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Anisotropic phase diagram of ferroquadrupolar ordering in the trigonal chiral compound DyNi3Ga9
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The rare-earth chiral compound DyNi3Ga9 with trigonal structure shows successive phase transitions at 10,
9, 5.5, and 2.5 K. We previously reported that the transverse elastic modulus C66 exhibits significant softening
toward TQ = 10 K and the phase transition at TQ is ferroquadrupolar ordering due to the quasidegenerate quartet
under a crystal electric field (CEF). To investigate the order parameter and magnetic field-temperature phase
diagrams of the ferroquadrupolar ordering, we performed ultrasonic measurements under magnetic fields. TQ

decreases drastically at low fields in the magnetic field in the c plane. In contrast, TQ remains even at high fields in
the field along the c axis. We found anisotropic and complex phase diagrams, and this anisotropy of the diagrams
originates from the field dependences of the CEF energies and a quadrupole interaction. From our calculated
results, we propose that the order parameter of the ferroquadrupolar ordering will be the electric quadrupole Oxy.
There are first-order successive phase transitions in the field sweep in the c plane, and a magnetic-field-induced
phase appears in the phase diagram for the a axis.

DOI: 10.1103/PhysRevB.99.075156

I. INTRODUCTION

Materials with structural chirality have received attention
for their novel physical properties. An asymmetric spin inter-
action, the so-called Dzyaloshinskii-Moriya (DM) interaction,
plays an important role in these compounds in addition to
a symmetric spin interaction, such as the Ruderman-Kittel-
Kasuya-Yosida (RKKY) interaction [1]. Chiral helimagnets,
which have left- or right-handedness of a helical magnetic
structure, have been intriguingly studied in chiral compounds,
such as MnSi, CsCuCl3, CrNb3S6, and YbNi3Al9 [2–9].
Moreover, a chiral magnetic soliton lattice state was also
reported in CrNb3S6 and Yb(Ni1−xCux )3Al9 [6,8].

Meanwhile, in rare-earth compounds with localized f
electrons, fascinating physical properties originating from the
orbital degrees of freedom, such as multipolar ordering, are
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expected from 4 f electronic states under a crystal electric
field (CEF) [10,11]. In order to study the quadrupole degrees
of freedom, the ultrasonic measurement is a powerful tool
[12–17]. Recently, the rare-earth chiral compounds RNi3X9

(R = rare earth; X = Al and Ga) with the trigonal ErNi3Al9-
type structure (space group R32) have attracted much atten-
tion as candidates for investigating chiral physical properties
affected by the quadrupole degrees of freedom [7–9,18–25].
Single crystals of RNi3X9 from R = Gd to Lu can be grown
by using the flux method [23].

The Dy-based DyNi3Ga9 shows a metallic behavior in the
electrical resistivity. The magnetic susceptibility follows the
Curie-Weiss law above 60 K. Effective magnetic moments
are almost the same value with the free Dy3+ ion, suggesting
a CEF effect with localized f electrons [24,25]. A phase
transition at TQ = 10 K was reported by the specific heat
measurement. The temperature T dependences of the mag-
netization display a tiny anomaly at TQ. In our previous work,
we performed ultrasonic measurements on DyNi3Ga9 at zero
field and found significant elastic softening of the transverse
modulus C66 toward TQ [26].

We carried out CEF analyses for the elastic moduli and the
magnetic susceptibility in the nonordered state (NOS). Here,
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FIG. 1. The schematic pictures of the electric quadrupoles Oxy

and O2
2. Orange and cyan on the electric quadrupole express the polar

character: positive and negative, respectively.

the 16-fold multiplet of the Dy3+ ion (total angular momen-
tum J = 15/2) splits into eight Kramers doublets under the
trigonal CEF. The data were well reproduced by the obtained
CEF level scheme, of which the first excited state at 6 K is
sufficiently lower than TQ, revealing that the ground and first
excited doublets form the quasidegenerate quartet. It was also
clarified that the softening of the elastic moduli arises from
an interlevel quadrupole interaction between the doublets be-
cause the Kramers doublets have no quadrupole degeneracy. A
quadrupole-quadrupole coupling constant in C66 was positive
in this analysis. From these results, we proposed that the
phase transition at TQ is ferroquadrupolar (FQ) ordering due to
the quasidegenerate quartet [26]. The elastic moduli C66 and
(C11 − C12)/2 are degenerate in the trigonal symmetry and are
the linear responses to the εxy and εxx − εyy strains which cou-
ple to the electric quadrupoles Oxy and O2

