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Impact of magnetic nanoparticles on the Casimir pressure in three-layer systems

G. L. Klimchitskaya,1,2 V. M. Mostepanenko,1,2,3 E. K. Nepomnyashchaya,2 and E. N. Velichko2

1Central Astronomical Observatory at Pulkovo of the Russian Academy of Sciences, Saint Petersburg 196140, Russia
2Institute of Physics, Nanotechnology and Telecommunications, Peter the Great Saint Petersburg Polytechnic University,

Saint Petersburg 195251, Russia
3Kazan Federal University, Kazan 420008, Russia

(Received 16 November 2018; published 22 January 2019)

The Casimir pressure is investigated in three-layer systems where the intervening stratum possesses magnetic
properties. This subject is gaining in importance in connection with ferrofluids and their use in various
microelectromechanical devices. We present general formalism of the Lifshitz theory adapted to the case of
ferrofluid sandwiched between two dielectric plates (walls). The Casimir pressure is computed for the cases
of kerosene- and water-based ferrofluids containing a 5% fraction of magnetite nanoparticles with different
diameters between silica glass walls. For this purpose, we have found the dielectric permittivities of magnetite
and kerosene along the imaginary frequency axis employing the available optical data and used the familiar
dielectric properties of silica glass and water, as well as the magnetic properties of magnetite. We have also
computed the relative difference in the magnitudes of the Casimir pressure which arises on addition of magnetite
nanoparticles to pure carrier liquids. It is shown that for nanoparticles of 20 nm diameter at 2 μm separation
between the walls this relative difference exceeds 140% and 25% for kerosene- and water-based ferrofluids,
respectively. An interesting effect is found that at a fixed separation between the walls an addition of magnetite
nanoparticles with some definite diameter makes no impact on the Casimir pressure. The physical explanation
for this effect is provided. Possible applications of the obtained results are discussed.
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I. INTRODUCTION

It has long been known that with decreasing distance be-
tween two adjacent surfaces the van der Waals [1] and Casimir
[2] forces come into play, which are caused by the zero-point
and thermal fluctuations of the electromagnetic field. These
forces are of common nature. In fact, the van der Waals force
is a special case of the Casimir force when the separation dis-
tance reduces to below a few nanometers, where the effects of
relativistic retardation are negligibly small. The theory of the
van der Waals and Casimir forces was developed by Lifshitz
and his collaborators [3,4]. In the framework of this theory,
the force value is expressed via the frequency-dependent
dielectric permittivities and magnetic permeabilities of the
boundary surfaces. For ordinary, nonmagnetic surfaces the
Casimir force through a vacuum gap is always attractive. If,
however, the gap is filled with a liquid, the Casimir force may
be repulsive if the dielectric permittivities of the boundary
surfaces and of a liquid satisfy some condition [3,4]. This is
the case of a three-layer system which suggests a wide variety
of different options.

By now many measurements of the Casimir force acting
through a vacuum gap have been performed between both
nonmagnetic (see Refs. [2,5,6] for a review) and magnetic
[7–10] materials. The attractive and repulsive forces in the
three-layer systems involving a liquid stratum were measured
as well [11–13]. The obtained results have been used to de-
vise various micro- and nanodevices actuated by the Casimir
force [14–24]. All of them, however, exploit the Casimir
force through a vacuum gap for their functionality. At the

same time, the so-called magnetic (or ferro) fluids [25], which
consist of some carrier liquid and the magnetic nanoparticles
coated with a surfactant to prevent their agglomeration, find
expanding applications in mechanical engineering, electronic
devices, optical modulators and switchers, optoelectronic
communications, biosensors, medical technologies, etc. (see
Ref. [26] for a review and, e.g., Refs. [27–30]). Among them,
from the viewpoint of Casimir effect, the applications of great-
est interest are in micromechanical sensors [31], microfluidics
[32,33], and microrobotics [34], where ferrofluids may be
confined between two closely spaced surfaces, forming the
three-layer system. Note, however, that the Casimir force in
systems of this kind, having a magnetic intervening stratum,
has not been investigated so far.

In this paper, we consider an impact of magnetic nanopar-
ticles on the Casimir pressure in three-layer systems, where
the magnetic fluid is confined in between two glass plates.
The cases of kerosene- and water-based ferrofluids are treated,
which form a colloidal suspension with magnetite nanoparti-
cles of some diameter d. The Casimir pressure in the three-
layer systems with a magnetic intervening stratum is calcu-
lated in the framework of the Lifshitz theory [2–4]. For this
purpose, we find the dielectric permittivity of kerosene and
both the dielectric and magnetic characteristics of magnetite
and ferrofluids at the pure imaginary Matsubara frequencies.

