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Complete characterization of GaAs gradient-elastic tensors and reconstruction of internal strain
in GaAs/AlGaAs quantum dots using nuclear magnetic resonance
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Recently, we have calibrated the diagonal components S11 = Sxxxx of the GaAs gradient elastic tensor Si jkl

using nuclear magnetic resonance (NMR) and photoluminescence spectroscopy of GaAs/AlGaAs quantum dot
structures in Faraday geometry [E. A. Chekhovich et al., Phys. Rev. B 97, 235311 (2018)]. Here we measure
quantum dot NMR spectra in oblique magnetic fields giving access to the off-diagonal components Syzyz. We
find the ratios Syzyz/Sxxxx ≈ +1.98+0.21

−0.27 for 75As and ≈−0.40+0.23
−0.31 for 69Ga. Combined with our previous results,

we find all independent nonzero components of Si jkl : QSxxxx ≈ +0.758 × 10−6 V, QSyzyz ≈ +1.51 × 10−6 V for
75As and QSxxxx ≈ −0.377 × 10−6 V, QSyzyz ≈ +0.151 × 10−6 V for 69Ga, where Q is the corresponding nuclear
quadrupolar moment. Our results show that earlier nuclear acoustic resonance experiments [R. K. Sundfors,
Phys. Rev. B 10, 4244 (1974)] most likely overestimated the GaAs gradient elastic tensors, especially for 69Ga.
We further use NMR spectroscopy in oblique fields for assumption-free measurement of the intrinsic strain in
GaAs/AlGaAs quantum dots. We find deviations of the strain principle directions from the sample growth axis,
which vary between individual quantum dots.

DOI: 10.1103/PhysRevB.99.125304

I. INTRODUCTION

Elastic deformation of a solid body is described by a
symmetric strain tensor εi j . In semiconductors, strain leads
to a variety of effects arising from modification of electronic
orbitals. One such effect is generation of electric field gra-
dients (EFGs) at the atomic sites. EFGs are described by a
tensor Vkl , and the traceless part of Vkl is readily observed in
the nuclear magnetic resonance (NMR) spectra of quadrupolar
nuclei (with spin I > 1/2). The relation between strain and
the resulting EFGs is given by a fourth rank “gradient-elastic”
tensor Si jkl , via Vi j = ∑

k,l Si jklεkl .
In solids with high crystal symmetry the number of

nonzero independent components of Si jkl is significantly
reduced: in the case of cubic symmetry one usually uses
[1] Sxxyy = −Sxxxx/2 and the gradient-elastic tensor is then
fully described by the diagonal component Sxxxx (=Syyyy =
Szzzz) and the off-diagonal component Syzyz (=Sxyxy = Sxzxz).
In order to disentangle the two tensor components at least two
experiments conducted in different geometries are required
[2]. In the nuclear acoustic resonance (NAR) experiments by
Sundfors [3–5], acoustic waves with two different polariza-
tions were used to derive S11 = Sxxxx and S44 = Syzyz in GaAs
and other III-V semiconductors (here S11 and S44 are the ten-
sor components in Voigt notation). Bogdanov and Lemanov
have conducted NMR experiments on III-V semiconductors
under static stress and variable magnetic field orientations
[6,7] but in the case of GaAs could not obtain Si jkl reliably
due to sample imperfections [7]. Recently we have con-
ducted NMR experiments in a special configuration (Faraday
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geometry), where magnetic field is parallel to the [001] crys-
tallographic axis, and uniaxial static stress is orthogonal to
[001]. This experiment reveals the Sxxxx components on their
own [8]. Our Sxxxx values for GaAs were found to be a factor
of ∼1.4 smaller than in the early experiments by Sundfors
[4], which highlight the need for reexamination of the Syzyz

values as well. Here we measure the Syzyz/Sxxxx ratios in
GaAs. Importantly, we conduct experiments in three different
geometries giving an overcomplete set of measurements, and
allowing the consistency of our results to be verified. Our
Syzyz values deviate significantly from the earlier NAR studies,
especially for 69Ga nuclei. Combining the results of this work
with our previous report [8] we are able to provide a revised
expression for the complete gradient-elastic tensors of gallium
arsenide.