2, respectively. Here,
Oxy and O2

2 shown in Fig. 1 are defined as (JxJy + JyJx )/2 and
(J2

x − J2
y )/2, respectively, where Jx and Jy are components of

the total angular momentum. It was suggested that the order
parameter of the FQ ordering at TQ is Oxy or O2

2.
Below TQ, the spin degrees of freedom within the ground

doublet will remain because the FQ ordering at TQ arises
from the quadrupole degrees of freedom among the quaside-
generate quartet. In the specific heat measurement, a small
anomaly was detected at TN = 9 K. The T dependence of
magnetization along the a axis increases at TN. An antifer-
romagnetic (AFM) ordering was proposed as the origin of
the phase transition at TN [25]. With further decreasing T ,
successive phase transitions at TM1 = 5.5 K and TM2 = 2.5 K
were also suggested from the specific heat, magnetization, and
ultrasonic measurements [25,26].

The magnetic field H dependence of the magnetization
at 2 K along the a axis shows metamagnetic transitions at
Hc1 = 0.05 T, Hc2 = 1.32 T, Hc3 = 3.70 T, and Hc4 = 4.35 T,
and then it saturates above 5 T [25]. Along the b axis,
three plateaus were also reported in the magnetization curve,
where the b axis is defined as perpendicular to the a axis in
the trigonal c plane in this paper. There are metamagnetic
transitions at H ′

c1 = 0.05 T, H ′
c2 = 2.22 T, H ′

c3 = 3.10 T, and
H ′

c4 = 5.60 T along the b axis. In contrast, the magnetization
along the c axis increases monotonically up to 5.5 T. The
complex H-T phase diagrams were proposed in DyNi3Ga9.

However, phase boundaries of the FQ ordering are still veiled.
In the present work, to investigate the order parameter and
the H-T phase diagrams of the FQ ordering, we carried out
ultrasonic measurements on DyNi3Ga9 under magnetic fields.

II. EXPERIMENTAL DETAILS

Single-crystalline DyNi3Ga9 samples were grown by the
flux method. Details of sample preparation and condition
were previously reported [25,26]. The T and H dependences
of the elastic moduli C11, C44, and C66 were measured as a
function of T from 0.6 to 30 K and of H up to 14 T using the
phase-comparison-type pulse echo method [27]. The modulus
C11 is the longitudinal mode propagating along the a axis. The
transverse moduli C44 and C66 are modes propagating along
the a axis with the polarization direction along the c axis and
in the c plane, respectively. The absolute value of the elastic
modulus C was calculated using the relation C = ρv2, where
ρ = 7.74 g/cm3 is the mass density at room temperature and
v is the sound velocity in a sample. In this paper, the elastic
modulus is represented by a relative change of C, �C/C, to
easily see each data curve. We used LiNbO3 transducers with
a fundamental resonance frequency of about 30 MHz. The
specific heat was measured by the relaxation method from 2
to 12 K using a commercial physical property measurement
system (Quantum Design). The magnetic field was applied by
using a superconducting magnet in both measurements.

III. RESULTS

A. Elastic modulus C66 under fields

To clarify the FQ ordered state along H ||a, H ||b, and H ||c,
we measured the transverse elastic modulus C66 correspond-
ing to the quadrupoles Oxy and O2

2. The T and H dependences
of C66 under fields are shown in Fig. 2. The T dependence of
C66 at zero field exhibits significant elastic softening toward
TQ with a more than 8% reduction of the stiffness, as shown in
Fig. 2(a). Since huge ultrasonic attenuation emerges below TQ,
ultrasonic pulse echoes disappear. These behaviors are also
observed up to 1.1 T, indicating the FQ ordering. At 1.3 T,
the significant softening stops at 7.5 K, and then C66 hardens
down to 2 K. Above 2 T, C66 displays a broad minimum
in the vicinity of 10 K, and the magnitude of the softening
decreases with increasing H up to 10 T. These behaviors
can be explained by the CEF model with the quadrupole
interaction, as discussed in Sec. IV A in detail. A steplike
softening with hysteresis is seen at 4 T.

