PHYSICAL REVIEW B 99, 035304 (2019)

Projector-based renormalization approach to electron-hole-photon systems
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We present an extended version of the projector-based renormalization method that can be used to address not
only equilibrium but also nonequilibrium situations in coupled fermion-boson systems. The theory is applied
to interacting electrons, holes, and photons in a semiconductor microcavity, where the loss of cavity photons
into vacuum is of particular importance. The method incorporates correlation and fluctuation processes beyond
mean-field theory in a wide parameter range of detuning, Coulomb interaction, light-matter coupling, and
damping, even in the case when the number of quasiparticle excitations is large. This enables the description of
exciton and polariton formation and their possible condensation through spontaneous phase symmetry breaking
by analyzing the ground-state, steady-state, and spectral properties of a rather generic electron-hole-photon
Hamiltonian, which also includes the coupling to two fermionic baths and a free-space photon reservoir.
Thereby, the steady-state behavior of the system is obtained by evaluating expectation values in the long-time
limit by means of the Mori-Zwanzig projection technique. Tracking and tracing different order parameters, the
fully renormalized single-particle spectra and the steady-state luminescence, we demonstrate the Bose-Einstein

condensation of excitons and polaritons and its smooth transition when the excitation density is increased.
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I. INTRODUCTION

Semiconductor microcavity systems with quantum well
potentials have created fascinating possibilities with regard
to the formation of diverse condensed phases [1,2]. These
condensates constitute a macroscopic, long-range quantum
phase-coherent state that exhibits unconventional transport
and luminescence properties in particular. Coupled electron-
hole-photon (e-h-p) systems have led to very early specula-
tions about a Bose-Einstein condensation of excitons, i.e., of
electron-hole pairs formed by the attractive Coulomb interac-
tion, at low but sufficient large particle densities [3].

While the short lifetime of optically generated excitons
seems to be a serious problem establishing a Bose-Einstein
condensate (BEC) in bulk semiconductors, such as Cu,O,
even in potential traps [4], quantum wells realized in layered
semiconductors significantly reduce the rate at which elec-
trons and holes recombine into photons (albeit there is not yet
compelling evidence for an exciton BEC in these systems). In-
creasing the excitation density, phase-space (Pauli-blocking)
and Fermi-surface effects become important and, as a result,
the exciton BEC may cross over into an e-h BCS phase [5,6].
In response to a specific electronic band structure, such as
those near a semiconductor-semimetal transition, the exciton
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condensate can also exist in equilibrium whereby it typifies an
excitonic insulator phase [7-9].

Of course the e-h-p system is also influenced by its
interaction with the surroundings. In the case of a semi-
conductor microcavity the loss of cavity photons into the
vacuum space is of particular importance. This means that
the microcavity system is essentially in a nonequilibrium
state. To maintain the system in a stationary quasiequilibrium
state one has to supply continuously electrons and holes to
the e-h-p system which compensates the decay of photons
into the environment. Unfortunately, however, only for low
excitation densities, when photon effects are still irrelevant,
the properties of the e-h-p system reduce to the equilibrium
physics. At large excitation density, the photonic effects play
a predominant role, and the condensate turns from excitonic
to polaritonic. Polaritons in semiconductor microcavities have
also been observed to exhibit BEC [1,10]. At even higher ex-
citation densities, the excitonic component saturates, whereas
the photonic order parameter continues to increase. Here, the
relationship between a polariton BEC and photon lasing has
to be clarified [11,12].

The main objective of this paper is to describe both the
equilibrium and the nonequilibrium properties of the e-h-p
system on an equal footing. To this end, we employ a minimal
model for the e-h-p gas that includes attractive interactions
between electrons and holes as well as between cavity photons
and electron-hole excitations [13—17]. Moreover the decay of

©2019 American Physical Society


http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.99.035304&domain=pdf&date_stamp=2019-01-08
https://doi.org/10.1103/PhysRevB.99.035304

KLAUS W. BECKER, HOLGER FEHSKE, AND VAN-NHAM PHAN

PHYSICAL REVIEW B 99, 035304 (2019)

cavity photons to an external vacuum and the pumping from
two fermionic baths to the electrons and holes of the e-h-p sys-
tem are taken into account. The major difficulty results from
the lack of reliable techniques to tackle such a model in the
whole parameter regime. So far most theoretical approaches
[18-21] have addressed the equilibrium properties separately
from those of the steady state [22—24]. Only recently a steady-
state framework [25,26] based on a nonequilibrium Green’s
function approach [13,14] was formulated which allows us
to treat equally the equilibrium BEC and BCS phases at low
excitation densities just as the nonequilibrium state at high
excitation densities.

