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First-principles bulk-layer model for dielectric and piezoelectric responses in superlattices
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In the first-principles bulk-layer model the superlattice structure and polarization are determined by first-
principles computation of the bulk responses of the constituents to the electrical and mechanical boundary
conditions in an insulating superlattice. In this work the model is extended to predict functional properties,
specifically dielectric permittivity and piezoelectric response. A detailed comparison between the bulk-layer
model and full first-principles calculations for three sets of perovskite oxide superlattices, PbTiO3/BaTiO3,
BaTiO3/SrTiO3, and PbTiO3/SrTiO3, is presented. The bulk-layer model is shown to give an excellent first
approximation to these important functional properties and to allow for the identification and investigation of
additional physics, including interface reconstruction and finite-size effects. Technical issues in the generation
of the necessary data for constituent compounds are addressed. These results form the foundation for a
powerful data-driven method to facilitate discovery and design of superlattice systems with enhanced and tunable
polarization, dielectric permittivity, and piezoelectric response.
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I. INTRODUCTION

Ongoing progress in atomic-scale precision growth of per-
ovskite oxide superlattices enables exploration of an ever-
increasing variety of systems [1–4]. There is particular interest
in systems in which the layering gives rise to distinctive func-
tional properties, including enhancement of properties such
as the piezoelectric response over those of either constituent
[5]. While the microscopic origins of such behavior could
include symmetry breaking by artificial structuring, a high
density of atomically and electronically reconstructed inter-
faces, and finite-size effects in the unit-cell-scale constituent
layers, early experimental and first-principles investigations
of BaTiO3/SrTiO3 superlattices suggested that the properties
of superlattices, even with ultrashort periods, can in fact
be largely predicted by a “bulk-layer” model in which the
properties of the superlattice are obtained by considering the
bulk response to the changes in mechanical and electrical
boundary conditions imposed on each constituent layer by lat-
tice matching and approximate polarization matching [6–9].

For a given constituent material, the bulk response to the
changes in mechanical boundary conditions corresponding
to lattice matching is readily computed in a first-principles
framework via a strained-bulk calculation in which two lattice
vectors of the bulk material are fixed to match the substrate at
the interface plane, and other structural parameters are relaxed
[10,11]. The development of first-principles methods allowing
the calculation of structure and properties in nonzero uniform
electric fields [12] and the subsequent recognition of the
displacement field D as the fundamental electrostatic variable
[13] allow a quantitative determination of how a constituent
layer responds to changes in electrical boundary conditions,
including a correct description of nonlinear behavior at high
fields. The use of these nonlinear first-principles electric-
elastic constitutive relations enables the model to capture
behavior beyond a simple averaging of end-point properties.

The bulk-layer model has been successfully applied
to a number of perovskite superlattice systems. For
BaTiO3/SrTiO3, it accounts for the observed polarization of
the SrTiO3 layers [6,7] and the evolution of the structure
and polarization with epitaxial strain [14–16]. Extension to
the case of perovskite superlattices with “charge-mismatched”
constituents (for example, A3+B3+O3/A′2+B′4+O3) [17]
yielded quantitative predictions for the epitaxial strain depen-
dence of the structure and polarization of PbTiO3/BiFeO3

superlattices [17,18]. A version of the model was also used
to study the response of ferroelectric capacitors with metallic
electrodes [19]. For a broader range of superlattice systems,
the predictions of the bulk-layer model can be expected to
provide a good starting point from which interface and finite-
size effects can be identified and analyzed as contributions
from such effects are absent in the model.

