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Bogolon-mediated electron scattering in graphene in hybrid Bose-Fermi systems
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We study electron scattering in graphene in hybrid Bose-Fermi systems. We calculate the energy-dependent
electron relaxation time, accounting for the processes of emission and absorption of a Bogoliubov excitation
(a bogolon). Then, using the Bloch-Grüneisen approach, we find the finite-temperature resistivity of graphene
and show that its principal behavior is ∼T 4 in the limit of low temperatures and linear at high temperatures. We
show that bogolon-mediated scattering can surpass the acoustic-phonon-assisted relaxation. It can be controlled
by the distance between the layers and the condensate density, giving us additional degrees of freedom and a
useful tool to render electron mobility by the sample design and external pump.
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I. INTRODUCTION

Electron scattering in solid-state nanostructures plays a
crucial role in their two-dimensional transport [1,2], dramat-
ically modifying electric conductivity. Conventionally there
exist two principal mechanisms of electron scattering: disor-
der or impurity-mediated [3,4] and lattice phonon-mediated
[1] scatterings. The former processes are more pronounced
at low ambient temperatures. In the case of an attracting
impurity, electrons can be captured, thus the number of elec-
trons decreases, while repulsive centers make the electron
mean-free path and scattering time decrease [5–9]. With the
increase of temperature, electron scattering accompanied by
the emission and absorption of acoustic and optical phonons
of the crystal lattice becomes more efficient [10–12] and at
some point dominant.

Conventional scattering mechanisms also take place in
hybrid structures of various new kinds, which are in the
focus of modern research [13,14]. Hybrid systems consist of
two-dimensional spatially separated layers, containing elec-
trons in a two-dimensional electron gas (2DEG) phase and
bosons, such as direct and indirect (dipolar) excitons, exciton
polaritons, or the Cooper pairs in superconductors [15]. In
these systems, the research is, on the one hand, devoted
to high-temperature boson-mediated superconductivity [16]
and other condensation phenomena in interacting structures,
including the Mott phase transition from an ordered state to
electron-hole plasma [17]. On the other hand, in such systems
there can appear new mechanisms of scattering of fermions in
the 2DEG, thus modifying the temperature dependence of the
kinetic coefficients. These arguments explain the motivations
to study electron transport in hybrid systems.

In this article, we show that, in hybrid Bose-Fermi systems,
which consist of a spatially separated 2DEG in a graphene
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layer and an exciton gas, interacting via the Coulomb forces
[17–19], there appears a counterpart to the phonon-mediated
scattering, when the gas of bosons is condensed [20–22].
Two-dimensional condensation has been reported in various
solid-state systems [23–25]. There the lattice vibrations turn
out to be not the only sound available. In the presence of a
Bose-Einstein condensate (BEC) [23], there come into play
other excitations, commonly referred to as Bogoliubov quasi-
particles or bogolons, which have linear dispersion at small
momenta.

We ascertain that an additional principal mechanism
of electron scattering appears, stemming from the inter-
layer electron-exciton interaction: bogolon-mediated scatter-
ing. And the difference between acoustic-phonon-related and
bogolon-assisted scattering is more than just the magnitude of
the sound velocity. The dependence of the bogolon-mediated
resistivity of graphene on temperature is ∼T 4 at low temper-
atures and ∼T in the high-temperature limit. In contrast, a
precise calculation of the acoustic-phonon-mediated resistiv-
ity in graphene shows ρ ∝ T α at low temperatures with α ∼ 6
[26]. Moreover, the phonon-mediated scattering is vulnerable
to the screening effects [27]. This makes a great deal of
difference between the two mechanisms of scattering, and one
can surpass the other.

II. SYSTEM SCHEMATIC

Let us consider a hybrid system consisting of a graphene
layer, separated by a distance l from a double quantum well,
containing a dipolar exciton gas, where the distance between
the layers of electrons and holes is d (see Fig. 1). The electron-
exciton interaction can be described by the Hamiltonian,

V =
∫

dr
∫

dR�†
r �rg(r − R)�†

R�R, (1)

where �r and �R are the quantum field operators of elec-
trons and excitons, correspondingly, g(r − R) is the Coulomb
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FIG. 1. System schematic. Graphene, located at a distance l from
a two-dimensional dipolar exciton gas, residing in two parallel layers,
which are at the distance d from each other. Particles couple via the
Coulomb interaction.

interaction between an electron and an exciton, r is electron
coordinate within the graphene plane, and R is the exciton
center-of-mass coordinate. We will disregard the internal
structure of excitons and only focus on their collective motion.