Accurate knowledge of Si jkl is important for understanding
and predicting the effect of strain on spin lifetimes [9] and spin
coherence [10–15] in various GaAs based qubit systems. The
Si jkl tensors are also required for the nondestructive structural
analysis approaches based on decoding the NMR spectra
[16–26]. Here we present an example of such analysis. From
first principles, we derive a closed-form relation between the
strain εi j and the resulting NMR quadrupolar shift under
arbitrary orientation of the static magnetic field. Using this
model we are able to measure strain tensors in individual
GaAs/AlGaAs quantum dots, without making any prelim-
inary assumptions about the internal structure of the dots.
We find for example that the symmetry (growth) axis of the
planar GaAs/AlGaAs structure is not necessarily a symmetry
axis of the quantum dot strain field: the deviation varies from
dot to dot and can be on the order of ≈10◦. This effect
qualitatively correlates with the slightly irregular morphology
of this type of GaAs/AlGaAs QDs as observed previously in
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atomic force microscopy [27]. NMR strain profiling can be
a valuable diagnostic tool in developing emerging quantum
dot based devices, such as entangled photon sources, where
fine-tuning, e.g., via strain fields, is crucial for achieving
optimal performance. In this framework, only the presence of
in-plane asymmetries have been considered up to now [28]
and state-of-the-art results were obtained on selected QDs
with regular morphology [29]. By contrast, it is still an open
question whether an arbitrary QD (with a natural quantization
axis tilted away from the growth axis) can reach the same
performance.

II. EXPERIMENTAL TECHNIQUES AND SAMPLES

We study quantum dot structures grown using molecular
beam epitaxy as described in our previous work [8]. Growth
of aluminium droplets on AlGaAs is used to etch nanoholes
[30,31] with a typical diameter of ∼40 nm and a depth of
∼5 nm, which are then filled with GaAs and capped with
AlGaAs to form GaAs/AlGaAs quantum dots. We study an
as-grown (unstressed) piece and a piece of the same sample
stressed compressively along the [110] crystal axis using tita-
nium bracket and screw [8]. The geometry of the experiment
is shown in Fig. 1. A static magnetic field B0 up to 10 T is
applied. The excitation laser is parallel to the static field and
is focused into a ∼1 μm spot on the sample surface by an as-
pheric lens. The photoluminescence (PL) signal is collimated
by the same lens and analyzed with a grating spectrometer
and a charge coupled device (CCD) camera. The orienta-
tion of the static magnetic field with respect to the sample
crystallographic axes is described by angles θ and φ, which
are varied by mounting the sample at different orientations.
All experiments are conducted in a helium bath cryostat at a
sample temperature ∼4.2 K. A small copper coil is mounted
close to the sample and is used to generate radio frequency
(rf) magnetic field Br f . NMR spectra of individual quantum
dots are measured using optical techniques developed [16]

FIG. 1. Schematic of the experiment geometry. Coordinate sys-
tem axes are aligned with the cubic crystal axes of the sample
x ‖ [100], y ‖ [010], z ‖ [001]. The sample is grown along the [001]
direction and cleaved along the [110] and [11̄0] directions. The
direction of the static magnetic field B0 is described by the polar
angle θ between B0 and z, and the azimuth angle φ which the
projection of B0 onto the xy plane makes with the x axis. External
stress can be applied along the [110] direction, corresponding to
azimuth angle ξ = +45◦. The radio frequency field Br f is orthogonal
to both the B0 and the stress directions.

and described [8] previously. Key to these techniques are
generation of large nuclear spin polarization via circularly
polarized optical excitation [32] and optical measurement of
the nuclear spin magnetization from the hyperfine shifts in
QD PL spectra [33,34]. Unlike in bulk or thick quantum well
structures [24], the strong spatial confinement of quantum
dots ensures nearly pure heavy-hole ground exciton states,
which facilitates large nuclear spin polarization leading to
improved NMR sensitivity.

III. THEORETICAL MODEL

The Hamiltonian of a nuclear spin I is a sum of the
Zeeman term describing interaction of the nuclear magnetic
dipole with the static magnetic field B0 and a term describing
interaction of the nuclear electric quadrupolar moment Q with
EFGs [35–38]:

Ĥ = −γ B0

2π
Îz

+ eQ

6I (2I − 1)h

∑
i, j=x,y,z

Vi j

(
3

2
(Îi Î j + Î j Îi ) − δi j I

2

)
, (1)

where the Hamiltonian is given in frequency units (Hz), e is
the elementary charge, h is the Planck constant, and EFGs
are described by a tensor Vαβ = ∂2V