In this manuscript, we show how to extend this definitive
implementation of the bulk-layer model to the prediction
of dielectric and piezoelectric responses in insulating super-
lattices. For three prototypical titanate superlattice systems,
PbTiO3/BaTiO3, BaTiO3/SrTiO3, and PbTiO3/SrTiO3, we
generate the necessary information about the bulk constituent
compounds, apply the bulk-layer model to the prediction of
superlattice structure, polarization, and dielectric and piezo-
electric responses and show that the model can capture the
essential trends with composition by comparing to results
using first-principles methods of the full superlattices. Thus,
using only a database of computed bulk constituent electric-
elastic constitutive relations, it should be possible to map
out a large configuration space of superlattice combinations
and investigate the microscopic origins of their functional
properties, leading to a powerful data-driven method to fa-
cilitate discovery and design of superlattice systems with
enhanced and tunable polarization, dielectric permittivity, and
piezoelectric response.
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II. METHODS

A. Bulk-layer model

The constituent layers of the superlattice are modeled as
strained-bulk materials [10,11] responding uniformly to the
changes in mechanical and electrical boundary conditions
produced by the superlattice, specifically lattice matching
and absence of free charge at the interface. Here we con-
sider superlattices epitaxially coherent with a chosen sub-
strate [here (001) SrTiO3], so that the lattice matching is
implemented by fixing two lattice vectors [here a = (a0, 0, 0)
and b = (0, a0, 0)] to match the substrate at the interface
plane. The absence of free charge corresponds to the con-
dition that the displacement field D be uniform through-
out the system [13]. Throughout this work we specialize
to tetragonal systems where D, E, and P are along the
fourfold axis with magnitudes given by D, E , and P. The
case of charge-mismatched constituents can be treated by
including fixed interface charges σ as in Ref. [17]. For
the specified fixed lattice vectors, each constituent material
α is described by the electric-elastic constitutive relations
U (D; α), c(D; α), E (D; α), and P(D; α) corresponding to the
energy per unit cell (taken relative to its minimum value),
out-of-plane lattice parameter, electric field, and polarization,
respectively. We note that E (D) is related to U (D) through
E (D) = 1

�(D)
dU
dD [13], where � is the unit cell volume. For

the superlattice consisting of periodic repeats of k layers of
unit cell thickness ni; i = 1, . . . , k, with superlattice period
N = ∑

i ni, the total energy is taken as the sum of the energies
of the individual layers:

U (D) =
∑

i

xiU (D − σi; αi ), (1)

where xi = ni/N and σi = ∑i−1
j=1 σ j, j+1, where σ j, j+1 is the

fixed interface charge at the interface between layer j and
layer j + 1 and σ1 = 0.

We consider situations in which the voltage drop V across
the sample is controlled, with the V = 0 short-circuit bound-
ary condition corresponding to the periodic boundary condi-
tions used in first-principles calculations. In practice, we first
construct

V (D) =
∑

i

niE (D − σi; αi )c(D − σi; αi ). (2)

The D that corresponds to the target V is obtained by solving
V (D) = V and if there are multiple solutions, then choosing
the one that gives the lowest value of U (D). For V = 0,
this is equivalent to minimizing U (D) with respect to D
as in Ref. [17]. When the model is solved at V = 0, the
D which solves the model is precisely the zero field po-
larization (P) of the superlattice system. This follows from
the definition D = P + ε0E : With zero overall voltage the
total external field is also zero and D = P. We then con-
struct ctot (D) = ∑

i nic(D − σi; αi ), Eext (D) = V (D)/ctot (D),
and the derivatives of each with respect to D, from which we
obtain the zero-stress relative permittivity or dielectric con-
stant κ33 = ε33/ε0 = 1

ε0
(dEext/dD)−1 and the piezoelectric

response d33 = c−1
tot (dctot/dD)(dEext/dD)−1 = g33ε33, where

g33 = c−1
tot dctot/dD. Note that the dielectric and piezoelectric

constants used in this work are for fixed in-plane lattice
constants (see Supplemental Material [20]).

The systems examined in this manuscript are two-
component superlattices with fixed interface charge equal to
zero. In this case Eqs. (1) and (2) reduce to:

U (D) = xU (D; α1) + (1 − x)U (D − σint; α2), (3)

V (D) = Nxc(D; α1)E (D; α1)

+ N (1 − x)c(D − σint; α2)E (D − σint; α2), (4)

where we include σint for validity for charge-mismatched
constituents; in the charge-matched systems considered here,
σint = 0. As discussed above, the D that corresponds to the
target V is obtained by solving V (D) = V and, if there are
multiple solutions, choosing the one that gives the lowest
value of U (D). From this, polarization, out-of-plane lattice
constants, and dielectric and piezoelectric responses can be
immediately obtained.

