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Nonreciprocal transport phenomena indicate that the forward and backward flows differ and are attributed
to broken inversion symmetry. In this paper, we study the nonreciprocity of the thermal and thermoelectric
transport of electronic systems resulting from inversion-symmetry-broken crystal structures. The nonlinear
electric, thermoelectric, and thermal conductivities are derived up to the second order in an electric field and
a temperature gradient by using the Boltzmann equation with the relaxation time approximation. All the second-
order conductivities appearing in this paper are described by two functions and their derivatives, and they are
related to each other in the same way that linear conductivities are, e.g., via the Wiedemann-Franz law. We found
that nonvanishing thermal-transport coefficients in the zero-temperature limit appear in nonlinear conductivities,
which dominate the thermal transport at a sufficiently low temperature. The nonlinear conductivities and possible
observable quantities are estimated in a 1 H monolayer of the transition-metal dichalcogenide MoS, and a polar

semiconductor BiTeX (X =1, Br).
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I. INTRODUCTION

A system with broken inversion symmetry favors a certain
direction of a larger flow than the opposite direction. This
property is known as nonreciprocity or rectification [1]. A
prominent example of electronic realization of the nonre-
ciprocal transport occurs in a heterojunction of the p- and
n-type semiconductors, where the geometry of two different
materials breaks inversion symmetry. Regulating the carrier
motion by making a directed current is the key to device
applications. In a single-crystalline system, the crystal struc-
ture is the source of inversion-symmetry breaking. In non-
centrosymmetric crystals, the nonreciprocity of the electronic
charge transport requires either breaking of time-reversal
symmetry or the presence of the electronic correlation and
dissipation [2].

In addition to the electronic charge transport, managing a
thermal transport is becoming a growing issue since heat is
generated and fades ubiquitously in electronic devices [3,4].
Unlike the electric current, the heat current is carried by
any elementary excitations in materials. The nonreciprocal
thermal transport has been studied for each carrier, such as
phonons [5-9] and photons [4,10]. However, in this paper, we
focus only on the thermal transport carried by the electrons
in crystals. Under an ac electric field E = Re[£¢'] and a
gradient of temperature —V T, the linear electric and heat
response is formulated in matrix form as

JY\ _ Ly Lip\[ &
(J'T>_Re[(L21 Lzz)<—VT/T>]' M

In the zero-frequency limit (w = 0), the amounts of charge
and heat carried by electrons are closely connected through
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the Wiedemann-Franz law, which states that the ratio of
two diagonal coefficients gives the constant L22/T2L11 =
72 / 3¢ = L, independent of the materials (we use the natural
unit ¢ = i = kg = 1 throughout this paper.) This constant
is referred to as the Lorentz number. The other two of the
off-diagonal linear conductivities are related by the Onsager
reciprocity as Ljp = L. Moreover, the thermoelectric con-
ductivity and the electric conductivity are related via the Mott
formula representing the Seebeck coefficient S as Lj,/T =
L]]S = —EETdL“/d/,L.

Nonreciprocity results from a nonlinear effect of the ex-
ternal field, where a strong external field drives the system
far from equilibrium. Extending the transport coefficients to
the second order in the external fields, the electric and heat
currents are shown in matrix form as

(Jj ) R Ly, L LY, Lim L
. = e
! Ly, L3y L, Lo Lo

EQE”
g®862iwt
x | e @ (—vT)/T | |. 2)
VT/T @ VTT
(VQVT)/T

Notice that we do not consider the oscillating temperature
gradient, which is always assumed to be time independent.
Here, each coefficient tensor in (2) is specified by subscript
indices in the same manner as those in (1), indicating that the
first index is 1 (2) when the current is electric (heat) and the
remaining two indices are 11, 22, and 12 when the applied
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external field is the square of an electric field, the square of
a temperature gradient, and the combination of them, respec-
tively. When the second index is 3, the applied field is the
square derivative of the temperature. The nonlinear electric
and heat currents proportional to the square of the electric field
are decomposed into a part flowing constantly in one direction
and the other part oscillating with frequency 2w. Nonlinear
conductivities for these two parts are denoted by superscripts
0 and 2w, respectively. In addition, each coefficient is a three-
rank tensor having three spatial indices; that is, the electric
current in (2) is given by j, = Re[(LY|)apcErEF + - -1 and
so on. Repeated indices in each term imply summation over
the spatial index a = x, y (, z). The coefficients in (2) or, more
generally, conductivity tensors for an even number of external
fields identically vanish when inversion symmetry is present
since the current, the electric field, and the temperature gradi-
ent are polar vectors. In this paper, we address the coefficients
in (2).

From the perspective of application, exploring the nonre-
ciprocal thermal transport provides a possible route toward
functional thermal-transport phenomena such as electronic re-
frigeration [3] and thermoelectric energy conversion [11,12].
It has been shown that the nonlinear thermoelectric transport
modifies the thermoelectric conversion efficiency in addition
to the contribution from the thermoelectric figure of merit
[12]. So far, the nonreciprocal thermal and thermoelectric
transport have been studied for electrons in nanojunctions
[13-16] and heterostructures [17,18]. Inversion symmetry in
such systems is broken by spatially asymmetric coupling or
structures. In this paper, we study the nonreciprocity of the
thermal and thermoelectric transport of the electrons in two
and three dimensions resulting from noncentrosymmetry of
the crystal structure. In combination with Zeeman coupling
breaking time-reversal symmetry, the electric, thermal, and
thermoelectric nonreciprocal transports are realized.