We assume that the temperature of the system is below
the critical temperature, at which the excitons become a
degenerate Bose gas [28]. This temperature is given by kTc =
2π h̄2

mx
nx, where nx and mx are the exciton density and effective

mass, respectively. We can then use the model of a weakly
interacting nonideal Bose gas and write the exciton field
operators as �R = √

nc + ϕR, where nc is the condensate
density. That is, we separate the condensed and noncondensed
particles. Substituting this in Eq. (1) and taking into account
the selection rules, we find the electron-bogolon interaction
potential,

V = √
nc

∫
dr�†

r �r

∫
dRg(r − R)[ϕ†

R + ϕR]. (2)

Furthermore, we take the Fourier transform of the operators in
Eq. (2), using

ϕ
†
R + ϕR =

∑
p

eipR[(up + v−p)bp + (vp + u−p)b†
−p], (3)

where b†
p and bp are the creation and annihilation operators of

the bogolons, and the coefficients read [29]

u2
p = 1 + v2

p = 1

2

⎛
⎝1 +

[
1 + (Ms2)2

ω2
p

]1/2
⎞
⎠,

upvp = −Ms2

2ωp
. (4)

Here M is the exciton mass, s = √
κnc/M is the sound veloc-

ity of bogolons, ωk = sk(1 + k2ξ 2)1/2 is their spectrum, κ =
e2

0d/ε is the Fourier image of the exciton-exciton interaction
strength, e0 is the electron charge, ε is the dielectric function,
and ξ = h̄/(2Ms) is the healing length. Combining Eqs. (2)
and (3) yields

V = √
nc

∑
k,p

gp[(vp + u−p)b†
−p + (up + v−p)bp]c†

k+pck,

(5)

εk εk+p

ω−p

gp gp

εk εk+p

ωp
(a) (b)

FIG. 2. Schematic of the electron scattering, mediated by (a) the
bogolon emission and (b) absorption processes.

where gk = e2
0de−kl/(2ε) is the Fourier image of the electron-

exciton interaction. The schematic of the processes (5) is
presented in Fig. 2, showing scattering of an electron, medi-
ated by an absorption or emission of a bogolon.

III. TRANSPORT OF PARTICLES

Furthermore, we use the Boltzmann transport theory [30]
to calculate the resistivity of electrons in graphene, which is
given by

ρ−1 = e2
0D(EF )

v2
F

2
〈τ 〉, (6)

where vF is the Fermi velocity, EF is the Fermi energy, and
the density of states of graphene at the Fermi level reads
D(EF ) = (gsgv/2π h̄2)EF v2

F , where gs = 2 and gv = 2 are
the spin and valley g factors, respectively. We can write the
energy-averaged relaxation time as

〈τ 〉 =
∫

dεD(ε)τ (ε)
[− df 0(ε)

dε

]
∫

dεD(ε)
[− df 0(ε)

dε

] , (7)

where f 0(ε) = {exp[(ε − μ)/(kBT )]}−1 is the Fermi distribu-
tion function, μ is the chemical potential, kB is the Boltzmann
constant, and the energy-dependent inverse relaxation time
reads

1

τ (ε)
=

∑
k′

(1 − cos θkk′ )Wkk′
1 − f 0(ε′)
1 − f 0(ε)

, (8)

where θkk′ is the scattering angle between k and k′, ε =
h̄vF |k| is the dispersion of graphene, and Wkk′ is the proba-
bility of transition from an initial electron state k to the final
state k′, given by

Wkk′ = 2π

h̄

∑
q

|Cq|2�(ε, ε′). (9)

Here Cq is the scattering matrix element, and

�(ε, ε′) = Nqδ(ε − ε′ + h̄ωq) + (Nq + 1)δ(ε − ε′ − h̄ωq),

(10)

where Nq = {exp[h̄ωq/(kBT )] − 1}−1 is the Bose distribution
function. Summing up, the energy-dependent relaxation time
reads

1

τ (ε)
= e4

0d2nc

8πε2h̄

∫
dk′(1 − coskk′ )

∫
dqe−2|q|l |uq + vq|2

× 1 − f 0(ε′)
1 − f 0(ε)