B. First-principles calculations

We performed first-principles density-functional-theory
calculations with the local density approximation (LDA) us-
ing the ABINIT package [21–23]. Norm-conserving pseu-
dopotentials were generated with the Opium code [24,25].
An energy cutoff of 800 eV was used with a 10×10×10
Monkhorst-Pack grid to sample the Brillouin zone for five-
atom-unit-cell systems, and equivalent k-point densities for
the superlattice systems [26]. Structural relaxations were
performed with a force threshold of 10 meV/Å, except
for SrTiO3 fixed displacement field calculations where the
slightly polar structure required a stricter convergence of
1 meV/Å. In plane lattice constants are fixed to that of
SrTiO3, here 3.857 Å. For the superlattices, polarization was
computed using the Berry phase formalism [27], and dielectric
and piezoelectric responses were computed using density-
functional perturbation theory (DFPT) [28–30]. The electric
constitutive relations for the materials BaTiO3, PbTiO3, and
SrTiO3 were computed using fixed displacement field calcu-
lations for the five-atom-unit cell [13]. Convergence issues
encountered (and the measures taken to remedy them) in
performing the fixed displacement-field calculations are dis-
cussed in the Supplemental Material [20].

III. RESULTS

A. Electric-elastic constituitive relations

Figure 1 shows the electric-elastic constitutive relations
for SrTiO3, BaTiO3, and PbTiO3 computed for displacement
fields ranging from D = 0 to just above the ground-state
polarization of PbTiO3 (D = 0.85 C/m2). The ferroelectrics
BaTiO3 and PbTiO3 display a characteristic double well in
the energy and a nonmonotonic behavior of the electric field
with displacement field, consistent with the results for PbTiO3

shown in Ref. [31]. SrTiO3 displays its characteristically flat
energy well and nonlinear evolution of electric field with
displacement field [32], which, as we will discuss below,
gives rise to very large dielectric and piezoelectric responses
for superlattices with large SrTiO3 fraction. Within our
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FIG. 1. Computed electric-elastic constitutive relations for
SrTiO3, BaTiO3, and PbTiO3. Filled circles show the calculated
values and the solid curves are spline fits. The definite parity of each
function is used to obtain the results for negative D. The insets zoom
in on the slight polar instability computed for SrTiO3. The bottom
figure shows the derivatives of the spline fits shown in the E plot
with respect to D.

first-principles framework, SrTiO3 is very slightly polar, with
a shallow double well and nonmonotonic electric field at small
D as shown in the insets of Fig. 1; the experimental observa-
tion that SrTiO3 is paraelectric down to low temperatures is
attributed to the effects of quantum fluctuations [33]. In the
bottom panel of Fig. 1 the derivative of each E (D; α) curve
with respect to D is shown. At large D values this derivative

begins to decrease in BaTiO3, indicating an anomalous soft-
ening discussed below. The bulk structural parameters, polar-
ization, dielectric permittivity, and piezoelectric response are
tabulated in the Supplemental Material [20].

B. Superlattice properties

Figure 2(a) shows the polarization for PbTiO3/BaTiO3

superlattices as a function of x, the layer fraction of BaTiO3.
The bulk-layer model shows a bowing below the linear in-
terpolation between pure BaTiO3 and pure PbTiO3. The first-
principles results show only a very weak dependence on the
superlattice period, converging quite rapidly to the model
curve with increasing superlattice period for a given x. The
x dependence of model tetragonality c/a, where c = ctot/N
shown in Fig. 2(a) is so strongly bowed that it is nonmono-
tonic. Here too, the first-principles results do not show a
strong dependence on the superlattice period and converge
quite rapidly to the model curve with increasing superlattice
period for a given x. The bulk-layer model response functions
ε33 and d33 also show distinctly nonlinear behavior, with a
change in curvature at an intermediate value of x as well as
nonmonotonic behavior for ε33. The first-principles results
for the response functions show a stronger dependence on
the superlattice period, with substantial enhancement over the
model and with the shortest-period (small N), PbTiO3-richest
(small x) superlattices displaying enhancement even above
the values of each pure constituent. With increasing period,
these values converge quite accurately to the model. This is
illustrated by the insets, which show that linear extrapolation
of the computed responses for n : n superlattices versus 1 −
1/N to N = ∞ matches the computed model value. This
is as expected, since the interface and finite-size effects in
individual superlattices should become negligible in this limit,
and the physics will be dominated by the effects included
in the bulk-layer model, which depends only on x and is
independent of the total superlattice period.