In the H dependences of C66 between 4 and 9.5 K shown
in Fig. 2(b), we found significant elastic softening toward the
FQ ordering for decreasing field. In the FQ ordered state,
C66 cannot be measured owing to the ultrasonic attenuation.
Above TQ, there is no clear anomaly in the H sweep. On
the other hand, obvious elastic anomalies accompanied by
hysteresis are detected at around Hc1, Hc2, Hc3, and Hc4 below
1.8 K, indicating first-order phase transitions, as shown in
Fig. 2(c). These hystereses are consistent with the data in the
magnetization [25].

Along H ||b, significant softening is observed up to 2 T in
the T dependences of C66, as shown in Fig. 2(d). In the data at
2.7 T, the softening stops at 5 K, and then C66 hardens down to
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FIG. 2. T and H dependences of the transverse elastic modulus
C66 along (a)–(c) H ||a, (d) and (e) H ||b, and (f) and (g) H ||c at
various conditions in DyNi3Ga9. We plotted �C/C by adding a
constant value to easily see each data curve. The arrows indicate
the phase transitions. Pink arrows in the H dependences denote
successive phase transitions at Hc1 (H ′

c1), Hc2 (H ′
c2), Hc3 (H ′

c3), and
Hc4 (H ′

c4).

2 K. With further increasing H , the magnitude of the softening
decreases, and C66 displays a broad minimum in the vicinity
of 5 K, as is the case with C66 above 2 T along H ||a.

The FQ phase transition is also detected in the H sweep
below TQ. There is significant elastic softening toward TQ at
6 and 9.5 K for decreasing field. Below 4 K, we found a
sharp downward peak without hysteresis at H ′

c3, suggesting
the second-order phase transition. The downward peak at H ′

c3
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FIG. 3. T and H dependences of the transverse elastic modulus
C44 along (a) and (b) H ||a, (c) and (d) H ||b, and (e) and (f) H ||c at
various conditions in DyNi3Ga9. The curves are vertically offset for
clarity. The arrows indicate the phase transitions.

coincides with the FQ phase boundary in our experimental re-
sults. On the other hand, three elastic anomalies accompanied
by hysteresis at around H ′

c1, H ′
c2, and H ′

c4 are also observed,
indicating that these phase transitions are of the first order.

In the field direction along H ||c, TQ is enhanced slightly at
low fields and begins to decrease with further increasing H , as
shown in Figs. 2(f) and 2(g). Since the ultrasonic attenuation
below TQ becomes small with increasing H ||c, C66 can be
measured down to 2 K above 11 T. The H-T phase diagrams
of DyNi3Ga9 for the a, b, and c axes are depicted in Sec. III D.

B. Elastic moduli C44 and C11 under fields

We also measured the elastic moduli C44 and C11 to in-
vestigate the successive phase transitions below TQ. Figure 3
shows the T and H dependences of the transverse elastic
modulus C44 under fields in DyNi3Ga9. At zero field, C44

softens below 25 K in the T sweep, as shown in Fig. 3(a).
Kink anomalies are observed at TQ and TN, and then there is
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another elastic softening below 8 K with bends at TM1 and
TM2. Similar behaviors are seen up to 0.06 T along H ||a.
With further increasing H , C44 at 0.5 T displays a steplike
softening with hysteresis at around 5 K. A sharp downward
peak is observed at 4 K in C44 at 4 T, and there is no clear
anomaly at 7 T. As shown in Fig. 3(b), the H dependences of
C44 below 1.8 K also exhibit elastic anomalies accompanied
by hysteresis at around Hc1, Hc2, Hc3, and Hc4. Above TQ no
anomaly is detected in the H sweep.

The T dependences of C44 along H ||b display a kink
anomaly at TM1 up to 2.5 T, and TM1 decreases with increasing
H , as shown in Fig. 3(c). There is no clear anomaly down to
2 K at a selected field above 3.5 T. In the H sweep shown
in Fig. 3(d), C44 exhibits a downward peak without hysteresis
at H ′

c3 and three anomalies accompanied by hysteresis around
H ′

c1, H ′
c2, and H ′

c4 below 4 K.
Along H ||c shown in Figs. 3(e) and 3(f), TQ and TN change

slightly below 2 T and decrease gradually above 4 T in the T
sweep. Elastic anomalies at TM1 and TM2 are also observed
under fields. TM1 increases below 6 T, and TM2 is hardly
changed up to 14 T.