∂α∂β
(α, β = x, y, z) of the

derivatives of the electrostatic potential V (x, y, z). For I =
3/2 nuclei the time-independent Schrödinger equation is an
eigenvalue problem with a 4 × 4 Hermitian matrix. A concise
analytical solution can be found if the quadrupolar Hamilto-
nian is treated as a small perturbation to the Zeeman term.
In this case, the effect of the quadrupolar interaction is that
instead of a single NMR transition at the Larmor frequency
ν0 = γ B0/(2π ), a triplet of lines with spectral splitting νQ is
observed [36–38]. The use of a first order approximation is
justified since quadrupolar shifts in our experiments (|νQ| �
140 kHz) are at least a factor of 400 smaller than the Zeeman
effect (ν0 � 58 MHz). The derivation is somewhat bulky and
was performed with the aid of Wolfram Mathematica software
(details can be found in the Supplemental Material [39]). The
final result for the NMR splitting νQ can be expressed in the
following form:

νQ(θ = 0) = eQ

2h
Sxxxxεb, (2)

νQ(θ, φ)

νQ(θ = 0)
=

4∑
i=1

Ai(θ, φ), (3)

A1(θ, φ) = 1 − 3

2
sin2 θ, (4)

A2(θ, φ) = 3

4
sin2 θ

εη cos 2φ

εb
, (5)

A3(θ, φ) = 2 sin2 θ
εxy sin 2φ

εb

Syzyz

Sxxxx
, (6)

A4(θ, φ) = 2 sin 2θ
εxz cos φ + εyz sin φ

εb

Syzyz

Sxxxx
. (7)

The quadrupolar NMR shifts are insensitive to purely hydro-
static strain (with εxx = εyy = εzz), so we can simplify the cal-
culations by neglecting the hydrostatic part εh = εxx + εyy +
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FIG. 2. (a), (b) Nuclear magnetic resonance spectra of 75As (a) and 69Ga (b) nuclei in an individual GaAs/AlGaAs quantum dot QD2 in a
uniaxially stressed sample. The spectra were measured in large static magnetic field B0 ≈ 8 T corresponding to ν0 ≈ 58.55 MHz for 75As and
ν0 ≈ 82.05 MHz for 69Ga. Three different directions of the field are used: aligned along the sample growth direction (θ ∼ 0, middle spectra),
tilted by θ = 23.5◦ towards the [11̄0] crystal axis (φ = 135◦, top traces), and tilted by θ = 18.8◦ towards the [110] crystal axis (φ = +45◦,
bottom traces). Each line of the NMR triplet corresponds to a distinct magnetic dipolar transition −3/2 ↔ −1/2 (�), −1/2 ↔ +1/2 (�),
and +1/2 ↔ +3/2 (�). The tilting of magnetic field (θ > 0) is seen to modify the nuclear quadrupolar splitting νQ between the central peak
−1/2 ↔ +1/2 and the satellite peaks ±1/2 ↔ ±3/2. (c) Experimentally measured magnitude of the quadrupolar splitting |νQ| of 75As (solid
symbols) and 69Ga (open symbols) nuclei as a function of the polar angle θ for magnetic field tilted towards [11̄0] (φ = 135◦, left part) or [110]
(φ = 45◦, right part). Results are shown for three individual quantum dots: QD1 (squares), QD2 (triangles), and QD3 (circles). Error bars are
95% confidence intervals. Lines show the νQ dependence for 75As (solid lines) and 69Ga (dashed lines) calculated according to Eqs. (2)–(7)
with best fitted parameters.

εzz = 0 and the three diagonal strains are then completely
defined by the biaxial strain εb = εzz − (εxx + εyy)/2 and the
deviatoric strain εη = εxx − εyy.

Equations (2)–(7) are valid for any sufficiently small strain
εi j . One particularly useful case is the strain induced by a
uniaxial stress P in the xy plane making angle ξ with the x
axis (P < 0 corresponds to compression). Using Hooke’s law
we find that such stress results in strain of the following form:

εP
b = −P/(2c11 − 2c12), (8)

εP
η /εP

b = −2 cos 2ξ, (9)

εP
xy/ε

P
b = −(c11 − c12) sin 2ξ/(2c44), (10)

εP
xz = εP

yz = 0, (11)

where c11 = 118.8 GPa, c12 = 53.8 GPa, and c44 = 59.4 GPa
are the known stiffness constants of GaAs [40].

IV. EXPERIMENTAL RESULTS FOR STRESSED SAMPLE

We have studied three individual quantum dots (QD1–
QD3) from the uniaxially stressed sample piece. NMR spectra
of an individual dot QD2 are shown in Fig. 2 for 75As (a)
and 69Ga (b) nuclei, and exhibit triplet structure arising from
the stress-induced quadrupolar effects [36–38]. Gaussian line
shape fitting is used to determine the resonance frequen-
cies and the quadrupolar splitting νQ of the ±1/2 ↔ ±3/2
satellite transitions from the −1/2 ↔ +1/2 central transition.