In this work, we utilize an alternative theoretical tool, the
projector-based renormalization method (PRM) [27-29]. The
PRM was applied before exclusively to equilibrium phenom-
ena and also to describe the equilibrium properties of e-h-p
systems [30] at small-to-moderate excitation densities, where
the leakage of photons to the vacuum is not important. We
show that the PRM can be extended to nonequlibrium situa-
tions and applied to the model under consideration even in the
case when the number of excitations is large. Here, the steady-
state properties can be found from time-dependent expectation
values for long times which will be evaluated by means of the
Mori-Zwanzig projection technique. Thereby, in contrast to
the work [25,26], the PRM incorporates fluctuation processes
beyond mean field theory for all excitation densities. This
allows us to address the great variety of e-h-p condensation
phenomena mentioned above.

The paper is organized as follows. In Sec. II we intro-
duce our theoretical model for a pumped-decaying exciton-
polariton system and briefly discuss its adaption to a steady-
state situation. Since the present theoretical study is based
on the PRM, we outline this technique and its improvements
in Sec. III. More details of the PRM approach can be found
in the Appendices A—C. The steady-state expectation values
are evaluated in Sec. IV, the single-particle spectral function
in Sec. V, and the steady-state luminescence in Sec. VI.
Finally, in Sec. VII some characteristic numerical results will
be presented and discussed. Section VIII contains a brief
summary and our main conclusions.

II. MODELING OF PUMPED-DECAYING
EXCITON-POLARITON SYSTEMS

As a typical example of an e-h-p system we will consider
electrons and holes, confined in a semiconductor quantum
well structure, are exposed to photons, entrapped in a micro-
cavity. In such a setup Bose-Einstein condensates of bound
electron-hole pairs (excitons) and polaritons may appear,
which possibly can cross over into a BCS-like coherent state
under quasiequilibrium conditions at high particle densities, in
case the quasiparticle lifetime is larger than the thermalization
time [26]. In general, however, these systems are driven out of
equilibrium by coupling to multiple baths, and such nonequi-
librium electron-hole condensates in the solid state are subject
to dissipation, dephasing, and decay. Therefore pump and loss
channels have to be taken into account. In the following we
introduce appropriate microscopic models for the system and
for the reservoirs to which it is coupled in order to include
these effects.

A. System Hamiltonian

Our starting point is the e-h-p Hamiltonian [11,30] of an
isolated semiconductor quantum-well/microcavity system,

Hs = Hos + Herph + Hetel (D
with

Hos = Z Eebky + ZéﬁhThk + Zw‘ll/’ Vo @

Hetph = Z (&g g + Heell, 3)

mm=—ﬁ2ﬁm%, )

describing free particles (electrons created by ¢é ek, holes by hT,

and photons by 1}5), the coupling (cxg) of electron-hole pairs
to the radiation field, and the local Coulomb interaction (o<

U) between electrons (density operators gy = Zkl él +k]ék])

and holes (3 = "} Iy +k1h ), respectively. In Ho s, & (3
denotes the dlspersmn of electrons (holes),
D
» E,+4D
& = —Zthoski +gT =&, (5)

1
where D is the dimension of the hypercubic lattice, ¢ is
the particle transfer amplitude between neighboring sites, E,
gives the minimum distance (gap) between the bare electron
and hole bands, and & = sﬁ is set for simplicity. The photon

field is characterized by

g =/ (cq)* + @7 6)

with the zero-point cavity frequency ..

B. Coupling to reservoirs

Next we model the coupling of the e-h-p system, being
an open quantum system in reality, to its environment. In
the first place, two pumping baths for electrons and holes
made possible the injection of free fermions into the system.
In addition, the cavity photons are connected to a free-space
photon reservoir, allowing for a leakage of photons into the
surroundings. To maintain a steady state, the loss of cavity
photons to the external reservoir must be compensated by
bringing in fermionic carriers. Then for the total system the
following Hamiltonian seems to be adequate

H = Hs + Hr + Hsr. @)
where 7—25 is given by Eq. (1), and 7—V£R and ’}—V[SR are defined as:

i = 2y Phghen + 20y Dybin + 25 By

®)
7:[51{2—2 kbep—I-HC)
1 .
+x > (Tiphl by —p + He)
kp
1
+ 2 (P vide + He). ©)
qp
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Hg is the Hamiltonian for the two fermionic baths and the
free-space photon reservoir which are interacting with the e-h-
p system via Hgg. The quantities bg"), and b;l':, are the fermion
creation/annihilation operators of the two pumping baths, and

(an(,') are the boson creation and annihilation operators of the

free-space photons. Finally, Ff{"f’ and Ffﬁ, in Eq. (9) are the
coupling constants between the system and the respective
reservoirs. Let us also define the particle number of the total

system by
1 . Vi viv
N =2 D @Géc+Inho + 3 I
k q
5 D (Bl ybep+ B ybip) + 3 Gigp.  (10)
P P

which is a constant of motion [7:[ N1=0.