This paper is organized as follows. First, we briefly sum-
marize the main results of this paper in Sec. II. In Sec. III,
the nonequilibrium distribution function under an ac electric
field and a temperature gradient is derived by solving the
Boltzmann equation with the relaxation time approximation,
and the linear and second-order electric, thermal, and thermo-
electric conductivities are formulated. A property unique to
the nonlinear thermal and thermoelectric conductivity is that
they contain temperature-independent terms while the linear
terms vanish in the zero-temperature limit. In Sec. IV, we
explain the appearance of the zero-temperature conductivity
from the viewpoint of nonequilibrium variation of heat and
electric charge due to the external fields. The nonlinear ther-
mal and thermoelectric conductivities are estimated for the
transition-metal dichalcogenide MoS, in Sec. V A and for a
polar semiconductor BiTeX (X = I, Br) in Sec. V B. Finally,
we summarize our results in Sec. VI.

II. MAIN RESULTS

Let us first present our main results so that readers are not
confused by a number of physical quantities appearing in this
paper. Our main findings are that (i) the nonlinear conductiv-
ities are described by two functions [(3) and (4)], (ii) propor-
tionality and derivative relations hold between the nonlinear

conductivities, and (iii) the nonlinear thermal and thermoelec-
tric conductivities remain finite in the zero-temperature limit,
although the corresponding linear conductivities vanish in the
same limit due to vanishing thermal excitations.

We discuss two contributions to the nonlinear conductivi-
ties. One is due to the nonlinear (proportional to the square of
the relaxation time 72) distribution function, described by the
function

Cae (1) = — /k DV O — €0), 3)

where v is the velocity, |, . 1s the abbreviation for the integral
over the Brillouin zone and the summation over the band
index Y, [ d%k/(2m)?, and O(x) is the step function given by
1 for x > 0 and O for x < 0. The other results from the com-
bination of the intrinsic Berry curvature 2(k) = i(du/dk| x
|0u/0dk) and the linear (ox7) nonequilibrium distribution func-
tion, described by

a2
Dap(p) = / O — ). “
k 8ka
Equation (4) is the zero-temperature part of the Berry curva-
ture dipole [19], which measures the dipole moment of the
Berry curvature in the momentum space, and can be nonzero
even when time-reversal symmetry is present, that is, when the
integral of the Berry curvature itself over the Brillouin zone
vanishes.
The leading-order term in the low-temperature (Sommer-
feld) expansion of each nonlinear conductivity is independent
of the temperature and is given by

e’ < 2 d*Cupe

(L(l)ll)abc = 2(1 + io7) ? d/Lz + Teabchd> + O(Tz)a

&)

(L22) ¢ v 4 + T€apaD
_ Te
Wabe ™ 2(1 + iwt) \ 2(1 + 2iwt) du? awded
+0(T?), ©
(L122)abc 77267:2 dzcabc 2
= o(T?), 7
= T + O(T?) )
12 dCu
70 =—— % O, 8
(L311) 4o 2(1 +iwt) du o ®
2.2
v et dCpe 2
__ oT?),
( 211)abc 2(1 +iwt)(1 4 2iwt) du o). ©)
(Lox)abe 7% dCupe 4O (10)
T 3 du '

In the absence of the Berry curvature dipole or in the
case of a negligible contribution from it (e.g., a nonlinear
longitudinal transport such as abc = xxx), proportionality and
derivative relations hold between the leading-order terms as

(L122)abe/T? (L222)abe/ T?
2(LY), + Li) (L9, +L37)

- L(w—0), (1)

abc abc
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and
d(LO/Zw)
0/2w ~ 211 abc
2(L111 )abc ~ _e—dﬂ , (12)
d(L abc
(Lim e ~ —e 222D (13)
du

Notice that the v — 0 limit of L(1)11 + L%ﬁ and L(z)n + L%’l”l
appearing in the denominators of (11) is the dc conductivity.

III. NONLINEAR TRANSPORT COEFFICIENTS

In this section, a nonequilibrium distribution function up to
second order in an electric field and a temperature gradient are
derived from the Boltzmann equation. We give the formulas
of the resulting linear and second-order conductivities, which
lead to the leading-order terms shown in Sec. II. Notice that
there appear nonlinear conductivities for the product of the
electric field and the temperature gradient £¢/' @ (—VT)/T
and those for the square derivative of the temperature (V ®
VT)/T, which are not shown in Sec. II but are also contained
in this section.

A. Nonequilibrium distribution function

We address transport properties in the nonlinear regime
with the Boltzmann equation of the semiclassical dynamics
of the electron, given by

af . af . of

_+'a +ka
ar " r,

__ S
ok, T

(14)

where fy = [1 + ¢ "]~ is the Fermi-Dirac distribution
function. The semiclassical equations of motion in the pres-
ence of the Berry curvature but in the absence of the magnetic
field

Fa=v—k xR, (15)
k=—¢E (16)

describe the time evolution of the wave packet in the phase
space, where the velocity v and the Berry curvature 2 are
defined from the energy dispersion € (k) and the Bloch func-
tion u(k) by v, = de/dk, and 2, = i€ p.(0u/ky|0u/ok.),
respectively.
Applying an ac electric field E = Re[£e/], the distribu-
tion function satisfies
O g2 - I=h (17
ot ak, T
Up to second order in the electric field, the nonequilibrium
distribution function is written in the form of

f=fo+Re[fe+f+ 2], (18)

where the subscript of each term represents the order of the
electric field and the superscript represents the frequency.
Substituting (18) into (17) and making equations at each order

in the electric field and the frequency, one obtains

et&,e" 3 fy

2 = , 19
fe 1 + iwt dk, (19

2128, 92
fp = by Ofo (20)
2(1 + iwt) 0k,0k,

62.[25081)62[@ 32fo

20
et = 2(1 + iwt)(1 + 2iwt) dk.0k)

21

The zero-frequency term (20) drives a current flowing in one
direction, while a current caused by (21) has an oscillation
with frequency 2w.