The computational results are presented for both the mag-
nitude of the Casimir pressure through a ferrofluid and for
the impact of magnetic nanoparticles on the Casimir pressure
through a nonmagnetic fluid. These results are shown as
function of separation distance between the plates and of
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a nanoparticle diameter. The effect of the conductivity of
magnetite at low frequencies on the results obtained is dis-
cussed. We show that the presence of magnetic nanoparticles
in the intervening liquid makes a significant impact on the
magnitude of the Casimir pressure. Thus, for the 5% fraction
of magnetic nanoparticles with 20 nm diameter in a kerosene-
based ferrofluid, at 2 μm separation between the walls, this
impact exceeds 140%. For a water-based ferrofluid under
the same conditions the presence of magnetic nanoparticles
enhances the magnitude of the Casimir pressure by 25%. An-
other important result is that at a fixed separation the presence
of magnetic nanoparticles of some definite diameter makes no
impact on the Casimir pressure. The physical reasons for this
conclusion are elucidated.

The paper organized as follows. In Sec. II, we present the
formalism of the Lifshitz theory adapted for a three-layer
system with magnetic intervening stratum. We also find the
dielectric permittivity and magnetic permeability of magnetite
along the imaginary frequency axis and include necessary
information regarding the dielectric permittivity of a colloidal
suspension. Section III contains evaluation of the dielectric
permittivity of kerosene and kerosene-based ferrofluids along
the imaginary frequency axis. Here we calculate the Casimir
pressure in such ferrofluids and investigate the role of mag-
netite nanoparticles in the obtained results. In Sec. IV the
same is done for the case of water-based ferrofluids. In Sec. V
the reader will find our conclusions and a discussion.

II. GENERAL FORMALISM FOR THREE-LAYER
SYSTEMS WITH MAGNETITE NANOPARTICLES

We consider a three-layer system consisting of two par-
allel nonmagnetic dielectric walls described by a frequency-
dependent dielectric permittivity ε(ω) and separated by a gap
of width a. The gap is filled with a ferrofluid having a di-
electric permittivity εff (ω) and magnetic permeability μff (ω).
The thickness of the walls is taken to be sufficiently large in
order that they could be considered as semispaces. This is the
case for the dielectric walls with more than 2 μm thickness
[35]. Then, assuming that our system is in thermal equilibrium
with the environment at temperature T , the Casimir pressure
between the walls can be calculated by the Lifshitz formula
[2–4]

P (a) = −kBT

π

∞∑
l=0

′
∫ ∞

0
k⊥dk⊥kff (iξl, k⊥)

×
∑

α

[
e2akff (iξl ,k⊥ )

r2
α (iξl, k⊥)

− 1

]−1

. (1)

Here, kB is the Boltzmann constant, ξl = 2πkBT l/h̄, where
l = 0, 1, 2, . . . , are the Matsubara frequencies, the prime on
the summation sign in l divides the term with l = 0 by 2, k⊥
is the magnitude of the wave vector projection on the plane of
walls, and

kff (iξl, k⊥) =
[
k2
⊥ + εff (iξl )μff (iξl )

ξ 2
l

c2

]1/2

. (2)

The reflection coefficients rα (iξl, k⊥) in our three-layer
system are defined for two independent polarizations of the

11 12 13 14 15 16
0

5

10

15

20

25

30

log10[ξ(rad/s)

ε(
iξ

)

Fe2O3

SiO2

ξ1

FIG. 1. The dielectric permittivities of magnetite nanoparticles
and silica glass are shown as functions of imaginary frequency by
the top and bottom lines, respectively. The vertical line indicates the
position of the first Matsubara frequency.

electromagnetic field: transverse magnetic (α = TM) and
transverse electric (α = TE). They are given by [2]

rTM(iξl, k⊥) = ε(iξl )kff (iξl, k⊥) − εff (iξl )k(iξl, k⊥)

ε(iξl )kff (iξl, k⊥) + εff (iξl )k(iξl, k⊥)
,

rTE(iξl, k⊥) = kff (iξl, k⊥) − μff (iξl )k(iξl, k⊥)

kff (iξl, k⊥) + μff (iξl )k(iξl, k⊥)
, (3)

where we have introduced the standard notation

k(iξl, k⊥) =
[
k2
⊥ + ε(iξl )

ξ 2
l

c2

]1/2

. (4)

As is seen from Eqs. (1)–(4), calculation of the Casimir
pressure in the three-layer system is straightforward if one
knows the dielectric and magnetic properties of all layers
described by the functions ε(iξl ), εff (iξl ), and μff (iξl ). The
dielectric permittivity ε(iξ ) of silica glass, considered in the
next sections as the material of walls, has been much studied
[2,36]. It is shown by the bottom line in Fig. 1 as the function
of ξ . Specifically, at zero frequency one has ε(0) = 3.801.
The ferrofluid is a binary mixture of nanoparticles plus a
carrier liquid. Here, we consider the dielectric and magnetic
properties of magnetite Fe3O4 nanoparticles, which make an
intervening liquid stratum magnetic.

