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We investigate charge densities around the vortex cores of an s-wave and a chiral p-wave superconductor
(SC) in two dimensions within quasiclassical theory. We consider contributions of particle-hole asymmetry
through gradient expansions in first order of a quasiclassical parameter using augmented quasiclassical theory.
The chiral p-wave SC has two inequivalent vortices: One is charged and the other is uncharged on the basis
of Bogoliubov-de Gennes (BdG) equation. We explain this qualitative difference in vortex charges also by the
augmented quasiclassical theory. In addition, we find that much larger charge is induced for the charged vortex
of the chiral p-wave SC compared with the vortex of the s-wave SC in the clean system. We also confirm this
enhancement through quantitative comparison with results based on the BdG theory. We also study effects of
Born-type impurities using self energy formalism and find that the larger charge density is rather suppressed in
contrast to the s-wave’s one. Furthermore we study the local density of states as another equilibrium property of
particle-hole asymmetry.
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I. INTRODUCTION

Properties of vortices in a rather clean superconductor
(SC) are dominated by electronic bound states in the vortex
core, called Caroli-de Gennes-Matricon (CdGM) mode [1] or
Andreev bound states [2,3]. For example, the scattering of
the bound states dominantly contributes to the viscous flow
of the vortex, and the particle-hole asymmetry of the CdGM
mode is one of the origins of the Hall effect in the flux flow
states [3–6]. The charging effect of the vortex core is another
consequence of the particle-hole asymmetry of the CdGM
mode. Recently vortex core states have been attracting another
great deal of attention since the vortex of topological SCs
such as a two-dimensional (2D) spinless chiral p-wave SC
possesses a stable zero energy state called the Majorana state
[7,8]. Majorana bound states obey the non-Abelian statistics
and enable a fault tolerant quantum computation [9], which
will be done by exchanging the vortices adiabatically [10].
Deeper understanding of vortex properties of topological SCs
is thus highly required from both fundamental and applica-
tional viewpoints.

The charging effects are mainly caused by particle-hole
asymmetry, particularly in the following two aspects. One is
a finite slope of the density of states in the normal states at
the Fermi level. It results in the chemical potential difference
between the normal and superconducting states. The charging
effects in this aspect were phenomenologically studied by
Khomskii and Freimuth [11] and Blatter et al. [12]. Recently
Ueki et al. confirmed this mechanism in the quasiclassical
theory with quantum correction of order 1/(kFξ ), a quasi-
classical parameter denoted by the combination of the Fermi
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momentum kF and the coherence length of the superconduc-
tivity ξ [13]. On the other hand, Hayashi et al. showed that
the CdGM mode is essential to the charging effects in the
case of 2D electron gases rather than the finite slope of the
density of states [14]. They argued using the microscopic
Bogoliubov-de Gennes (BdG) equation as follows: The charg-
ing effects are due to the difference between the amplitude
of the particlelike wave function |ul (r)|2 and that of the
holelike wave function |vl (r)|2: The quasiparticle state with
angular momentum l in the presence of a single vortex is
described by the mixture of particle and hole wave functions
(ul (r)ei(l+1/2)θ , vl (r)ei(l−1/2)θ ) with the cylindrical coordinate
(r, θ ). After the work Ref. [14], the vortex-core charges for the
chiral p-wave SCs were calculated by Matsumoto and Heeb
by taking the screening effects into account [15]. The chiral
p-wave SCs have chirality, which is an angular momentum
of the Cooper pair. Hence there are two nonequivalent single
vortices defined by the relative directions between the vortic-
ity and the chirality of the Cooper pair. Andreev bound states
of these two vortices exhibit remarkably different properties
on impurity effects by Born-type scatters [16–19], nuclear
magnetic relaxation rates [20], chiral optical absorptions [21],
and charging effects [15]. In particular, the Anderson’s the-
orem is locally recovered because the phase windings of the
quasiparticles owing to the vorticity and chirality around the
vortex core center cancel with each other [17,22]. As a result,
the core of the antiparallel vortex is similar to the bulk of
an s-wave SC. This cancellation leads to robustness against
the Born-type scatterers. It also leads to the particle-hole
symmetry of the low energy CdGM modes and thus the
charging effects at the origin are strongly suppressed.

A quasiclassical theory is a powerful tool to describe elec-
tronic structures in the system with slowly varying potentials
such as type-II SCs with large kFξ , though a conventional
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Eilenberger equation is automatically particle-hole symmetric
[23,24]. The particle-hole asymmetry inherent to the micro-
scopic electronic structure in the vortex core, which is of
order 1/(kFξ ), can be described in quasiclassical theory with
a gradient expansion [13,25,26]. The augmentation of the
quasiclassical theory is basically done through the gradient
expansion to take account of the quantum correction including
particle-hole asymmetry [27–29], but it should be performed
carefully for charged systems. In order to introduce the gauge
invariant distribution function, Levanda and Fleurov intro-
duced a phase factor for the Green’s function in the normal
state, otherwise a complicated gauge transformation remains
in the Wigner representation [30–33]. In the superconducting
state, Kopnin developed the convenient kinetic theory using a
similar phase factor to performing the Wigner transformation
[34] and subsequently Kita has improved the form of the phase
transformation [35].

In the augmented quasiclassical theory, the quantum cor-
rection of order 1/(kFξ ) is treated as a perturbation and we
retain the gradient expansion up to the first order. Hence
it is nontrivial whether the augmented theory can describe
behaviors unique to the nonzero quantum corrections. In
this paper, we apply the augmented quasiclassical theory to
the s-wave SC and the chiral p-wave SC [36,37] and study
their charging effects based on the mechanism discussed in
Ref. [14]. Although they are accessible also by the BdG
theory, the advantage of the quasiclassical theory is that we
can study systems with large kFξ , and effects of random-
ness using the self energy, and extend to the nonequilibrium
phenomena. We demonstrated in Ref. [26] that the striking
difference between two types of vortices in the chiral p-wave
SC, known by BdG theory [15], was obtained also in this
framework. Here we study these strikingly different vortices
through the temperature dependence of the vortex charges and
the impurity effects on them within the self-consistent Born
approximation. We also compare our results with calculations
based on the BdG theory. The local density of states with
asymmetric spectra are studied as another equilibrium prop-
erty originating from the quantum correction. We demonstrate
through these phenomena that effects of discrete spectrum do
not appear, and the validity is limited up to the first order of
1/kFξ .