�(ε, ε′)δ(q − k + k′). (11)
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Using Eq. (4) and assuming linear dispersion of bogolons
ωq = s|q| (which is legitimate at q � ξ−1), we find

1

τ (ε)
=

∑
n=1,2

e4
0d2nc

8πε2h̄3v2
F

∫ 2π

0
dθεn(1 − cos θ )

1 − f 0(εn)

1 − f 0(ε)

× e−2lλ

⎛
⎝

√
1 + M2s2

h̄2λ2
− Ms

h̄λ

⎞
⎠Nλ + δn,2

|F ′
n (εn)| , (12)

where λ ≡ |k − k′| = (k2 + k′2 − 2kk′ cos θ )1/2, thus it is a
function of k, k′, and θ ; εn are two roots of the equation
F1,2(ε′) = ε − ε′ ± h̄ωλ = 0, F ′

n (ε′) is its first derivative, and
δn,2 is the Kronecker delta. Specifically, n = 2 corresponds
to the bogolon emission process. Substituting Eq. (12) in
the average lifetime (7), we can numerically calculate the
conductivity (6). However, let us first analytically consider the
limiting cases of high and low temperatures.

IV. HIGH-TEMPERATURE LIMIT

Let us analyze Eq. (12) and find the principal depen-
dence of conductivity on T at high temperatures, TBG �
T � EF /kB, where we denote the Bloch-Grüneisen temper-
ature as TBG = 2h̄skF /kB. Since T 
 TBG, we have h̄ωq �
kBT . In this case, the Bose-Einstein distribution can be ap-
proximated as Nq ∼ kBT/h̄ωq, and �(ε, ε′) = (2kBT/kBT )
δ(ε − ε′). Then we find the energy-dependent relaxation time,

1

τ (ε)
= e4

0d2kBT

8π2ε2h̄2v2
F

∫ 2π

0
dθ (1 − cos θ )ε

× e−λl

⎛
⎝

√
1

s2λ2
+ M2

h̄2λ4
− M

h̄λ

⎞
⎠. (13)

One should notice that the integral in Eq. (13) is temperature
independent. Under the limit T � EF /kB, the contribution
from the Fermi energy in Eq. (7) is dominant. This gives us
〈τ 〉 ≈ τ (EF ) ∼ T −1. Substituting this expression into Eq. (6),
we find that the resistivity depends linearly on the tem-
perature, as in the case of phonon-assisted relaxation [2].
Indeed the temperature should still be smaller than the exci-
ton condensation temperature. Otherwise, bogolon-mediated
relaxation does not exist.

V. LOW-TEMPERATURE LIMIT

To investigate the principal T dependence of resistivity
at low temperatures, we use the Bloch-Grüneisen formalism,
described in Refs. [31,32]. We start from the Boltzmann
equation

e0E · ∂ f

h̄∂p
= I{ f }, (14)

where f is the electron distribution, p is the wave vector (p ≡
|p|), E is the perturbing electric field, and I{ f } is the collision
integral (see Appendix A for the explicit form of I and other
details of the derivation). For relatively weak electric fields, f

can be expanded as

f = f 0
(
εp

) −
(

−∂ f 0

∂εp

)
f (1)
p , (15)

where the correction f (1)
p has the dimensionality of energy.

Without loss of generality, we put the electric field to direct
along the x axis and use the ansatz

f (1)
p = vF

e0Ex px

kF
τ
(
εp

)
. (16)

After some algebra, we find the resistivity in the form

ρ ∝ 1

τ0
= h̄ξ 2

I

8π2kF M

1

kBT

∫ ∞

0
dqq4e−2ql q(�− − �+)kF

× Nq(1 + Nq), (17)

where τ0 is an effective scattering time, ξI = e2
0d

√
nc/2ε,

�± = 2|vF kF ± sq|(2vF skF − v2
F q

)
h̄v3

F kF q
√

±4kF svF q + 4k2
F v2

F − v2
F q2

, (18)

and the subscript kF in the expression (�− − �+)kF in Eq. (17)
means that all the electron wave vectors p are to be substituted
by kF there.