The real and imaginary parts of the dielectric permittivity
of magnetite εm(ω) have been measured in Ref. [37] in the
frequency region from �1 = 2 × 1014 rad/s to �2 = 1.8 ×
1016 rad/s (i.e., from h̄�1 = 0.13 eV to h̄�2 = 12 eV). We
have extrapolated the measurement results of Ref. [37] for
Im εm(ω) to the region of lower frequencies ω < �1 by using
the imaginary part of the Debye permittivity,

Im εm(ω) = CD ωD ω

ω2
D + ω2

. (5)

The values of the two parameters CD = 24.02 and ωD =
2.05 × 1014 rad/s were determined from the condition of
smooth joining between the measured data and the Debye ex-
trapolation. An extrapolation to the region of higher frequen-
cies ω > �2 was done by means of the standard theoretical
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dependence

Im εm(ω) = C

(
�2

ω

)3

, (6)

where the experimental data at high frequencies lead to
C = 1.58.

Now we substitute Eqs. (5) and (6) in the right-hand side
of the Kramers-Kronig relation [2] and obtain

εm(iξ ) = 1 + 2

π
[I1(ξ ) + I2(ξ ) + I3(ξ )], (7)

where

I1(ξ ) = CDωD

∫ �1

0

ω2dω(
ω2

D + ω2
)
(ξ 2 + ω2)

,

I2(ξ ) =
∫ �2

�1

ωImεm(ω)

ξ 2 + ω2
dω, (8)

I3(ξ ) = C�3
2

∫ ∞

�2

dω

ω2(ξ 2 + ω2)
,

and Im εm(ω) in I2(ξ ) is given by the measurement data of
Ref. [37].

Calculating the integrals I1(ξ ) and I3(ξ ), one finds

I1(ξ ) = CDω2
D

ξ 2 − ω2
D

[
ξ

ωD

arctan
�1

ξ
− arctan

�1

ωD

]
,

I3(ξ ) = C�2
2

ξ 2

[
1 + �2

ξ
arctan

�2

ξ
− π

2

]
. (9)

Note that in the limiting case ξ/�2 � 1 one has

I3(ξ ) = 1

3
C

(
1 − 3

5

ξ 2

�2
2

+ 3

7

ξ 4

�4
2

)
, (10)

and, thus, I3(0) = C/3 ≈ 0.53. This is much smaller than
I1(0) = CD arctan(�1/ωD ) ≈ 18.38 and, as it follows from
numerical computations, than I2(0) ≈ 25.07. In such a man-
ner the region of high real frequencies gives only a minor
contribution to εm(0) = 29.0.

Using Eqs. (7) and (8) we have calculated εm as a function
of ξ . The computational results are shown by the top line in
Fig. 1. In the same figure, the position of the first Matsubara
frequency ξ1 at T = 300 K is indicated by the vertical line.
Note that in the region of very low frequencies ω � 103 Hz
the dielectric permittivity of magnetite increases significantly
together with its electric conductivity [38]. An increase of
Im εm(ω) at so low frequencies does not influence on the
values of εm(iξ ) in the frequency region shown in Fig. 1 and,
hence, on the values of εm(iξl ) with l � 1. The conductivity
of magnetite at low frequencies makes an impact only on
the term of Eq. (1) with l = 0 leading to εm(ξ ) → ∞ when
ξ → 0. Below in Secs. III and IV we consider both options
εm(0) = 29.0 and εm(0) = ∞ and adduce the arguments why
the former option is more realistic in computation of the
Casimir pressure.

To obtain the dielectric permittivity of the ferrofluid, εff ,
one should combine the dielectric permittivity of a carrier liq-
uid, εc, with the dielectric permittivity of magnetic nanoparti-
cles, εm, taking into account the volume fraction of the latter
� in the ferrofluid. The permittivity εc is discussed in Secs. III

and IV for different carrier liquids. The combination law, for
the case of spherical nanoparticles, is given by the Rayleigh
mixing formula [39], used here for ω = iξ :

εff (iξ ) − εc(iξ )

εff (iξ ) + 2εc(iξ )
= �

εm(iξ ) − εc(iξ )

εm(iξ ) + 2εc(iξ )
. (11)

Note that Eq. (11) is derived under the condition that the
nanoparticles diameter is d � λ, where λ is the characteristic
wavelength. In the region of separations a � 200 nm consid-
ered below, the contributing frequencies are ξ � 1016 rad/s,
which correspond to wavelengths λ � 180 nm. Thus, for
nanoparticles with d < 20 nm diameter the above condition is
largely satisfied. As mentioned in Sec. I, magnetic nanopar-
ticles may be coated with some surfactant to prevent their
agglomeration. Below we assume that the dielectric function
of the surfactant is close to that of the carrier liquid so that
ferrofluid can be considered as a mixture of two substances.

