed in this section.

1. Bias coupling constant α

We first study the effect of the bias coupling constant
α on the conductance stability diagrams by keeping all of
the other parameters the same as used in the calculation of
Fig. 1(c). As shown in Fig. 1(b), α controls the bias drop of
the two electrodes; deviation of α from 0.5 can lead to uneven
potential energy changes in the two electrodes. It is thus
expected that the changes in α could have significant influence
on the conductance stability diagram of the transistor. The
simulation results for different bias coupling constants are
shown in Fig. 2. Compared with Fig. 1(c), the conductance
stability diagrams for uneven bias coupling constants have
two distinctive features. The first is that the diamond structure
becomes tilted with reduced angles between the originally
perpendicular conductance lines. The other is that the conduc-
tances are no longer symmetric with respect to both the gate
and bias voltages. However, we can see that there is still a
rotational symmetry around the crossing point of the diamond
structure. These features are the direct result of the uneven
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FIG. 3. I-Vb curves calculated at three different bias coupling constants under Vg = −9h̄ω/e: (a) α = 0.2, (b) α = 0.5, and (c) α = 0.8. The
changes in the conductance in (a) and (c) are indicated by the vertical dashed lines in Figs. 2(c) and 2(g), respectively. (d)–(f) The experimental
results from Ref. [19]. The experimental results were obtained by tuning the length of the linker groups (alkyl chains) between the conducting
unit of the molecule and the electrodes.

bias voltages [with a ratio of α/(1 − α) for the left and right
electrodes] needed to excite the same group of vibrational
energy levels.

In addition, the strong asymmetry of the charge transport
properties with respect to the bias voltage caused by the
uneven bias drop also leads to clear current rectifications, as
can be seen in Fig. 2. Moreover, we can see that by changing
α from less than 0.5 to larger than 0.5, there is a reverse of the
direction for the current rectification. Interestingly, a recent
experiment by Yuan et al. successfully realized the control
of rectification directions of molecular junctions by changing
the length of the linker groups (alkyl chains) between the
conducting unit and the electrodes [19]. In their experiment,
the effect of changing the length of the linker groups is mainly
the changes to the potential drops on the two electrodes,
which are equivalent to tuning the bias coupling constant α.
This is reasonable since changing the length of the linker
groups can affect the electrode capacitances CL and CR, and
a result of the uneven electrode capacitances is that α will no
longer be 0.5. We compare the experimental results with the
current-voltage (I-V ) characteristics simulated with different
α in Fig. 3. As can be seen, the simulation results show very
good qualitative agreement with the measured I-V curves,
which thus confirms the origin of the current rectification and
the changes in the rectification directions are a result of the
different bias couplings between the conducting molecule and
the two electrodes. It should be mentioned that the experi-
ments were performed on self-assembled monolayers, while
the calculations were done for a single molecule with prede-
fined parameters, which is the reason for the large differences
between the absolute values of the currents.

2. Molecule-electrode coupling strength γ

The molecule-electrode coupling strength is another factor
that could lead to asymmetric charge transport in molecular
junctions [28]. It is a measure of the bare tunneling rates for
the electrons in the electrodes to the molecule and determines
the absolute values of the electric current through the molecu-
lar transistor. In fact, the currents are proportional to the cou-
pling strength between the molecule and the electrodes. Under
the high-bias-voltage limit, the saturation current (the current
becomes saturated when all of the conductance channels enter
the potential window) for a junction with a symmetric bias
coupling constant (α = 0.5) can be computed analytically as
[14]

I±
s = ±|e| γ Lγ R

γ L + γ R
. (13)

From Eq. (13) we can see that changes to either γ L or γ R could
lead to changes to the magnitude of the saturation current.
However, the saturation currents obtained under positive and
negative bias voltages will still be the same even with asym-
metric coupling strengths. Such a feature is different with
the asymmetric bias coupling constants, which could lead
to strongly asymmetric saturation currents and thus current
rectifications as we discussed above. In order to obtain a
clear picture of the influence of γ on the detailed charge
transport properties of the model transistor, we have computed
the conductance stability diagrams with asymmetric coupling
strengths between the molecule and electrodes. The simula-
tion results are shown in Fig. 4.
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FIG. 4. (a)–(d) Conductance stability diagrams calculated with different values of γ L . (e)–(h) I-Vb curves with Vg = −5h̄ω/e.
(i)–(l) Steady-state population of the ground vibrational energy level in the two electronic states at Vg = −5h̄ω/e as a function of the bias
voltage. All of the other parameters are the same as in Fig. 1(c).