We maintain that the total system in a nonequilibrium
situation evolves under Hamiltonian H = Hs + Hr + Hsr-
Thereby Hs is “simple” in the sense that it can be diago-
nalized, even though many-body aspects due to the presence
of 7—V£e]_e] and ’}-Vlel_ph require a special treatment. 7-VtSR is re-
sponsible for the nonequilibrium situation since it governs
the pumping and damping of electrons and holes and the
leakage of photons into the free space. Note that Hgg is not
translationally invariant.

We now assume that ’;‘—VLSR vanishes for times ¢ < tj, where
tp — —oo might be used as a suitable starting point. That is,
before at ¢y the interaction 7—VISR is turned on, the reservoirs and
the e-h-p system are in separate thermal equilibrium states.
Then the state of the total system is described by a product of
the e-h-p system density operator pg and the reservoir density
operator gr

B0 = Pry——-c0 = Ps PR, an

where s commutes with Fs. To simplify the considerations
we suppose the electronic baths and the external photon
reservoir to be huge compared to Hs. As a result, in the steady
state the two electronic baths remain in thermal equilibrium,
even when they are coupled to the e-h-p system. Similarly
the free-space photons act as a reservoir for cavity photons
escaped from the e-h-p system.

Below, the task is to evaluate time-dependent expectation
values of observables A for times 7 > to,

(A@) = Tr[po A1, (12)

when the system has approached a steady state. Therefore
we use the Heisenberg picture, in which the time dependence
of A is governed by the full Hamiltonian #, and g is time
independent. Note that gy and # do not commute. This
property causes the genuine time dependence of expectation
values (12). Being tz some internal relaxation time, for times
t > 1 the system is expected to merge into a periodically
driven steady state and remembers no longer its initial state.

C. Steady-state description

Now let us consider a steady-state situation in which both
loss and pump processes are spatially homogenous with a

coherent photon field that is only formed for q = 0. For large
times, the steady state will evolve according to

(Wi @) = 8q0 (i) €™, (13)
(@R O@) = dyf e, (14)

(kW) = ng, (15)
(o)) = n"y, (16)

where the quantities (t/f:)r), dy, ny, and n x are time inde-
pendent and—together with yu—are subject to the evaluation
below. Ansatz (13)—-(16) implies that the dynamics of certain
variables is captured on a rotating frame with a frequency u,
where in the steady state (1//3 ), dy, ny, and n" x become time
independent [16].

In the first evaluation step the explicit time dependence in
(1}]1 (1)) and ((éltlvzik)(t)) will be eliminated. This is achieved
by performing a time-dependent gauge transformation:

—iuNt ( éT

(elia hT_k? I//g) =e ’ }vlT_ka ‘(Zl:;)eiﬂj\/-t

— (e—t(u,/Z)téT e—z(u/Z)ti,’lT_k’e—i;Lt,J/;)’ (17)

(b g D)y 0) = €N B4 B o g €

e.p’

— (e—z(p_/2)szyp’ e_lw/Z)lb;p»e_mz(bli)'

(18)
Let us look at an example: The equation of motion for the
operator %li(t) reads (d/dt)lﬁi(t) = (i/h)[?—vl, @i](t). Going
over from l/vfli to the new variable wli = 1:0]1 e~ "M the equation

for (1) becomes (d/dt)y (1) = (i/mIH — uN, ¥ 1(1).

Thus, using the following replacements

e = & — %u, wq = Bg — 1, (19)

(o = e, h), the exphclt time dependences in Egs. (13) and (14)
dlsappears Following the equations of motion of the variables

ek, hk, wq, we therefore introduce a Hamiltonian,
H=H-—uN, Q1)
where both parts on the right hand side keep their
operator form when written in the new variables. Note that
replacements (19) and (20) only apply to the time dependence
of A(t) in Eq. (12) (Heisenberg picture) but not to the density
operator gy, which keeps its operator form in the expressed by
the variables without”symbols, and will be called py. The total

particle number N, written in the variables e;r(, hl , 1qu has the
same operator form as in Eq. (10) and obeys [H, N] = 0.
Thus the total particle flux d(N')/dt = O disappears, which
means that a change of the particle numbers of the e-h-p
subsystem and the electronic reservoirs must be balanced by
a change of the free space photons.