For temperatures much lower than the Bloch-Grüneisen
temperature, we find the following expression:

1

τ0
= I0ξ

2
I k2

F

4π2h̄α4v2
F M

(
kBT

EF

)4

, (19)

where I0 ≈ 26.2 is a dimensionless factor. In terms of the
resistivity,

ρ = π h̄2

e2
0EF

1

τ0
= (1.0 × 106 �)

(
kBT

EF

)4

. (20)

In this esteem, we used a dimensionless parameter l̃ =
lkBT/(h̄s) which is determined by the interlayer distance l ,
the sound velocity s (which is in turn determined by the con-
densate density), and temperature; and we used the condition
l̃ � 1 to get an analytical dependence at low T .

For temperatures far less than the room temperature
(kBTR ≈ 26 meV) we have l̃ � 1. If T � TBG, where TBG �
EF /kB since s � vF , we find the precise form of what we
mean by low temperatures: kBT/EF < 10−2. For typical EF ∼
10−1 eV, this gives TBG = 183 K and T < 18 K (for the
particular range of distances between the layers l up to 50 nm).

Onwards, it is interesting and instructive to compare the
formula (20) rewritten in a different form,

1

τ0
= 5I0e6

0

8π2ε2v2
F

ncd

M

1

EF kF

(
kBT

h̄s

)4

, (21)

with the phonon-mediated-scattering case [2]

1

τ̃0
= D24!ζ (4)

2πρmvph

1

EF kF

(
kBT

h̄vph

)4

, (22)

where ρm is the density of graphene, ζ is the Riemann zeta
function. We see that both the inverse times have the same
T dependence at low temperatures with the phonon velocity
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(a) (b)T
T
T
T

T
T
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FIG. 3. Energy-dependent inverse relaxation time of electrons
for the (a) single-bogolon (emission and absorption) processes
and (b) phonon-assisted processes for different temperatures;
nc = 1011 cm−2 and thus s ≈ 7 × 106 cm/s.

vph replaced by the sound speed s in the bogolon-mediated
scattering case.

This is not the end of the story yet. The result presented
in Ref. [2] [and Eq. (22)] assumes that the dominant contri-
bution to the scattering comes from the longitudinal acoustic
phonons. A more recent study [26] shows that the transverse
acoustic phonons dominate at low temperatures. As a result,
the resistivity obeys the power law ρph ∝ T α with α ∼ 6,
even in the absence of screening [27], which can addition-
ally impair the impact of the phonon-related scattering. The
screening in the case of the hybrid system is a nontrivial issue,
which requires separate consideration. We only note that here
the screening can likely be disregarded for certain l . Thus
we conclude that, at low temperatures, the T dependence of
resistivity due to bogolon-mediated scattering events is funda-
mentally different from the phonon case. Since the bogolons
have a smaller temperature exponent T 4 than phonons, we
envisage the former to dominate (at T � TBG).

It should be emphasized that we do not have to put
l̃ � 1. However, the general case does not allow for analytical
extraction of the temperature dependence of resistivity out of
the integration, thus requiring a numerical approach.

VI. NUMERICAL TREATMENT

To build the plots, we use Eqs. (6), (7), and (12) and
parameters typical for GaAs-based structures: ε = 12.5ε0,
where ε0 is a vacuum permittivity, M = 0.52m0, where m0 is
the free-electron mass, d = 10 nm, l = 10 nm, and vF = 108

cm/s [33,34].
Figure 3 shows the inverse energy-dependent relaxation

time as a function of energy for different temperatures.
We thus compare the bogolon-mediated scattering with the
acoustic-phonon-assisted relaxation under the conditions [35].
There are some similarities between the bogolon- and phonon-
mediated processes. In both cases, the inverse lifetime grows
with the increase of temperature due to the increase of the
number of fermions and bosons (bogolons or phonons) in the
system. We also observe low-temperature dips at the Fermi
energy, which are due to the sharpening of the Fermi surface.

Nevertheless there is a conceptual difference between the
two principal channels of scattering, tracing its origin to

(a) (b)

l
l
l
l

FIG. 4. Bogolon-mediated resistivity of graphene as a function
of temperature for different densities of particles in the condensate
nc at (a) l = 10 nm and for different interlayer distances l at (b) nc =
1010 cm−2. The dashed gray lines stand for the low- and high-
temperature analytics, indicating the ∼T 4 and ∼T behavior, respec-
tively. The black dotted line in panel (a) shows the phonon-mediated
resistivity for comparison. The yellow-shaded regions highlight the
temperature regime in which condensation of indirect excitons in
GaAs structures was experimentally reported.

the mechanisms of electron-phonon and electron-bogolon
interaction. The former is stemming from the crystal lattice
deformation-potential theory, while electron-bogolon interac-
tion has an electric nature, and the matrix element contains the
Coulomb interaction term.