Applying a temperature gradient —V T, the stationary dis-
tribution function satisfies

T Bl [
P

a ) 22
or, T (22)

where fj, in this case, is the Fermi distribution function with
an inhomogeneous temperature S(r) = T~'(r) representing
local thermal equilibrium. The solution up to second order
in the spatial derivative is f = fo + fvr + fyor + fovrye,
where

d
fVT - _(VaT)Tvaa_J;?a (23)
d
forr = (VViT ey o, (24)
) 3% fo
Sovryp =V IT)(V,T)T VaVh o (25)

In addition to the aforementioned terms, the second-order
terms contain a mixed effect of the electric field and the

temperature gradient given by f = - - - + Re[ffy ], where
ergaei‘*”VbT afo
4 = a. CQC_
VT = e [ beteaT

dvp, 3 fo 1 3% fo
— 1 . (26
ok, oT ( + 1+iwr>wb8T8ka (26)

B. Electric current

First, we formulate the electric current density

j:—e/if—meOrb 27
k

up to second order in the external field. The first term is the
usual definition of the electric charge current, and the second
term is the magnetization current [20,21]. Here we define
the zero-temperature limit of the t-dependent dc electric
conductivity o and the same limit of the intrinsic anomalous
Hall conductivity o by

ow(€) = &1 f VU8 (€ — €), (28)
k

%) = — e / Q.0(c — &), (29)
k

115201-3



RYOTA NAKAI AND NAOTO NAGAOSA

PHYSICAL REVIEW B 99, 115201 (2019)

respectively. As a consequence of the Wiedemann-Franz law,
the Onsager reciprocity, and the Mott formula, all the linear
conductivities defined in (1) are described by these two func-
tions. The orbital magnetization in the thermal equilibrium is
closely related to the intrinsic anomalous Hall conductivity
(29) since the circulating electric current due to the intrinsic
Berry-phase effect is the source of the orbital magnetization.
The expression of the orbital magnetization can be derived
by considering a confinement potential and estimating the
electric current flowing along the edge due to the intrinsic
effect [21] and is given by

my’® = —eileabC/dEUifz(E)fo(E) (30)

In a two-dimensional electronic system, the orbital magneti-
zation points out the out-of-plane direction. Here, we notice
that although we have listed in (2) the nonlinear conductivities
resulting purely from the nonequilibrium distribution function
(oct?) and those from the combination of the distribution and
the intrinsic Berry curvature effect (o<t €2), it is possible that
a purely intrinsic nonlinear conductivity that is independent
of the relaxation time appears. It has been reported that
the intrinsic nonlinear conductivity is related to the orbital
toroidal moment [22] in a way similar to how the intrinsic
anomalous Hall conductivity is related to the orbital magnetic
moment. However, in this paper, we do not discuss the purely
intrinsic contribution to the nonlinear conductivity since it
is independent of t and is small compared with the terms
mentioned when 7 is large.
Let us first review the ac electric conductivity defined by

SE +

ja = Re[(Ll 1)abgbeiwl + (L(l)l 1 ) (L%iul)abc gbg ezm}t]

€1y}

abc

where

Oab afo
LiDaw=—-—1]4d , 2
(L)) ab / 6(1+iwt+ a;,) 9e (32)

LY, =10, + Ji, and L3Y, = I + Jy11, with

() :——fdeC &h (33)
11 abe 4(1 + iwt) abe g3
3
9” fo
e = Cipe—>=, (34
(1) e = 4(1—|—le)(1+21&)1’)/ wge O
e B
i abe = — 53—t D2l )

20 +iwr) ] €7 e

Notice that in the above expressions, C,,. and D, in the
integrals are functions of €, not of the chemical potential u.

Next, the electric current induced by the spatial inhomo-
geneity of the local temperature profile 7 (r) defines thermo-
electric conductivities by

Ja = L12)a(=VT)/T 4+ (L122)ape (VT NV . T)/T?
+ (L13)abc(VchT)/T7 (36)

where

(L12)a 54 0

‘; b— _e la_T de (0w + 031) fo, (37)
(L122)abe a2

% = —et’ o | deCuney™ f : (38)
L13)abe 3 3

Lidabe _ 2 0 / de Cope =22 fo. (39)

T aT de

Notice that the magnetization current resulting from the sec-
ond term in (27) contributes only to the linear conductivity
(37) since the magnetization is defined in local thermal equi-
librium where higher-order corrections due to the external
field are not considered. An intriguing thing to note is that
Lix»n/ T2 can be finite in the zero-temperature limit 7 — O,
while the other conductivities L,/T and L;3/T vanish lin-
early as the temperature goes to zero. This can be seen from
the order of the temperature derivative since the Sommer-
feld expansion contains even orders of the temperature. The
zero-temperature conductivity will be examined in Sec. IV.
Notice that, in a strict sense, the presence of a temperature
gradient requires temperature to be nonzero. However, we
mean finiteness of the zero-temperature limit of the transport
coefficient by the fact that, at a sufficiently low temperature,
the transport coefficient has finite contributions independent
of the temperature.