The T and H dependences of the longitudinal modulus C11

under fields are shown in Fig. 4. Kink anomalies at TQ and
TN and a minimum at TM1 are observed at low fields along
H ||a, as shown in Fig. 4(a). There is a steplike softening with
hysteresis at around 4 K in C11 at 1 T, as is the case with
C44 at 0.5 T. Elastic softening below 25 K at zero field is
reduced with increasing H below 2 T. Above 3 T, however,
elastic softening is enhanced at elevated fields up to 4 T. The
modulus C11 at 4 T shows an obvious downward peak at 3.8 K
accompanied by hysteresis, indicating the first-order phase
transition. No clear phase transition is seen at 5 and 6 T. In the
H dependences of C11 shown in Figs. 4(b) and 4(c), C11 below
3 K exhibits elastic anomalies accompanied by hysteresis at
around Hc1, Hc2, Hc3, and Hc4. Large hysteresis at around Hc3

and Hc4 is not observed in the data at 4 K; however, there is a
downward peak without obvious hysteresis.

As shown in Fig. 4(d), two minimums at TN and TM1

are detected in the T dependences of C11 along H ||b. The
minimum at TN becomes broad with increasing H . In contrast,
the minimum at TM1 displays a sharp peak with hysteresis in
the data below 1 T. At 10 T, no anomaly is seen down to 2 K in
the T sweep. In the H dependences of C11 shown in Fig. 4(e), a
downward peak without hysteresis at H ′

c3 and three anomalies
accompanied by hysteresis at around H ′

c1, H ′
c2, and H ′

c4 are
also observed below 5 K, as is the case with C66 and C44.

Along H ||c shown in Figs. 4(f) and 4(g), TQ decreases
gradually above 4 T in the T sweep. TM1 is also observed
under fields. C11 cannot be measured in the vicinity of 8 T
and 8 K because ultrasonic attenuation develops in this region.
Since ultrasonic attenuation is linked to the thermodynamic
quantities, it is needed to measure ultrasonic attenuation to
further investigate the ordered states.

C. Specific heat along H||a
The T dependences of the specific heat Cp along H ||a are

shown in Fig. 5. The sharp peak at TQ becomes broad at
elevated magnetic fields. At 4 T, the peak tends to be unclear,
and then Cp increases below 3.8 K.
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FIG. 4. T and H dependences of the longitudinal elastic modulus
C11 along (a)–(c) H ||a, (d) and (e) H ||b, and (f) and (g) H ||c at
various conditions in DyNi3Ga9. We plotted �C/C by adding a
constant value to easily see each data curve. The arrows indicate the
phase transitions.

D. Phase diagram

From these results, we drew the H-T phase diagrams of
DyNi3Ga9 for the a, b, and c axes, as shown in Fig. 6. Along
H ||a shown in Fig. 6(a), the critical field of the FQ (+IAH or
+AFM) state increases up to 1.7 T at 8 K, decreases below this
temperature, and becomes unclear at 1 T and 4 K. Here, IAH
means an incommensurate-antiferromagnetic helix for the
following reason. In the ordered state between 9 and 10 K at
zero field, the magnetic propagation vector q = (0, 0, 0.45)
was obtained by neutron diffraction experiments [25]. Details
of those results will be published elsewhere. This suggests that
an incommensurate-antiferromagnetic helix structure along
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FIG. 5. T dependences of the specific heat Cp along H ||a at
elevated magnetic fields in DyNi3Ga9.

the c axis coexists with the FQ ordering in this phase. Since
the quadrupolar ordered state is affected by the magnetic
structure, there is a possibility that quadrupole helix chirality
accompanied by chiral magnetic ordering is formed between
9 and 10 K at zero field in DyNi3Ga9. In this case, the
AFM ordering at TN is due to modulation of the magnetic
structure because the canted-antiferromagnetic structure was
also reported below TN [25].

In ultrasonic measurements, the successive phase transi-
tions at Hc1, Hc2, Hc3, and Hc4 can be detected. At these
phase boundaries, clear hysteresis is observed, indicating the
first-order phase transition. It is also clarified that Hc3 and Hc4

come across at 4 T and 4 K, and a magnetic-field-induced
phase (FIP) is formed. The origin of the field-induced phase
transition will be discussed in Sec. IV B. The phase bound-
aries of TM1 and TM2 correspond to Hc2 and Hc1, respectively.
These phase transitions are considered to be magnetic ones
(Metamag. and Mag. in the phase diagram) accompanied by
a change of the ordered structure because the magnetization
increases rapidly at these phase boundaries [25].