As can be found in Figs. 4(a)–4(d), breaking the balance
between γ L and γ R can also cause the conductance stability
diagrams to become asymmetric with respect to both the
gate and bias voltages. A rotational symmetry with respect
to the degeneracy point can be found which is similar to
the case of asymmetric bias coupling constants. However,
in this case there are no changes to the angle between the
crossing conductance lines which can be used to distinguish
the asymmetries caused by the bias coupling constants and
the molecule-electrode couplings. Moreover, compared with
the changes caused by changing the bias coupling constants,
changing the molecule-electrode couplings can lead to much
stronger changes to the magnitude of the conductance, as
clearly illustrated in Figs. 4(a)–4(d).

Another interesting feature that results from decreased
molecule-electrode couplings is the reduced number of con-
ductance lines parallel to the diagonal direction. A clear
increase in the conductance to the first conductance line
(corresponding to the first conductance peak in G-Vb curves)
is also evident. In order to understand such changes, we
plot the I-Vb curves and the steady-state populations of the
ground vibrational energy levels in the two electronic states
obtained at Vg = −5h̄ω/e in Figs. 4(e)–4(h) and Figs. 4(i)–
4(l), respectively. From the I-Vb curves we see that the shape
of the current steps remains almost unchanged under the
positive bias voltages. This is due to the similar trends of
the population changes at positive bias voltages, as can be
seen in Figs. 4(i)–4(l). For the case with the negative bias
voltages, on the other hand, there is a sudden change in the
populations at the on-site bias voltages (Vb = −5h̄ω/e). Es-
pecially, for the strongly asymmetric case of γ L = 0.001γ R,
the molecule is almost instantly excited to the final state |1〉
once the first conductance channel enters the bias window.
Such strong changes in the populations are caused by the
uneven molecule-electrode couplings which reduce the deex-

citation from the left electrode. As a result, the current also
undergoes a sudden increase and reaches the saturation values
much faster than that of the positive bias voltages, which is
responsible for the observed asymmetries in the conductance
stability diagrams. The asymmetric I-Vb characteristics shown
in Figs. 4(e)–4(h) agree well with the calculations by Härtle
and Thoss [28].

B. Effect of the internal factors

So far we have discussed the effect of the external factors
on the charge transport properties of the model molecular
transistor. In the following we start to investigate the effect of
the intrinsic molecular properties, including the shape of the
PESs and the mode-mixing effect on the transport properties
of the transistor. It should be mentioned that several previous
works have also studied the effect of the intrinsic molec-
ular properties such as the vibrational anharmonicity effect
[18,29–32] and the charge-state-dependent vibrational fre-
quencies [24,29] on the charge transport properties. However,
detailed investigations on these internal factors on the con-
ductance stability diagrams are still desirable to understand
the different types of asymmetries that could be observed
experimentally.

1. Frequency differences

We first examine the frequency differences between the
two electronic states on the transport properties of the transis-
tor. To obtain the signatures of the frequency changes, we will
still work with harmonic potentials and assume symmetric
bias couplings (by setting α to 0.5) and symmetric molecule-
electrode couplings (γ L = γ R). The simulation results with
ω2 = ω1 and ω2 = 1.2ω1 are shown in Figs. 5(a) and 5(b),
respectively. Here the symmetric case of ω1 = ω2 is included
for comparison.
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FIG. 5. Effect of frequency changes on the conductance stability
diagrams: (a) ω2 = ω1 and (b) ω2 = 1.2ω1. (c) The G-Vb curves
obtained with Vg = −3h̄ω/e. In the simulations α has been set to 0.5.
The molecule-electrode coupling has also been set to be symmetric
with γ L = γ R.