In the presence of both the electric field and the tempera-
ture gradient, there appear combined terms as

Ja = Re[(L},) .80 (=Y T)/T], (40)

where LY, = I}, + J{},, with
I 229 1 1 2
( ”2)[1}76 = ¢ T _/df -+ N Cabc fov
T 1+ iwt T 2 1+4iot de?

41)
de <€de
1+

Both conductivities (41) and (42) vanish at zero temperature.

(JﬁZ)abc _ —6’21'—

- wsaDe )
T 0T + €aba d)fo 42)

C. Heat current

The heat current of the wave packet in the presence of the
Berry phase is given by [21,23]

= /(ek — wWif +E x m™. (43)
k

The first term is the usual definition of the heat current, and
the second term is the correction due to the Berry curvature.

The heat current induced by the ac electric field is written
as

J{{ = Re[(LZI )abgbeiwt + (L(Z)ll)abcghg;k
+ (L%(lul) gbgceﬁwt], (44)

0
il +@Q;@ (45)

abc

where

@mW=€‘/ﬁ@—M%

1 +iw de’
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LY, =13y, + Ja11, and L%‘fl = 1221‘”1 + Jo11, with

TABLE 1. Symmetry property of the functions representing the
linear and second-order conductivities under inversion and time
reversal. The first two columns indicate cases of the presence (+)
or the absence (—) of inversion (I) and time-reversal (TR) symmetry.
The last four columns indicate that each tensor vanishes (0) or is not
restricted (—) by corresponding symmetries.

272 33f0
D) e = i | de (€ — )Care—=5, (46
(211)a;,c 401 + fwr) € (e — w)Cap, 5e3 (46)
e 9o
[2‘” = d - Ca c )
( 211)abc 4(1 + iowt)(1 + 2iwt) / € (e — w)Cu 3¢3
47
1€y o
J: abe = TS . < — w)Deyg — 48
(J211)ab 30 iwD) de (€ — 1) dme (48)

The heat current induced by the spatial inhomogeneity of
the temperature is written as

= (Lo)ap(=VoT)/T + (L) (Vo T )V .T)/T?

+ (Lo3)abe (VoY T)/T, (49)
which gives thermal conductivities by

(L?)“b 88T /de (e — w)oap fos (50)

% =72 88;2 de (e — ,u) abcfo, (51

(LZ;)abC =72 88T de (e — ,u)dcabcf . (52)

Finally, combined terms of the electric field and the tem-
perature gradient are defined by

Jjo =Re[(L$,) L0 (=V.T)/T], (53)
where LS, =I5}, + J3),, with
(12a)12)abc 6.52 d dcabc
= — €
T 1+ iwt 0T de
1 1 1 fo
x [‘ifo + (5 L im)( >—}
(54)
(U512) ape 0 €bed
L Als/abe d — _— abaDe.
T BT € (e )(1+ + €aba d)fo
(55)

The low-temperature expansion of the nonlinear conductivi-
ties in this and the preceding sections results in the leading-
order terms shown in Sec. II. The entire expression of the
leading-order terms, including those proportional to 7 and T2,
is shown in Appendix A.

D. Symmetry

The symmetry property of the nonlinear conductivities can
be read off from that of the two functions C,,. and D, since
the nonlinear conductivities are described by them. In this
section, we consider how the conductivities are affected by
the spatial-inversion and time-reversal transformations. The
results are summarized in Table 1.

In the presence of inversion symmetry, the velocity
and the Berry curvature satisfy v,(n, —k) = —v,(n, k) and
Qu(n, —k) = Q,(n, k), respectively, where n is the band in-
dex. In the presence of time-reversal symmetry, the velocity

1 TR o o% C D
- + — 0 0 -
+ - - - 0 0
+ + — 0 0 0
and the Berry curvature satisfy v,(n, —k) = —v, (71, k) and

Qqu(n, —k) = —Q,(n, k), respectively, where 7 is the band
index that is the counterpart of the time-reversal pair of n.
Thus, regarding the linear response, the intrinsic anomalous
Hall conductivity o vanishes in the presence of time-reversal
symmetry.

The function C,. changes sign under either time-reversal
or inversion transformation; that is, the presence of either
symmetry forces part of the nonlinear conductivities described
by C,pe to be identically zero. On the other hand, the Berry
curvature dipole D, vanishes in the presence of inversion
symmetry since the presence of inversion and time-reversal
symmetries imposes (£2,/k,)(n, —k) = —(2/k,)(n, k) and
(RQp/ka)(n, —=k) = (Qp/k,) (1, k), respectively. More details
about the crystallographic property of the Berry curvature
dipole can be found in [19].

IV. THERMAL TRANSPORT AT ZERO TEMPERATURE

As was shown in the previous section, some of the nonlin-
ear thermal and thermoelectric conductivities are finite in the
zero-temperature limit. In the absence of the Berry curvature
dipole, they are described by a single function, C,p.(1t), and
thus, proportionality relations (11) hold between them. In
this section, these properties are examined in connection with
the relations between the linear conductivities, that is, the
Wiedemann-Franz law and the Mott formula. Throughout this
section, we consider negligible Berry curvature dipole and the
limit of the vanishing frequency and temperature.