For the phase diagram along H ||b shown in Fig. 6(b),
TQ slightly increases below 1 T and decreases with further
increasing H . Differing from the phase diagram along H ||a,
the phase boundary of TQ closes around 3.3 T along H ||b.
TN also increases at low fields, decreases at high fields, and
closes around 6 T. At the successive phase transitions at H ′

c1,
H ′

c2, and H ′
c4, elastic moduli show clear hysteresis, indicating

the first-order phase transition. The phase boundaries of TM1

and TM2 coincide with H ′
c2 and H ′

c1, respectively. Along H ||b,
there is no obvious FIP, in contrast to the phase diagram along
H ||a with the FIP.

We also obtained the phase diagram along H ||c, as shown
in Fig. 6(c). TQ shows a slight enhancement below 4 T and
decreases above this field up to 14 T. The phase boundaries
of both TQ and TN do not close up to 14 T. We also clarified
the phase boundaries of TM1 and TM2. TM1 becomes unclear
in the region in which ultrasonic attenuation develops in C11.
Consequently, we clarified the H-T phase diagrams along
H ||a, H ||b, and H ||c and anisotropic phase boundaries of the
FQ ordering.

IV. DISCUSSION

A. Order parameter of the FQ ordering

First, we discuss the order parameter of the FQ ordering
in DyNi3Ga9. Since significant softening is detected in C66,
which corresponds to the electric quadrupoles Oxy and O2

2 in
the trigonal symmetry, the order parameter at TQ is estimated
as Oxy or O2

2. To examine which electric quadrupole is the

T (K)

  H // b

 NOS  Metamag. 

 FQ+AFM 

 FQ+IAH 
 Mag. 

TQ
TN

 (b) 

H
 (

T
)

T (K)

DyNi3Ga9

  H // a

 FQ+AFM 

 NOS 

 FQ+IAH  Mag. 

 FIP 

 Metamag. 

TQ
TN

 (a) 

T (K)

 (c) 

   H // c
TQ
TN

 NOS 

 FQ+Mag. 

 FQ+IAH 

 FQ+AFM 

FIG. 6. The H -T phase diagram along (a) H ||a, (b) H ||b, and (c) H ||c in DyNi3Ga9. The solid curves are guides for the eyes. Solid pink
diamonds along H ||a represent the phase boundary estimated from Cp. Bidirectional blue arrows point out the first-order phase transition. The
middle point of hysteresis is defined as the phase transition, and hysteresis is depicted by an error bar. IAH and FIP indicate an incommensurate-
antiferromagnetic helix and a magnetic-field-induced phase, respectively.
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order parameter, we performed theoretical calculations of the
elastic modulus C66 under fields along the principal axes for
both Oxy and O2

2 in the NOS. We considered the effective
Hamiltonian Heff :

Heff = HCEF + HZeeman + HQ, (1)

HCEF = B0
2O0

2 + B0
4O0

4 + B3
4O3

4 + B0
6O0

6

+ B3
6O3

6 + B6
6O6

6, (2)

HZeeman = −gJμBJH, (3)

HQ = −
∑

i

giOiεi −
∑

i

g′
i〈Oi〉Oi, (4)

where εi, gi, g′
i, and Bn

m (azimuthal quantum number: m = 2,
4, 6 and magnetic quantum number: n = 0, 3, 6) are strain,
the strain-quadrupole coupling constant, the quadrupole-
quadrupole coupling constant, and the CEF parameter, respec-
tively. Oi is equal to either Oxy or O2

2, and HZeeman is the Zee-
man term. The T dependence of C66, C66(T ), is represented
by the following equation:

C66(T ) = −N0g2
i χs(T )

1 − g′
iχs(T )

+ C0(T ), (5)

C0(T ) = a + bT 2 + cT 4, (6)

where N0 (=4.81 × 1027 m−3) is the number density of Dy
ions per unit volume at room temperature and χs is the so-
called strain susceptibility [28]. Details of the calculation are
shown in the Supplemental Material [29]. The parameters
a, b, and c in Eq. (6) are coefficients for the background
stiffness C0(T ) [30]. We adopted Bn

m and other parameters in
C66 previously reported [26].

