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Optical properties of single-wall carbon nanotubes (SWCNTs) for light polarized parallel to the nanotube
axis have been studied extensively, whereas their response to light polarized perpendicular to the nanotube
axis has not been well explored. Here, by using a macroscopic film of highly aligned single-chirality (6,5)
SWCNTs, we performed a systematic polarization-dependent optical absorption spectroscopy study. In addition
to the commonly observed angular-momentum-conserving interband absorption of parallel-polarized light,
which generates E11 and E22 excitons, we observed a small but unambiguous absorption peak whose intensity
is maximum for perpendicular-polarized light. We attribute this feature to the lowest-energy cross-polarized
interband absorption processes that change the angular momentum along the nanotube axis by ±1, generating
E12 and E21 excitons. Unlike previous observations of cross-polarized excitons in polarization-dependent
photoluminescence and circular dichroism spectroscopy experiments, our direct observation using absorption
spectroscopy allowed us to quantitatively analyze this resonance. Specifically, we determined the energy and
oscillator strength of this resonance to be 1.54 and 0.05, respectively, compared with the values for the E11

exciton peak. These values, in combination with a comparison with theoretical calculations, in turn led to an
assessment of the environmental effect on the strength of Coulomb interactions in this aligned single-chirality
SWCNT film.
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I. INTRODUCTION

Semiconducting single-wall carbon nanotubes (SWCNTs)
possess rich optical properties arising from one-dimensional
excitons with extremely large binding energies [1–10]. While
excitons that are active for parallel-polarized light have been
studied extensively over the past two decades, much less
has been understood about excitons excited by perpendicular-
polarized light. Such cross-polarized (or transverse) excitons
are predicted to exhibit strong many-body effects due to a sub-
tle interplay of quantum confinement, Coulomb interactions,
and electron-hole asymmetry [11–16].

Figure 1 schematically shows the lowest-energy allowed
interband optical transitions in a semiconducting SWCNT
[17]. For absorption of light polarized parallel to the nan-
otube axis, the band index is preserved in an allowed optical
transition (the E11 and E22 transitions). For light polarized
perpendicular to the nanotube axis, a transition can occur
when the subband index changes by 1 (the E12 and E21

transitions). As first pointed out by Ajiki and Ando [11], the
E12 and E21 absorption peaks are expected to be suppressed
because of the depolarization effect. However, subsequent
theoretical studies [12–14] taking into account the electron-
hole Coulomb interactions indicated that a small absorption
peak due to cross-polarized excitons should still appear.
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The E12/E21 transitions were first observed in polarized
photoluminescence excitation (PLE) spectroscopy studies on
individually suspended SWCNTs [18–20]; in [19], nanotubes
were suspended on a patterned silicon substrate, whereas
aqueous suspensions were used in [18,20]. By crossing the
polarization of the excitation beam with respect to that of
the collection beam, E11 photoluminescence due to reso-
nant absorption at the E12/E21 transition was observed. Fur-
thermore, a small peak, 200–300 meV redshifted from the
main E12/E21 peak, has been observed in polarized PLE
spectra [21], which can be understood as a transverse dark
exciton (created through strong electron-hole exchange in-
teraction) brightened by the finite asymmetry between the
conduction and valence bands [7,15,16]. More recently, in
circular dichroism (CD) studies [22–24], chirality-sorted nan-
otubes were further separated into enantiomers based on their
“handedness,” i.e., (6,5) and (5,6) SWCNTs. CD spectra for
enantiomer-sorted nanotubes showed peaks due to E12 and
E21 excitons. However, such cross-polarized exciton transi-
tions have never been directly identified in optical absorption
spectra. Therefore, quantitative characterization of E12/E21

excitons has remained elusive.
Here, we report the direct observation of cross-polarized

excitons by absorption spectroscopy. Specifically, we investi-
gated the polarization dependence of optical absorption in a
macroscopic film of aligned, single-chirality (6,5) SWCNTs.
As the angle between the polarization of the incident beam
and the nanotube alignment direction was increased from 0◦
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FIG. 1. Illustration of the lowest-energy allowed optical inter-
band transitions in a semiconducting SWCNT. The numbers shown
for the four subbands, two in the conduction band and two in the
valence band, are their subband indices. Eij (i = j ) denotes an
allowed optical transition for parallel (‖) polarization, whereas Eij

(i �= j ) indicates an allowed optical transition for perpendicular (⊥)
polarization.

to 90◦, a peak due to the E12/E21 excitons appeared and grew
in intensity at the expense of the usual parallel-polarized ex-
citons (E11 and E22). The energy of the E12/E21 exciton peak
was 660 meV higher than the E11 exciton peak and 250 meV
lower than the E22 exciton peak. Together with the nematic
order parameter of the aligned SWCNT film determined in
the same analysis, these polarization-dependent absorption
measurements allowed us to determine the oscillator strength
of the E12/E21 peak quantitatively.