A. Nonlinear heat current and dissipation

The proportionality relation

(L222)abe/T?
(L3, +13%)

abc

- L(w— 0) (56)

between the zero-temperature limits of the nonlinear conduc-
tivities for the heat current is explained by the heat generated
by external fields. Let us consider the equation for the elec-
tronic energy in the presence of the external fields. In general,
a static equation of the energy is obtained by multiplying

— p by the Boltzmann equation (14) and integrating over
the momentum to give

(er —u) = =7V - (Ve — w)) + TE - (—ev), (57)
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where (---) = fk -- - f. The left-hand side of (57) is the excess
kinetic energy density of the electrons measured from the
local-equilibrium value and is proportional to the dissipation
rate of the kinetic energy by relaxation processes. The first
term of the excess kinetic energy represents the divergence of
the heat current, which appears when the heat current depends
on the temperature. The second term represents the Joule heat
generated by the acceleration of the electrons by an electric
field. The Lorentz number appears when we estimate the ratio
of two energies in the linear regime as

V- (v — )
E - (—ev)

=V [Ln(=VT/T)] N VT
E.-L\E IE|?
(58)

in the zero-temperature limit since the linear electric and
thermal conductivities are related by the Wiedemann-Franz
law.

With these equations in mind, the nonlinear heat current
induced by an electric field can be rewritten as

J7 = lim / bl TE - (—ew)] 2. (59)
T—0 Ji

This expression is analogous to the linear thermoelectric cur-
rent jI = (Ly)aEp = [, valex — p)fg~°, where the excita-
tion energy €; — u is replaced by the Joule heat 7E - (—ev)
appearing in (57). In a similar way, the nonlinear heat current
induced by the square of a temperature gradient is rewritten as

il = lim /Ua[—fv(fk —w) - Vifvr, (60)
T—0 k

which, in comparison with the linear thermoelectric current
representing the transport of the excitation energy, can be
regarded as a transport of the divergence of the heat current
since =tV - (v(ex — ) = [ [—Tv(ep — p) - VIf.

Expressions (59) and (60) explain intuitively the reason
why a heat current flows in the zero-temperature limit because
the zero-temperature part of the second-order conductivities
represents the transport of the Joule heat and the divergence
of the heat current, respectively, not of the thermal exci-
tation energy. This also explains the reason why the zero-
temperature nonlinear conductivities obey the proportionality
relation because the Joule heat and the divergence of the
heat current are related by the Lorentz number in the linear
regime, as shown in (58) (see Appendix B for a bit more
rigorous argument regarding the relation between the linear
and nonlinear conductivities).

B. Nonlinear electric current and charge density

The proportionality relation

(L122)abe/T?
2(LYy + Li)

abc

— L(w—0) (61)

of the electric current can also be explained by the linear
conductivities. The equation of the electric charge density is
obtained by integrating the Boltzmann equation (14) as

U — 8(—ev)] -
7 |

(—e) = I|:—eE~ on 5

where the gradient of the chemical potential is identified with
the electric field —Vu = —eE. The left-hand side of (62)
is the electric charge density measured from its equilibrium
value. Provided external fields are applied in the x direction,
the ratio of the electric charge density induced by a tempera-
ture gradient and that by an electric field is given in the linear
regime by

—VT - (3(—ev)/dT) |VT|?
—eE - (3(—ev)/dp) E|?’

where the Mott formula (L13).,/T = —eLT (3(L11)x/0) is
used.

The property (63) explains intuitively the proportionality
relation since the nonlinear electric current induced by an
electric field and that induced by a temperature gradient are
rewritten as

(63)

3
2, = fva|:—erE - (—ev)—] =0, (64)
k o

d
i, = 1i | —tVT - (—ev)— , 65
j Tl_r)r})/kv |: T ( ev)aTi|fVT (65)

where the square brackets in (64) and (65) correspond to the
electric charge density appearing in the first and second terms
on the right-hand side of (62), respectively. Therefore, the
second-order electric current represents the transport of the
electric charge raised by the external fields.

V. APPLICATIONS

As applications of our theory, we estimate the thermal
and thermoelectric coefficients of the electronic systems in
noncentrosymmetric crystals. Here, we focus only on the
zero-temperature part of the nonlinear conductivity since it
dominates the transport at sufficiently low temperature.

A. The 1H monolayer of MoS,

First, we consider the 1H-type monolayer of the transition-
metal dichalcogenides, where the crystal has threefold ro-
tational symmetry and broken inversion symmetry. The
low-energy effective Hamiltonian accompanied by Zee-
man coupling with an out-of-plane magnetic field is given
by [24]

k2
H =+ Tk (k; = 3k}) — Azo® — AsooT?,  (66)

where o and t° are £1 for each component of the spin and
valley (the K and K’ points) degrees of freedom, respectively.
We assume that the Fermi level is above the bottoms of the
four energy bands, that is, u© > |Az| + | Asol. Perturbatively
expanding by the parameter X, the Fermi surface is modified
up to the linear order in A as

ke = 2mpgr — 2m? g TS cos 36 (67)

as a function of = tan™! (ky/ky), where g = 0 + Azo® +
Agoo*t®. The electric current has no nonreciprocal con-
tribution within the relaxation time approximation due to
the cancellation by the spin and valley components [25].
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Moreover, we cannot expect the nonlinear Berry curvature
effect described by the Berry curvature dipole since rotational
symmetry cancels out the Berry curvature dipole in two
dimensions. However, the Berry curvature dipole in the 17’
and 17; structures of the transition-metal dichalcogenides is
being studied widely [26-30]. Notice that the presence of the
nonlinear electric conductivity J;;; due to the Berry curvature
dipole in these materials implies the presence of another
nonlinear conductivity J3), since the leading terms of these
conductivities are described by D.