We wish to stress that only in thermal equilibrium the
quantity p will turn out to act as a chemical potential. For
time-dependent problems, such as the considered open e-h-p
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system, the dynamics is captured on a rotating frame with the
frequency w. Thereby w is a given parameter which has to be
fixed in a steady state [16].

D. Total Hamiltonian

With the above transformations and replacements the total
Hamiltonian # takes the form:

H = Hs + Hr + Hsr, (22)
where Hg describes the interacting e-h-p subsystem
Hs =Ho+He +Hy + Hu, (23)

with
Ho= epele+ > athlyh  + Y wqilvg. (24
k k q

He=) (Aefh!y +He) +VNTy) +He), (29
k

My =——= (el phl ¥y +He), (26)
\/_ kq
U
v=-v > el e My i, 27)
ki kok

Here, the first term H, of Hg is diagonal, whereas the second
part H. is nondiagonal and contains infinitesimally small
external fields A = 0T and I" = 0", which are introduced to
account for possible ground-state phases with broken gauge
symmetry. As shown below, in the course of the renormal-
ization procedure, the fields A and I take over the role of
order parameters for the exciton and photon condensates.
Finally, the terms H, and Hy in Egs. (26) and (27) stand
for the interactions between excitons and photons and for the
Coulomb attraction between electrons and holes.

The remaining terms in Eq. (22) are the reservoir Hamil-
tonian Hr and the interaction Hamiltonian Hsg between
the reservoirs and the e-h-p system. Written in the variables
introduced in Eqgs. (17) and (18), they have the same operator
structure as Egs. (8) and (9):

HR—ZwP epbg,p—f-Zwﬁb bhp Za)"'gopgop,
P

(28)

Hsp = Y (Tipetbep +He) + Y (Tiphlyby—p +He)
kp kp

+ > (T vdep + He). (29)

In order to separate the mean-field contributions from H,
and Hy, we introduce time ordered operators:

: e:‘(-&-qh‘i‘_kl//‘q = e]t+q wq == ek+qh| kl/fq
Sqoldy o : +{(o) el 1),
(30)

A f .
D ey, 1k, hkrkhk2 :
_ I i
= €, 1k, hkz—khkz
e 1T ho T e _h
— k.0 (nk]hkzhl‘l2 + ny, e ek, — Ny, nkz)

— Bkimko (o i it F i el By ). (BD)

Here,: A:= A — (A), and ny and nﬁz are occupation num-
bers evaluated with the density operator py:
nf(] = (ellekl), nﬁz = (h;zhh). (32)

Obviously, a finite d; indicates a particle-hole (exciton) con-
densate:

di = (efh',). (33)
With Egs. (30) and (31) Hamiltonian Hg is rewritten as
Hs =Ho+ He + i, + Ho, (34)

where o and H. have acquired one-particle contributions
from separations (30) and (31):

Ho= thefer + Y ah h  + Y wqpivg.  (35)
k k q

He = (Aefh!, +He)+VN@y) +He).  (36)
k

Thereby, the field parameters A and I" have changed into

A= A—j;_ Vo) ——de, (37)
[ = r——de, (38)

and the electronic one-particle energies contain the Hartree
shifts:

ae e U
Ex = &k — ﬁ ’iq, (39)
U e

FmallAy the former interactions (26) and (27) have changed
into H, and #u, which now consist of fluctuation operators
only:

A

H, = fZ( eh achl Wyt +HC), (41)

=-5 Z el e Pyl - (42)
k1k2

III. PRM FOR AN OPEN ELECTRON-HOLE-PHOTON
SYSTEM

Applying the projector-based renormalization approach
[27,30] to the open exciton-polariton system, one starts, as
usual, from an appropriate separation of the total Hamiltonian
‘H into an “unperturbed” part H, and a “perturbation” #;. In
a many-particle system, H; is usually the interaction, which

035304-4



PROJECTOR-BASED RENORMALIZATION APPROACH TO ...