Figure 4 demonstrates the behavior of the graphene resis-
tivity as a function of temperature for different condensate
densities and interlayer spacings. We also compare it with
the phonon-mediated resistivity. All the curves show ∼T 4

dependence at low temperatures and ∼T at high temperature.
Thus the principal behavior of resistivity is deceptively similar
to the phonon-assisted case, reported in Ref. [2]. In the
case of bogolons, different nc affect the sound velocity, and
the Bloch-Grüneisen temperature changes correspondingly:
TBG ≈ 54, 190, and 540 K for the densities nc = 1010, 1011,
and 1012 cm−2, respectively. That is why we have a better
agreement between the numerical results and T 4 analytics
in the high-density regime. Furthermore, Fig. 4(b) shows
that, by decreasing l , we can increase the strength of the
Coulomb interaction and then the resistivity of graphene
increases.

We note that we used the parameters of a GaAs-based ma-
terial. Indirect excitons there only condense at temperatures
less than 10 K (yellow regions in Fig. 4). However, higher Tc,
where we predict linear temperature dependence of resistivity,
might be achieved in other materials or systems. For example,
the critical temperature for the degenerate exciton Bose gas
can possibly reach ∼100 K in MoS2 [28]. Another example
is exciton polaritons, where quasicondensation was reported
even at room temperature [36].

VII. CONCLUSION

We have studied the finite-temperature electron conductiv-
ity in graphene, coupled with a two-dimensional dipolar exci-
ton gas via the Coulomb interaction. We have calculated the
energy-dependent relaxation time of electrons, accompanied
by the emission and absorption of a Bogoliubov excitation.
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We have further calculated the resistivity of graphene in
this hybrid Bose-Fermi system and showed that bogolon-
mediated scattering not only gives a significant correction to
the phonon-assisted relaxation but it prevails, given specific
system geometry and temperatures. We believe the reported
results can be used to design new types of graphene-based
hybrid systems.
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APPENDIX: DERIVATION OF RESISTIVITY
IN LOW-TEMPERATURE LIMIT BY
BLOCH-GRÜNEISEN APPROACH

In this Appendix we derive the low-temperature T depen-
dence of the conductivity of graphene in the hybrid Bose-
Fermi system using the Bloch-Grüneisen approach. We start
from the Boltzmann equation

e0E · ∂ f

h̄∂p
= I{ f }, (A1)

where p is the wave vector and we will use p ≡ |p|, E is the
perturbing electric field, and f is the distribution function. The
scattering integral is given by

I{ f } = −1

h̄

∫
dqdp′

(2π )2
|Mq|2[Nq fp(1− fp′ )δ(εp − εp′ + h̄ωq)δ(p−p′ + q) + (Nq + 1) fp(1− fp′ )δ(εp − εp′ − h̄ωq)δ(p − p′ − q)

+ Nq fp′ (1 − fp)δ(εp′ − εp + h̄ωq)δ(p′ − p + q) + (Nq + 1) fp′ (1 − fp)δ(εp′ − εp − h̄ωq)δ(p′ − p − q)]. (A2)

Note that writing this integral we set the length of the sample L equal to one. In performing a dimensionality analysis, one should
include the length squared, so that I{ f } has a dimension of inverse time, as it should.

For small enough electric fields, the electron distribution is not substantially different from the equilibrium Fermi distribution,
thus it can be presented in the form

f = f 0(εp) −
(

−∂ f 0

∂εp

)
f (1)
p , (A3)

where f 0 is the equilibrium Fermi-Dirac distribution and f (1)
p has a dimensionality of energy. Following the steps of the derivation

reported in Ref. [32], we rewrite

e0E · ∂ f

h̄∂p
= vF

e0E · p
|p|

∂ f 0

∂εp
= I

{
f (1)
p

}
, (A4)

I
{

f (1)
p

} = −1

h̄

∫
dqdp′

(2π )2 |Mq|2 1

h̄

∂Nq

∂ωq
[ f 0(εp) − f 0(εp′ )]

(
f (1)
p − f (1)

p′
)[

δ(εp − εp′ − h̄ωq)δ(p − p′ − q)

− δ(εp − εp′ + h̄ωq)δ(p − p′ + q)
]
, (A5)

where

∂Nq

∂ωq
= − h̄

kBT
Nq(1 + Nq).