The paper is structured as follows: In Sec. II, we sum-
marize the formulation to calculate the charging effects in
Matsubara frequency formalism. In Sec. III, we show the
numerical results on vortex charges. We also mention the
real frequency formalism and show the asymmetric spectra in
LDOS. In Sec. IV, we summarize our results and discussions.
In Appendix, we discuss the force balance relation of super-
conducting electrons in the asymptotic region and check the
validity of our numerical calculations. In the following part,
we use the unit kB = 1 in addition to h̄ = 1 for convenience.

II. FORMULATION

In this paper, we consider only equilibrium cases of 2D SCs
and charge densities in the Matsubara formalism. The Cooper
pairs are described by the pair of electrons with spin ↑ and
↓, respectively. We first define the Matsubara Green’s func-
tions with Nambu spinors ��(r, τ ) = t [ψ↑(r, τ ), ψ†

↓(r, τ )] and

��†(r, τ ) = [ψ†
↑(r, τ ), ψ↓(r, τ )] as

ĜM(r1, r2; iωn) =
[

GM(r1, r2; iωn) F M(r1, r2; iωn)

−F̄ M(r1, r2; iωn) ḠM(r1, r2; iωn)

]

=
∫ β

0
dτeiωnτ τ̂3〈��(r1, τ )��†(r2, 0)〉. (1)

Here ωn is the fermion Matsubara frequency at temperature
T , and β is the inverse temperature defined by β = 1/T . We
use the symbol ·̂ to describe a 2 by 2 matrix, and τ̂3 is the
third component of the 2 by 2 Pauli matrices. We consider the
equilibrium case, and Green’s function is no longer dependent
upon the center-of-mass imaginary time, while it depends on
the center-of-mass coordinate R = (r1 + r2)/2 for inhomo-
geneous systems. The phase transformation of the Green’s
function in real space is convenient to take account of the
gauge invariance in the mixed representation.

First of all we formulate the augmented quasiclassical
theory following the earlier works in the Matsubara formalism
[25,26,38]. The Green’s function in the mixed representation
is introduced as the Fourier transform with respect to the rel-
ative coordinate r = r1 − r2 of the phase transformed Green’s
function Ĝ

M
(r1, r2; iωn) = eiI (R,r1 )̂τ3 ĜM(r1, r2; iωn)e−iI (R,r2 )̂τ3 :

ĜM(k, R; iωn) =
∫

dre−ik·rĜM
(r1, r2; iωn), (2)

where I (R, r1) = e
c

∫ R
r1

ds · A(s) is defined as a contour inte-
gral of the vector potential A along the line between r1 and
R, electron charge e = −|e|, and the speed of light c. We
consider the gauges where the vector potential is independent
of the imaginary time, namely, the electric field is described
by the scalar potential. The quasiclassical Green’s function
is defined by the energy integral of ĜM(kF, R; iωn), where
the energy ξk stands for the single particle excitation energy
in the normal state and is measured from the Fermi level
ξF ≡ ξkF = 0.

ĝM(kF, R; iωn) =
∮

Cqc

dξk

iπ
ĜM(k, R; iωn) (3)

with ĝM =
[

gM f M

− f̄ M ḡM

]
, (4)

where Cqc stands for the mean of two-contour contributions:
One is the counterclockwise contour in the half upper ξk-plane
Cu, and the other is the clockwise contour in the half lower
ξk-plane Cl, as shown in Fig. 1. The transport equation for the
quasiclassical Green’s function can be obtained through the
following steps. (i) Expand the left- and right-sided Gor’kov
equations up to the second order in the gradient expansion.
(ii) Subtract the right equation from the left equation, which
is the transport equation for the Gor’kov Green’s function. (iii)
Integrate the obtained equation along the above contour while
approximating the momentum dependence of the self energy
and the pair potential at the Fermi momentum kF. We finally
obtain the augmented Eilenberger equation

[iωnτ̂3 + σ̂ M, ĝM]� + ivvvF · ∂R̂gM

+ e

2c
(vvvF × B) ·

(
i

∂

∂kF

)
{̂τ3, ĝM} = 0, (5)
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FIG. 1. Schematic image of contours for energy integral of
Green’s functions.

where vvvF ≡ kF/m is the Fermi velocity. The third term in-
cluding magnetic field B = rotA = Bêz is called a Hall term,
in which {̂τ3, ĝM} is the anticommutation of τ̂3 and ĝM. Note
that êμ stands for the unit vector along the μ direction, and
we take the z direction perpendicular to the 2D system. In
the cylindrical coordinate (R, θ ), êR = R/R and êθ = êz × êR.
The self energy matrix in the commutation relation consists of
the pair potential 
 and the impurity self energy σ̂ M

imp:

σ̂ M(kF, R; iωn) =
[
σ M

d σ M
od

σ̄ M
od σ̄

M
d

]
(kF, R; iωn)

=
[

0 
(kF, R)
−
∗(kF, R) 0

]
+ σ̂ M

imp(kF, R; iωn). (6)

The details of 
 and σ̂ M
imp are discussed later. The symbol used

in the first term is defined as

[A, B]� ≡ A � B − B � A, (7)

and

A � B ≡ lim
R′→R

lim
k′

F→kF

exp

[
i

2

(
∂

∂k′
F

· ∂R − ∂

∂kF
· ∂R′

)]
× A(kF, R; iωn)B(k′

F, R′; iωn). (8)

This expression itself includes the higher-order contribution
in the gradient expansion, but we retain only the terms up to
the first order. The spatial derivative is defined as

∂R =

⎧⎪⎪⎪⎨⎪⎪⎪⎩
∇ on g, ḡ, σd, σ̄d

∇ − 2ie

c
A(R) on f , σod

∇ + 2ie

c
A(R) on f̄ , σ̄od.