Now we consider the magnetic permeability of a ferrofluid
μff (iξl ). First of all it should be stressed that the magnetic
properties influence the Casimir force only through the zero-
frequency term of the Lifshitz formula [40]. This is because
at room temperature the magnetic permeability turns into
unity at much smaller frequencies than the first Matsubara
frequency. Thus, the quantity of our interest is

μff (0) = 1 + 4πχff (0), (12)

where the initial susceptibility of a paramagnetic (superpara-
magnetic) system is given by [41]

χff (0) = N
M2

3kBT
, (13)

where N = �/V , V = πd3/6 is the volume of a single-
domain nanoparticle, M = MSV is its magnetic moment, and
MS is the saturation magnetization per unit volume.

It was found that for nanoparticles MS takes a smaller
value than for a bulk material. Thus, for bulk magnetite MS ≈
460 emu/cm3 = 4.6 × 105 A/m [42], whereas for a single
magnetite nanoparticle MS ≈ 300 emu/cm3 = 3 × 105 A/m
[43]. Substituting Eq. (13) in Eq. (12), we arrive at

μff (0) = 1 + 2π2�

9

M2
Sd3

kBT
. (14)

From this equation with the volume fraction of nanoparti-
cles � = 0.05 one finds μff (0) ≈ 1.24 and 2.9 for magnetite
nanoparticles with d = 10 and 20 nm diameter, respectively.
These results do not depend on the type of carrier liquid.

III. IMPACT OF MAGNETITE NANOPARTICLES ON THE
CASIMIR PRESSURE IN KEROSENE-BASED

INTERLAYER

Kerosene is often used as a carrier liquid in ferroflu-
ids [44,45]. At present the dielectric properties of kerosene
have not been sufficiently investigated. We have applied
the measurement data for the imaginary part of the dielec-
tric permittivity of kerosene in the microwave [44] and in-
frared [46] regions and the Kramers-Kronig relation to ob-
tain the Ninham-Parsegian representation for this dielectric
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FIG. 2. The dielectric permittivities of kerosene- and water-
based ferrofluids with 5% concentration of magnetite nanoparticles
(lines 1 and 2, respectively) and of silica glass are shown as functions
of imaginary frequency normalized to the first Matsubara frequency.

permittivity along the imaginary frequency axis:

εc(iξ ) = 1 + B

1 + ξτ
+ CIR

1 + (
ξ

ωIR

)2 + CUV

1 + (
ξ

ωUV

)2 . (15)

Here, the second term on the right-hand side describes the
contribution to the dielectric permittivity from the orientation
of permanent dipoles in polar liquids. The values of B =
0.020 and 1/τ = 8.0 × 108 rad/s were determined from the
measurement data of Ref. [44] in the microwave region.
The third term on the right-hand side of Eq. (15) describes the
effect of ionic polarization. The respective constants CIR =
0.007 and ωIR = 2.14 × 1014 rad/s were found using infrared
optical data [46]. Taking into account that for kerosene the
optical data in the ultraviolet region are missing, the parame-
ters of the last, fourth term on the right-hand side of Eq. (15)
have been determined following the approach of Ref. [36]
with regard to the known value of the dielectric permittivity
at zero frequency, εc(0) = 1.8 [44]. As a result, the values of
CUV = 0.773 and ωUV = 1.0 × 1016 rad/s were obtained.

Now the dielectric permittivity εff (iξ ) of kerosene-based
ferrofluid with � = 0.05 (5%) volume fraction of magnetite
nanoparticles is obtained from Eq. (11) by substituting the
data of the top line in Fig. 1 for the dielectric permittivity of
magnetite εm(iξ ) and the dielectric permittivity of kerosene
εc(iξ ) from Eq. (15). The permittivity εff is shown as a func-
tion of ξ/ξ1 by the line labeled 1 in Fig. 2. In the same figure
the dielectric permittivity of SiO2 walls is reproduced by the
top line from Fig. 1 as a function of ξ/ξ1 in the frequency
region, which is important for computations of the Casimir
pressure (the line labeled 2 in Fig. 2 is discussed in Sec. IV).
The static dielectric permittivity of a ferrofluid, which is not
shown in the scale of Fig. 2, is equal to εff (0) = 2.035 if
the conductivity of magnetite nanoparticles is disregarded and
ε̃ff (0) = 2.084 if this conductivity is included in calculations.