By comparing the diagrams in Figs. 5(a) and 5(b), it can
be seen that the space between adjacent conductance lines
in the left part of Fig. 5(b) has increased significantly as a
result of the increased frequency of the |1〉 state ω2. However,
the other part of the diagram remains largely unchanged and
possesses a shape similar to that of the one obtained with equal
frequencies. As a result, the conductance stability diagram
is no longer symmetric with respect to the gate voltage.
On the other hand, the symmetry with respect to the bias
voltages remains which can be applied to distinguish with the
asymmetric charge transport properties caused by the external
factors. Figure 5(c) shows the G-Vb curves for the two cases at
Vg = −3h̄ω/e. From Fig. 5(c) we can clearly see the increase
in the spacing between the adjacent conductance peaks for the
result obtained with ω2 = 1.2ω1. It is worth mentioning here
that the bias voltage between two adjacent conductance peaks
is two times that corresponding to the vibrational frequencies
(�Vb = 2h̄ω2/e) because α = 0.5.

2. Vibrational anharmonicity effect

In the study of vibrational excitations in molecular junc-
tions, the most commonly adopted approximation is the har-
monic approximation. The harmonic approximation is gen-
erally a very good approximation, especially for vibrational
modes with higher energy and when only the lower vibrational
levels are considered. However, there are situations where a
large number of vibrational quanta are required. An important
example can be found when dealing with charge transport
in the so-called Franck-Condon blockade [15] region where
charge transport is mainly contributed by higher vibrational
energy levels. For such cases, the vibrational anharmonicity
effect could play an important role [18,30]. To this end, we
also studied the effect of the anharmonicity on the charge
transport properties of the model transistor.

FIG. 6. (a) Conductance stability diagram computed for the
model transistor with the Morse potential. (b) G-Vb curve obtained
with Vg = 3h̄ω/e. All of the other parameters are the same as in
Fig. 1(c).

In the simulations, the harmonic potential is replaced by
the Morse potential to describe the anharmonicity effect. All
of the other parameters have been chosen to be the same
as those used in the simulation in Fig. 1(c). The simulated
conductance stability diagram and the G-Vb curve calculated
at Vg = 3h̄ω/e are shown in Figs. 6(a) and 6(b), respectively.
From Fig. 6(a), it can be seen that the conductance stability
diagram also becomes asymmetric with respect to the gate
voltage, which is similar to that of the frequency changes.
However, unlike in the case of the frequency changes, the
asymmetry caused by the vibrational anharmonicity effect
is a result of the asymmetric nature of the potential energy
surface. We can also find an evident difference between
the asymmetries caused by the frequency changes and the
vibrational anharmonicity effect, which is the energy spacings
between adjacent conductance lines are no longer constant for
the latter case. For the Morse potential, the energy for a given
vibrational level can be computed as [33]

En =
(

n + 1

2

)[
h̄ω −

(
n + 1

2

)
h̄2ω2

4D

]
, (14)

where D is the dissociation energy. The value of D also de-
termines the number of bound levels in the well of the Morse
potential with j = 	2D/h̄ω − 1/2
 + 1, where 	·
 indicates
the integer part. We have considered 15 levels ( j = 15) to
be bounded in the simulations. From Eq. (14), we can get
the energy spacing between adjacent vibrational levels for the
Morse potential as

En+1 − En = h̄ω − (n + 1)
h̄2ω2

2D
. (15)

From Eq. (15) we can see that the energy spacing undergoes
gradual decreases together with the increase in the vibrational
quantum number n. The reduced energy spacings are clearly
illustrated by the G-Vb curves shown in Fig. 6(b).