The results for the BaTiO3/SrTiO3 superlattices, shown
in Fig. 2(b), show an upward bowing for the polarization
(opposite to that of PbTiO3/BaTiO3), and near linearity for
the tetragonality as a function of x, the layer fraction of
SrTiO3. The first-principles results show weak dependence on
the superlattice period. The near flatness of the energy well
U (D; STO), shown in the second panel of Fig. 1, leads to
the large dielectric and piezoelectric responses in the SrTiO3-
rich (large x) superlattices. As discussed below, this same
feature of U (D; STO) also leads to certain deviations from
the model curves at large SrTiO3 volume fraction, including
the polarization, and dielectric and piezoelectric responses of
SrTiO3-rich (large x) superlattices.

Finally, the results for the PbTiO3/SrTiO3 superlattices,
shown in Fig. 2(c), show only slight bowing for the polar-
ization and the tetragonality as a function of x, the layer
fraction of SrTiO3. The first-principles results show negligible
dependence on superlattice period, lying on or very close to
the model curves even for the shortest-period superlattices.
The dielectric response grows even more rapidly with x than
for BaTiO3/SrTiO3 (note the difference in the vertical scale).
The piezoelectric response, in contrast, shows a striking sup-
pression below the pure constituent values at intermediate
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FIG. 2. Spontaneous polarization, tetragonality (c/a), dielectric response κ33 and piezoelectric response d33 for (a) PbTiO3/BaTiO3, (b)
BaTiO3/SrTiO3 and (c) PbTiO3/SrTiO3, plotted as functions of the layer fraction x of the lower polarization constituent. The bulk-layer model
results are shown by a solid line and the first-principles results for individual superlattices are shown as circles filled by colors corresponding
to the total superlattice period. The insets in the panels for κ33 and d33 of PbTiO3/BaTiO3 show the first-principles values for n:n superlattices
(x = 0.5) plotted against (1 − 1/N ), where N is the superlattice period in layers of bulk unit cells, with a linear fit to the N > 2 values showing
accurate convergence to the model value (indicated by the horizontal line). The differing scales of the vertical axes in each figure are chosen
to accommodate the differing ranges over which properties vary between systems. The imperfect agreement between the end points and the
model is discussed in the Supplemental Material [20].
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values of x, which is also clearly evident in the first-principles
results.

IV. DISCUSSION

A. Analysis of model results

The bowing in the x dependence of the polarization for
all three systems can be understood by considering x = 0.5.
There the minimization of U (D) with respect to D re-
quires dU (D; α1)/dD = −dU (D; α2)/dD, and examination
of Fig. 1 immediately shows that the value of D, and
thus of P, that minimizes U (D) is between the values that
minimize the individual U (D; αi ). For the superlattice systems
containing BaTiO3, the relatively high stiffness of BaTiO3

around its minimum gives minimal values of D for U (D)
that are closer to that of BaTiO3 (lower than the average
D for PbTiO3/BaTiO3 and higher than the average D for
BaTiO3/SrTiO3), corresponding to the observed bowings.
The low stiffness of PbTiO3 combines with the flatness of
SrTiO3 to give a minimizing D close to and just slightly below
the average, corresponding to the small downward bowing for
PbTiO3/SrTiO3.