(9)

The impurity self energy is treated within the self-
consistent Born approximation (SCBA), which is given by

σ̂ M
imp(kF, R; iωn) = i�n 〈̂gM(k′

F, R; iωn)〉F′ (10)

with the scattering rate in the normal state �n. The angle
bracket on the right-hand side stands for the average on the
Fermi surface defined as 〈o(kF)〉F = (2π )−1

∫ 2π

0 dαo(kF). We
define α as the angle between kF and êx. The pair potential is
complemented by the gap equation


(kF, R) = gνn(ξF)iπT
∑

n

〈
V Lz

kF,k′
F

f M(k′
F, R; iωn)

〉
F′ . (11)

The type of pairing interactions is characterized by V Lz

kF,k′
F
. The

superscript specifies the type of pair potentials with a single
vortex and corresponds to the total angular momentum of
the Cooper pair consisting of chirality and vorticity. We fix
the vorticity +1, i.e., along the z axis, and label the s-wave
pair potential as Lz = 1, and chiral p-wave pair potential with
plus and minus chirality as Lz = 2 and 0, respectively. The
explicit forms of pairing interactions are given by V Lz

kF,k′
F
= 1

for Lz = 1, and V Lz

kF,k′
F
= 2 cos(α − α′) for Lz = 2 or 0. Here g

and νn(ξF) are the coupling constant and the density of states
in the normal state at the Fermi level, which are related to
transition temperature Tc as

1

gνn(ξF)
= ln

T

Tc
+ 2π

∑
0�n�Nc

1

2n + 1
(12)

with cutoff Nc. The integer Nc is defined as the largest integer
n satisfying ωn � ωc and we set ωc to 40Tc in this paper. For
an s-wave SC, an axisymmetric vortex is described as


(kF, R) = 
(R)eiLzθ with 
b ≡ lim
R→∞


(R), (13)

where 
b is the energy gap in the bulk. On the other hand,
for a chiral p-wave SC, there are induced components in
addition to the dominant component. The pair potential with
an axisymmetric vortex is described by


(kF, R) = 
+(R)ei(α−θ )+iLzθ + 
−(R)e−i(α−θ )+iLzθ . (14)

Here 
+(R → ∞) = 
b and 
−(R → ∞) = 0 for Lz = 2,
while 
+(R → ∞) = 0 and 
−(R → ∞) = 
b for Lz = 0.
We call the component which is zero for R → ∞ the induced
component and the other the dominant component.

We write down the augmented Eilenberger equation order
by order in quasiclassical parameter 1/(kFξ0), the small pa-
rameter of the gradient expansion. We introduce a coherence
length ξ0 ≡ vF/
0, where vF = |vvvF| and 
0 is 
b at T = 0.
The self-energy form (10) and gap Eq. (11) hold the same
form order by order. We expand a quantity O as O0 + O1 +
· · · , and O can be any of ĝ, σ̂ , [39] and 
. The augmented
Eilenberger equation of the zeroth order is reduced to the
conventional Eilenberger equation:

2iωn f M
0 + ivvvF · ∂R f M

0 + 2
(
σ M

d,0 f M
0 − σ M

od,0gM
0

) = 0. (15)

We solve this equation using Riccati transformation
and the normalization condition is given by gM

0 =
sgn(ωn)[1 − f M

0 f̄ M
0 ]

1/2
[40–42]. The first order equation

consists of two closed parts: One is an equation for gM
1 + ḡM

1 ,
and the other is a coupled equation for gM

1 − ḡM
1 , f M

1 , and f̄ M
1 .

The charging effect, as we see next, is described by gM
1 + ḡM

1 ,
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which obeys

1

2
ivF

∂
(
gM

1 + ḡM
1

)
∂s

= i
evFB

kFc

∂gM
0

∂α
+ iêb

2kF
·
[

2

(
∂RgM

0

∂σ M
d,0

∂α
− ∂Rσ M

d,0
∂gM

0

∂α

)

+ ∂Rσ M
od,0

∂ f̄ M
0

∂α
− ∂Rσ̄ M

od,0
∂ f M

0

∂α
− ∂σ M

od,0

∂α
∂R f̄ M

0 + ∂σ̄ M
od,0

∂α
∂R f M

0

]
. (16)

Here êb ≡ êz × ês with ês ≡ vvvF/vF, and s is the coordinate
along ês. In the following, we neglect the Hall term, which is
valid when the system is in the type-II limit. We see that there
is a solution satisfying the boundary condition that g1(R →
∞) = ḡ1(R → ∞) = 0, i.e., the integration of Eq. (16) over s
from −∞ to ∞ is zero. We obtain (g1 + ḡ1)/2 by integrating
Eq. (16) from a point at infinity along the trajectory specified
by α and an impact parameter b, the coordinate along êb.

Next we see the form of charge density ρ(R)≡e(n(R)−nn)
in 2D given by [28,43]

ρ(R) = −eνn(ξF)iπT
∑

n

Tr
[〈̂gM〉F − 〈̂

gM
n

〉
F

]
− 2νn(ξF)e2�(R). (17)

Here gM
n and nn describe, respectively, the quasiclassical

Green’s function and particle density in normal state without
electromagnetic fields, and the Matsubara sum of gM

n vanishes.
The scalar potential � in the last term, whose gradient leads
to the electric field, is a high-energy contribution. In other
words, the origin of the scalar potential is in the limiting
procedure that chemical potential μ is taken to infinity, which
implies that we cannot exchange the order of the energy
integral from −∞ to ∞, and the Matsubara frequency sum,
as seen explicitly in the following: In the mixed repre-
sentation with the gradient expansion, the Gor’kov Green’s
function in the normal state but in the presence of the
scalar potential is given by GM

n,�(k, R; ωn) = (ξk + e�(R) −
iωn)−1. The momentum integration can be reduced to∫

dk/(2π )2o(k) = ∫ ∞
−μ→−∞ dξνn(ξ ) 〈o(k)〉ξ with 〈o(k)〉ξ =

(νn(ξ ))−1
∫

dk/(2π )2o(k)δ(ξ − ξk). Note the lower limit of
the integral. In this case the momentum average is trivial, and
we approximate the density of state as its value at the Fermi
level. We can calculate the following quantity:[∫ ∞