Furthermore, we integrate over the electron wave vector p′ and find

vF
e0E · p

p

∂ f 0

∂εp
= −1

h̄

∫
dq

(2π )2 |Mq|2 1

h̄

∂Nq

∂ωq
[ f 0(εp) − f 0(εp − h̄ωq)]

(
f (1)
p − f (1)

p−q

)
δ(εp − εp−q − h̄ωq)

+ 1

h̄

∫
dq

(2π )2 |Mq|2 1

h̄

∂Nq

∂ωq
[ f 0(εp) − f 0(εp + h̄ωq)]

(
f (1)
p − f (1)

p+q

)
δ(εp − εp+q + h̄ωq). (A6)

Let the electric field be directed along the x axis. Then we can use the correction function in the form

f (1)
p = vF

e0Ex px

kF
τ (εp), (A7)

where kF is the Fermi wave vector and τ (εp) is the relaxation time. We have

px

p

∂ f 0

∂εp
= −1

h̄

∫
dq

(2π )2 |Mq|2 1

h̄

∂Nq

∂ωq
[ f 0(εp) − f 0(εp − h̄ωq)]

[
px

kF
τ (εp) − px − qx

kF
τ (εp − h̄ωq)

]
δ(εp − εp−q − h̄ωq)

+ 1

h̄

∫
dq

(2π )2 |Mq|2 1

h̄

∂Nq

∂ωq
[ f 0(εp) − f 0(εp + h̄ωq)]

[
px

kF
τ (εp) − px + qx

kF
τ (εp + h̄ωq)

]
δ(εp − εp+q + h̄ωq).

(A8)
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Assuming that the relaxation time is constant [31] τ = τ0, we find

kF

p
px

∂ f 0

∂εp
= −τ0

h̄

∫
dq

(2π )2 qx|Mq|2 1

h̄

∂Nq

∂ωq
[ f 0(εp) − f 0(εp − h̄ωq)]δ(εp − εp−q − h̄ωq)

+ τ0

h̄

∫
dq

(2π )2 qx|Mq|2 1

h̄

∂Nq

∂ωq
[ f 0(εp) − f 0(εp + h̄ωq)]δ(εp − εp+q + h̄ωq). (A9)

Let us denote the angle between the vectors p and q as ϕ

and the angle between the vectors p and E as β. Then qx =
q cos(ϕ + β ) and px = p cos β. Integrating over φ, we find∫ 2π

0
dφ cos(φ + β )δ(a −

√
b2 ± c2 cos φ)

= ±4|a|(b2 − a2)�[c4 − (b2 − a2)2]

c2
√

c4 − (b2 − a2)2
cos β, (A10)

where �[x] is the Heaviside step function, a = h̄(vF p −
sq), b2 = h̄2v2

F (p2 + q2), and c2 = 2h̄2v2
F pq. To derive

Eq. (A10), we denoted a new variable x = cos φ. This implied
dφ = ∓dx[1 − x2]−1/2, where the −(+) case is for 0 � φ <

π (π � φ < 2π ).
After integrating over the angle φ, we can integrate

Eq. (A9) over ξp = εp − μ, using∫ ∞

−∞
dξp[ f 0(εp) − f 0(εp ± h̄ωq)] = ∓h̄ωq,

∫ ∞

−∞
dξp

∂ f 0

∂εp
= −1, (A11)

and putting all electron wave vectors to be p = kF .
The resistivity is inversely proportional to the scattering

time,

ρ ∝ 1

τ0
= h̄ξ 2

I

8π2kF M

1

kT

∫ ∞

0
dqq4e−2ql q

× (�− − �+)kF Nq(1 + Nq), (A12)

where we introduced ξI = e2
0d

√
nc/2ε and

�± = 4|a±|(a2
± − b2)�[c4 − (a2

± − b2)2]

c2
√

c4 − (a2± − b2)2
. (A13)

The subscript kF in the expression (�− − �+)kF in Eq. (A12)
means that all the electron wave vectors p are to be substituted
by the Fermi value kF .