1. Nonlinear heat current

The nonlinear dc heat current induced by an electric field
at zero temperature is given by

o 12EPmAAAso [ 1ES — & 68)
I T TR0 v o) \—e&r-grg

The dc heat current flows in one direction and can be dis-
tinguished from the other heat currents, which oscillate and
have vanishing total current when averaged over a period that
is much longer than the inverse of the frequency. From the
proportionality relation (11), the nonlinear thermal conductiv-
ity is also nonvanishing in the zero-temperature limit and is
given by

2 2
jT = 8nt’mrAzAso <(V)‘T) v>T) ) (69)

—2(V.T)(V,T)

Regarding the derivative relation (13), this result is consistent
with the vanishing nonlinear electric current since the nonlin-
ear heat current is independent of the chemical potential.

Even though the nonlinear heat currents (68) and (69)
dominate the external-field-driven heat current at a sufficiently
low temperature, they are overwhelmed by the diffusion of
dissipated heat. The external-field-driven heat current is pro-
portional to the width of the sample, and the diffusion of heat
is proportional to the area of the sample. The ratio of these
two contributions is given by

"1 6TmAAzAso

70
Lj-E uL (70)

o=

where jT is given in (68) and j is the linear electric current.
For MoS,, parameters estimated by ab initio calculations

72 /2m =8.15eVA°, % = —4.42eVA’, and Ago = 7.5 meV
[24,31]; empirical parameters from n >~ 2mpu/m ~ 104 cm™—2
and o ' ~m/2¢?t =140 Q [25]; and the assumption
Az =0.1 meV give o ~ 107® for a sample with the linear
dimension L ~ 1 um. This result indicates that 10~° of the
heat dissipated in a sample is transported in one direction due
to the nonlinear effect.

2. Nonlinear Ettingshausen and Hall effects

Here, we consider a setup consisting of a transition-metal
dichalcogenide monolayer terminated by two electrodes. If
we apply an electric field in the y direction between the two
electrodes, the nonlinear heat current flowing in the x direction
will be safely separated from the diffusion of the dissipated
heat flowing almost into the electrodes (in the y direction). If

the boundary perpendicular to the x direction is open, the non-
linear heat current generates a temperature difference and an
electric potential difference between two boundaries to form a
stationary state. These nonlinear Ettingshausen and nonlinear
Hall effects are estimated by requiring the transverse heat and
electric current to vanish. Then, we obtain

182 tmA Az Ago 2

-V.T = £
* ar?uT (1 + w2t2)| Y

; (71)

Ex _ 6€Tm)\.AzzAso |5y|2’ (72)
ap
where a = 1 — 7% /38%u>. Considering a temperature far be-
low the chemical potential (kg7 < @) and a frequency w
of the electric field much smaller than 7~!, we can replace
a and 14 w?t? by unity. The coefficient of the nonlinear
Ettingshausen effect of MoS, multiplied by the temperature is
T(—V,T/I&*) = —3.5K?>um/V? and that of the nonlinear
Hall effect is E,(/|<€’y|2 = —3.4x 1077 um/V from the same
parameters used to estimate (70). Owing to the temperature-
independent part of the nonlinear conductivity, the nonlinear
Ettingshausen effect can be enhanced as the temperature
becomes lower.

B. Polar semiconductor BiTeX (X =1, Br)

Next, we consider a polar semiconductor BiTeX (X =
I, Br), in which inversion symmetry is broken by the order
of stacking layers [32]. The inversion asymmetric crystal
structure generates large bulk Rashba coupling. Although
the Berry curvature dipole of this material has been studied
under pressure [33], we focus only on nonlinear transport
independent of the Berry curvature, that is, that described by
Cape. We consider the low-energy effective Hamiltonian under
an in-plane magnetic field applied in the y direction, given
by [34]

KRR , . ,
H= T S +2kyo” — kyo™) — Aga®.  (73)

Here, we assume that the Rashba parameter A is positive.
Results for a negative A can be obtained from the positive
case by the spatial inversion, which inverts the sign of the
second-order conductivities.

Let us first estimate two-dimensional conductivities carried
by the electrons in the two-dimensional section of the whole
Brillouin zone by fixing 1+ — k?/2m. The three-dimensional
conductivity is evaluated by integrating the two-dimensional
conductivity over k,. The shape of the two-dimensional Fermi
surface changes as k, changes. There are three regions in the
space spanned by Az and u — k2 /2m distinguished by the
Fermi surface topology and the helicity. The three regions
are (I) —|Az| —m A?/2 < < |Az| —m 2%/2, having a
single Fermi surface, (Il) |Az| — mLA2/2 <u< A%/Zmlkz,
having two Fermi surfaces with the same helicity, and (III)
AZ/2mA* < j1, having two Fermi surfaces with opposite
helicities [34] (Fig. 1). Notice that, on the boundary between
regions II and III, the Fermi level lies at the charge neutral
point of the linear dispersion, where the density of states of
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FIG. 1. (a) The two-dimensional nonlinear conductivity of the
electric current [0((L?121D)Xxx /A7 x (L12'232 )xwx/Az] of BiTeX is shown
as a function of the chemical potential and Zeeman coupling.
(b) The two-dimensional nonlinear conductivity of the heat current
[oC(L32P) e/ Az o (L22)cre/ Az] in BiTeX is shown.

the inner Fermi surface vanishes and the semiclassical picture
is no longer applicable.