Numerical computations of the Casimir pressure are per-
formed most conveniently by using the dimensionless vari-
ables

y = 2akff (iξl, k⊥), ζl = ξl

ωcr
≡ 2aξl

c
. (16)
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FIG. 3. The magnitudes of the Casimir pressure between SiO2

walls through a ferrofluid with 5% fraction of magnetite nanopar-
ticles are shown as functions of separation between the walls by
the pairs of solid and dashed lines labeled 1 and 2 for the kerosene
and water carrier liquids, respectively. Solid and dashed lines are
computed with disregarded and included conductivity of magnetite
at low frequencies, respectively. In each pair the lower line is for
nanoparticles with d = 10 nm diameter and the upper line is for
nanoparticles with d = 20 nm.

In terms of these variables Eq. (1) takes the form

P (a) = − kBT

8πa3

∞∑
l=0

′
∫ ∞

√
εff,lμff,l ζl

y2dy

×
∑

α

[
ey

r2
α (iζl, y)

− 1

]−1

, (17)

where εff,l = εff (iωcrζl ), μff,l = μff (iωcrζl ), and the reflec-
tion coefficients (3) are given by

rTM(iζl, y) =
εly − εff,l

√
y2 + (εl − εff,lμff,l )ζ 2

l

εly + εff,l

√
y2 + (εl − εff,lμff,l )ζ 2

l

,

rTE(iζl, y) =
y − μff,l

√
y2 + (εl − εff,lμff,l )ζ 2

l

y + μff,l

√
y2 + (εl − εff,lμff,l )ζ 2

l

. (18)

with a similar notation for εl = ε(iωcrζl ).
The magnitude of the Casimir pressure between two SiO2

walls through the kerosene-based ferrofluid was computed by
using Eqs. (17) and (18), where the dielectric permittivities of
SiO2 and of a ferrofluid are given by the top line and line 1 in
Fig. 2, respectively. The magnetic permeability of a ferrofluid
obtained from Eq. (14) at the end of Sec. II has been used.
The computational results are shown in Fig. 3 as functions
of separation by the pair of solid lines labeled 1, where the
lower and upper lines are for magnetite nanoparticles with
d = 10 and 20 nm diameter, respectively. (The pair of lines
labeled 2 is discussed in Sec. IV). Note that the dielectric
permittivities used in computations do not depend on the
nanoparticle diameter d, which influences the computational
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results exclusively through the static magnetic permeability of
the ferrofluid.

The solid lines in pair 1 are calculated with disregarded
conductivity of magnetite at low frequencies, i.e., by using
the static dielectric permittivity of a ferrofluid, εff (0) = 2.035.
The point is that the theoretical results obtained taking into
account the conductivity of dielectric materials at low fre-
quencies have been found to be in serious disagreement with
the experimental data of several measurements of the Casimir
force [2,5,47–52]. Moreover, the Casimir entropy calculated
with included conductivity at low frequencies was demon-
strated to violate the third law of thermodynamics, the Nernst
heat theorem, by taking nonzero positive value depending on
the parameters of the system at zero temperature [53–56].
Since the deep physical reasons for this experimental and the-
oretical conundrum remain unknown, here the computations
of the Casimir pressure are also performed taking into account
conductivity of magnetite at low frequencies.

The respective computational results are shown in Fig. 3
by the pair of dashed lines labeled 1. The lower and upper
dashed lines are computed using the same expressions as the
solid lines, but by using the static dielectric permittivity of
magnetite ε̃ff (0) = 2.084 for nanoparticles with d = 10 and
20 nm, respectively. As is seen in Fig. 3, accounting for
the conductivity of magnetite at low frequencies makes only
a minor impact on the Casimir pressure in the three-layer
system. Thus, for nanoparticles with d = 10 nm diameter
the pressures computed at a = 200 nm with disregarded and
included conductivity at low frequencies are equal to P =
−3.789 mPa and P̃ = −3.653 mPa. At a = 2 μm, corre-
sponding results are given by P = −2.24 × 10−3 mPa and
P̃ = −2.104 × 10−3 mPa. For magnetite nanoparticles with
d = 20 nm diameter the Casimir pressures computed with
disregarded and included conductivity at low frequencies are
P = −8.598 mPa and P̃ = −8.462 mPa at a = 200 nm and
P = −7.049 × 10−3 mPa and P̃ = −6.913 × 10−3 mPa at
a = 2 μm.