PHYSICAL REVIEW B 99, 035304 (2019)

prevents a straightforward solution of H since it leads to tran-
sitions between the eigenstates of 7{y. However, integrating
out the interaction by a sequence of small unitary transfor-
mations, the Hamiltonian can be transformed into a diagonal
operator. Thereby, transitions from #; between eigenstates
of Hy will be stepwise eliminated. For the actual evaluation
one starts from the largest transition energy of H, called A,
and proceeds in small steps A to lower transition energies A.
Suppose all transitions between A and A have already been
eliminated, the resulting Hamiltonian, which contains only
transitions with energies smaller than A, will be called H;. An
additional elimination step from 7, to a Hamiltonian 7, _a;
with a somewhat reduced maximum transition energy A — AA
is performed by means of a small unitary transformation,

Hyny = eXA.AA H,, e*Xx.Ax’ (43)

by which all excitations in #, between A and A — AX will
be eliminated. Here, X; aj = _Xi, Ay 18 the generator of the

unitary transformation. Its lowest-order expression is given by
[27]

1
Xoan = L_QA—AAHI,A- (44)
0,1

Here, the quantities Q,_a; and Lo ; are so-called superopera-
tors which act on usual operators of the unitary space. Thereby
Q,—ax =1 —P;_x, is a generalized projector that projects
on all transition operators (with respect to the unperturbed
Hamiltonian () with energies larger than A — AX, whereas
P, _ ;. is the orthogonal projector, which project on all transi-
tion operators with energies smaller than A — AA. Examples
for the action of P, and Q; are found in the Secs. III A and
III B below. Moreover, Ly ; is the Liouville operator, which is
defined by the commutator with #, ; applied to any operator
variable A, i.e., Lo ;A = [Ho., Al. The explicit form of the
generator X, a, is given in Egs. (65) to (69).

We note that after each elimination step the unperturbed
Hamiltonian as well as the perturbation become renormalized
and therefore depend on A. Continuing the renormalization
scheme stepwise up to zero transition energy A = 0 all tran-
sitions with energies larger than zero will be integrated out:
In this way one arrives at a fully renormalized Hamiltonian
Hjs—o0, which is diagonal (or quasidiagonal) and therefore
solvable. We finally like to point out that for sufficiently small
AA, the evaluation of the transformation step (43) can be
restricted to low orders in H; which, in general, limits the
validity of the approach to parameter values of H; of the same
magnitude as those of H,.

A. Ansatz for the system Hamiltonian

As mentioned above, the reservoirs are considered to be
very large. Thus Hg and Hsr will not be renormalized by
the PRM procedure. We therefore may restrict the renormal-
ization to the e-h-p system only and employ the following
A-dependent ansatz for Hsg ;,

Hs — Hs = Hojp + Her + Heo + Husy  (45)

where the operator structure of (45) is found from Eq. (43) by
an expansion around A = A for small interactions H, + Hy.

As above mentioned the parameters in H ; and 7—20, » depend
on A:

/;"-[0’)L = Z gli,keltek + Z Eﬁ,)»h.r_kh_k + Z a)q,)»w:{qu
k k q
(46)

Fea =Y (A elhl, +He) + VNIl + He).
k

(47)

Moreover, the quantity Ay, has acquired an additional k
dependence. The interactions take the form

y 8 N Y BV
Hes=——=Y P el ghl ¥q:+He),  (48)
VNS
N U .
Hus =5 D Pileien i) (49)
kikoks

As aforementioned, P, = 1 — Q, is a generalized projection
operator, complementary to Q,, which projects on all tran-
sition operators with energies smaller than A. The coupling
parameters g and U will remain X independent in the renor-
malization procedure if one restricts oneself to renormal-
ization contributions up to order g and UZ2. Obviously the
Hamiltonian Hs ;- reduces to Hs by construction, provided
the parameter values at the initial cutoff A = A fulfill

e ~e h ~h
En = Ek>  E A = ks WqA = (g, (50)

Aua=A, [p=Tf 51)

In order to study the action of P, inA Egs. (48) and (49)
we start from the decomposition of H,, into dynamical
eigenmodes of Hy ;,

7 8 it
Hop = ——— Oxq.a(ep ' Wq + Hec.)
g.x m %: q.A\Ck+q"" -k Y4

+ % ; Ok (Yo) efh' ) + H.c)
8

VN

where Eq. (41) was used. In Eq. (52), we have introduced the
® functions

+ ©, Y (dio + Hee), (52)
k

®kq,A = @()\, — |8§+q,k + g}ik')‘ — Wq,x )7 (53)
O = Ok — [ef; + ey, ]). (54)
O, = O — [®g=0.11), (55)

which restrict transitions to those with excitation energies
smaller than A. Similarly one finds for Hy ,:

4 i i
HU,A = _ﬁ Z ®k1k2k3»)t N €k]€k2 o hkzhk1+k3—k2 N
kikok;

U )
+ > O Y (diefh’y +Hee.) (56)
k k'

035304-5



KLAUS W. BECKER, HOLGER FEHSKE, AND VAN-NHAM PHAN

PHYSICAL REVIEW B 99, 035304 (2019)

with
®klk2k3a)\ = ®()\' - |816(1,)L - 81}(11+k37k2,)»|)'

(57

e h
= &0 T Ekpn

In principle, the operator part Ho, + 7:&-, » of the ansatz
(45) for Hgs should take over the role of the unperturbed
Hamiltonian and ﬁg,x + Hy., the role of the perturbation.
This however would require a diagonalization of H, , + ”FlL, A
and an expansion of ﬂg, » and 7—ALU, » into eigenmodes of this
“unperturbed” Hamiltonian. Since this procedure is rather
complex, we prefer to use instead H ; in the ® functions of
Egs. (52) and (56). Then the generator X, a, of the unitary
transformation (43) has to be changed appropriately (see
below).