II. SAMPLES AND EXPERIMENTAL METHODS

A. Preparation of an aligned single-chirality SWCNT film

We first prepared an aqueous suspension of extremely pure
(6,5) SWCNTs based on pH-controlled gel chromatography
[25,26]. SWCNTs purchased from Sigma-Aldrich (Signis
SG65i) were suspended in an aqueous solution of sodium
cholate (SC). After ultracentrifugation, the supernatant was
collected as an initial suspension. Sodium dodecyl sulfate
(SDS) was added to the suspension, which was used for a
two-stage gel chromatography process. In the first stage of gel
chromatography to separate the semiconducting SWCNTs by
a difference in chiral angle, the suspension was loaded onto
gel beads (GE Healthcare, Sephacryl S-200 HR) under a sur-
factant environment of 2.0% SDS and 0.5% SC, and the non-
adsorbed fraction containing (6,5) nanotubes was collected as
a filtrate. This filtrate was used for the second-stage process
to separate the semiconducting SWCNTs by a difference in
diameter and to remove residual metallic SWCNTs. Before
separation, the surfactant concentrations of the filtrate were
adjusted to 0.5% SDS and 0.5% SC. The pH of the solution
strongly influences the adsorption of residual metallic SWC-
NTs [26], and thus we used pH-adjusted surfactant solutions.
The pH-adjusted solutions were loaded on gel beads, and the
adsorbed (6,5) SWCNTs were eluted with a stepwise increase
of the concentration of sodium deoxycholate (DOC).
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FIG. 2. Absorbance spectrum in the near-infrared and visible
range for the (6,5)-purified aqueous suspension of SWCNTs with an
estimated chirality purity of 99.3%. See Appendix A for more details
on chirality purity determination.

Figure 2 shows an absorbance spectrum for a purified
(6,5) suspension in a cuvette with a 10-mm path length.
The assigned peaks are E11 (1.26 eV), E11 phonon sideband
(1.46 eV), E22 (2.17 eV), E22 phonon sideband (2.38 eV),
and E33 (3.58 eV). Small unresolved peaks due to residual
metallic nanotubes exist in the range of 2.6–3.1 eV. We
estimate the (6,5) chirality purity of the sample to be 99.2%
from this spectrum. See Appendix A for more details about
the method we used for chirality purity determination.

The obtained suspension after surfactant exchange was
poured into a 1-in. vacuum filtration system with an 80-nm-
pore filter membrane to obtain a wafer-scale film of aligned
SWCNTs [27]. The prepared suspension contained several
surfactants, including SC, sodium dodecylbenzenesulfonate
(SDBS), and DOC. To have a thick film of highly aligned
(6,5) SWCNTs, we needed to have a monosurfactant sus-
pension. Therefore, we used ultrafiltration to exchange the
mixed surfactants to 0.04% (wt./vol.) DOC. The surfactant
concentration was also adjusted to below the critical micelle
concentration of DOC through ultrafiltration, which is a nec-
essary condition for the controlled vacuum filtration technique
we used to prepare an aligned film [27]. The average length of
SWCNTs in the prepared suspension before vacuum filtration
was ∼200 nm.

The suspension was poured into a funnel with a poly-
carbonate filter membrane (Nuclepore track-etched polycar-
bonate hydrophilic membrane). The pressure underneath the
membrane was lowered by a mechanical vacuum pump con-
nected to the side arm of a side-arm flask. The filtration
speed was adjusted to a rate of 1–2.5 mL/h by controlling
the valves in the vacuum line. Near the end of the filtration
process, the filtration speed was accelerated to ∼10 mL/h.
In this procedure, the filtration speed was also important to
achieve spontaneous alignment [27]. The obtained circular
film had a diameter of ∼20 mm. The thickness of the film
gradually varied from the center (∼10 nm) to the circumfer-
ence (∼1 nm). This film was cut into four quadrants. One of
them was transferred onto a 1-mm-thick glass substrate by
dissolving the filter membrane in chloroform.
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FIG. 3. Illustration of the geometry of the polarization-
dependent transmission experiments performed on an aligned
SWCNT film. The incident beam is linearly polarized along the
horizontal axis, and the nanotube alignment direction is rotated from
the horizontal axis by angle β.

B. Polarization-dependent visible–near-infrared
absorption spectroscopy

We performed optical transmission measurements on the
prepared SWCNT film using linearly polarized light. Our
experimental setup consisted of a tungsten-halogen lamp
(Thorlabs, SLS201L), a Glan-Thompson polarizer, and two
spectrometers. One of the spectrometers covered a spec-
tral range of 520–1050 nm, utilizing a monochromator

(Horiba/JY, Triax320) equipped with a liquid-nitrogen-cooled
CCD camera (Princeton Instruments, Spec-10). The other
spectrometer, which covered a spectral range of 1050–
1550 nm, consisted of a monochromator (Princeton Instru-
ments, SP-2150) and a liquid-nitrogen-cooled 1D InGaAs de-
tector array (Princeton Instruments, OMA V InGaAs System).
Polarization dependence was achieved through changing the
polarization angle of the incident light beam by rotating the
polarizer. The light beam was focused down to 30 μm in
diameter by a 50× objective lens (Mitutoyo, M Plan NIR 50).

A schematic diagram of the experimental geometry is
shown in Fig. 3. The incident beam was polarized along the
horizontal direction. The angle between the nanotube align-
ment direction and the light polarization direction is denoted
by β throughout this manuscript. Polarization-dependent
transmittance (T ) spectra were taken with a step size of 5◦.
The measured spot was ∼1 mm away from the center of the
film, and the film thickness was ∼10 nm at that spot. We
calculated attenuation spectra through A = − ln (T ).