3. Mode-mixing effect

Other than the two factors considered above, the vibra-
tional mode-mixing effect, which is caused by the rotation
between the normal coordinates of the two electric states
[34–36], could also affect the charge transport properties of
a molecular junction [18]. In order to study such an effect,
we have considered minimal two-dimensional PESs. The two
sets of PESs are assumed to relate to each with a linear
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FIG. 7. Conductance stability diagrams simulated with different
rotation angles: (a) θ = 0 and (b) θ = π/4. (c) The G-Vb curves
obtained at Vg = −3h̄ω/e. The detailed transition assignments are
marked beside the peak position. Two vibrational modes with fre-
quencies of 1000 and 1200 cm−1 are included in each of the two
electronic states. �Q1 = 41.90 a.u., �Q2 = 0. All other parameters
are the same as in Fig. 1(c).

transformation as [34]

Q1 = JQ2 + K. (16)

Here Q1 and Q2 represent the normal coordinates of the |0〉
and |1〉 states, respectively. J is a 2 × 2 rotation matrix defined
by a rational angle θ and K , which is a two-dimensional vector
with displacements between the two vibrational modes. In
the simulations, the frequencies of the two modes are set to
be ω1,1 = ω2,1 = 1000 cm−1 and ω1,2 = ω2,2 = 1200 cm−1.
Here we use the second number in the subscript to indicate the
index of the two modes in the same electric state. For the sake
of simplification, we assume only one of the two vibrational
modes is Franck-Condon active with �Q1 = 41.90 a.u. The
displacement for the other mode has been set to �Q2 = 0. All
of the other parameters are the same as in Fig. 1(c). With such
a setup, the charge transport process will be solely determined
by the Franck-Condon active mode when no mode mixing is
considered.

Figures 7(a) and 7(b) are the simulation results with θ = 0
and θ = π/4, respectively. As we mentioned above, with
θ = 0 (i.e., without the mode-mixing effect), the conductance
stability diagram is exactly the same as the one shown in
Fig. 1(c) because only one mode is active in this case. When
the mode-mixing effect is included, on the other hand, we
can again find that the stability diagram no longer has mirror
symmetry with respect to the gate voltage. It can be found
that the number of conductance lines increased significantly
in the negative-gate-voltage part. In contrast, the positive-gate

part of the diagram is almost the same as the one without the
mode-mixing effect. In order to analyze in detail the changes
in the conductance stability diagram caused by the mode-
mixing effect, the G-Vb curves for the two cases obtained
at Vg = −3h̄ω/e are shown in Fig. 7(c). From there we can
see that each of the conductance peaks except the first peaks
at positive and negative bias voltages in the case of θ = 0
has been replaced by several smaller peaks. The emergence
of the additional peaks is due to the involvement of the
high-energy modes caused by the mixing of the two modes.
In fact, the number of conductance peaks is determined by
the possible combinations for a given vibrational quantum
number [the detailed assignment for each peak can be found
in Fig. 7(c)]. This is a feature that can be applied to distinguish
the mode-mixing effect from the other two intrinsic molecular
properties.

IV. SUMMARY

In summary, we have performed a systematic study of the
effect of various factors that could affect the charge transport
properties of weakly coupled molecular junctions. Especially,
the effect of both the external factors, including the bias cou-
pling constant and the molecule-electrode coupling constants,
and the intrinsic molecular properties such as charge-state-
dependent frequencies, vibrational anharmonicity, and the
vibrational mode-mixing effect on the conductance stability
diagram of a model single-molecule transistor has been inves-
tigated in detail. These results show that the external factors
and the intrinsic molecular properties can affect the charge
transport properties of the transistor in distinctive manners.
Both the asymmetric bias and molecule-electrode couplings
can cause the conductance stability diagram to be asymmetric
with respect to both the bias and gate voltages. In contrast, the
intrinsic molecular properties can only lead to asymmetries
with respect to the gate voltage. The difference between each
of the factors has also been discussed, which could be helpful
in the interpretation of experimental results.

Moreover, we also showed that asymmetric bias coupling
constants can lead to strong current rectifications as a result
of the unbalanced bias voltage drop on the two electrodes.
The theoretical results were compared to the experimental
results by Yuan et al. [19] and were used to explain the
change in rectification directions of molecular diodes in the
experiments.
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