−∞

dξk

iπ
(iπT )

∑
n

−(iπT )
∑

n

∫ ∞

−∞

dξk

iπ

]

× (
GM

n,�(k, R; iωn) − GM
n (k, R; iωn)

)
�

∫ ∞

−∞

dξk

2

[
tanh

(
ξk + e�(R)

2T

)
− tanh

(
ξk

2T

)]
� e�(R). (18)

Equation (17) includes the scalar potential which should
be determined through the complementary Poisson equation
given by ∇2�(R) = − 4πρ(R)

d with thickness d [44]. The

combination of this and Eq. (17) gives us the inhomogeneous
differential equation for � as follows:[∇2 − λ−2

TF

]
�(R) = −4π

d
ρ0(R), (19)

ρ0(R) ≡ dT

4λ2
TFe

∑
ωn>0

〈
Im

[
Tr̂gM

1 (kF, R; iωn)
]〉

F, (20)

where λTF ≡ (d/(8πνn(ξF)e2))1/2 is the Thomas-Fermi
length. Note that ρ0 is linear order in 1/(kFξ0). We discuss
the force balance in the asymptotic region on the basis of the
London’s argument and confirm the validity of our results on
the scalar potential obtained in this scheme in Appendix.

III. NUMERICAL RESULTS

In this section we show the numerical results of charge
densities in vortex cores. We normalize the 2D charge density
by 2|e|νn(ξF)Tc and introduce the notation for the normalized
charge density as ρ̄ = ρ/(2|e|νn(ξF)Tc). In the first subsec-
tion, we show the typical properties of vortex charge densities
and the existence of charged and uncharged vortices.

A. Charged and uncharged vortices

First of all, we investigate typical behaviors of charging
effects. Figures 2(a)–2(c), respectively, show that the profiles
of charge densities of vortices for the s-wave SC (Lz = 1) and
chiral p-wave SCs (Lz = 2 and 0). Each inset shows the radial
profile of the pair potential. We set T = 0.1Tc and impurity
is absent. The s-wave SC and the chiral p-wave SC of Lz = 2
have charged vortices, while that of Lz = 0 has an uncharged
vortex.

The spatial derivative has two contributions: êb · êR∂/∂R
and êb · êθR−1∂/∂θ . We call the former radial part and the
latter angular part. We can show through an explicit cal-
culation that the angular part is proportional to the total
angular momentum Lz. Thereby the angular part vanishes
when Lz = 0. This is equivalent to the cancellation of phases
from chirality and vorticity.

The radial part includes the impact parameter b in its nu-
merator, which stands for the angular momentum of the quasi-
particle, and the contribution from the core center becomes
small. The contribution from the angular part for nonzero Lz

is dominant over that from the radial part since the radial part
vanishes when the quasiclassical trajectory passes through
the origin b = 0; note that the charge density at the origin
of Lz = 0 is due to the screening effect. Thus the vortex is
charged for nonzero Lz and (almost) uncharged for Lz = 0.

In addition, we discuss the magnitude of the charge den-
sities for the two charged vortices. We see from Fig. 2 that
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(a) (b) (c)

FIG. 2. Charge density profiles for (a) the s-wave SC and the chiral p-wave SCs with (b) the parallel vortex and (c) the antiparallel vortex.
The inset of each panel shows the radial profile of the pair potential. We set kFξ0 = 100, λTF/ξ0 = 0.01, and T/Tc = 0.1.

the charge density of the vortex with Lz = 2 is one order of
magnitude, rather than twice, greater than that with Lz = 1.
If we neglect the induced component of the pair potential
for Lz = 2, we see that the charge of the vortex with Lz = 2
is almost twice as much as that with Lz = 1 in Ref. [26].
The induced component drastically changes the quasiclassical
Green’s function, which enhances the charge density. This
holds also for T = 0.2Tc.

To confirm this validity, we study the enhancement caused
by the induced component of the pair potential also using
microscopic BdG equation for T = 0.2Tc in the left part
of this subsection. We first review the scheme of BdG Eq.
[15,45]. We use the following approximations since the direct
numerical calculation has considerable computational cost:
(A) We apply the profiles of pair potential obtained within
the quasiclassical theory to those in the BdG equation and
do not perform the self-consistent calculation using the gap
equation. (B) We neglect the magnetic field B → 0, which
is the same situation as in the present quasiclassical theory.
(C) We consider the linear response for the charge density
within the local (Thomas-Fermi) approximation. Using the
local approximation we write down the charge density as

e(n(R)) = 2e
∑

ν

∣∣u0
ν (R)

∣∣2
f
(
E0

ν

) +
∫

dR′χ (R, R′)�(R′)

∼ en0(R) − d

4π
λ−2

TF �(R), (21)

where χ (R, R′) is the density-density correlation function
[45]. We use the eigenfunctions u0

ν (R) and the eigenenergies
E0

ν of the BdG equation in the absence of the scalar potential
given by

ĤBdG(R)

(
u0

ν (R)

v0
ν (R)

)
= E0

ν

(
u0

ν (R)

v0
ν (R)

)
(22)

with
∫

dR[u0∗
ν ′ (R)u0

ν (R) + v0∗
ν ′ (R)v0

ν (R)] = δν ′ν ,

ĤBdG(R) =
(

H0(R) D(R)

−[D(R)]∗ −[H0(R)]∗

)
, (23)

H0(R) = −∇2 − k2
F

2m
, (24)

D(R) =
∑
s=±

1

ikF

[
1

2

∂
s(R)

∂Rs
+ 
s(R)