III. EXPERIMENTAL RESULTS

Figure 4(a) displays representative attenuation spectra for
polarization angles β = 0◦, 30◦, 45◦, 60◦, and 90◦. The spec-
tra are not intentionally offset. The observed peaks at 1.22
and 2.13 eV are due to the E11 and E22 exciton transitions,
respectively. These peaks are redshifted compared with the
suspension spectrum in Fig. 2 by ∼40 meV. The peak at
1.44 eV is the phonon sideband of the E11 exciton peak. No

FIG. 4. (a) Polarization-dependent attenuation spectra for the aligned (6,5) SWCNT film for polarization angles (β) of 0◦, 30◦, 45◦, 60◦,
and 90◦ with respect to the nanotube alignment direction. (b) Comparison of attenuation spectra for 0◦ (A‖, black line) and 90◦ (A⊥, red line).
A⊥ is multiplied by 3.2. They match except in the spectral region of E12/E21. (c) Comparison of the 0◦ (A‖) and 90◦ (A⊥) spectra. The blue
line indicates 3.2A⊥ − A‖. (d) A normalized spectral difference (3.2A⊥ − A‖)/A‖, which shows a prominent peak due to the E12/E21 exciton.
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FIG. 5. Spectral analysis for the polarization-dependent extinction spectra for the aligned (6,5) SWCNT film using Eq. (1) as the fit
function. The experimental spectra (black), overall fit (red dashed line), and individual components (blue lines) are shown for polarization
angles of (a) 0◦, (b) 45◦, (c) 60◦, and (d) 90◦.

other peaks are observed due to any residual semiconducting
chiralities within this energy range. As the polarization angle
β increases from 0◦ (parallel) to 90◦ (perpendicular), these
absorption peaks decrease in intensity.

The spectrum for perpendicular polarization (β = 90◦)
shows a new peak around 1.9 eV, which we assign to the
E12/E21 transition. As stated above, this transition is expected
for light polarized perpendicular to the nanotube axis (Fig. 1).
A closer look at the polarization-dependent spectra allowed us
to identify this peak in all spectra for polarization angles equal
to or larger than 60◦. Furthermore, it should be noted that this
peak exists even in the suspension spectrum shown in Fig. 2,
although peak assignment was impossible since the nanotubes
in the suspension are randomly oriented.

Figures 4(b)–4(d) compare the 0◦ (A‖) and 90◦ (A⊥)
spectra in more detail. In these figures, a polynomial baseline
was subtracted from each spectrum; see Sec. IV for more
details about this procedure. In Fig. 4(b), the red and black
curves represent A‖ and A⊥, respectively, where the A⊥
spectrum is multiplied by 3.2 so that the E11 peak coincides
in intensity between the two spectra. As a result, the two
spectra deviate from each other only in the spectral region
of the E12/E21 peak. In Fig. 4(c), A⊥ multiplied by 3.2 is
plotted in the upper (y > 0) plane, whereas A‖ is plotted in
the lower (y < 0) plane. The vertical dashed lines indicate
the positions of the E11 peak, the E11 phonon sideband peak,
the E12/E21 peak, and the E22 peak, respectively. The blue
curve is 3.2A⊥ − A‖, which is essentially zero everywhere
except for the E12/E21 feature since the E12/E21 feature only
appears in A⊥. Finally, Fig. 4(d) shows a spectral difference
(3.2A⊥ − A‖) normalized by A‖. In this spectrum, the effects
of the E11 peak, the E11 phonon sideband peak, and the E22

peak are nearly eliminated, leaving a pronounced single peak
due to the E12/E21 exciton.

IV. SPECTRAL ANALYSIS

To extract quantitative information from the obtained
polarization-dependent spectra, we performed spectral anal-
ysis. We fit each spectrum with a function consisting of
Lorentzians representing the absorption peaks and a polyno-
mial function representing the baseline:

A ≡ − ln(T ) =
3 or 4∑
n=1

an

(bn/2)2

(Eph − cn)2 + (bn/2)2
+

4∑
m=0

dmEm
ph,

(1)

where Eph is the photon energy, acting as the independent
variable, and an, bn, cn, and, dm are the fitting parameters. an,
bn, and cn are the peak amplitude, full width at half-maximum,
and peak position, respectively, of the nth peak, while dm is
the mth polynomial coefficient. We considered polynomials
of order up to m = 4. We performed fitting on all spectra with
polarization angles from −5◦ to 90◦ with a step size of 5◦. The
spectra from −5◦ to 30◦ were fit with a polynomial function
and three Lorentzians, to take account of the E11 peak, the E11

phonon sideband peak, and the E22 peak. The spectra from
35◦ to 90◦ were fit with four Lorentzians to take into account
the E12/E21 peak as well.

Figure 5 shows fitting results for the spectra for β = 0◦,
45◦, 60◦, and 90◦. The solid black lines are experimental
data. The dashed red lines indicate the overall fit functions.
The blue curves indicate the individual components of the fit
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FIG. 6. Detailed polarization dependence of the individual spectral components deduced from the fits: (a) E11 and E22, (b) E11 phonon
sideband, (c) E12/E21, and (d) polynomial baseline for polarization angles of 0◦, 30◦, 45◦, 60◦, and 90◦.

function. Note that the spectrum for 0◦ shown in Fig. 5(a) does
not contain the E12/E21 peak.

Figures 6(a)–6(d) plot the extracted polarization-dependent
spectra for the E11 peak, the E11 phonon sideband peak, the
E12/E21 peak, the E22 peak, and the polynomial baseline,
respectively. The shape of the baseline changes slightly with
the polarization angle. As the angle increases, the overall
intensities of the baseline, the E11 peak, the E11 phonon
sideband, and the E22 peak decrease, while the E12/E21 peak
grows in intensity. The peak widths of the E11 and E22 peaks
are ∼120 meV and ∼190 meV, respectively.

Finally, Figs. 7(a)–7(d) plot the integrated peak intensities
of the E11 peak, the E11 phonon sideband, the E22 peak, and
the E12/E21 peak, respectively, as a function of polarization
angle β. While the integrated intensities of the E11 peak,
the E11 phonon sideband, and the E22 peak decrease as the
polarization angle β increases, the integrated intensity of the
E12/E21 peak increases.