For magnetic field along the [001] crystallographic direction
(θ ≈ 0, middle spectra) we find |νQ| ≈ 133.0 kHz (≈
67.7 kHz) for 75As (69Ga). In the case of 75As tilting of
the static field towards the direction of stress ([110], φ =
+45◦) results in a pronounced reduction of νQ [Fig. 2(a),
bottom spectrum]. By contrast tilting the field towards [11̄0]
(φ = 135◦) leaves νQ almost unchanged [Fig. 2(a), top spec-
trum]. The effect is different for 69Ga, where the reduction
in quadrupolar splitting νQ is very similar for φ = +45◦ and
φ = 135◦ as observed in Fig. 2(b). The results are consistent
for all three individual quantum dots and are summarized in
Fig. 2(c), where experimentally measured |νQ| are shown by
the symbols as a function of magnetic field direction polar
angle θ for φ = +45◦ (right half of the graph) and for φ =
135◦ (left half).

Prior to presenting full numerical evaluation we use
Eqs. (2)–(7) to analyze qualitatively the results of Fig. 2. The
quadrupolar splitting at θ = 0 [Eq. (2)] is governed only by
the Sxxxx component of the gradient-elastic tensor and the
biaxial strain εb, but is independent of other strain tensor
components. These properties of νQ(θ = 0) have been used
in our previous work [8] for accurate derivation of Sxxxx. The
quadrupolar splitting νQ(θ, φ) at finite tilt θ is proportional to
νQ(θ = 0) according to Eq. (3). The effect of oblique mag-
netic field is described by the angular factor, which is a sum
of the four terms Ai(θ, φ) (i = 1 . . . 4) with different angular
dependence. According to Eq. (4), A1(θ, φ) � 1 and does not
depend on the angle φ or Si jkl , so this term always decreases
νQ at a finite tilt θ . According to Eq. (9), εη = 0 for the uniax-
ial stress along [110] (ξ = +45◦) used in this work; moreover,
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FIG. 3. (a), (b) Nuclear magnetic resonance spectra of 75As (a) and 69Ga (b) nuclei in an individual GaAs/AlGaAs quantum dot QD4
measured in an unstressed sample at B0 ≈ 8 T and different orientation angles θ, φ of the static magnetic field. The tilting of magnetic field
(θ > 0) is seen to modify the nuclear quadrupolar splitting νQ between the central peak −1/2 ↔ +1/2 and the satellite peaks ±1/2 ↔ ±3/2.
(c), (d) Bubble plots of the quadrupolar splitting |νQ| measured on QD4 for 75As (c) and 69Ga (d) nuclei as a function of the polar angle θ

and azimuth angle φ defining the direction of the static magnetic field with respect to sample crystallographic axes. The inner (outer) diameter
of each bubble gives the lower (upper) bound of the 95% confidence interval for |νQ|. (e), (f) Same as (c) and (d) but for another individual
dot QD5.

∂εη/∂ξ = 0 at ξ = +45◦ so the term A2(θ, φ) vanishes and is
insensitive to small systematic errors in ξ . The term A4(θ, φ)
also vanishes at ξ = +45◦ according to Eq. (9). According
to Eqs. (6) and (10) the remaining term A3(θ, φ) has zero
derivatives with respect to ξ and φ at ξ = 45◦ and φ = 45◦ or
φ = 135◦, again making it insensitive to small angular errors.
This choice of ξ and φ also maximizes the dependence of
A3(θ, φ) on Syzyz resulting in A3(θ, φ) = ∓ c11−c12

c44

Syzyz

Sxxxx
sin2 θ at

φ = 45◦ (φ = 135◦) and making this experimental configura-
tion best suited for derivation of Syzyz/Sxxxx.

In Fig. 2(c) |νQ| of 75As is almost unaffected by θ at
φ = 135◦, signifying that the decrease in A1 is compensated
by an increase in A3 and hence Syzyz/Sxxxx > 0 for 75As. For
φ = 45◦ both A1 and A3 decrease explaining the pronounced
reduction in 75As |νQ| with increasing tilt angle θ . By contrast,
the reduction of 69Ga |νQ| is somewhat stronger at φ = 135◦,
revealing that Syzyz/Sxxxx < 0 for 69Ga. On the other hand, the
difference between φ = 45◦ and φ = 135◦ is small for 69Ga,
suggesting that |Syzyz/Sxxxx| of 69Ga is significantly smaller
than in the case of 75As. In what follows we confirm and
quantify these conclusions.