∂

∂Rs

]
, (25)


±(R) = 
±(R)e(2∓1)iθ , (26)

∂

∂R±
= (êx ± iêy) · ∂

∂R
. (27)

Here we use the spatial profiles 
±(R) which are ob-
tained in the quasiclassical scheme. When we neglect the
induced component of the pair potential, we consider only
the contribution s = + in Eq. (25). Note that 
+(R) ex-
hibits different profiles for the cases with and without the
induced component 
−(R), as shown in Fig. 3(a). The
BdG Hamiltonian is block diagonalized with respect to

FIG. 3. (a) The profiles of pair potentials. The red line is 
+ in
the absence of 
−, while the blue solid line is 
+ in the presence
of 
−, which is shown by the blue dashed line. (b) [1/(kFξ0 )]
dependence of the charge-density ratios defined in the text. Rmax

dependence is seen from 
ρ
qc
0 and 
ρqc for λTF/ξ0 = 0.01. The

sequence of the blue symbols represents that their limiting value is

ρ

qc
0 displayed by the red square.
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the angular momentum of quasiparticles l . We use the
Fourier-Bessel expansion to obtain the eigenenergies and
eigenstates from the differential equations along the radial
direction. The boundary condition is given by the zero
eigenfunctions at Rmax/ξ0 = 10. An eigenfunction takes the
form (u0

ν (R), v0
ν (R)) = (u0

l,n(R)ei(l+1)θ , v0
l,n(R)ei(l−1)θ ) and ν

is specified by l and radial index n. Concerning the first term
of Eq. (21), the summation index runs over eigenstates with
positive and negative eigenenergies. We introduce an energy
cutoff Ec which restricts the summation range as |Eν | < Ec.
In Eq. (21), we have approximated χ (R, R′) ∼ − d

4π
λ−2

TF δ(R −
R′) to obtain the last form. The scalar potential in Eq. (21) is
determined using the complementary Poisson equation as in
the quasiclassical theory:(∇2 − λ−2

TF

)
�(R) = −4π

d
e(n0(R) − n∞)

≡ −4π

d
ρ0(R) (28)

with n∞ ≡ lim
R→∞

n0(R). (29)

These quantities are independent of the direction and we omit
θ from their arguments in the following. The Poisson equation
requires two boundary conditions. They are usually given
by Dirichlet-type conditions at two boundaries, and thus it
is desirable to have the source term for a sufficiently large
range of the radial coordinate. However there is enormous
numerical cost to calculate the charge density n0(R) since
contributions from eigenstates with high angular momentum
become larger in the further region from the vortex core. Thus
we introduce an additional approximation [44], in which we
solve the Poisson equation and obtain the charge density as

�(R) ∼ −4πλ2
TF

d
ρ0(R), (30)

ρ(R) = − d

4π
∇2�(R) ∼ λ2

TF∇2ρ0(R). (31)

The approximation is justified when λTF is sufficiently small
compared with the characteristic length scale of the charge
density, and it is the slope of the dominant component of the
pair potential: ξ−1

1 ≡ limR→0 
+(R)/(
bR) for the parallel
vortex of the chiral p-wave SC. Particularly we focus on the
charge density at the origin, which allows us to evaluate it
as ρ(R = 0) ∼ 2λ2

TF∂
2ρ0(R = 0)/∂R2. In the BdG scheme,

we calculate the charge density only in this way, i.e., it is in
the limit λTF → 0. On the other hand, we consider both ρ(R)
itself and λ2

TF∇2ρ0(R) in the quasiclassical theory to study the
effects of finite λTF.

In Fig. 3(b), we show as a function of the quasiclassical
parameter 1/(kFξ0) the ratios of the charge density at the
origin with the induced component 
− to that without 
−,
which is described as 
ρ ≡ ρw/(R = 0)/ρw/o(R = 0). We
distinguish the way of calculation of 
ρ by using subscript
and superscript of 
ρ. The subscript takes blank or 0 cor-
responding to whether we use ρ or λ2

TF∇2ρ0(R), while the
superscript takes qc or BdG corresponding to the framework.
We also show a subtle Rmax dependence in the quasiclassical
scheme by comparing the results for Rmax/ξ0 = 10.5 and
25, where Rmax is the system size used when we solve the

FIG. 4. (a) Temperature dependence of the charge density at the
origin. (b) Temperature dependence of the energy gap in the bulk

b and the coherence length as the slope of the pair potential at the
origin, ξ1. Here kFξ0 = 100 and λTF/ξ0 = 0.01.

Poisson equation. There are several remarks: (1) We do not
calculate 
ρBdG in this paper as mentioned above. (2) 
ρqc

and 
ρ
qc
0 are independent of kFξ0 when B → 0 because we

calculate the charge density up to the first order in 1/(kFξ0)
within the quasiclassical theory, and thus we display it at
1/(kFξ0) = 0. (3) 
ρ

qc/BdG
0 is independent of λTF and we

corroborate limλTF→0 
ρqc = 
ρ
qc
0 in Fig. 3(b). We then find

limkFξ0→∞ 
ρBdG
0 = 
ρ

qc
0 in Fig. 3(b) and confirm our find-

ing about the enhancement of charge density for Lz = 2 com-
pared with that for Lz = 1. We will comment on the validity
of the quasiclassical approach in the next subsection. The kFξ0

dependence of 
ρBdG
0 stems from higher order contributions

in 1/(kFξ0) to the charge densities, and it cannot be described
by the augmented quasiclassical theory.

