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The scaling physics of quantum Hall transport in optimized topological insulators with a plateau precision of
∼1/1000 e2/h is considered. Two exponential scaling regimes are observed in temperature-dependent transport
dissipation, one of which accords with thermal-activation behavior with a gap of 2.8 meV (>20 K), the other
being attributed to variable-range hopping (1–20 K). Magnetic-field-driven plateau-to-plateau transition gives
scaling relations of (dRxy/dB)max ∝ T −κ and �B−1 ∝ T −κ with a consistent exponent of κ ∼ 0.2, which is half
the universal value for a conventional two-dimensional electron gas. This is evidence of percolation assisted by
quantum tunneling and reveals the dominance of electron-electron interaction of the topological surface states.
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The quantum Hall (QH) effect is seen in two-dimensional
(2D) electron systems perpendicular to a magnetic field, in
which the continuous density of states is broken, leading to
discrete Landau levels (LLs) and reflecting the nature of topo-
logical quantum numbers. QH systems are ideal for studying
transport phenomena thanks to their clear physical charac-
teristics, allowing the study of a number of important issues
such as quantum metrology and scaling law [1]. Among these
issues, QH plateau-to-plateau transition (PPT) behavior is of
great importance in terms of an interesting transition from the
localization to the delocalization state in 2D systems [2,3].

The transition between adjacent quantized QH plateaus
occurs through changes to other parameters, such as the
magnetic field (B) or the Fermi energy (EF) [2,3]. In the
PPT regime, the degree of delocalization is characterized by
a localization length (ξ ) that decays exponentially from the
quantum critical points. At infinite temperatures, temperature-
dependent PPT behavior results in a power-law relationship
according to finite scaling theory. The half width (�B) of
the peaks shrinks as the temperature (T) decreases according
to the scaling function �B−1 ∝ T −κ , and the maximum of
dRxy/dB diverges as (dRxy/dB)max ∝ T −κ . The exponent κ

can be expressed as κ = p/2γ , where p is the temperature
exponent of the inelastic scattering length or quantum co-
herence length, and γ is the localization length exponent.
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The universal critical exponent κ = 0.42 is established for
a conventional 2D electron gas (2DEG) [2–8]. This can be
understood in terms of the quantum percolation, involving the
quantum tuning between chiral edge modes around a single
droplet [9].

Ever since the discovery of topological insulators (TIs)
[10–14], topological surface states (TSSs), being a kind of
2D helical electron system with linear dispersion and pro-
tection from backscattering, have attracted a great deal of
interest. Various intriguing transport phenomena of TSSs
have been observed experimentally, including weak antilo-
calization (WAL) [15,16], spin-orbit torque [17], and others.
The QH effect [18–22] of TSSs is very important, being
a half-integer QH effect, which is different from conven-
tional 2DEG. In this 2D TSS system, there is some signifi-
cance attached to the investigation of scaling behavior with a
topological electron.

In this Rapid Communication, we describe an optimized TI
[23,24] Sn-Bi1.1Sb0.9Te2S (Sn-BSTS), which gives a mobility
in some devices of up to ∼10 000 cm2/Vs and which is
an ideal 2D electron system with pure TSS, allowing us to
study topological quantum transport. Because such a high-
quality QH effect is observed, the dominant mode of transport
dissipation in the QH state changes from thermal activation
to variable-range hopping (VRH) at a critical temperature
Tc ∼ 20 K. At temperatures below 20 K, the PPT behavior
produces an exponent κ ∼ 0.2, nearly half the universal value
in conventional 2DEG. To allow further discussion on the
scattering mechanism of TSS transport, we investigate the
dephasing behavior and obtain a temperature coefficient of
inelastic scatting p ∼ 1.1, which implies that the electron
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FIG. 1. Quantum Hall transport with low dissipation in optimized topological insulators. (a) Optical photograph of Sn-BSTS single
crystals. The white scale bar is 5 mm. (b) The angle-resolved photoemission spectroscopy spectra of Sn-BSTS, which show a Dirac cone.
(c) The typical temperature-dependent sheet resistances in six devices with different thicknesses. (d) Magnetic field dependence of Rxx and
Rxy of sample A measured at Vg = 0 V and T = 6 K. The inset shows an enlarged view of the plateau. They exhibit quantum Hall (QH) states
with low dissipation. (e) The magnetic-field-dependent Rxx (red line) and Rxy (blue line) at 1 K and Vg = 30 V in sample B. The inset shows
an atomic force microscopy picture of the device, whose thickness is 62 nm. (f) Back-gate voltage-dependent R54/12 and R12/12 in nonlocal
measurements at 2 K and −12 T, which also exhibits QH edge states. The inset shows the measurement configuration.