V. DISCUSSION

A. Nematic order parameter

Since the average length of SWCNTs (∼200 nm) is much
larger than the film thickness (<10 nm) in our sample, we
use the two-dimensional (2D) theory of the optical absorption
by an ensemble of anisotropic molecules, described in Ap-
pendix B 2, to discuss our experimental data. We assume that
the nanotubes’ angular distribution f (θ ) can be represented
by the following Gaussian function with θ = 0 as the align-
ment direction:

f (θ ) = 1

erf(π/
√

2σ )
√

2πσ 2
(e− θ2

2σ2 + e
− (θ−π )2

2σ2 ), (2)

where θ is the angle between the macroscopic alignment
direction and an individual nanotube and σ is the standard

deviation. Note that the nanotubes are distributed in an angular
range of 0 � θ � π , and f (θ ) is normalized in this range, i.e.,∫ π

0 f (θ )dθ = 1.
Figure 8 shows three examples of f (θ ) for the cases of σ =

25◦, 32◦, and ∞. When σ = 25◦ (shown as a black dashed
line), clear alignment along θ = 0 is observed. As σ increases,
the distribution function f (θ ) becomes flatter. Finally, when
σ → ∞, f (θ ) → 1/π as indicated by the black solid
line.

FIG. 7. Integrated peak intensity as a function of polarization
angle β extracted for (a) E11, (b) E22, (c) E11 phonon sideband, and
(d) E12/E21.

035426-5



FUMIYA KATSUTANI et al. PHYSICAL REVIEW B 99, 035426 (2019)

0.8

0.6

0.4

0.2

0.0

f(�
)

1801501209060300
 (°)

σ = 25

σ = 32

σ → ∞f(
θ

θ

)

FIG. 8. Simulated nanotubes’ angular distribution f (θ ), based
on Eq. (2). The three traces correspond to σ = 25◦, σ = 32◦, and
σ → ∞, respectively.

With the distribution function f (θ ) given by Eq. (2), the 2D
order parameter S, defined by Eq. (B30), can be calculated as

S =
∫ π

0
f (θ )(2 cos2 θ − 1)dθ

= e−2σ 2

2 erf(π/
√

2σ )

[
erf

(
π√
2σ

− i
√

2σ

)

+ erf

(
π√
2σ

+ i
√

2σ

)]
. (3)

Since S and σ have one-to-one correspondence, we can plot S

as a function of σ , as shown in Fig. 9(a). When σ → 0, S →
1, as expected. As σ increases, S monotonically decreases,
and finally when σ → ∞, S → 0.

When the polarization angle is β with respect to the
nanotube alignment direction (see Fig. 3), the absorption
coefficient for incident light with photon energy Eph is given
by

αabs(β ) = NEph

h̄cn0

(
α′′

1

∫ π

0 f (θ ) cos2(θ − β )dθ∫ π

0 f (θ )dθ

+ α′′
2

∫ π

0 f (θ ) sin2(θ − β )dθ∫ π

0 f (θ )dθ

)

= NEph

h̄cn0

(
α′′

1

∫ π

0
f (θ − β ) cos2(θ − β )dθ

+α′′
2

∫ π

0
f (θ − β ) sin2 (θ − β )dθ

)
, (4)

where N is the total number of SWCNTs, h̄ is the reduced
Planck constant, c is the speed of light, n0 is the refractive
index, and α′′

1 (α′′
2 ) is the imaginary part of the molecular

polarizability, α, of an individual SWCNT parallel (perpen-
dicular) to the tube axis. See Appendix B for more details.

We assume that the polarizability of an Eii transition
is parallel to the nanotube axis (ξ2D = 0◦) whereas that
of an Eij (i �= j ) transition is perpendicular to the nan-

FIG. 9. (a) Nematic order parameter S as a function of standard
deviation angle σ based on Eq. (3). (b) Nematic order parameter S

as a function of absorption ratio between parallel and perpendicular
polarization based on Eq. (9).

otube axis (ξ2D = 90◦), where ξ2D = tan−1 (
√

α
′′
1/α

′′
2 ) (see

Appendix B 2). Namely, to consider the E11 transition, we as-
sume ξ2D = 0◦, i.e., α′′

1 �= 0 and α′′
2 = 0. With the distribution

f (θ ) given by Eq. (2), the absorption coefficient for the E11

transition becomes

αabs,E11 (β ) = NE11

h̄cn0
α′′

1

∫ π

0
f (θ − β ) cos2(θ − β )dθ

= NE11

h̄cn0
α′′

1

[
1

2
+ e−2σ 2

4 erf(π/
√

2σ )

×
{

erf

(
π√
2σ

− i
√

2σ

)

+ erf

(
π√
2σ

+ i
√

2σ

)}
cos 2β

]
. (5)

Similarly, by assuming that ξ2D = 90◦, we obtain the absorp-
tion coefficient for the E12/E21 transition as

αabs,E12 (β ) = NE12

h̄cn0
α′′

2

∫ π

0
f (θ − β ) sin2(θ − β )dθ.