B. Temperature dependence

Next we discuss the temperature dependence of charge
densities. In the s-wave case, the temperature dependence
of the charge density at the origin is studied in Ref. [25].
In a similar way, we study the dependence of chiral p-wave
cases. Figure 4(a) shows the temperature dependence of the
charge density at the origin. The decrease in low temperature
is quite drastic for Lz = 1 and 2, which suggests that the low
energy bound states are essential, as studied in the earlier
work using the BdG Eq. [15]. Such kind of contribution is
absent for Lz = 0 and thus the difference between charged
and uncharged vortices is present for lower temperature. The
reductions for higher temperature are similar for all the cases
and we speculate that the charge densities for high tempera-
tures are due to the spatial modulation of extended states and

054512-6



VORTEX CHARGES AND IMPURITY EFFECTS BASED ON … PHYSICAL REVIEW B 99, 054512 (2019)

FIG. 5. (a) �n dependence of the charge density at the origin and corresponding changes of the initial slopes of the pair potential at the
origin T = 0.2Tc. (b) �n dependence of the charge density and the initial slopes for the pair potential of the s-wave SC at the origin for
T = 0.8Tc. (c) Temperature dependence of the charge density and the slope at the origin for s-wave SCs with and without impurities. We set
kFξ0 = 100 and λTF/ξ0 = 0.01 for (a) and (b), while kFξ0 = 10 and λTF/ξ0 = 0.01 for (c).

the screening effects via the Poisson equation. In Fig. 4(b),
we show the temperature dependence of the energy gap in the
bulk, 
b defined above, and the slope of the pair potential at
the origin, ξ1. Here

ξ−1
1 ≡

⎧⎨⎩limR→0 
−(R)/(
bR) Lz = 0
limR→0 
(R)/(
bR) Lz = 1
limR→0 
+(R)/(
bR) Lz = 2.

(32)

The temperature dependence of ρ̄ is associated with that
of ξ1, and it is almost universal in the high temperature
side.

Note that temperature dependence in the low-temperature
side is different from that obtained by the BdG equation in
the case of the s-wave SC [14]. In Ref. [14], the charge
density increases with decreasing temperature and suddenly
saturates at the temperature around the minigap, which is
the level spacing of the bound states localized in the vortex
core. Namely, the charge density by the BdG equation has
two regimes: 1/(kFξ0) dependence of ρ0(R = 0)/n∞, where
n∞ � nn, is linear at low temperatures and quadratic at high
temperatures. This saturation at low temperature cannot be
obtained by the quasiclassical theory up to the first order in
1/(kFξ0). Our results of ρ/(2eνn(ξF)Tc) linearly depend on
1/(kFξ0) for the whole region of the temperature. By noting
that 2eνn(ξF)Tc/nn = O(1/(kFξ0)), we see that our results
on temperature dependence are consistent with the charge
density obtained using the BdG equation at high temperature
compared with the minigap. Even though the scalar potential
and the charge density are not self-consistently determined in
Ref. [14], this physical picture will not be changed.

The Kramer-Pesch effect is important because the charge
density strongly depends on the slope of the pair potential
around the vortex core. In the pure system, the vortex core
radius ξ1 goes to zero linearly as the temperature does in
the quasiclassical theory, while the radius suddenly saturates
in the low temperature region in the framework of the BdG
equation [46–48] (We should remark that the gap profiles are
calculated using the conventional quasiclassical theory in this
paper). The saturated value of ξ1 is about 1/kF, reflecting
the minigap structure. Thus at low temperatures compared
with the minigap, the Kramer-Pesch effect is inconsistent
between the quasiclassical theory and the BdG theory in the

pure system. Later we discuss the Kramer-Pesch effects in the
presence of impurities.

The inconsistency in the Kramer-Pesch shrinking can be
related to the inconsistency in the (1/(kFξ0)) dependence of
the charge density at low temperatures. The energy gap in the
bulk region is almost saturated in the low temperature region
and its value hardly depends on the 1/(kFξ0), while kFξ0

dependence appears in the core region. The core radius which
we roughly estimate as ξ1/ξ0 ∼ 1/(kFξ0) after saturation con-
tributes to the gradient term, and an effective quasiclassical
parameter, 1/(kFξ1), is of order O(1). The charge density
ρ/(2eνn(ξF)Tc) is independent of 1/(kFξ0) when the Kramer-
Pesch shrinking is saturated as ξ1 ∼ 1/kF, namely ρ/nn ∼
O(1/(kFξ0)). Since the saturation of the Kramer-Pesch shrink-
ing is not incorporated in our perturbative approach, the aug-
mented quasiclassical theory cannot describe the saturation of
the charge density at low temperatures.

We briefly comment on the validity of calculation in the
end of the previous subsection. The temperature is 0.2Tc,
while the 1/(kFξ0) is changed down to 0.005 in the BdG
equation. Since we can estimate ξ1/ξ0 ∼ T/Tc in the quasi-
classical approximation, the practical parameter 1/(kFξ1) ∼
0.025 for 1/(kFξ0) = 0.005. Therefore our calculation using
the BdG equation gives values close to the value obtained by
the quasiclassical theory. The calculations shown in Fig. 2 are
also valid since sudden saturation owing to the level spacing

0/(kFξ0) does not appear at T = 0.1Tc. A rough standard
of the validity for a pure system is given by ξ1 � k−1

F , i.e.,
T/Tc � 
0/(kFξ0).

C. Impurity effects

In this subsection, we study the impurity effects using the
quasiclassical theory. The large charge density results from
the large energy gap in the bulk and the sharp slopes of the pair
potential around the core in the clean limit. Numerical results
for nonzero �n are shown in Figs. 5(a)–5(c). The scattering
of the bound states in the core leads to a gentle slope, i.e., a
larger ξ1, while the scattering in the bulk destroys the Cooper
pairs and reduces the energy gap, which correspondingly leads
to the longer healing length of the pair potential. In the case
of Lz = 2 both effects exist and reduce the vortex charge
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drastically. For Lz = 0, scattering effects on bulk quasiparti-
cles appear for relatively large �n/
0.

In the case of Lz = 1, the charge density is reduced because
of the suppression of the Kramer-Pesch effect by the scatter-
ing of the core states for weak �n, which is up to �n � 
0.
The energy gap in the bulk is robust against the impurity and
the decreasing behavior of the charge density is different from
that for Lz = 2. For strong �n, the mean free path becomes
shorter than the coherence length at zero temperature and the
practical coherence length becomes shorter as well [49–52].
This results in the sharp slope of the pair potential at the core
and leads to the enhancement of the vortex charge.