Figures 7(a) and 7(b) show the T dependences of the
calculated C66 for Oxy and O2

2, respectively, along H ||a. There
is a difference between the calculated C66 for Oxy and O2

2
because the crystal symmetry in the c plane and the degen-
eracy between Oxy and O2

2 are broken by applying H ||a. The
calculated C66 for Oxy exhibits significant softening below
1.5 T, and then the magnitude of the softening decreases with
increasing H above 2 T. These behaviors are very similar to
the experimental data shown in Fig. 2(a). In contrast, in the
calculated C66 for O2

2 shown in Fig. 7(b), significant softening
remains up to 3 T, and reduction of the softening is observed
above 4 T. From these results, we propose that Oxy is a
plausible order parameter of the FQ ordering in DyNi3Ga9.

On the other hand, the magnetic field along the c axis does
not break the degeneracy between Oxy and O2

2. The calculated
C66 for Oxy and O2

2 exhibit the same behaviors. As shown
in Fig. 7(c), the significant softening appears even at 10 T,
and then the calculated C66 displays a broad minimum in the
vicinity of 4 K above 12 T. These behaviors are quite close
to the experimental results along H ||c shown in Figs. 2(f)
and 2(g). The reason why the calculated C66 shows such
anisotropic behaviors will be discussed in Sec. IV B.

The FQ ordering must be accompanied by a macroscopic
strain or distortion below TQ. To investigate these things, we
carried out a powder x-ray diffraction experiment below and
above TQ. However, we did not succeed in detecting any indi-
cation of spontaneous strain, such as splitting or broadening
of diffraction peaks. There is a possibility that the magnitude
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FIG. 7. T dependences of the calculated C66 for (a) Oxy along
H ||a, (b) O2

2 along H ||a, and (c) Oxy and O2
2 along H ||c.

of the spontaneous macroscopic strain is smaller than the
resolution of our x-ray diffraction. We are planning to perform
a thermal expansion measurement by using the three-terminal
capacitance method in order to determine crystal-symmetry
lowering below TQ.

B. Anisotropic phase diagram

Hereafter, we focus on the origin of anisotropic phase
diagrams in DyNi3Ga9. Since the FQ ordering originates from
the quasidegenerate quartet under the CEF, the CEF states
under fields may play a central role in the FQ ordering. We
calculated the H dependences of the CEF energies by using
Eqs. (2) and (3), as shown in Fig. 8. Here, the CEF level
scheme in zero field is the ground doublet �6, the first excited
doublet �45 at 6 K, the second excited doublet �6 at 11 K, the
third excited doublet �6 at 33 K, and so on [26]. The wave
functions of the quasidegenerate quartet were also reported.

Along H ||a, the ground-state doublet �6 starts to possess
the quadrupole interaction of Oxy and O2

2 because wave func-
tions of the 4 f electronic states are mixed by the Zeeman
interaction under H ||a. However, the ground doublet at 0 K
in zero field splits monotonically with increasing H due to the
Zeeman interaction, as shown in Fig. 8(a). This means that
the quadrupole interaction becomes weak with increasing H ;
thus, the FQ ordered phase exists only at low fields.

Along H ||b, shown in Fig. 8(b), in contrast, the ground
doublet �6 has no quadrupole interaction of Oxy and O2

2,
although the energy splitting within the ground doublet is
small, and a level crossing is seen at around 12 T. An excited
state which has interlevel quadrupole interaction with the
ground state separates from the ground state with increasing
H . This situation for the interlevel quadrupole interaction is
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FIG. 8. The H dependences of the calculated CEF energies along
(a) H ||a, (b) H ||b, and (c) H ||c. The ground doublet is depicted by
the red solid curves.

similar to the calculation along H ||a, suggesting that the FQ
phase boundary closes at low field.

Meanwhile, along H ||c, the ground doublet �6 possesses
the quadrupole interaction of Oxy and O2

2. The two states of
the ground doublet split slightly below 4 T, reapproach above
this field, and show a level crossing at around 8 T, as shown
in Fig. 8(c). Above 10 T, the two states split monotonically
with increasing H , meaning that the quadrupole interaction
begins to decrease above this field. Therefore, the magnitude
of the softening decreases above 10 T in the experimental data,
shown in Fig. 2(g). As remarked above, the experimental data
of C66 under fields can be explained by the CEF effect with the
quadrupole interaction. As a consequence, anisotropic H-T
phase diagrams of the FQ ordering are caused by the H depen-
dences of the CEF energies and the quadrupole interaction.