= NE12

h̄cn0
α′′

2

[
1

2
+ e−2σ 2

4 erf(π/
√

2σ )
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×
{

erf

(
π√
2σ

− i
√

2σ

)

− erf

(
π√
2σ

+ i
√

2σ

)}
cos 2β

]
. (6)

Therefore, when the light polarization is parallel to the
macroscopic alignment direction of the film, the absorption
coefficient of the E11 transition is given by

αabs,E11 (0◦) = NE11

h̄cn0
α′′

1

∫ π

0
f (θ ) cos2(θ )dθ

= NE11

h̄cn0

1 + S

2
α′′

1 . (7)

On the other hand, when the light polarization is perpendicular
to the alignment direction, the absorption coefficient of the
E11 transition is given by

αabs,E11 (90◦) = NE11

h̄cn0
α′′

1

∫ π

0
f

(
θ − π

2

)
cos2

(
θ − π

2

)
dθ

= NE11

h̄cn0

1 − S

2
α′′

1 . (8)

Hence, the absorption coefficient ratio between parallel and
perpendicular polarization is given by

αabs,E11 (0◦)

αabs,E11 (90◦)
= 1 + S

1 − S
. (9)

By reversing Eq. (9), we can express S in terms of the
absorption coefficient ratio as

S = αabs,E11 (0◦)/αabs,E11 (90◦) − 1

αabs,E11 (0◦)/αabs,E11 (90◦) + 1
. (10)

In Fig. 9(b), S is plotted as a function of αabs,E11 (0◦)/
αabs,E11 (90◦). When αabs,E11 (0◦)/αabs,E11 (90◦) = 1, there is no
anisotropy, meaning that S = 0. As the absorption ratio in-
creases, S increases. As αabs,E11 (0◦)/αabs,E11 (90◦) → ∞, S

asymptotically approaches 1.

B. Angular dependence of E11 and E12/E21

absorption intensities

When the reflection loss can be neglected, the quantity we
measured experimentally, i.e., the attenuation A = − ln (T ),
is directly proportional to the absorption coefficient. That
is, A = αabsl, where l is the film thickness. Therefore, the
experimentally determined E11 integrated peak intensity ratio
(A‖/A⊥) can be assumed to be equal to αe,E11 (0◦)/αe,E11 (90◦).
From Fig. 7(a), A‖/A⊥ is determined to be 3.2, which,
according to the plot in Fig. 9(b), corresponds to S = 0.52.
Accordingly, from Fig. 9(a) and Eq. (3), σ is determined to be
32◦. Figure 8 plots the angular distribution of nanotubes for
this case as a red solid curve.

Furthermore, we calculated the integrated intensity of the
E11 peak in the absorption coefficient as a function of po-
larization angle β for S = 0.52, as shown in Fig. 10 as a
black dashed line together with the experimental data (red
open circles). The calculated values are normalized by the
experimental value for 0◦. The observed angular dependence
is accurately reproduced by the theoretical curve, confirming

FIG. 10. Polarization angle dependence of the integrated inten-
sity of the E11 peak. Black dashed curve: theoretical calculation
assuming S = 0.52. Red open circles: experimental data. The ex-
perimental observation is well reproduced by the theoretical curve.
Blue dash-dotted curve: theoretical calculation assuming perfect
alignment, i.e., S = 1.

the overall correctness of our theoretical analysis. Finally, the
blue dashed-dotted line in Fig. 10 represents the angular de-
pendence of the E11 integrated absorption intensity calculated
assuming perfect alignment, i.e., S = 1.

C. Energy and oscillator strength of the E12/E21 transition

Figure 11 shows a parallel-polarization spectrum (β =
0◦) exhibiting the E11 and E22 peaks, together with a
perpendicular-polarization spectrum (β = 90◦) exhibiting the
E12/E21 peak, which were extracted from the raw experimen-
tal data through the spectral analysis described in Sec. IV.
The perpendicular-polarization spectrum was multiplied by
10. The energy position of the E12/E21 peak is 1.88 eV,
which is 1.54 times that of the E11 peak (1.22 eV) and 0.88
times that of the E22 peak (2.13 eV). Previously, the E12/E21

FIG. 11. Fit peak comparison of E11 and E22 for 0◦ and E12/E21

for 90◦. The E12/E21 peak is multiplied by 10.
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transition was observed through cross-polarized PLE experi-
ments [20] and circular dichroism measurements [23,24]. The
reported energies range from 1.88 to 1.93 eV. These fluctu-
ations can be attributed to the different dielectric constants
of the surrounding of the nanotubes studied under different
conditions [12,28]. Uryu and Ando calculated the energies of
the E11, E12/E21, and E22 peaks for SWCNTs as a function
of dielectric constant κ and diameter [12]. While we found
no single value of κ that simultaneously makes the three
calculated energies match the experimental values, we found
reasonable overall agreement when 1.8 < κ < 3.5. For SWC-
NTs suspended in air, a smaller value, κ ∼ 1.75, has been
reported through analysis of photoluminescence excitation
spectroscopy data [19], which is reasonable in light of the
influence of surrounding SWCNTs on each SWCNT in our
film.

We next discuss the oscillator strength ratio of the E12/E21

and E11 transitions. Directly from the traces presented in
Fig. 11, we can determine this ratio to be I12/I11 = 0.05.
Here, I11 (I12) is the integrated intensity of the E11 (E12/E21)
peak in the parallel-polarization (perpendicular-polarization)
spectrum. It is important to note that this ratio is independent
of S. This can be easily seen by comparing Eq. (7) and

αabs,E12 (90◦) = NE12

h̄cn0
α′′

2

∫ π

0
f

(
θ − π

2

)
sin2

(
θ − π

2

)
dθ

= NE12

h̄cn0

1 + S

2
α′′

2 . (11)

Namely,

αabs,E11 (0◦)

αabs,E12 (90◦)
= E11α

′′
1

E12α
′′
2

. (12)

By equating this ratio to I11/I12, we can also obtain the ratio
of the imaginary part of the molecular polarizability for per-
pendicular polarization at E12 to that for parallel polarization
at E11,

α′′
2

α′′
1

= E11

E12
× 0.05 = 0.03. (13)