The deviations from the simple linear interpolation val-
ues in the tetragonality (c/a) can be similarly understood
by considering x = 0.5. In PbTiO3/BaTiO3, the value of c
computed at the average D of the two constituents (D̄), that is,
0.5[c(D̄; PbTiO3) + c(D̄; BaTiO3)] is 4.102 Å, above the lin-
ear interpolation value of 4.087 Å. The downward bowing in
P, so that the D at x = 0.5 is well below D̄, is thus completely
responsible for lowering the value of c/a at x = 0.5 so far
as to lead to the nonmonotonic dependence on x. In contrast,
for BaTiO3/SrTiO3 the upward shift of c/a computed at D̄
relative to the linear interpolation value is almost equal and
opposite in sign to the downward shift due to the smaller
bowing of P, so that c/a vs. x is almost linear. Finally, for
PbTiO3/SrTiO3, the two shifts are comparable in magnitude
and both downward, accounting for the observed downward
bowing of P.

The dielectric permittivity of the superlattice ε33 =
dD/dEext can equivalently be written in a form where it is
expressed in terms of the behavior of individual layers as:

ε33 =
∑

i xic(D; αi )∑
i xic(D; αi )

dE (D;αi )
dD

. (5)

The nonmonotonic behavior of ε33 in PbTiO3/BaTiO3 can
be partly attributed to an anomaly in the high-D behavior
of BaTiO3, with a nonlinear softening for D > 0.6 C/m2,
as can be seen in the (red) BaTiO3 dE/dD curve in Fig. 1.
This arises from proximity in the energy landscape to a
highly polar supertetragonal phase of BaTiO3 which has been
predicted to be stable at large negative pressure [34,35]. While
the supertetragonal phase is not even metastable under the
mechanical and electrical boundary conditions explored, the
values of D achieved in the BaTiO3 layer in superlattices
with a large fraction of PbTiO3 are in this anomalous regime.
Similarly, large values of D are achieved in SrTiO3 layers
for PbTiO3/SrTiO3 superlattices with low SrTiO3 fraction.
However, as can be seen in the (blue) SrTiO3 dE/dD curve
in Fig. 1, while dE/dD does begin to soften in SrTiO3 it

never decreases in the relevant range of D. Furthermore, the
large permittivity of SrTiO3 means that the straightforward
effect of more of the system being composed of the high-
permittivity constituent dominates the evolution of ε33 with x,
and any enhancement due to effects on the energy landscape
from a supertetragonal phase are comparably negligible. The
dielectric susceptibility of PbTiO3/SrTiO3 is seen to increase
more rapidly than in BaTiO3/SrTiO3 (notice the difference
in scales between the two plots). While there is a contribution
from the slight softening of SrTiO3 at high D, PbTiO3/SrTiO3

is also the only one of the three systems examined here where
one of the constituents has a negative dE (D; α)/dD for a large
range of x [see PbTiO3 in Fig. 1(b) at D < 0.55]. A negative
dE (D; αi )/dD in the denominator of Eq. (5) increases the
susceptibility of the superlattice [36].

The behavior of d33 for each system can be understood by
first recalling that d33 = ε33g33. As can be seen in Fig. S1 in
the Supplemental Material [20], each system’s g33(x) has a
bowing following that of the polarization bowing for reasons
analogous to those discussed regarding the tetragonality. In
PbTiO3/BaTiO3 the downward bowing of g33(x) is so strong
that it is nonmonotonic. When multiplied by ε33(x), which has
the previously discussed enhancement, the resulting d33(x) is
monotonically decreasing, with a change in curvature. For
both PbTiO3/SrTiO3 and BaTiO3/SrTiO3 g33 is a monoton-
ically decreasing function of x, while ε33 is monotonically
increasing, but their d33 curves exhibit qualitatively different
behavior. This can be understood by considering how the
slope at any given x relates to the slope and magnitudes of
ε33 and g33:

dd33

dx
= dε33

dx
g33(x) + ε(x)

dg33

dx
.

For both BaTiO3/SrTiO3 and PbTiO3/SrTiO3 the first term is
always positive and the second term is always negative. Then
d33 will have a negative slope in regions where the following
is satisfied:

1

g33

∣∣∣∣
dg33

dx

∣∣∣∣ε33 >
dε33

dx
.