One sees that the last two terms in Eq. (52) and the last
term in (56) represent one-particle contributions. They should
best be included in the one-particle term 7—26’ » of Hs ;. That
is only the first term in Eq. (52) and in Eq. (56) should be
considered as “true” interactions. However, it has turned out
that interactions formed by fluctuation operators should be
preferred in the unitary transformation Eq. (43). Therefore,
instead of Eqs. (52) and (56), we henceforth use modified
interactions H, ; and Hy , based on fluctuation operators,

Hes = — \/_anm( Vgt +He),  (58)

Hy = _ﬁ Z Ok koks, 2 - 612 e, thk]Hq—kz 5o (89
ki koks

where the ® functions in front apply to all parts of the
respective fluctuation operators. Of course, we have to repair
this “mistake” by including the corresponding “counterterms”
in the one-particle part H, ; of Hs ;. Thus, we finally arrive at
the following representation of Hsg ;:

Hs.o = Hos + Hes + His (60)

Hia :Hg’)h—i-’}-[U,)\_ (61)

Here, H, » and Hy . are given by Eqgs. (58) and (59), whereas
H,, reads

Hes = Y (Akaeph!y +He) +VNTyd +He), (62)
k
with

As = A + —= (O — O qeo) (Vo)

VN
+ Y > ® ® )d (63)
N - k, A kK’ k;A Kk’
ro="0 + % §<®A — Orq0.2) di. (64)

As before, at the initial cutoff A = A Hamiltonian g ; must
agree with Hg [from Eq. (23)], which is fulfilled by ensuring
Egs. (50) and (51). Let us add one remark: Carrying out the
renormalization procedure the additional contributions in Ay
and T, in Eqgs. (63) and (64) are expected to have very little

influence on the results since they vanish both at the beginning
(cutoff A) and at the end (. = 0) of the PRM procedure.

B. Construction of the PRM generator

Next, we establish the generator X; a; of the unitary
transformation (43). Following the lowest order expression
(44), we look for an X a; having the same operator structure
as H; ;. For this we make the ansatz

XA,M x a T Xx AL _X;[,AA (65)
with
X{ = J_ Z Akg(h, AV ef T g 1 —He,
(66)
U U
Xioan =~ Z Bikyiks Ko+ -k (A AL)
N
ki koks
X eInek2 hlghk|+k3—k2 5 (67)
and
® 1-©
A Oh ALY = kg1 ( K, — AA) 68)
Elrqa Tl — @i
Bklka;kS,kl-‘rlﬁ—kz ()\'7 A)")
Okyksksr (1 — Okikoks i—ar)
816(1,)» - 8]{22,)» + 8]]:3,)x - 81}(!]+k37k2.)u
- _Bk21k1§k1+k37k2~,k3,()\’7 AL). (69)
Here, the notation with four indices in

By, k.3 ki +k;—k, (A, AA)  emphasizes the momentum
conservation. It can be recognized that the products of
® functions in Egs. (68) and (69) assure that excitations
between A and A — AA are eliminated in each transformation
step AA. For small A, the transformation (43) can be
restricted to an expansion up to second order in g and U and
to linear order in the order parameters Ay ; and I';. Then
Hs 5—nay at the reduced cutoff L — AX reads

= Hos +Hea +Hin
+ [ X, an, Hop +Hep +Hipl+--- . (70)

Relation (70) connects the parameter values of Hg ; at cutoff
A with those at the reduced cutoff A — AA. That is, in order
to find renormalization equations for the A-dependent param-
eters one has to evaluate the commutators. For instance, from
the first commutator [X; aj, Ho.], one finds the following
renormalization contributions to Ak ; and I';:

HS,A—AK

g
SAY) = 5 Ano(h, AR @0 (Vo)
U e
- N kz Bklk,—k],—k()\'7 A)")(Skl,k + Sf_lkl,)\) dk] s
(71)
5T = % > Ak, AM)(ef, + "y ) di (72)
k
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Combining these relations with the remaining renormalization
contributions from the last two commutators in Eq. (70), one
arrives at the following renormalization equations:

Akjear = Ak +8AY) + 800, +8A7),  (73)
Thonn =T + 8T 461 4618, (74)

Here, 8A,", and 8A\) are defined in Eqgs. (A10) and (A22),

whereas 8T and F;g ) are given in (A9) and (A16), respec-
tively. The renormalization equations for the remaining pa-
rameters &f ,, &f' ,, and g ; of H, are derived in Appendix A
[Eqs. (A13)—(A15)] as well.