It is interesting to determine the relative impact of mag-
netite nanoparticles on the magnitude of the Casimir pressure
in a three-layer system. For this purpose we have computed
the quantity

δ|P | = |P | − |Pker|
|Pker| , (19)

where |Pker| is the magnitude of the Casimir pressure between
two SiO2 walls through a pure kerosene stratum with no
nanoparticles. The computational results for the quantity δ|P |
are shown in Fig. 4 as the functions of separation by the pairs
of lines labeled 1 and 2 for nanoparticles of d = 10 and 20
nm diameter, respectively. The solid and dashed lines in each
pair are computed with disregarded and included conductivity
of magnetite at low frequencies, respectively. As is seen in
Fig. 4, on addition of magnetite nanoparticles with d = 10 nm
diameter to kerosene, the magnitude of the Casimir pressure
decreases. However, on addition to kerosene of nanoparti-
cles with twice the diameter, the magnitude of the Casimir
pressure increases. Specifically, at a = 200 nm one obtains
δ|P | = −38.7% and 40.05% for nanoparticles with d = 10
and 20 nm if the conductivity at low frequencies is disregarded
in computations. If this conductivity is taken into account,

0.5 1.0 1.5 2.0

0

50

100

a (μm)

δ|P
|(%

)

2

1

FIG. 4. The relative change in the magnitude of the Casimir
pressure on addition of a 5% fraction of magnetite nanoparticles to
kerosene is shown as a function of separation by the pairs of solid
and dashed lines labeled 1 and 2 for nanoparticles with d = 10 nm
and 20 nm diameter, respectively. In each pair, the solid and dashed
lines are computed with disregarded and included conductivity of
magnetite at low frequencies, respectively.

the respective results are δ|P̃ | = −40.9% and 37.8%. The
relative impact of magnetic nanoparticles on the Casimir
pressure essentially depends on the separation between the
plates. Thus, at a = 2 μm, δ|P | = −22.0% and 147% for
nanoparticles with d = 10 and 20 nm if the conductivity of
magnetite is disregarded and δ|P̃ | = −26.8% and 142% for
the same respective diameters if the conductivity is included
in computations.

Next we consider the relative difference in the magnitudes
of the Casimir pressure on addition of magnetite nanoparticles
to kerosene, as a function of nanoparticle diameter. The com-
putational results are shown in Fig. 5 by the solid and dashed
lines computed with disregarded and included conductivity
of magnetite at low frequencies, respectively, for separation
between the walls (a) 200 nm and (b) 2 μm.

From Figs. 5(a) and 5(b) it is seen that, at both separa-
tions considered, the relative change in the magnitude of the
Casimir pressure is a monotonically increasing function of the
nanoparticle diameter d which changes its sign and takes the
zero value for some d. Thus, from Fig. 5(a) one concludes
that, at a = 200 nm, δ|P | = 0 for d = 16.6 nm if the con-
ductivity of magnetite at low frequencies is disregarded in
computations and for d = 16.8 nm if it is taken into account.
This means that at a = 200 nm an inclusion in kerosene
of nanoparticles with some definite diameter does not make
any impact on the Casimir pressure. According to Fig. 5(b),
a similar situation holds at a = 2 μm. Here, δ|P | = 0 for
d = 12.9 and 13.3 nm depending on whether the conductivity
of magnetite at low frequencies is disregarded or included in
computations.

The obtained results can be qualitatively explained by the
fact that for magnetic materials with μ > 1 the magnitude of
the Casimir pressure is always larger, as compared to materials
with μ = 1. On the other hand, the presence of magnetite
nanoparticles in kerosene influences its dielectric permittivity
in such a way that the magnitude of the Casimir pressure
decreases. These two tendencies act in opposite directions and
may nullify an impact of magnetic nanoparticles with some
definite diameter on the Casimir pressure.
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FIG. 5. The relative change in the magnitude of the Casimir
pressure on addition of a 5% fraction of magnetite nanoparticles
to kerosene is shown as a function of nanoparticle diameter by
the pairs of solid and dashed lines computed with disregarded and
included conductivity of magnetite at low frequencies, respectively,
for separation between SiO2 walls (a) 200 nm and (b) 2 μm.

IV. THE CASE OF WATER-BASED INTERLAYER

In this section we consider the Casimir pressure in a three-
layer system where the interlayer is formed by a water-based
ferrofluid. Water is of frequent use as a carrier liquid (see, e.g.,
Refs. [57–59]). The dielectric permittivity of water along the
imaginary frequency axis is well described in the oscillator
representation [60],

εc(iξ ) = 1 + B

1 + ξτ
+

11∑
j=1

Cj

1 + (
ξ

ωj

)2 + gj
ξ

ω2
j

, (20)

where the second term on the right hand-side of this equation
describes the contribution from the orientation of permanent
dipoles. Specifically, for water one has B = 76.8 and 1/τ =
1.08 × 1011 rad/s. The oscillator terms with g = 1, 2, . . . , 6
represent the effects of electronic polarization. The respective
oscillator frequencies belong to the ultraviolet spectrum: ωj =
1.25 × 1016, 1.52 × 1016, 1.73 × 1016, 2.07 × 1016, 2.70 ×
1016, and 3.83 × 1016 rad/s. The oscillator strength and
relaxation parameters of these oscillators are given by
Cj = 0.0484, 0.0387, 0.0923, 0.344, 0.360, 0.0383
and gj = 0.957 × 1015, 1.28 × 1015, 3.11 × 1015, 5.92 ×
1015, 11.1 × 1015, 8.11 × 1015 rad/s. The terms of
Eq. (20) with j = 7, 8, . . . , 11 represent the effects of
ionic polarization, and their frequencies belong to the in-
frared spectrum: ωj = 0.314 × 1014, 1.05 × 1014, 1.40 ×
1014, 3.06 × 1014, 6.46 × 1014 rad/s. The respective oscil-

lator strengths and relaxation parameters take the following
values: Cj = 1.46, 0.737, 0.152, 0.0136, 0.0751 and gj =
2.29 × 1013, 5.78 × 1013, 4.22 × 1013, 3.81 × 1013, 8.54 ×
1013 rad/s [60].