1. Electric current

The electric conductivity up to second order in the electric
field was reported in [34] and is given by

3et? A
0P i Z_ 1+ 0(T% A}) (74
1K

(Llll )xxx - ]67‘[(1 + la)f) \/T Z)

in region II, where u' =pu+m;A%/2 is the chemi-
cal potential measured from the bottom of the energy
band, and by (L)7P),., = O(T?, A}) in region IIl. From
(11), the nonlinear thermoelectric conductivity is obtained
with (L3D)u/T? = 4L(1 + iwt)(LYP)1nr. Numerical in-
tegration is performed to estimate the nonlinear electric

(@) /

0.0 1 1 1 1
-05 0.0 0.5 1.0 1.5 2.0

Density of states

)XXX / AZ

0,3D

111

0.5 ]

(L

0.0

(C) 0.0

)XXX / AZ

0,3D
211

(L

-20F

FIG. 2. For BiTeX (X = I, Br), (a) the density of states in
units of /m3myA/m?, (b) the three-dimensional nonlinear elec-
tric conductivity (L(l)ﬁD)m / Az [proportional to the thermoelectric
conductivity (L3)./Az] in units of 3e*t?/my/m,/167>(1 +
iwTt), and (c) the three-dimensional nonlinear thermoelectric con-
ductivity (LgﬁD)m/ Az [proportional to the thermal conductivity
(L3%))xxe/ Az] in units of 3e*t?A* /mymy /8m*(1 + iwt) are plotted
as functions of the chemical potential p in units of m, A% All
quantities are estimated in the limit of the vanishing magnetic field
(Az — 0).

conductivity (L(l)’lle)wc/[e3rzAz/4nml)\(1 + iwt)], which is
shown in Fig. 1(a).

Let us analytically estimate the three-dimensional non-
linear electric conductivity. A magnetic field of 1T corre-
sponds to Az/miA* ~ 6 x 1073 for BiTel, and Az/m  A* ~
2 x 1072 for BiTeBr [34], using parameters m; = 0.15m, (m,
is the electron mass), m; = 5m,,and A = 3.85eV A for BiTel
and A = 2.00 eV A for BiTeBr estimated by an ab initio cal-
culation. So it is reasonable to evaluate the three-dimensional
conductivities in the vanishing-magnetic-field limit, where the
two-dimensional conductivity divided by Zeeman coupling
L?le /Ay is finite while the conductivity itself vanishes [34].
In this limit, it is possible to avoid considering the contribution
from region I, where the analytical expression for the two-
dimensional conductivities is hard to obtain (see Fig. 1). We
obtain

3e3r2AZ‘/m||/mL
(Lo,sD) N 32 (1l +iwt)
1 Jxxx —

3€3T2Az, /m /mJ_ COS_]

16mw2(1 + iwT)

(—mLkz/Z <u<0),

L w>o.
1%
(75)

after integrating over k, [Fig. 2(b)].
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2. Heat current

In two dimensions, the thermoelectric conductivity of the
heat current induced by the electric field is given by

3212 Az 2mip
_ e’7T : Z my + O(Tz, A%) (II),
0.2D 87(l +iwt) my
(L211 )Xxx = 3272 A
_ L T2 54012 AY) (II0).
8 (1 +iwt)
(76)

From (11), the nonlinear thermal conductivity is obtained
with (L32) 0 /T? = 2L(1 + iwt ) (L3P, In the entire re-
gion, numerical estimation of the nonlinear conductivity
(LY P)eer /(2721 A7 /47 (1 + iwT)] is shown in Fig. 1(b). Un-
like the case of the electric current, the nonlinear heat current
is finite even if the Fermi surface has opposite helicities (seen
in region III).

The three-dimensional nonlinear conductivity of the heat
current is evaluated in the same manner as the electric current
case and is given by

(LO,3D) __ 3¢’T Az /my/my
XXX

211 872(1 + iwt)
T /2 (—miA%/2 < pu < 0),

VAT =0 + 1w cos aTiw (> 0).
77

The derivative relation (13) indicates that the positive nonlin-
ear electric conductivity (75) leads to monotonically decreas-
ing thermoelectric conductivity [see Fig. 2(c)].

3. Nonlinear Seebeck effect
The density of states is given by [Fig. 2(a)]

dn m3 myA 7 (—mir?/2 < u < 0),
e T o
cos \/;—i- ooz (w>0).

The second term of the density of states for ;« > 0 converges
to that for the quadratic energy band without Rashba coupling
dn/dp = /2myum, /7> in the limit A — 0. The empiri-
cal value n =4 x 10" cm™3 for BiTel [35] corresponds to
w/mir* =—024 (W =75 meV), and n =4 x 108 cm™3
for BiTeBr corresponds to ju/m A% = —0.32 (1’ = 14 meV).
Thus, it is legitimate to consider the case u < 0, where
conductivities have relatively simple forms.

We consider a setup consisting of a sample terminated by
two heat baths at different temperatures. The ratio of the linear
and nonlinear Seebeck coefficients is given by

SNL _ (L122)xxx(VxT)2/T2 _ 3TAZ vT
St (L) (VT T 2mih T

(79)

When a magnetic field of 1 T and a temperature difference
AT /T = 0.1 between both sides of a sample with a linear
dimension of 1 um are applied, empirical values g ~ 60 [36]
and (Ly;);! =0.3 mQ cm for BiTel [32] give SN-/St =
4 x 107.