interactions follow a predominantly inelastic scattering mech-
anism, consistent with our critical exponent.

To study the scaling physics in a 2D electron system of
TSSs, high-quality TIs are required. We grew high-quality
Sn-BSTS crystals by melting high-purity elements of bismuth,
antimony, tellurium, and sulfur in a molar ratio of 1.1:0.9:2:1,
and a small quantity of tin powder. An optical photograph of
the crystals is shown in Fig. 1(a). Angle-resolved photoemis-
sion spectroscopy (ARPES) of the bulk crystal was performed
at 10 K, as shown in Fig. 1(b). A Dirac cone with linear
dispersion can clearly be seen at the center of the Brillouin
zone. The Dirac point (DP) is about 126 meV below the Fermi
level, indicating n-type carriers.

Using mechanical exfoliation, Sn-BSTS nanoflakes were
transferred to SiO2/Si substrates, before being fabricated into
gated Hall-bar devices. A typical atomic force microscopy
graph of the device is shown in the inset of Fig. 1(e). At
high temperatures, the resistances of all the devices with
different thicknesses (t) exhibit insulating behavior, as shown
in Fig. 1(c). When T < 125 K, they show metallic behavior,
implying that TSS is dominant. Hence, pure TSSs exist at a
large scale at finite temperatures, which allows us to investi-
gate some intriguing transport mechanisms in 2D topological
electron systems.

We first observed the low-dissipation QH states of the
TSS in Sn-BSTS devices. Figure 1(d) shows the QH effect
measured at T = 6 K in sample A (t = 55 nm). The highest
Hall mobility (μ) is 10 277 cm2/Vs when the Fermi surface
is tuned close to the DP of the bottom surface, with a
corresponding carrier density ne = 2 × 1011 cm−2. The inset
of Fig. 1(d) shows that the accuracy of the Hall plateau
resistance with h/e2 (h is the Planck constant and e is the
elementary charge) is more than 99.4% at B = 4 T. The high-
quality QH plateau originates from the quantized LLs and
offers convenience in the measurement of the QH edge states
with nonlocal contacts. The phase transition between integer
ν = 1 and 2 QH states in sample B (t = 62 nm) is shown
in Fig. 1(e). The ν = 1 QH state shows a giant plateau up
to 38 T, which is also observed in graphene [25]. From the
nonlocal measurement shown in Fig. 1(f), we further confirm
the existence of dissipationless edge conduction for the QH
states. The inset shows the contact serial number. Contacts
1 and 2 are designated as the source or drain pads in two-
terminal measurement (R12/12), while contacts 5 and 4 are
used as additional voltage probes (R54/12). In the QH region,
the dissipationless current flow follows the contacts in the
order 1→6→5→4→3→2 and “shorts” the path. As a result,
R54/12 drops close to zero when R12/12 gives h/ve2, with v = 1
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FIG. 2. Transition from thermal activation to variable-range hopping of the temperature-dependent scaling of the QH dissipation (sample
B). (a) Back-gate voltage-dependent σxy at 12 T for different temperatures. (b) σxx at 12 T for different temperatures. (c) Minima of σxx (in
logarithmic scale) as a function of 1/T at ν = 1 plateau. The red dashed line indicates a linear fit at high temperature with the thermal-activation
formula. (d) The variable-range hopping (VRH) fitting by Eq. (2). The axes are rescaled to show a straight line. The critical temperature between
thermal activation and VRH is about 20 K. (e) The renormalization-group flow diagram in (σxy, σxx) space. (f) �σxy(T) vs minima of σxx(T).
Red and blue dashed lines indicate the linear fitting of different temperature regimes.

or 2. This indicates the well-developed QH edge channels of
the TSSs.