Finally, we can also use the obtained value of I12/I11 =
0.05 to get a value for the dielectric constant, κ , through
a comparison with the theoretical calculations of this ratio
by Uryu and Ando [12]. The radiation power absorbed by a
nanotube can be expressed as

P‖ = 1
2σ ′

11D
2, (14)

P⊥ = 1
4σ ′

12D
2 (15)

for parallel and perpendicular polarizations, respectively.
Here, σ ′

11 (σ ′
12) is the real part of the optical conductivity

parallel (perpendicular) to the nanotube axis at Eph = E11

(Eph = E12), and D is the amplitude of the electric field of
light. Note that these expressions take into account the fact
that only the wave-number components ±2π/L (where L is
the nanotube circumference) of the incident light can excite
the E12/E21 transition, whereas only the zero-wave-number
component of the incident light can excite the E11 transition;
the inclusion of the ±2π/L components corresponds to the
simultaneous excitation of the E12 and E21 transitions [11].

Spectrally integrated and properly normalized values of σ ′
12

and σ ′
11 (and thus those of 2P⊥ and P‖) can be found in Fig. 7

of Ref. [12]. Hence, we compared the calculated ratio 2P⊥/P‖
with our experimental value 2I12/I11 = 0.10 and obtained
κ = 1.52. This value is slightly outside the range we deduced
from the peak energy consideration above (1.8 < κ < 3.5).
A better treatment of the surrounding dielectrics [28] as
well as inclusion of higher-order terms in the band-structure
calculation are needed to fully explain the experimental results
quantitatively.

VI. SUMMARY

We prepared a macroscopic film of highly aligned
single-chirality (6,5) SWCNTs and performed a
polarization-dependent optical absorption spectroscopy
study. In addition to the usual E11 and E22 exciton
peaks for parallel-polarized light, we observed a clear
absorption peak due to the E12/E21 exciton peak
for perpendicular-polarized light. Unlike previous
observations of cross-polarized excitons in polarization-
dependent photoluminescence and circular dichroism
spectroscopy experiments, our direct absorption observation
allowed us to quantitatively analyze this resonance. We
determined the energy of this peak to be 1.54 times that of
the E11 peak, and the oscillator strength of this resonance
to be 0.05 times that of the E11 peak. These values, in light
of theoretical calculations available in the literature, led to
an assessment of the environmental effect on the strength of
Coulomb interactions in this aligned single-chirality SWCNT
film.
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APPENDIX A: CHIRALITY PURITY DETERMINATION

To assess the chirality purity of our sample quantitatively,
we analyzed the absorption spectrum shown in Fig. 2 using the
method described in Ref. [29]. The spectrum is reproduced
in Fig. 12 with two spectral regions of interest expanded. In
region (i), we observe a shoulder, which we attribute to the
E11 peak of residual (9,1) SWCNTs. In region (ii), there are
three small peaks, which can be attributed to the E11 peaks
of metallic SWCNTs. Through line-fitting analysis shown in
Fig. 13, we determined the relative peak intensities of the
observed peaks, as summarized in Table I. From these values,
neglecting any (n,m) dependence of oscillator strength, we
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FIG. 12. Absorbance spectrum for the SWCNT suspension used
for making the film studied in this study. Two spectral regions of
interest—(i) and (ii)—are expanded in the bottom two panels.

can calculate the relative population of (6,5) SWCNTs to be
(41.652/41.981) × 100 = 99.2%.

APPENDIX B: OPTICAL ABSORPTION AND NEMATIC
ORDER PARAMETER OF AN ENSEMBLE OF

ANISOTROPIC MOLECULES

1. Three-dimensional case

Let us consider an ensemble of spheroidal molecules and
their anisotropic optical absorption properties. As shown in
Fig. 14(a), we define the molecular polarizability along the
long axis as α1 and the molecular polarizability along the short
axis as α2. θ is the angle between the alignment direction of
the ensemble and the long axis of the particular individual
molecule that we examine.

When an electric field is applied parallel to the alignment
direction [which is the z direction in Fig. 14(a)], the ex-
pectation value (i.e., the ensemble average) of the molecular
polarizability 〈α〉3D is given by

〈α〉‖,3D = α1〈cos2 θ〉 + α2〈sin2 θ〉
= α2 + (α1 − α2)〈cos2 θ〉, (B1)

where 〈cos2 θ〉 and 〈sin2 θ〉 are the expectation values of
cos2 θ and sin2 θ , respectively.

On the other hand, when the applied electric field is parallel
to the y axis in Fig. 14(a), that is to say, the electric field is per-
pendicular to the alignment direction, the average molecular

FIG. 13. Spectral fitting analysis performed to determine the
relative peak intensities of the E11 peaks of (6,5), (9,1), and metallic
SWCNTs in the sample.

polarizability 〈α〉⊥ is given by

〈α〉⊥,3D = α1〈cos2 γ 〉 + α2〈sin2 γ 〉
= α2 + (α1 − α2)〈cos2 γ 〉, (B2)

where γ is the angle between the electric field, which is
parallel to the y axis in Fig. 14(a), and the long axis of the
spheroidal molecule. Here, cos γ can be written as

cos γ = sin θ sin φ, (B3)

where φ is the angle between the x axis and the direction of
α1 projected onto the xy plane.