We carried out a mean-field calculation for the magnetiza-
tion at 2 K along H ||a by taking into account both quadrupole
and spin exchange interactions assuming two sublattices in
order to reproduce Hc1, Hc2, Hc3, and Hc4 [25,31]. The param-
eters for intersublattice exchange interactions were chosen to
reproduce TQ and TN. However, the magnetization at 2 K along
H ||a could not be explained by the mean-field calculation,
although there may be uncertainties, such as the possibility
of other higher-order multipolar interactions, optimization of
CEF parameters, and the definition of sublattices. DyNi3Ga9

with no inversion symmetry has the DM interaction in addi-
tion to the RKKY interaction. The energy scale of the DM in-
teraction is estimated to be several kelvins at most because the
chiral helical magnetic structure of the isomorphic compound
Yb(Ni1−xCux )3Al9 is broken by the magnetic field along the a
axis below 1 T, and then it changes to a forced ferromagnetic
state above this field [8,23]. In addition, the magnitude of
the DM interaction in CrNb3S6, which also has a chiral

helical magnetic structure, was theoretically calculated to be
2.9 K [32]. The complex H-T phase diagrams in DyNi3Ga9,
especially at low fields, might originate from cooperation
and/or competition between the RKKY interaction including
the quadrupole interaction and the DM interaction.

We found the FIP around 4 T and below 4 K in the H-T
phase diagram for the a axis, as shown in Fig. 6(a). The FQ
ordered state is already broken at 4 T. At this phase boundary,
the magnetization curve at 2 K displays metamagnetic behav-
ior, suggesting a magnetic phase transition [25]. Since large
hysteresis is detected in all moduli and the magnetization,
the phase transition is of the first order. In the longitudinal
modulus C11 shown in Fig. 4(a), elastic softening is enhanced
in the vicinity of the FIP boundary, and the magnitude of the
softening is about 7% at 4 T. C11 is the response to the strain
εxx and is affected by elastic behaviors of the bulk modulus
CB and (C11 − C12)/2 in the trigonal symmetry. However, no
enhancement of the softening in the vicinity of 4 T is expected
by the data in Fig. 2(a) and the calculation in Fig. 7(b) for
(C11 − C12)/2. This suggests that the FIP transition is related
to a phase transition accompanied by a change in the bulk
modulus.

Generally, coupling between 4 f electronic states and the
strain is considered to be an effect of electric quadrupoles in
the localized system. The quadrupole helix chirality might oc-
cur in DyNi3Ga9, as mentioned above. Meanwhile, no space-
inversion symmetry of the Dy site exists in this compound.
In addition, the magnetic field breaks time-reversal symmetry.
Recently, theoretical studies of electric and magnetic toroidal
multipoles were reported, such as the results in Ref. [33],
by considering a parity mixing. As for FIP, an even-parity
multipole which couples to the strain of the bulk modulus
εB with an A1 totally symmetric irreducible representation
may affect the phase transition. On the other hand, since
DyNi3Ga9 has a quasidegenerate ground quartet, an effect
of higher-order multipolar interactions may exist. In future
works, it will be necessary to investigate the influence of
higher-order multipolar interactions including electric and
magnetic toroidal multipoles in addition to the DM inter-
action to understand the complex H-T phase diagrams in
DyNi3Ga9 [8].

V. CONCLUSION

We measured elastic moduli under magnetic fields in the
trigonal chiral compound DyNi3Ga9, which shows FQ order-
ing at TQ and successive phase transitions. The significant
elastic softening of C66 toward TQ, due to the quadrupolar
interaction of the quasidegenerate quartet under the CEF, is
reduced by applying H ||a and H ||b even at low fields. In
contrast, TQ survives up to 14 T along H ||c. Ultrasonic mea-
surements under fields revealed the anisotropic and complex
H-T phase diagrams. We clarified that the FQ phase bound-
aries are caused by the H dependences of the CEF energies
and the quadrupole interaction. A plausible order parameter of
the FQ ordering is Oxy from our calculation. Successive phase
transitions were detected in the H dependences of the elastic
moduli. We found a magnetic-field-induced phase along H ||a,
whose longitudinal modulus C11 related to the bulk modulus
exhibits enhancement of the softening.
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