To solve the renormalization equations, one starts from the
initial parameter values at cutoff A [Egs. (50) and (51)] and
proceeds in small steps AX until A = 0 is reached. In doing
so, all transitions from 7 ; between A and A = 0 will be
eliminated. We arrive at the fully renormalized Hamiltonian
Hs = Hs =0 = Ho,n=0 + Her=o0:

Fs =Y Frehe, + Y Enhih + > Gty
k k q

+ > (Axefh'y +He) + VNEyd +He). (75)
k

Accordingly, &, éﬁ, g, Ay, and T are the fully renormalized
energy parameters at A = 0. They have to be determined self-
consistently from the whole set of renormalization equations.

Since all transition operators from H; ;, have been used up
in the renormalization procedure, Hamiltonian Hg is a one-
particle operator which can be diagonalized. First, one defines
“displaced” photon operators

VNT*

Ui=vyl+
q 1 B0

84,05 (76)
which—up to a constant—Ieads to
s =Y Eele, + > Enhih + Y aq Ui,
K k q
+ > (Axefh'y +He). (77)
k

The electronic part of 7 is diagonalized by a subsequent
Bogolyubov transformation

Cl. = &el +nih_,. (78)
Che = —mef +&h_y (79)
with coefficients
|&* = 1 1+ sgn(&) + éh)M (80)
2 k k Wk ’
1 N
Ik = 5[1 — sgn (&g + &) “Wk “} (81)
A
i = sgn (&) + &) — (82)
Wi

where

Wi = / (85 +80)° + 41 Ak (83)

In terms of the quasiparticle operators C fL) and C;L) Hamilto-
nian 7 becomes diagonal:

7‘25 = Z Elkcfkclk + Z EZkCEka( + Z d)qq/l];q’q

k k q
(84)
with the quasiparticle energies
ze =h
~ &, — & e o Wk
Eqk = k 4 sgn(esk + aﬁ)T (85)

As usual, the order parameter Ay also acts as gap parameter
for the quasiparticle bands.

IV. STEADY STATE

The fully transformed (renormalized) Hamiltonian H of
the total system is

H = Hs + Hg + Hsr, (86)

where Hs, Hg, and Hgg are given by Egs. (84), (28), and
(29), respectively. As aforementioned, Hg and Hgsg will not
be affected by the unitary transformations (43). We are now

going to calculate the steady-state expectation values <‘p:;=0>’

(eln' ) =dg, n¢, andn",.

A. Density operator for the initial state

First, the initial density operator py must be specified. Ac-
cording to Eq. (12), pg is a product of the density operator pg
for the e-h-p subsystem and the density pg for the reservoirs:

P0 = PsPR- (87)

Moreover, pr factorizes into the density matrices pr. and
Pr,» of the two electronic baths and into the density pgr y of
the free-space photons,

PR = PR,e PR, PR, ¥ (88)

where

o~ B Lo (@ —(e—1t/2)) bl pbey

= , 89
pR,e ZR,e ( )
o~ B Lo @p—(n=/2) b} ybip
PRI = . (90)
ZR.h

Here, Zr . and Zg , are the partition functions for the elec-
tronic baths with

e/h T
ZR,e/h — Tre/h (e—ﬁ 2 p(@p _(Me/h_M/z))bg/hvpbe/h‘p) 1)

such that Tr,/; pr e/n = 1.

Note that both electronic bath energies a)g (o = e, h) from
Eq. (20) include energy shifts —(w/2) which however cancel
in Egs. (89) and (90). Therefore pg . and pg ;, describe thermal
equilibrium situations for the electronic baths with tempera-
ture 1/8 and chemical potentials w, and w,. As aforemen-
tioned both electronic baths were assumed to be huge, i.e.,
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they always stay in thermal equilibrium, even in the steady
state. In contrast, the quantity u, introduced by Egs. (13)-(16),
will generally not act as a chemical potential since photons
may ‘“escape” from the e-h-p subsystem due to the leakage
into the free-photon space. For vanishing coupling Ff]”p of cav-
ity photons to free-space photons the e-h-p subsystem together
with the electronic baths will reach a thermal equilibrium with
W acting as the usual chemical potential again.