In QH systems, both the deviation of the Hall plateau
and the residual longitudinal conductivity indicate dissipation
of the quantum transport. The mechanism of transport dis-
sipation in the QH states of the TSS has yet to be studied
in detail; nevertheless, we discuss the temperature-dependent
QH states here with some care. The gate-tuned QH states in
the highly quantized state are measured in sample B with
temperature increasing over a large range from 2 to 40 K,
as shown in Figs. 2(a) and 2(b). QH states for ν = −2, −1,
and 0 show plateaus, interpreted as νbottom varying from −3/2,
−1/2 to +1/2 by tuning the Fermi level while νtop = −1/2.
As noted in Figs. 2(a) and 2(b), the QH states can survive at
temperatures of more than 40 K, the ν = −1 plateau deviation
is still close to −e2/h, and the dip of σxx is close to 0. Fig-
ure 2(e) shows the renormalization-group flow diagram of the
QH states varying with changing Fermi surface and different
temperatures in (σxy, σxx) space [26,27]. The flow in (σxy,
σxx) tends to converge towards (−e2/h, 0) and (0, 0), which
corresponds to the v = −1 and 0 QH states, respectively.

In the quantized regime, we find that dissipation of the edge
states follows two behaviors at different temperature regimes.
The temperature dependence of the ν = −1 QH state at higher
temperatures reveals the minimum value of σxx, pointing to
the thermal activation of the transport dissipation [1], varying

as exp(−�E0/kBT ) with an activation gap E0 ∼ 2.8 meV, as
shown in Fig. 2(c). We also find that σxx(T ) and �σxy(T )[=
σxy(T )−σxy(0)] exhibit a linear relationship (red dashed line)
in Fig. 2(f), which indicates that both undergo the same ratio
of the energy gaps in the dominant region of thermal activa-
tion, similar to that in BiSbTeSe2 [18]. When the temperature
is below 20 K, the minimum σxx drops more slowly and begins
to deviate from the thermal-activation fitting curve, suggesting
that the mechanism has been frozen, and the VRH dominates
the dissipation of the QH edge states. While in the VRH
region [28–30], the relationship is given by

σxx ∝ σ0 exp(−
√

T0/T ), (1)

where σ0 ∝ 1/T [28,31] and T0 ∝ e2/εξ (ε is the dielectric
constant). In Fig. 2(d), the linear fitting of Eq. (1) matches
the experimental data very well when T < 20 K, meaning that
VRH is dominant. In Fig. 2(f), the blue dashed line indicates
that σxx and �σxy share the same localization radius in the
VRH region. The two fitting lines with different slopes (the
red and blue dashed lines) intersect at a single point for a
temperature of 20 K in Fig. 2(f), suggesting a crossover from
thermal activation to VRH. Therefore, there is a transition
from thermal activation to VRH at a critical temperature of
20 K. This indicates that the transport of TSSs enters a low-
dissipation regime of hopping conductivity, which allows us
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FIG. 3. The magnetic-field-driven QH plateau-plateau transi-
tions and anomalous scaling constant. (a) Magnetic-field-dependent
Rxy measured at zero gate voltage. (b) The Rxx at zero gate voltage.
(c) The back-gate tuned R54/12 at 12 T for different temperatures. (d)
Blue: temperature dependence of the maxima of dRxy/dB. The slope
of the straight line gives (dRxy/dB)max ∝ T −κ with κ = 0.21 ± 0.02.
Green: the half width of the longitudinal resistance peaks gives
�B−1 ∝ T −κ with κ = 0.20 ± 0.01. Purple: the half width of nonlo-
cal resistance peaks gives �V −1

g ∝ T −κ with κ = 0.20 ± 0.015. Red
dashed lines show linear fits.

to study the scaling mechanism of a 2D topological electron
system over a large temperature range.