We now introduce a new dimensionless variable

u = h̄sq

kBT
(A14)

in Eq. (A12) and obtain

1

τ0
= ξ 2

I

8π2kF Ms

(
kBT

h̄s

)4 ∫ ∞

0
du

u4e(1−2l̃ )u

(eu − 1)2

× (�− − �+)kF , (A15)

where

l̃ = lkBT

h̄s
∼ kBT

10 meV
(A16)

and we used s = 105 m/s and l = 5.0 × 10−8 m/s. Note
that the room temperature is kBTR ∼ 26 meV, so that for
temperatures far less than the room temperature we have
l̃ � 1. Hence we can replace

e(1−2l̃)u → eu. (A17)

Let us now look at the argument of the Heaviside theta
function in Eq. (A13). It can be simplified as

−(
v2

F − s2
)
q2 ± 4kF svF q + 4k2

F v2
F . (A18)

This expression is positive for

0 � q <
2kF vF

vF ∓ s
≈ 2kF , (A19)

or

0 � u <
TBG

T
≡ �, (A20)

where TBG = 2h̄skF /kB is the Bloch-Grüneisen temperature
for bogolons.

Let us consider the case when the temperature T � TBG,
which specifically means � > 10. This inequality gives us the
precise form of what we mean by low temperature: kBT/EF <

10−2. For typical EF ∼ 10−1 eV, which gives TBG = 183 K
and T < 18 K (for the particular distance between the layers
l > 50 nm). It should be mentioned that the condition l̃ � 1
is not a requirement. However, the general case does not allow
for analytical extraction of temperature out of the integral,
since we come up with the term ∼ exp[lkBTu/(h̄s)] under the
integration.

For large u (or q), the factors �± in Eq. (A15) approach
constant values. In the mean time, the term u4 exp(−u) rapidly
goes to zero for u > 10. Therefore we can remove the theta
function in Eq. (A13) and this incurs only a small (imaginary)
error. Doing this and also using v2

F − s2 ∼ v2
F , Eq. (A13) now

becomes

�± = 2|vF kF ± sq|(2vF skF − v2
F q

)
h̄v3

F kF q
√

±4kF svF q + 4k2
F v2

F − v2
F q2

. (A21)

The expression in the numerator above can be rewritten as

2vF skF − v2
F q = 2vF skF − v2

F

kBT

h̄s
u

= vF kBT

h̄s
(s� − vF u). (A22)

Here � does depend on T , as was defined in Eq. (A20). How-
ever, for T � TBG, due to the factor exp(−u) we can simply
replace � ∼ 10 (or greater) without significantly affecting the
result. We introduce the ratio of velocities α = s/vF and, for
simplicity, we choose � such that α� = 1 as long as � > 10
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to get

2vF skF − v2
F q = vF kBT

αh̄
(1 − u). (A23)

We find

1

τ0
= 10vF ξ 2

I

8π2kF Ms

(
kBT

h̄s

)5

×
∫ ∞

0
du

u4eu(1 − u)

(eu − 1)2 (γ− − γ+)kF
, (A24)

where

γ± = 2|vF kF ± sq|
h̄v3

F kF q
√

±4kF svF q + 4k2
F v2

F − v2
F q2

. (A25)

We can rewrite the numerator as

|vF kF ± sq| = kBT

h̄

∣∣∣∣ �

2α
± u

∣∣∣∣. (A26)

Finally, the term under the square root in (A25) can be
written as

±4kF svF q + 4k2
F v2

F − v2
F q2 ∼ −v2

F (q − 2kF )(q + 2kF )

= −v2
F k2

BT 2

h̄2s2
(u − �)(u + �).

(A27)

Summing up, we find

1

τ0
= I0ξ

2
I k2

F

4π2 h̄α4v2
F M

(
kBT

EF

)4

= 5I0e2
0

8π2h̄3vF

M

ncE2
F

(kBT )4, (A28)

where I0 is a dimensionless integral, which can be found
numerically,

I0 =
∫ ∞

0
du

u3(1 − u)eu

(eu − 1)2
√

100 − u2

×
(∣∣∣∣ �

2α
− u

∣∣∣∣ −
∣∣∣∣ �

2α
+ u

∣∣∣∣
)

≈ 26.2. (A29)

This gives

1

τ0
= (1.4 × 1016s−1)

(
kBT

EF

)4

. (A30)

In terms of the resistivity,

ρ = π h̄2

e2
0EF

1

τ0
= (1.0 × 106 �)

(
kBT

EF

)4

. (A31)

Thus we conclude, that at low temperatures T � TBG, the
resistivity is ∝T 4.
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