Using the dielectric permittivity εc of water (20) and the
dielectric permittivity of magnetite nanoparticles εm given by
the top line in Fig. 1, the permittivity εff (iξ ) of a water-based
ferrofluid with � = 0.05 fraction of nanoparticles is obtained
from Eq. (11). It is shown by the line labeled 2 in Fig. 2 as
a function of the imaginary frequency normalized to the first
Matsubara frequency. The dielectric permittivity of the water-
based ferrofluid at zero Matsubara frequency is equal to 77.89
if the conductivity of magnetite at low frequencies is disre-
garded and 93.97 if it is taken into account in calculations.

The magnitude of the Casimir pressure between two SiO2

walls through the water-based ferrofluid was computed sim-
ilarly to the calculation in Sec. III by using Eqs. (17) and
(18), and all respective dielectric permittivities and magnetic
permeabilities defined along the imaginary frequency axis.
The computational results are shown in Fig. 3 as functions of
separation by the pair of solid lines labeled 2, where the lower
and upper lines are computed for magnetite nanoparticles
with d = 10 and 20 nm diameter, respectively. Similar to
Sec. III, the conductivity of magnetite at low frequencies
was first disregarded. Then the computations were repeated,
taking into account conductivity. The obtained results are
shown by the pair of dashed lines labeled 2. As is seen in
Fig. 3, accounting for the conductivity of magnetite makes
only a minor impact on the Casimir pressure. Thus, for
d = 10 nm, a = 200 nm one obtains P = −19.82 mPa and
P̃ = −20.61 mPa with disregarded and included conductivity
of magnetite, respectively. At larger separation, a = 2 μm,
the corresponding results are P = −1.964 × 10−2 mPa and
P̃ = −2.043 × 10−2 mPa. For nanoparticles of d = 20 nm
diameter we find P = −24.62 mPa and P̃ = −25.42 mPa at
a = 200 nm and P = −2.444 × 10−2 mPa, P̃ = −2.524 ×
10−2 mPa at a = 2 μm.

The relative impact of magnetite nanoparticles on the
Casimir pressure in a three-layer system with a water inter-
layer can be calculated by Eq. (19), where |Pker| should be re-
placed with |Pwat| found for a pure water stratum sandwiched
between two SiO2 walls. The computational results are shown
in Fig. 6 as functions of separation by the lines labeled 1
and 2 for nanoparticles with d = 10 and 20 nm diameter,
respectively. As above, the solid and dashed lines in each pair
are computed with disregarded and included conductivity of
magnetite, respectively.

From Fig. 6 it is seen that, on addition of nanoparticles with
d = 20 nm diameter to water, the magnitude of the Casimir
pressure increases independently of whether the conductivity
of magnetite is disregarded or included in computations. The
same is true for nanoparticles of d = 10 nm diameter, but
only under the condition that the conductivity of magnetite
is taken into account. If the conductivity is disregarded for
nanoparticles with d = 10 nm (the solid line labeled 1), the
quantity δ|P | takes negative values over a wide separation
range, i.e., on addition of magnetite nanoparticles to water the
magnitude of the Casimir pressure becomes smaller.

At a = 200 nm one obtains δ|P | = −3.3% and 20.4% for
nanoparticles with d = 10 and 20 nm diameter, respectively,
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FIG. 6. The relative change in the magnitude of the Casimir
pressure on addition of a 5% fraction of magnetite nanoparticles to
water is shown as a function of separation by the pairs of solid and
dashed lines labeled 1 and 2 for nanoparticles with d = 10 and 20 nm
diameter, respectively. In each pair, the solid and dashed lines are
computed with disregarded and included conductivity of magnetite
at low frequencies, respectively.

and δ|P̃ | = 0.58% and 24.3% for the same respective diame-
ters. At a = 2 μm the corresponding results are the following:
δ|P | = 0.12% and 24.9%, and δ|P̃ | = 4.2% and 29.0%, for
d = 10 and 20 nm, respectively.