The QH effect is a transport of edge states in a strong
Anderson localization regime. The QH plateaus represent
separate energy regions of localized states, while between two
adjacent plateaus there is a specific critical field Bc associated
with one energy level of the extended states. The PPT is there-
fore a localization-delocalization transition. From the idea of
quantum phase transitions, there is a power-law divergence
of the localization length ξ ∝ |δ|−γ , where δ = B−Bc (or
E−Ec). It is generally believed that the localization length
exponent γ is universal, and γ ∼ 2.4 [7–9,32–36]. At finite
temperatures, this ξ ∝ |δ|−γ power law can be translated us-
ing finite-size scaling theory into a temperature-scaling form,
(dRxy/dB)max ∝ T −κ and �B−1 ∝ T −κ . When the back-gate
voltage is zero, the plateau is one e2/h, occurring around 3 T
[Fig. 1(d)], which means both νtop and νbottom are 1/2. When
the back-gate voltage is 30 V, the plateau changes from 2e2/h
to e2/h, shown in Fig. 3(a). It means that the Fermi surface of
the bottom TSS get across the second LL, giving a transition
of νbottom from 3/2 to 1/2 with magnetic field increasing. Our
precise study of PPT behavior in a 2D topological electron
system, as shown in Figs. 3(a) and 3(b), reveals PPTs of filling
factors ν = 2 (νtop = 1/2, νbottom = 3/2) to ν = 1 (νtop =
1/2, νbottom = 1/2) over a temperature range from 5 to 16 K.
That is to say the quantum phase transition only contributes to
the bottom TSS. The values of the maxima of dRxy/dB and the

half width �B of the Rxx peak are at different temperatures, as
extracted from the experimental data shown in Fig. 3(d). The
slope of the dashed straight lines gives (dRxy/dB)max ∝ T −κ

and �B−1 ∝ T −κ with κ = 0.21 ± 0.02 and 0.20 ± 0.01,
respectively. We also carried out some nonlocal measurements
to observe localization-delocalization transition behavior by
tuning the Fermi energy. As shown in Fig. 1(f), the peak
between adjacent dips of R54/12 also displays the PPT of the
v = 1 and 2 QH states. Following the power law of ξ ∝
|E−Ec|−γ , it is useful to derive a temperature scaling form
with �Vg

−1 ∝ T −κ . Figure 3(c) shows R54/12 at B = 12 T by
changing T from 2 to 16 K. The half width of the nonlocal
resistance peaks gives �Vg

−1 ∝ T −κ with κ = 0.20 ± 0.015,
as shown in Fig. 3(d). This is an observation of the universal
scaling law of PPT in TSSs. We note a similar scaling law in
the quantum anomalous Hall (QAH) effect experiment [37],
which may indicate the nature of the QAH state.

In conventional 2DEG, the critical exponent has been
found to be universal and κ = 0.42 [6–8] under the condition
of the short-range disorder, with γ ∼ 2.4 and p = 2. However,
other experiments show that the exponent is not universal
and deviates from 0.42. This discrepancy could be a result
of various factors, including long-range disorder [7], spin-
degenerate LLs [38], and macroscopic disorder [2], among
others. For example, κ will increase from 0.42 towards 0.75 in
conventional 2DEG when the disorder changes from short to
long range [7], inducing a crossover from quantum to classical
percolation with a change in γ from 7/3 to 4/3 [39]. None
of these reasons explains our result, however, which is nearly
half the universal value in conventional 2DEG. Because the
long-range disorder only leads to a value greater than 0.42,
the kinds of disorder cannot be the reason for the κ in our
work. In addition, since the TSSs are not spin degenerate, the
transition of the two adjacent plateaus, from ν = 2 to ν = 1,
only occurs at a single surface, i.e., top or bottom surface. If
the PPTs occur at both the top and bottom surfaces, the plateau
value should change 2e2/h [18]. The discrepancy is therefore
an intrinsic distinction between TSSs and conventional 2DEG.