For both SrTiO3 systems dε33/dxSTO comes to dominate in
the large-xSTO limit resulting in a positive slope at large x.
If at x = 0 the above condition is satisfied, then the slope is
initially negative and the resulting curve is nonmonotonic,
while if the slope is positive the curve can monotonically
increase (as in BaTiO3/SrTiO3). In PbTiO3/SrTiO3 the larger
ε33 of PbTiO3 (discussed above), combined with the positive
curvature of g33 for PbTiO3/SrTiO3, results in the above
inequality being satisfied for x = 0, leading to the nonmono-
tonic behavior observed in d33 in Fig. 2(c).

B. Comparison with first-principles results

An implicit assumption of the bulk-layer model is that
the structure within each constituent layer is uniform. In
the full first-principles calculations, the structure within each
constituent layer is free to vary, and in particular, the region
near the interface can be different from the layer interior.
These additional degrees of freedom, together with interface
effects, contribute to the larger responses seen in the full
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first-principles calculations. This is particularly pronounced in
BaTiO3/SrTiO3 and PbTiO3/SrTiO3 superlattices with high
SrTiO3 fraction, for which examination of the structure in
the SrTiO3 layer shows comparatively large variation within
the layer, partly accounting for the discrepancies between the
full first-principles superlattice values and the model for ε33

and d33.
In the results presented here, we have considered five-

atom P4mm structures for the constituent compounds and
1×1×N P4mm structures for the superlattices, allowing con-
sistent comparisons between the bulk-layer model predictions
and the first-principles calculations. In fact, both experimental
and theoretical investigations of PbTiO3/SrTiO3 superlattices
show that oxygen octahedron rotations appear in the lowest-
energy phases [37–39]. For comparison to PbTiO3/SrTiO3

experiments, this model therefore can straightforwardly be
extended, as done for the polarization and structure of
PbTiO3/BiFeO3 in Ref. [17] by laterally enlarging the unit
cells to allow rotations when computing the constitutive rela-
tions. The construction of a large database of more complete
electric-elastic constituitive relations for a variety of con-
stituents and subsequent search for desirable properties and
interesting physics will be the subject of future work. More
generally, in superlattice systems where the favored tilt pattern
changes across the interface, there will be steric constraints
arising from the shared oxygens, tending to propagate oxygen
tilt patterns across the interface [40]. This interface effect,
not included in the bulk-layer model, will be largest for
superlattices with the thinnest constituent layers and become
negligible in the limit that the layer thickness will become
large.

In PbTiO3/BaTiO3, the dielectric permittivity and piezo-
electric responses show strong period-dependent enhance-
ments relative to the bulk-layer model, with the largest en-
hancements for the shortest period superlattices: 38% in ε33

for the 1:1 superlattice and 32% in d33 for the 2:1 superlattice.
For both ε33 and d33, the highest values at intermediate x are
above the values for either constituent. The enhancement over
the values predicted by the model signals the contribution
of the interfaces, including atomic and electronic reconstruc-
tion, and finite-size effects. While interfaces and finite-size
effects appear to significantly enhance these responses the

trend captured by the bulk-layer model alone would identify
these compositions as a region of interest as ε33 demonstrated
enhancement at the level of the model alone. Detailed com-
parison with experimental measurements of the system is the
subject of paper in preparation.

V. CONCLUSIONS

In summary, we have extended the first-principles bulk-
layer model, which predicts the properties of superlattices
from the bulk constituent responses to changing mechani-
cal and electrical boundary conditions to the prediction of
dielectric and piezoelectric responses in insulating super-
lattices. We have presented a quantitative comparison be-
tween the model and full first-principles calculations for three
sets of superlattices (PbTiO3/BaTiO3, BaTiO3/SrTiO3, and
PbTiO3/SrTiO3) demonstrating that the model provides an
excellent first approximation to the polarization, tetragonality,
dielectric permittivity, and piezoelectric response of these
systems allowing the identification of interface and finite-size
effect contributions. Expansion of the constituent database
will allow the efficient exploration of a large configuration
space of superlattices, enabling the data-driven design and
discovery of superlattice materials with targeted functional
properties.
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