Now, 〈cos2 θ〉0, which is the expectation value of cos2 θ

when the molecules are randomly oriented, is given by

〈cos2 θ〉0 =
∫ π

0 cos2 θd�∫ π

0 d�
, (B4)

where d� is an infinitesimal solid angle, which is expressed as
2π sin θ dθ dφ. Hence, by substituting d� = 2π sin θ dθ dφ

into Eq. (B4), we obtain

〈cos2 θ〉0,3D =
∫ π

−π

∫ π

0 2π cos2 θ sin θ dθ dφ∫ π

−π

∫ π

0 2π sin θ dθ dφ
= 1

3
. (B5)

Similarly, 〈cos2 γ 〉0, which is the expectation value of cos2 γ

when the molecules are randomly oriented, is given by

〈cos2 γ 〉0 =
∫ π

−π

∫ π

0 2π cos2 γ sin θ dθ dφ∫ π

−π

∫ π

0 2π sin θ dθ dφ
= 1

3
. (B6)

TABLE I. Relative integrated peak intensities of the E11 peaks of
(6,5), (9,1), and metallic SWCNTs in the sample.

Chirality (6,5) (9,1) Metal 1 Metal 2 Metal 3 Total

Area 41.652 0.104 0.093 0.015 0.117 41.981
% 99.21 0.24 0.22 0.04 0.27 100
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FIG. 14. (a) An ensemble of spheroidal molecules in 3D space.
(b) Detailed illustration of a molecule in a 3D global coordinate
system. The alignment direction is along the z axis. (c) Schematic
of a 2D ensemble of carbon nanotubes. The alignment direction is
along the y axis.

The mean polarizability of randomly oriented spheroidal
molecules can thus be obtained, through substitution of
Eq. (B5) into Eq. (B1) or substitution of Eq. (B6) into
Eq. (B2), as

〈α〉0,3D = 1
3α1 + 2

3α2. (B7)

When the system is uniaxial, the distribution depends only
on θ . Since 〈cos2 γ 〉 does not depend on φ in this case,
〈cos2 γ 〉 is expressed as

〈cos2 γ 〉 = 1
2 (1 − 〈cos2 θ〉). (B8)

As a result, Eq. (B2) becomes

〈α〉⊥,3D = 1
2 [α1 + α2 − (α1 − α2)〈cos2 θ〉]. (B9)

Therefore, the average polarizability for an ensemble of ran-
domly orientated molecules in Eq. (B7) can be expressed in
terms of 〈α〉‖ and 〈α〉⊥ as

〈α〉0,3D = 1
3 〈α〉‖,3D + 2

3 〈α〉⊥,3D. (B10)

Here, we introduce the nematic order parameter, S, as
a normalized degree of alignment. Namely, we require that
S = 1 for a perfectly aligned ensemble and S = 0 for a
randomly oriented ensemble. S can be expressed as an average
of the long-axis distribution of the angle θ , which is the angle

between a nanotube and the macroscopic alignment direction.
For a three-dimensional (3D) system [30],

S3D = 1
2 (3〈cos2 θ〉 − 1) (B11)

satisfies the requirements above. By reversing Eq. (B11), we
obtain

〈cos2 θ〉 = 1
3 (2S3D + 1). (B12)

The average polarizabilities for parallel and perpendicular
electric fields, i.e., Eqs. (B1) and (B2), can then be written
in terms of S:

〈α〉‖,3D = 1
3 {α1 + 2α2 + 2S3D(α1 − α2)}, (B13)

〈α〉⊥,3D = 1
3 {α1 + 2α2 − S3D(α1 − α2)}. (B14)

Given the average molecular polarizability, we can now
obtain the susceptibility χ of the molecular ensemble as

χ = N〈α〉, (B15)

where N is the number of molecules. The absorption coeffi-
cient αabs for incident light with angular frequency ω is then
obtained by

αabs = ω

cn0
χ ′′ = Eph

h̄cn0
χ ′′

= NEph

h̄cn0
〈α′′〉, (B16)

where χ ′′ is the imaginary part of χ , Eph = h̄ω is the photon
energy of the incident light, c is the speed of light, h̄ is the
reduced Planck constant, n0 is the refractive index, and α′′ is
the imaginary part of the molecular polarizability, α. When
the molecules are randomly oriented, αabs can be obtained by
substituting Eq. (B7) into Eq. (B16), i.e.,

αabs,0,3D = NEph

3h̄cn0
(α′′

1 + 2α′′
2 ), (B17)

where α′′
1 (α′′

2 ) is the imaginary part of α1 (α2). Using
Eqs. (B13) and (B14), αabs,‖,3D and αabs,⊥,3D, which are the
absorption coefficients for parallel polarization and perpen-
dicular polarization, respectively, can then be written as

αabs,‖,3D = NEph

3h̄cn0
{α′′

1 + 2α′′
2 + 2S3D(α′′

1 − α′′
2 )}, (B18)

αabs,⊥,3D = NEph

3h̄cn0
{α′′

1 + 2α′′
2 − S3D(α′′

1 − α′′
2 )}, (B19)

respectively. From Eqs. (B17), (B18), and (B19), the follow-
ing relation can also be derived:

αabs,0,3D = 1
3αabs,‖,3D + 2

3αabs,⊥,3D. (B20)

When the reflection loss is negligible, the absorbance is
given as αabsl/ ln(10), where l is the sample thickness. There-
fore, the linear dichroism (LD) is written as

LD3D = l

ln(10)
(αabs,‖,3D − αabs,⊥,3D) (B21)

= NlEph

h̄cn0 ln(10)
S3D(α′′

1 − α′′
2 ). (B22)
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The reduced linear dichroism LDr is the linear dichroism
normalized by αabs,0,3Dl/ ln(10), where αabs,0,3D is given by
Eq. (B17) or Eq. (B20). Thus,

LDr
3D = 3(αabs,‖,3D − αabs,⊥,3D)

αabs,‖,3D + 2αabs,⊥,3D
. (B23)

Substituting Eqs. (B18) and (B19) here, we obtain

LDr
3D = 3S3D(α′′

1 − α′′
2 )

α′′
1 + 2α′′

2

. (B24)

Defining an angle ξ3D ≡ tan−1 (
√

α′′
1/2α′′

2 ),

LDr
3D = 1

2S(3 cos2 ξ3D − 1). (B25)

2. Two-dimensional case

We apply the above-developed 3D theory to an ensemble
of planar or 2D aligned nanotubes. As shown in Fig. 14(c),
we define the polarizability along the tube axis as α1 and the
polarizability perpendicular to the tube axis as α2. As before,
θ is the angle between the macroscopic alignment direction
and the individual nanotube under question.