V. EXPERIMENTAL RESULTS
FOR UNSTRESSED SAMPLE

We have studied two individual quantum dots (QD4, QD5)
from the as-grown (unstressed) sample piece. NMR spectra
of an individual dot QD4 are shown in Fig. 3 for 75As (a)
and 69Ga (b) nuclei, and exhibit triplet structure arising from
quadrupolar effects induced by the built-in (intrinsic) strain.
Gaussian line shape fitting is used to determine the resonance
frequencies and the quadrupolar splitting νQ of the ±1/2 ↔
±3/2 satellite transitions from the −1/2 ↔ +1/2 central
transition. As in the case of the uniaxially stressed sample,
the quadrupolar splitting νQ depends on the orientation of
the static magnetic field (described by the angles θ and φ).
However, both the νQ and the changes with θ and φ are
considerably smaller than in the stressed sample due to the
smallness of the built-in strain in the nearly lattice matched
GaAs/AlGaAs heterostructures.

In order to probe the built-in strain of the quantum dots
we have systematically measured the dependence of NMR
splitting νQ on θ and φ for 75As and 69Ga nuclei in QD4.
The results are shown in Figs. 3(c) and 3(d), respectively,
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as bubble plots in polar coordinates, where each bubble is
centered at the corresponding (θ, φ) point, while its diameter
is proportional to |νQ|. The plots reveal certain systematic
trends. For example, |νQ| of 75As increases when the field is
tilted along the φ = 45◦ or φ = 90◦ direction, but decreases
for the opposite (φ → φ + 180◦) direction φ = 225◦ or φ =
270◦ [Fig. 3(c)]. From Eqs. (4)–(7), we find that A4(θ, φ)
is the only term permitting different responses to magnetic
field projection directed along φ and φ + 180◦. Therefore, at
least one of the strain components εxz and εyz is not zero in
QD4, which, as we show below quantitatively, signifies that
the principal direction of strain is not aligned with the growth
axis. For 69Ga [Fig. 3(c)] the asymmetry is reversed, with |νQ|
increasing (decreasing) for φ = 225◦ and φ = 270◦ (φ = 45◦
and φ = 90◦), confirming that the signs of Syzyz/Sxxxx are
opposite for As and Ga. Similar detailed NMR measurements
are shown for another dot QD5 in Figs. 3(e) and 3(f), where
a more symmetric picture is observed revealing that each
quantum dot has its individual strain profile.

VI. QUANTITATIVE ANALYSIS

According to Eqs. (2)–(7) the response of the nuclear
quadrupolar splitting νQ to the orientation of the static mag-
netic field (θ, φ) encodes information on the strain field
within the quantum dot volume and the material parameters
Syzyz, Sxxxx. We now show how both can be determined from
the NMR experiments. To this end we use Eqs. (2)–(7) to
model simultaneously the νQ values measured on the un-
stressed and stressed samples. We take the known values of
c11, c12, c44 [40], and Sxxxx [8]. The model (fitting) parame-
ters include the ratios of Syzyz/Sxxxx for 75As and 69Ga, and the
five components εb, εη, εxy, εxz, εyz of the built-in (intrinsic)
strain εint for each unstressed quantum dot (QD4 and QD5).
Since the stiffness constants c11, c12, and c44 of GaAs and
AlGaAs are very similar [40], we have with good accuracy
that the total strain in the stressed dots is a sum of the intrinsic
strain εint and the extrinsic strain εext induced by the stress:

εtot = εint + εext. (12)

The stressed sample is ∼1 mm in dimensions, while quan-
tum dots are only ∼100 nm from the top surface. Thus
according to the Saint-Venant’s principle the dots are effec-
tively at a traction-free (unloaded) surface. This surface is a
(001) crystallographic plane (xy plane) and the free-surface
boundary conditions ensure the absence of the out-of-plane
(z-directed) forces. Moreover, the studied quantum dots are
close (∼10 μm) to the edge of the sample marked by the dash-
dotted line in Fig. 1. Thus, in a similar manner, the forces out
of the (11̄0) plane are zero or small; hence the extrinsic stress
acting on the dots is close to uniaxial with [110] (ξ = 45◦) as a
principal axis. This is further verified by observing that GaAs
substrate PL [8] is linearly polarized along the ξ ≈ 46.5◦
direction, which gives an estimate of the actual major stress
direction. For these reasons for each of the stressed dots QD1–
QD3, we can accurately model εext using Eqs. (8)–(11) for the
strain εP under purely uniaxial stress with stress magnitudes
P used as fitting parameters. Finally, in our experiments it
is not possible to measure the same quantum dot with and
without stress; therefore, εint in the stressed quantum dots

is unaccessible and some additional assumption is needed.
We assume that εint

b in the stressed dots equals the average
of εint

b in the unstressed dots QD4, QD5. By contrast, the
remaining components of intrinsic strain in the stressed dots
are neglected (εint

η = εint
xy = εint

xz = εint
yz = 0)—the validity of

this assumption is justified in what follows based on the fitting
results.