VI. CONCLUSION

We studied nonreciprocal thermal and thermoelectric trans-
port phenomena of electrons resulting from an inversion-
symmetry-broken energy band structure. We derived the
electric, thermoelectric, and thermal conductivities up to sec-
ond order in an electric field and a temperature gradient
by solving the Boltzmann equation with the relaxation time
approximation. These second-order conductivities describe
the nonreciprocal transport of the electric charge and the
heat.

The nonlinear conductivities due to the nonequilibrium
distribution function are nonvanishing when both inversion
and time-reversal symmetries are broken, and those due to
the combination of the nonequilibrium distribution function
and intrinsic Berry curvature effect are nonvanishing when
inversion symmetry is broken. The nonlinear conductivities
are related to each other by proportionality or derivative
relations, which originate from the fact that all the non-
linear conductivities defined in this paper are formulated
by two functions. Moreover, the leading-order terms of the
nonlinear thermal and thermoelectric conductivities in the
low-temperature (Sommerfeld) expansion are independent of
temperature, unlike the corresponding linear conductivities.
We explained the proportionality relation and the temperature
independence by the fact that the nonlinear electric and heat
currents represent the transport of an electric charge variation
and heat generated by external fields, respectively.

We have estimated the temperature-independent part of
the nonlinear conductivities for the 1H monolayer of the
transition-metal dichalcogenide MoS, and the polar semi-
conductor BiTeX (X = I, Br) by using the low-energy ef-
fective Hamiltonian. In the transition-metal dichalcogenide
monolayer under an out-of-plane magnetic field, we showed
that the nonreciprocal heat current appears by applying an
electric field or a temperature gradient. We also showed that
the nonreciprocal heat current can be separated from the other
currents in a sample and that the nonlinear Ettingshausen
effect can be a signature of the nonlinear heat current. In
BiTeX under an in-plane magnetic field, both nonlinear elec-
tric and heat currents occur in the longitudinal direction. We
estimated the nonlinear contribution to the Seebeck coefficient
in comparison with the linear contribution.
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APPENDIX A: THE LEADING-ORDER CONTRIBUTIONS

In this Appendix, we present all the leading terms in the low-temperature expansion of the second-order conductivities
studied in this paper. There are 14 terms representing the nonlinear electric and heat currents (when a conductivity tensor
L;jx is decomposed to [;jx and J; j, we count them distinctively as two.) The nonlinear electric and heat currents are given by

Ja 2 —eCl) /2 —€€apaDeq
| =Re —e—, 72 /b/ +7| ,.., ) EnE
jl 2(1 +iwT) Cl 7T €waD,,;/3

2 2 —eC;/ C/2 —e€y, dDCd i
_ e . T : b +1 b 5b50621wt
2(1 +iwt)| 1+ 2wt C 2T ?€uaD., /3

abc

7T2€T |:1:2 (—e[l —+ 2/(1 =+ lCU'L')]C(:ZL> _ <_e[6bcdD;d + (1 + iwr)eabdDzd])]Ebeiwt(—VcT)}

3 +ion) | 2\ B4/ +i00)IC),
7'1'2‘L'2 _ecl/;/bc

-3 VLTV T +TV,LVT),
abc

€pcdDaq + (1 +iwT)epaDea

(AD)

where the prime indicates the derivative with respect to the chemical potential. Here, we notice that subleading terms are not
shown, while some of them are of the same order as the leading term of the conductivity J5;.

APPENDIX B: PROPORTIONALITY RELATIONS
OF LINEAR AND NONLINEAR CONDUCTIVITIES

Let us explain the proportionality relation between
the second-order conductivities (11) from the perspective
of the Wiedemann-Franz law for the linear conductivities.
By the Sommerfeld expansion of the integrand of the linear
electric and thermal conductivities, we obtain

(Li1)ay = —€T f car(win, k) + O(T?), (B1)
k

L)y 77T
T 3

where c(€;n, k) = v,v,6(e — €;) and n is the band index.
This indicates that the same relation as the Wiedemann-Franz
law holds for each momentum and the band index. Also,
relation (58) between the Joule heat and the divergence of the
heat current holds for each momentum and the band index in
the linear regime, that is,

/ colpin k) + 0T, (B
k

E - (—ev)f§ 70 = T E Epcap(pin. k) + O(T?),  (B3)

-tV v(e —p)fvr
2.2

”; (Vo T)VoT)ea(uin, k) + O(T?). (B4

Notice that integrating over the momentum and summation of
the band index turns the above equations back to (58).

(

Then, we rewrite the zero-temperature limit of the second-
order heat currents (59) and (60) in terms of ¢, as

JT = PEE, / vecr (i k) + O(T?),  (BS)
k

2.2

) 727
i =) / vecr (s k) + O(T?), (B6)
k
where the proportionality  (Lpxn/T?)/(LY,, + L39)) —

L(w — 0) between the second-order conductivities becomes
obvious and is reminiscent of the Wiedemann-Franz law of
the linear conductivities.

In a similar way, the electric charge variations induced by
an electric field and a temperature gradient are related by the
Mott formula, and the relevant second-order electric currents
(64) and (65) are written by

depe(usn, k
2j, = T EE, f (—eupln®) o2y @)
k du
P depe(p;n, k) 2
jo= T,V [(—evg) 2T g2y,
3 k dl/L
(B8)

where dcp.(u;n, k)/dp appears in describing the Mott for-
mula in the linear response regime.
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