The expectation value of the polarizability of this 2D
ensemble 〈α〉2D for an electric field parallel to the alignment
direction is given by

〈α〉‖,2D = α1〈cos2 θ〉 + α2〈sin2 θ〉
= α2 + (α1 − α2)〈cos2 θ〉, (B26)

and that for an electric field perpendicular to the alignment
direction is given by

〈α〉⊥,2D = α1〈sin2 θ〉 + α2〈cos2 θ〉
= α1 + (α2 − α1)〈cos2 θ〉. (B27)

When the nanotubes are randomly oriented, the expectation
value of cos2 θ is given by

〈cos2 θ〉0,2D =
∫ π

0 cos2 θ dθ∫ π

0 dθ
= 1

2
. (B28)

The mean polarizability of randomly oriented nanotubes can
then be obtained by substituting Eq. (B28) into Eq. (B26) or
Eq. (B27) as

〈α〉0,2D = 1
2α1 + 1

2α2. (B29)

The order parameter S in 2D is expressed as [31–33]

S2D = 〈2 cos2 θ − 1〉. (B30)

By reversing this equation, we obtain

〈cos2 θ〉 = 1
2 (S2D + 1). (B31)

The average polarizabilities for parallel and perpendicular
electric fields, obtained as Eqs. (B26) and (B27), respectively,
can then be expressed in terms of S2D as

〈α〉‖,2D = 1
2 {α1 + α2 + S2D(α1 − α2)} (B32)

and

〈α〉⊥,2D = 1
2 {α1 + α2 − S2D(α1 − α2)}, (B33)

respectively.

When the nanotubes are randomly oriented, the absorption
coefficient αabs can be obtained, by substituting Eq. (B29) into
Eq. (B16), as

αabs,0,2D = NEph

2h̄cn0
(α′′

1 + α′′
2 ), (B34)

where α′′
1 (α′′

2 ) is the imaginary part of α1 (α2). From
Eqs. (B32) and (B33), the absorption coefficients for parallel
and perpendicular polarizations are given, respectively, by

αabs,‖,2D = NEph

2h̄cn0
{α′′

1 + α′′
2 + S2D(α′′

1 − α′′
2 )} (B35)

and

αabs,⊥,2D = NEph

2h̄cn0
{α′′

1 + α′′
2 − S2D(α′′

1 − α′′
2 )}. (B36)

The absorption coefficient for randomly orientated nanotubes
is also expressed by

αabs,0,2D = 1
2αabs,‖,2D + 1

2αabs,⊥,2D (B37)

and

αabs,‖,2D

αabs,⊥,2D
= α′′

1 + α′′
2 + S2D(α′′

1 − α′′
2 )

α′′
1 + α′′

2 − S2D(α′′
1 − α′′

2 )
. (B38)

In a manner similar to the 3D case, the linear dichroism is
expressed as

LD2D = l

ln(10)
(αabs,‖,2D − αabs,⊥,2D) (B39)

= NlEph

2h̄cn0 ln(10)
S2D(α′′

1 − α′′
2 ). (B40)

The reduced linear dichroism LDr is given by

LDr
2D = 2(αabs,‖,2D − αabs,⊥,2D)

αabs,‖,2D + αabs,⊥,2D
. (B41)

Substituting Eqs. (B35) and (B36) here, we obtain

LDr
2D = 2S2D(α′′

1 − α′′
2 )

α′′
1 + α′′

2

. (B42)

Defining an angle ξ2D ≡ tan−1 (
√

α′′
1/α′′

2 ),

LDr
2D = 2S2D(cos2 ξ2D − 1). (B43)

Finally, we consider absorption coefficients for two cases:
(i) ξ2D = 0◦ (α′′

1 �= 0, α′′
2 = 0), and (ii) ξ2D = 90◦ (α′′

1 = 0,
α′′

2 �= 0). In these cases, αabs,‖, αabs,⊥, αabs,‖/αabs,⊥, and LDr

are expressed as follows:
(i) ξ2D = 0◦ (α′′

1 �= 0, α′′
2 = 0):

αabs,‖,2D = NEphα
′′
1

2h̄cn0
(1 + S2D), (B44)

αabs,⊥,2D = NEphα
′′
1

2h̄cn0
(1 − S2D), (B45)

αabs,‖,2D

αabs,⊥,2D
= 1 + S2D

1 − S2D
, (B46)

LDr
2D = 2S2D. (B47)
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(ii) ξ2D = 90◦ (α′′
1 = 0, α′′

2 �= 0):

αabs,‖,2D = NEphα
′′
2

2h̄cn0
(1 − S2D), (B48)

αabs,⊥,2D = NEphα
′′
2

2h̄cn0
(1 + S2D), (B49)

αabs,‖,2D

αabs,⊥,2D
= 1 − S2D

1 + S2D
, (B50)

LDr
2D = −2S2D. (B51)
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