The least square best fit is found by minimizing the
weighted sum χ2 of the squared differences between the
measured quadrupolar splittings νQ [Figs. 2(c) and 3(c)–3(f)]
and the νQ predicted by the model [Eqs. (2)–(7)]. We find good
agreement between the model and the data, with the root mean
square fit residual of ≈1.9 kHz, comparable to the accuracy
in the experimentally measured νQ values. The best fit model
for the dots in the stressed sample is shown by the lines in
Figs. 2(c) in good agreement with experiment. In order to
estimate the errors in the fitted parameters we use the Monte
Carlo approach, where the χ2 sum is calculated for a large
number of random sets of the fitting parameters. Moreover,
we account for any possible systematic errors by randomly
varying in a small range the direction of the static field (±1◦
for the φ values and ±0.5◦ for θ ) and the stress (±1◦ for
ξ ). We then form the estimates of the confidence regions by
selecting the parameter combinations with χ2 < χ2

min + Qγ ,
where χ2

min is the best fit χ2 value and Qγ is the quantile
of the χ2 distribution corresponding to the confidence level
1 − γ = 95% (Chap. 9 in Ref. [41]). The confidence interval
of an individual parameter is then derived as maximum and
minimum values of this parameter within the overall multidi-
mensional confidence region.

The best fit for the stress magnitude exerted by the stress
mount is P ≈ −140 MPa for the three studied dots QD1–
QD3. The 95% confidence estimates for the ratios of the gra-
dient elastic tensor components are Syzyz

Sxxxx
= 1.98+0.21

−0.27 for 75As

and Syzyz

Sxxxx
= −0.40+0.23

−0.31 for 69Ga. Using these ratios and our
previous measurements [8] of QSxxxx ≈ +0.758 × 10−6 V for
75As and QSxxxx ≈ −0.377 × 10−6 V for 69Ga, we estimate
the off-diagonal components of the gradient-elastic tensor
(multiplied by the corresponding quadrupolar moment Q) of
GaAs as QSyzyz ≈ +1.51 × 10−6 V for 75As and QSyzyz ≈
+0.151 × 10−6 V for 69Ga.

The components of the intrinsic strain εint in the unstressed
dots are also obtained from the fit. In order to derive their
physical meaning we recall that strain tensor is symmetric and
hence can be diagonalized to find the three principal strains
(eigenvalues) ε1, ε2, ε3 and their directions (eigenvectors).
We choose as ε3 the component whose direction is closest to
the sample growth axis z. Since the eigenvectors are mutually
orthogonal and hydrostatic strain can be neglected (ε1 + ε2 +
ε3 = 0), the remaining principal strains can be fully charac-
terized by the difference |ε1 − ε2| and the direction of the
eigenvector corresponding to the larger of ε1 and ε2. The fitted
ε3 magnitudes are found to be (2.41+0.25

−0.29) × 10−4 for QD4 and
(2.65+0.14

−0.14) × 10−4 for QD5. The directions of the ε3 compo-
nent are shown in Fig. 4(a) for QD4 and Fig. 4(c) for QD5,
where best fit values are shown by the stars and the samplings
of the 95% confidence regions are shown by the dots. The
magnitudes of |ε1 − ε2| and the direction of the larger of ε1

and ε2 are shown in Fig. 4(b) for QD4 and Fig. 4(d) for QD5.
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FIG. 4. Reconstruction of the strain tensor parameters in GaAs/AlGaAs quantum dots in the as-grown (unstressed) sample. Stars show
best fit estimates and points show Monte Carlo sampling of the 95% confidence region. The strain tensors εint derived from fitting of the NMR
splittings νQ are diagonalized to find the magnitudes of the principal strain components ε1, ε2, ε3 and their orientation angles θεi , φεi with
respect to crystallographic coordinate system xyz. (a) Polar plot of the direction of the strain principle component ε3 in QD4. (b) Polar plot
showing the difference |ε1 − ε2| (radial axis) as a function of the azimuth angle φε1,2 of the largest of the principal strains ε1 and ε2 (angular
axis) for QD4. Since eigenvectors are defined up to a constant factor, each point on the plot at angle φε1,2 is accompanied by another point at
φε1,2 + 180◦. (c), (d) Same as (a) and (b) but for another individual dot QD5.