We find that a temperature-dependent scaling law with
a different exponent κ can result from the influence of
the dynamically altered localization length with a dif-
ferent inelastic-scattering coefficient p [34,40,41]. Since
temperature-dependent resistance and high-precision plateaus
show that the contribution of bulk conduction barely exists in
our sample at lower temperature, the WAL effect, shown in
Fig. 4(a), provides a reliable means of studying electron de-
phasing in 2D TSSs. The magnetoconductivity at low field can
be described by the Hikami-Larkin-Nagaoka (HLN) equation,

�σ (B) = −α
e2

πh

[
ψ

(
1

2
+ Bφ

B

)
− ln

(
Bφ

B

)]
, (2)

where ψ(x) is a digamma function and Bφ = h̄/4elφ
2 is the

dephasing field. By fitting with the HLN formula, the de-
phasing length lφ of the TSSs can be extracted and is much
longer than the device thickness. According to the current
framework, electron-electron interaction and electron-phonon
interaction are the two main sources of the electron phase
relaxation. While electron-phonon interaction usually gives
p ∼ 2−4 [42], electron-electron interaction leads to p = 2/3
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FIG. 4. The temperature-dependent weak antilocalization and its
scaling physics. (a) The magnetoconductivity at different tempera-
tures, which displays a weak antilocalization effect. (b) The coher-
ence length lφ of TSS extracted from the Hikami-Larkin-Nagaoka
fitting at different temperatures; the red dashed line indicates the
fitting of lφ ∝ T −p/2 with p ≈ 1.1.

and 1 for 1D and 2D, respectively [43,44]. Electron-electron
interaction with small energy tranfers is called Nyquist de-
phasing. Previous studies of ARPES [45] and transport [46]
indicate that the electron-phonon interaction occurs on the
TSSs because a vast bulk phonon “sea” affects the TSS
electrons. However, this is not the case for our samples.

Figure 4(b) shows that the temperature-dependent lφ has
a power-law dependence lφ ∝ T −p/2 with p ∼ 1.1 at low
temperatures, while for the QH experiments in conventional
2DEG, the result is p = 2 [6]. This means that at low tem-
peratures, the transport in TI almost entirely originates from
the TSSs, and the lφ behavior confirms the Nyquist dephasing.
Therefore, the value of p indicates that the dominant inelastic-
scattering mechanism is electron-electron interactions in the
TSSs, which in turn suggests that no itinerant electrons exist
in the bulk for the optimized TIs and no electron-phonon

interaction survives, which is the same as the result for
graphene [47] on boron nitride substrate with no disturbances
from phonons. Therefore, the TSSs in high-quality TIs can be
effectively protected from contamination from bulk phonons.
Because the value of p is about 1.1 in our case, while p = 2
in and in conventional 2DEG, the exponent κ in the TSSs
should indeed be nearly half the value in conventional 2DEG,
consistent with the result seen in our experiments.

In conclusion, we observed well-developed QH states of
TSSs in high-quality TI Sn-BSTS devices. When the tem-
perature is below 20 K, the transport is dominated by VRH,
which is a low-dissipation QH regime. By considering the
temperature-dependent QH transition in this 2D topological
electron system, we find a universal scaling relationship with
κ ∼ 0.20 in both the local and nonlocal measurements. This is
due to the fact that the electron-electron interaction dominates
the TSSs transport, indicated by the dephasing behavior. Our
investigation reveals topological scaling physics and provides
insight on transport behaviors in TIs.
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