The recovery of the charge density can be seen also at T =
0.8Tc in Fig. 5(b). In this case, the Kramer-Pesch effects do
not appear and the initial slope monotonically increases with
increasing concentration of Born-type scatters. Correspond-
ingly the charge density increases, although the enhancement
is less than one order of magnitude.

In Fig. 5(c), we show how impurities affect the temperature
dependence of the charge density. Here we set 1/(kFξ0) = 0.1
and λTF/ξ0 = 0.01. For high temperature T � 0.5Tc, impurity
does not affect very much. This is because the charge density
and the coherence length are dominated by the bulk quasi-
particles, and they are robust because of Anderson’s theorem.
On the other hand, enhancement of the charge density and the
initial slope are suppressed by impurity scattering at low tem-
peratures as a result of the suppression of the Kramer-Pesch
shrinking [51]. In the low temperature, the initial slope is
dominated by the Andreev bound states, which are affected by
the Born-type scatterers. When �n > 
/(kFξ0), the Kramer-
Pesch shrinking is not determined by the discreteness of the
spectra but by impurity scattering, and thus the quasiclassical
approximation can be valid. This is also essential to discuss
the local density of states in the next subsection.

D. Local density of states

We finally investigate the local density of states. The
retarded Green’s function suffices for this purpose but
it is fully phase transformed as Ĝ

R
(�x1,�x2) ≡ eiI (�X ,�x1 )̂τ3

ĜR(�x1,�x2)e−iI (�X ,�x2 )̂τ3 for gauge invariant density of states. Its
Wigner representation is given by

ĜR(k, R; ω, T ) =
∫

d�xeiωt−ik·rĜR
(�x1,�x2), (33)

where �x = (r, ct ) = �x1 −�x2 and �X = (R, cT ) = (�x1 +�x2)/2.

The phase factor is defined by I (�X ,�x1) = e
c

∫ �X
�x1

d�s · �A(�s) with
�A(�s) = (−A(�s),�(�s)). The quasiclassical Green’s function is
defined by the ξk integration of ĜR(k, R; ω, T ):

ĝR(kF, R; ω, T ) =
∮

Cqc

dξk

iπ
ĜR(kF, R; ω, T ). (34)

The augmented Eilenberger equation is derived as follows:

[ωτ̂3 + σ̂ R, ĝR]� + ivvvF · ∂R̂gR + e

2c

[
c(vvvF · E )

(
−i

∂

∂ω

)
+ (vvvF × B)

(
i

∂

∂kF

)]
{̂τ3, ĝR} = 0. (35)

FIG. 6. Local density of states of an s-wave SC with a single
vortex at R = 0. Here g1 is assumed to be ḡ1, and the parameters are
shown in the main text.

The Moyal product in the first term does not have to be
changed since we consider the equilibrium case and the
time derivative does not affect. Note that the third term
appears for the phase factor in Eq. (33), which is absent
in the Matsubara formalism. We use the perturbative way
to solve Eq. (35) [30,35], where we obtain gR

1 using the
assumption that gR

1 = ḡR
1 . The difference between them does

not contribute to the asymmetry of the local density of
states if it is finite. The electronic local density of states are
defined by

νe(R, ω) = νn(ξF) 〈(gR − gA)(kF, R; ω)〉F

= 2νn(ξF)Re 〈(gR)(kF, R; ω)〉F . (36)

By defining the hole local density of states as νh(R, ω) =
−νn(ξF) 〈(ḡR − ḡA)(kF, R; ω)〉F, we obtain the charge density
as

ρ(R) =
∫

dω

2

[
νe(R, ω) tanh

ω + e�(R)

2T

− νh(R, ω) tanh
ω − e�(R)

2T

]
(37)

=
∫

dωνe(R, ω) tanh
ω + e�(R)

2T
, (38)

where we use νe(R, ω) = νh(R,−ω) in the last line.
We show asymmetric local density of states νe(R, ω). This

asymmetry causes the charged vortices, and the remaining
origin of the charging effects is the frequency shift by e� in
Eq. (38). We use the following parameters: T = 0.4Tc, �n =
0.05
0, 1/(kFξ0) = 0.01, and λTF/ξ0 = 0.01. We also use
the smearing factor to make Green’s functions retarded, i.e.,
ω → ω + iη, which is 0.001Tc for Lz = 1 and 2, and 0.05Tc

for Lz = 0. This large smearing factor is necessary for finite
spectral width of Lz = 0 because its low energy Andreev
bound states hardly broaden against Born-type impurities
[16–19]. Figure 6 shows that the energy spectrum at the origin
for Lz = 1 as an example, and it is clear that the spectral shift
should be smaller than the spectral width of the zeroth order
quasiclassical Green’s function when we use the perturbative
ways for the Green’s functions. For vanishingly small spectral
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FIG. 7. Local density of states around the single vortex with (a) Lz = 1, (b) Lz = 2, and (c) Lz = 0. Impurity strength �n/(π
0) = 0.05
for Lz = 1 and Lz = 2, while we utilize a larger smearing factor η/Tc = 0.05 for Lz = 0.

width, the zeroth order spectrum is given by the delta function
and the first order one is proportional to the derivative of the
delta function. Hence the perturbative approach does not work
and even leads to negative LDOS.