The results of Figs. 4(a) and 4(c) show that the orientation
of the ε3 principal strain axis can be deduced with good ac-
curacy. In QD5 the ε3 direction is very close to the [001] axis
[θε3 ≈ 1◦, Fig. 4(c)], which is expected since the growth direc-
tion is a symmetry axis of the planar GaAs/AlGaAs structure.
By contrast, QD4 shows a small [θε3 ≈ 10◦, Fig. 4(a)] but
reliably detectable tilting of the principal axis, in agreement
with the qualitative observation of the asymmetric changes
in νQ in Figs. 3(c) and 3(d). Quantum dots QD4 and QD5
are only ∼10 μm apart, so their difference is most likely due
to the localized variations in growth conditions: for exam-
ple, an imperfect shape of the etched nanohole that led to
formation of QD4. The magnitudes of ε3 are also derived
with good accuracy and are very similar for QD4 and QD5.
The situation is very different for the ε1 and ε2 parameter
estimates: Figs. 4(b) and 4(d) show a large spread in the
|ε1 − ε2| confidence region ranging from ≈0, corresponding
to an axially symmetric (biaxial) strain, to ≈6 × 10−4, which
is a factor of 3 larger than the ε3 magnitude. Moreover, the
predominant orientations of the ε1 and ε2 strains are different
for QD4 (φε1,2 ≈ 0◦, φε1,2 ≈ 180◦) and QD5 (φε1,2 ≈ 135◦,
φε1,2 ≈ 315◦). This is in stark contrast to the similarity of the
ε3 parameters between these two dots. Our interpretation is

that |ε1 − ε2| ≈ 0 in both dots, which is within the confidence
intervals, and agrees with the most likely scenario that the
strain is induced by the residual mismatch of the GaAs and
AlGaAs layers, which has no preferential direction in the xy
coordinate plane. The reason for the reduced accuracy in ε1

and ε2 estimates is that these strain components are controlled
by the terms A1 ... A3 [Eqs. (4)–(6)], which scale as ∝θ2 at
θ → 0. By contrast the A4 term [Eq. (7)], which determines
the ε3 tilt through the εxz and εyz components, scales as ∝θ .
As a result the quadrupolar NMR splitting νQ is dominated by
A4 in the range of angles θ � 25◦ used in our experiments.

VII. DISCUSSION AND CONCLUSIONS

We have demonstrated experimental reconstruction of the
strain field in individual GaAs/AlGaAs quantum dots using
NMR spectroscopy at different magnetic field orientations.
This approach permits strain profiling of a nanoscale semi-
conductor quantum dot without any preliminary assumptions
about the internal structure and in a nondestructive manner,
i.e., unlike in electron and atomic force microscopies both the
optical and structural properties can be examined for the same
quantum dot. Currently, the method has a higher accuracy
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for the components of strain parallel to the structure growth
and lower accuracy for the in-plane strain. This is due to the
relatively small range of the available orientations of mag-
netic field (θ � 25◦), imposed by the need for high nuclear
spin polarization degree, which is only achievable via optical
pumping close to Faraday configuration [32] (θ = 0), where
strict spin selection rules exist for the electron-hole optical
transitions. However, this is not a fundamental limitation: ow-
ing to the long nuclear spin lifetimes [42,43] in GaAs/AlGaAs
semiconductor nanostructures, it is possible in principle to
polarize the nuclear spins in Faraday geometry first and then
tilt the sample mechanically to an arbitrary target angle θ for
rf excitation (Fig. 5). Such periodic switching between two
geometries can be achieved in an apparatus where the micro-
PL objective and the NMR rf coil are static, while the sample
can rotate between two stable positions controlled for example
by sending dc current through an additional coil attached to
the sample mount and interacting with the strong static field
B0. By adding NMR measurements at θ ≈ 90◦ it would be
possible to achieve high accuracy for all components of strain.
We also point out that the estimates derived here are for the
average strain—the strain field varies within the quantum dot
volume, observed as finite broadening of the ±3/2 ↔ ±1/2
satellite NMR peaks. Analysis of the satellite peak broadening
at different magnetic field directions might be used for re-
construction of the inhomogeneous strain distribution within
the nanoscale volume. Similar NMR strain profiling approach
can be envisaged for self-assembled quantum dots, although
this would likely require model assumptions [21,22] and/or
additional structural information (e.g., transmission electron
microscopy) [19] due to the large inhomogeneity of strain.