To conclude this section, we calculate the relative dif-
ference in Casimir pressures δ|P | for a water-based fer-
rofluid as a function of nanoparticle diameter. In Fig. 7

6 8 10 12 14 16 18 20
5

0

5

10

15

20

25

d (nm)

δ|P
|(%

)

6 8 10 12 14 16 18 20
0

5

10

15

20

25

30

d (nm)

δ|P
|(%

)

(b)

(a)

FIG. 7. The relative change in the magnitude of the Casimir
pressure on addition of a 5% fraction of magnetite nanoparticles to
water is shown as a function of nanoparticle diameter by the solid and
dashed lines computed with disregarded and included conductivity
of magnetite at low frequencies, respectively, for separation between
SiO2 walls (a) 200 nm and (b) 2 μm.

the computational results are presented by the solid and
dashed lines computed with disregarded and included con-
ductivity of magnetite, respectively, for separation be-
tween the walls a = 200 nm in Fig. 7(a) and a = 2 μm
in Fig. 7(b).

As can be seen in Fig. 7, for a water-based ferrofluid the
quantity δ|P | is again a monotonically increasing function of
nanoparticle diameter d which changes its sign for some value
of d. According to Fig. 7(a), at a = 200 nm the Casimir pres-
sure does not change on addition of magnetite nanoparticles
with d = 13 nm diameter to water if the conductivity at low
frequencies is disregarded. If it is included in computations,
the value of this diameter is reduced to d = 8.8 nm. If the sep-
aration distance between SiO2 walls is a = 2 μm, the addition
to water of magnetite nanoparticles with d = 9.8 nm diameter
does not make an impact on the Casimir pressure under the
condition that the conductivity of magnetite is disregarded. If
this conductivity is included in computations, the addition of
nanoparticles of any diameter to water influences the Casimir
pressure in the three-layer system. The qualitative explanation
of this effect is the same as that considered in Sec. III for
kerosene-based ferrofluids.

V. CONCLUSIONS AND DISCUSSION

In the foregoing, we have considered the Casimir pressure
in three-layer systems where the intervening stratum pos-
sesses magnetic properties. This subject has assumed impor-
tance in the context of ferrofluids and their extensive use in
micromechanical sensors and other prospective applications
discussed in Sec. I. Taking into account that the magnetic
properties of ferrofluids are determined by some fraction
of magnetic nanoparticles added to a nonmagnetic (carrier)
liquid, we investigated the impact of such nanoparticles with
different diameters on the Casimir pressure.

After presenting the general formalism of the Lifshitz the-
ory adapted to this case, we found the dielectric permittivity
and the magnetic permeability of magnetite nanoparticles
along the imaginary frequency axis on the basis of available
optical data. Specific computations were performed for the
kerosene- and water-based ferrofluids which are most com-
monly studied in the literature. For this purpose, we have
constructed the dielectric permittivity of kerosene using its
measured optical properties in the microwave and infrared
regions and employed the familiar representation for the di-
electric permittivity of water. These permittivities have been
combined with the permittivity of magnetite nanoparticles
by using the Rayleigh mixing formula to obtain the dielec-
tric permittivities of ferrofluids with 5% concentration of
nanoparticles.

The Casimir pressure was computed for three-layer sys-
tems, consisting of two parallel SiO2 walls with an inter-
vening stratum of either kerosene- or water-based ferrofluid,
as a function of separation between the walls. We also
computed the relative difference in the magnitudes of the
Casimir pressure, on addition of a 5% fraction of magnetic
nanoparticles to pure kerosene and water, as a function
of separation and nanoparticle diameter. It was shown that
this relative difference is rather large and should be taken
into account. As an example, for kerosene- and water-based
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ferrofluids with nanoparticles of 20 nm diameter sandwiched
between two SiO2 walls 2 μm apart, the relative change in the
magnitude of the Casimir pressure exceeds 140% and 25%,
respectively.

All computations were performed in the framework of two
theoretical approaches to the Casimir force developed in the
literature during the last twenty years and used for comparison
between experiment and theory. It turned out that both of these
approaches lead to fairly close predictions for the magnitudes
of the Casimir pressure in three-layer systems through a
ferrofluid interlayer. In doing so, theoretical predictions for
the relative change in the magnitude of the Casimir pressure
on addition of magnetic nanoparticles to a carrier liquid are
more sensitive to the approach used and may vary in the limits
of several percent.

An interesting effect found for three-layer systems with
a ferrofluid intervening stratum is that at fixed separation

between the walls an addition of magnetite nanoparticles with
some definite diameter to a carrier liquid makes no impact
on the Casimir pressure between SiO2 walls. The respective
diameters are found for both kerosene- and water-based fer-
rofluids. The quantitative physical explanation for this effect
is provided.

In conclusion, it may be said that the above results open
opportunities for precise control of the Casimir force in
three-layer systems with a magnetic intervening stratum,
which may be used in the next generation of ferrofluid-based
microdevices.
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