For those parameters, we show the local densities of states
for an s-wave SC and chiral p-wave SCs with a parallel and
an antiparallel vortex in Figs. 7(a)–7(c), respectively. Spectral
asymmetry with respect to ω appears explicitly for Lz = 1 and
2. Slightly larger spectral shift for Lz = 2 than for Lz = 1 is
obtained by the following reasons: (i) the larger total angular
momentum. (ii) Larger Kramer-Pesch effects because of the
presence of the induced component and smaller scattering
rate than that for Lz = 1 although the scattering rate in the
bulk is larger. As we mentioned, the perturbative approach
for spectral functions can be guaranteed whether the spectrum
has sufficiently large width compared with the spectral shift
owing to the quantum corrections. Therefore the validity of
the perturbative approach in a clean system at low temperature
for Lz = 2 is somewhat restricted compared with Lz = 1.
Although we have introduced the quasiclassical parameter
1/(kFξ0) as a perturbation parameter, it is modified owing
to the Kramer-Pesch effects: The core shrinking of the pair
potentials causes the larger gradient expansion terms since
1/ξ1 > 1/ξ0. The quantum corrections are larger in lower
energy regions and thus the robustness of weakly bound states
for Lz = 1 with energy near the superconducting gap does not
matter. On the other hand, the perturbative conditions become
more severe in chiral p-wave superconducting vortices. For
Lz = 0, the impurity scattering rates are extremely suppressed
in the vortex core. In this case, quantitative discussions are dif-
ficult because a relatively large smearing factor is introduced,
but we have a qualitative feature of no spectral shift at the
origin.

We should remark on the relation between the real fre-
quency formalism and the Matsubara frequency formalism
regarding the validity of the perturbative approach. When
we focus on the quasiclassical Green’s function describing
the Andreev bound states, low Matsubara frequencies at low
temperatures stands for the small width in the real frequency
formalism. Thus the limitation in the Matsubara formalism in
low temperature is related to the validity of the perturbative
method in real frequency formalism, in which the validity is
determined by whether the spectral width is sufficiently large
at the vortex core.

IV. SUMMARY

We have investigated the charging effects of single vortices
for an s-wave SC and a chiral p-wave SC and obtained the
following results: (I) We have reproduced the distinct two
vortices for the chiral p-wave SC, which was first found
using the BdG equation. We have explained the mechanism
of the uncharged vortex on the basis of the quasiclassical
equation with gradient expansions. (II) We have calculated
their temperature dependence and found that the distinction is
noticeable at low temperatures. In addition, we have clarified
that the charging effect for Lz = 2 is much larger than that
for Lz = 1 for the clean systems. The validity is confirmed
by comparing it with numerical results based on the BdG
theory. (III) We have also studied the impurity effects on
the charge densities. The larger charge for Lz = 2 is strongly
suppressed because the energy gap in the bulk is reduced and
correspondingly the coherence length becomes longer. This is
in contrast to Lz = 1 because of the Anderson’s theorem: A
small �n scatters the core states for Lz = 1 and reduces the
charge density as well as for Lz = 2. The coherence length of
the quasiparticles for Lz = 1 becomes shorter for large �n in
contrast to that for Lz = 2, which determines the spatial scale
in the core region and results in the recovery of the charge
density. (IV) The local densities of states have been calculated
using the electric field obtained in the Matsubara formalism.
We have found that the perturbative approach is valid when
the spectral shift is smaller than the spectral width. After all,
our perturbative approach using the augmented quasiclassical
theory effectively describes effects of quantum corrections
with caution about the validity of the perturbation. Particularly
the broadening of the bound-state spectra caused by such as
impurities is necessary, which stands for the difficulty for
Lz = 0.
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APPENDIX: FORCE BALANCE
IN ASYMPTOTIC REGION

The validity of our calculation can be seen from a force
balance relation. For simplicity we consider the force balance
in the asymptotic region from the vortex core where the
London equation holds. We develop the balance relation from
the London equation and the Euler equation by regarding
superconducting electrons as an ideal fluid at T = 0, which
are given by [53,54]

vvvs = − e

mc
A + ∇χ

2m
, (A1)

dvvvs

dt
= e

mc
[cE + vvvs × B]. (A2)

Equation (A1) stands for the gauge-invariant velocity of su-
perelectrons using the superconducting phase χ and vvvs forms
a velocity field. We utilize the vector identity (vvvs · ∇)vvvs =
∇(v2

s /2) − vvvs × (∇ × vvvs) and obtain

∂vvvs

∂t
= eE

m
− ∇

(
v2

s

2

)
+ vvvs ×

[
eB
mc

+ ∇ × vvvs

]
. (A3)

The third term gives the delta function resulting from the
rotation of the second term in Eq. (A1), and it does not
matter in the asymptotic region. We consider the equilibrium
case and let the time derivative be zero for the stationary
condition. Therefore we derive the balance relation between
the Bernoulli potential and the scalar potential:

∇ mv2
s

2
− eE = ∇

[
mv2

s

2
+ e�

]
= 0. (A4)

For R → ∞, both the Bernoulli potential and the scalar po-
tential are zero, and we find

mv2
s

2
= −e�. (A5)

Figure 8 shows these two potentials, which balance with
each other in the asymptotic region 100 � R/ξ0 � 101. We

FIG. 8. Force balance relation. The solid line is the Bernoulli
potential. The scalar potential is shown for four set of parameters
(Rmax, λTF ) by dashed lines, where Rmax and λTF represent the system
radius used when we solve the Poisson equation and the Thomas-
Fermi length. The purple dotted-dashed line shows the behavior of
x−2 for eye guide.

set T = 0.4Tc and �n = 0.05
0. The energy gap is reduced
by no more than 2% from 
0, and the impurity does not
affect in the asymptotic region of an s-wave SC. Here we
approximately estimate vvvs � j/(enn) with current density j =
−eνn(ξF)iπT

∑
n 〈vvvF(g0 − ḡ0)〉F. The scalar potential has fi-

nite size effects near the outer boundary R = Rmax. It also
depends on λTF/ξ0 in the core region R/ξ0 � 10−1, but effects
of λTF do not appear in the asymptotic region as expected
from the above argument. Since we do not consider the
magnetic field, the power-law decay of these two potentials
are obtained. The R dependence is given by R−2 because the
velocity induced by the phase winding is vvvs ∝ ∇χ = êθ R for
χ = θ . We also show the behavior of 1/(R/ξ0)2, which agrees
with the decay of the two potentials. Therefore we conclude
that the charge density obtained by our perturbative approach
is consistent with the physical picture obtained by the simple
argument on the force balance relation in the asymptotic
region.
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