By extending NMR spectroscopy in oblique fields to the
uniaxially stressed quantum dots we are able to derive the Syzyz

components of the GaAs gradient elastic tensors. NMR spec-
tra are measured here in three geometries: (i) θ ≈ 0; (ii) θ >

0, ξ ≈ +45◦, φ ≈ 135◦; (iii) θ > 0, ξ ≈ +45◦, φ ≈ +45◦.
While configuration (i) combined with either (ii) or (iii) is suf-
ficient to determine Syzyz, we use all three geometries in order
to verify the validity of the theoretical model and improve the
accuracy. We note that, according to Eqs. (2)–(7), it is the ra-

La
se

r

B0

PLBrf

2. rf spin 
depolariza�on

1. spin 
pumping

3. spin 
readout

La
se

r

FIG. 5. Proposed scheme for optically detected NMR measure-
ments at arbitrary sample tilt angles θ . The experimental cycle
consists of (1) optical nuclear spin pumping in Faraday geometry
(no sample tilt), (2) tilting the sample to the desired angle θ and
applying the rf pulse depolarizing the nuclear spins, and (3) returning
the sample to Faraday geometry to perform optical readout of the
nuclear spin polarization. Separation of stages (1) and (2) is possible
due to the long nuclear spin lifetimes, and removes the restrictions
arising from suppressed optical nuclear spin pumping at large θ .

tios Syzyz/Sxxxx that are measured from the angular dependence
of the quadrupolar splitting νQ—these ratios could be derived
accurately in our experiments even if the absolute values of
strain and/or Sxxxx were not known. Lower accuracy of the
estimates for intrinsic principal strains ε1 and ε2 is the reason
we neglect all strain components except for εint

b when model-
ing strain in the stressed dots [Eq. (12)]. However, we have
verified that taking into account all εint components has little
effect on the fitted Syzyz/Sxxxx values—the same low sensitivity
of νQ to εint

xy and εint
η that reduces the accuracy of ε1 and ε2 es-

timates means that Syzyz/Sxxxx estimates are largely unaffected
by this inaccuracy. We further point out that we avoid Voigt
notations in this work: while S11 = Sxxxx unambiguously, the
conversion from Syzyz to S44 requires an additional factor of 2
in the definition of the nondiagonal strain components, which
might be a source of confusion. For that reason all Si jkl and εi j

quantities reported here are proper tensors, i.e., they transform
as tensors under affine coordinate transformations.

Our NMR based estimate Syzyz/Sxxxx ≈ +1.98 for 75As
matches S44/S11 ≈ +2.0 measured previously via NAR [4],
whereas our Syzyz/Sxxxx ≈ −0.40 for 69Ga is considerably
different from S44/S11 ≈ −1.0 of Ref. [4]. Given that our
NMR values of Sxxxx are a factor of ≈1.4 smaller [8] than
those derived in NAR, there is a considerable disagreement,
as large as a factor of ≈3.5 for QSyzyz of gallium. Sundfors
[4] conducted NAR experiments at 300 K, whereas our mea-
surements were performed at a low temperature of 4.2 K.
However, temperature is unlikely to cause such discrepancy,
since even in hexagonal metals [44,45] the change in EFGs
between 0 and 300 K is only 10% –20%. Besides, for InSb
there is a good agreement between the room temperature [4]
and low temperature [6] (77 K) measurements. The differ-
ences in sample background doping are also unlikely to play
any role, since lattice deformations induced by carriers are
small (�10−5) even in quantum dots [46] where electrons
and holes are strongly localized—this is supported by the
agreement in QSi jkl found in two experimental studies [4,6]
on bulk InSb samples with carrier concentration differing by a
factor of ∼70. While there is an agreement for InSb, the QSi jkl

values of other semiconductors (GaSb, InAs, AlSb) obtained
from NAR [4] are systematically larger than those found from
static-strain bulk sample NMR [6,7], just as they are larger
than our static-strain NMR values obtained on GaAs QDs. It is
worth noting that InSb has large gradient-elastic tensor com-
ponents Si jkl and both In and Sb atoms have large quadrupolar
moments Q. The absorption of acoustic waves by the nuclear
spins scales as [4] ∝Q2S2

i jkl , making NAR experiments more
reliable for InSb. Any additional absorption mechanisms,
unrelated to nuclear spins, would lead to overestimated Si jkl ,
especially for nuclei with small Q (such as gallium). Thus
it is likely that the gradient-elastic tensors Si jkl derived for
GaAs from NAR [4] were overestimated due to such parasitic
absorption. The NMR measurements employed here are based
on direct detection of the nuclear quadrupolar spectral shifts,
making them immune to such systematic errors. Moreover,
our MBE-grown semiconductor structures benefit from high
crystal quality, not achievable at the time of the previous
studies. The revised complete gradient-elastic tensors of GaAs
reported here can be used for more accurate description of the
strain-related nuclear spin effects.
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