B. Electronic expectation values in the long-time limit

Let us consider the long-time behavior of a general expec-
tation value,

(A@)) = Tr(A() po), 92)

where—within the Heisenberg picture—the time dependence
is governed by Hamiltonian H from Eq. (22). Since the
total { does not commute with the initial density matrix po,
oo, H] # 0, the expectation value (A(t)) is intrinsically time
dependent. The steady-state properties are found from the
time-independent solutions of {A(t)) for ¢t — oo, which must
obey

Jlim %(A(t)) =0. 93)

Remember, an explicit time-dependent factor e’*! was already
extracted from Egs. (13)—(15). To evaluate (A(t)), we use
the invariance property of operator expressions against unitary
transformations under a trace:

(A@) = Tr(A.(1) po,i) = Tr(A@) fo). 94)
Here, A, and p, , are transformed operators at cutoff A
Ay, = X Ae™ %

The exponential function eX* stands for a compact notation
of the unitary transformation operator between cutoffs A and
A. In the last equation of (94) the operators A and Po denote
the fully renormalized operators at cutoff 1 = 0, and the time
dependence is now governed by H. By contrast, the time
dependence of A, (¢) is given by the transformed Hamiltonian
Hy = Hs. + Hr + Hsr:

An(t) = M A, e H (96)

We now derive the steady-state results for the electronic
quantities

and pg, = eXpge . (95)

di = d}(t — 00), 97)
ny, = n(t — 00), (98)
n" = n" (t > o). (99)

Starting points are the time dependent expectation values,

di(t) = (el @) = (@R D) (100)
ne(1) = ((efen)®)) = ((@Le) 1)) 4, (101)
n" (1) = ((h' ho)(@) = (B hoa) @), (102)

where relation (94) was used on the right hand sides. The
expectation values (- - - ) 5, are formed with gy, élt and fzik are

the fully transformed one-particle operators, and the time de-
pendence of the last expressions is formed with 7. According
to Appendix C an appropriate ansatz for élt and sz_k is

~ - 1 -
o=l P cautacs
q

1 .
+ v Z i ki €, - hfqhkﬁkrk 5 (103)

kiky

1 _
ﬁ Zuk,qeq+k : w; :
q

1 -
.ol ol
+ l; Pk —k © € €l * Py - (104)
182

lle_k = ykhT_k +

Here, the operator structure is caused by the electron-photon
and the electron-electron interaction. Again, the parameters
with tilde symbols are the fully renormalized quantities which
result from the solution of the corresponding renormalization
equations given in Appendix C. Inserting Egs. (103) and (104)
into Egs. (100)—(102) one finds

1 -
v Z [%xBr, k1, AR (1)

ki

(1= At )] dy, ()

di(t) = B dp(t) +

+ Ik, k,—k, X

1 - 5 .
N2 Z i, k,—k, Bk Ky —ko —k A, (7)

ki k;

x (1 ﬁl}élfkrk(f)) c;'lfz(t),
Z |tk qq|

Z || A, (DR, ()(1

kika

(105)

ni(t) = % Ag () + — — Ay_q()) AY (1)

”k Hok(D),

(106)

and

n" () = [5ulPA" (1) + — i (D))

1
5 2 lal 2 (1
q

1 -
+ vz Z |:3k1kz,szk17k|2ﬁ§, ((1 — ag, @)

kiky

X Ap (D), (107)

where an additional factorization approximation was used.
Here ny (¢), A, (¢), and ”/'(t) are time-dependent occupation
numbers for electrons, holes, and photons, which are formed
with g:

L) = {(efei) )0 (108)
Al () = (W hoi)(0) 5, (109)
Ay = (C ¥ v D) a (110)
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The quantity ﬁg will be evaluated in Appendix C. Moreover,
3; () accounts for the order parameter of exciton formation

(1) = ((efh1,)(0)) -

The time dependence in Eqs. (108)—(111) is determined by
#. Let us clarify the factorization approximations used in
Egs. (105)-(107) in more detail. As an example, we consider
expression (106) for ny,(¢). Starting point is Eq. (101). Insert-

ing expression (103) for & &l

(111)

. we find

] . .
n (1) = il (e + - D h-aaliq.q
qq’

X ((hq—x : I//J; g hjlf_k)(f»ﬁo

1 ok B
TN Z O, kk, Ok KK,
Kikok (K,

hy, : ekf])(t))ﬁo.
(112)

oot ot
X ((ekl Fhy, Mgk hk’l+k’27k

Obviously, result (106) is obtained by factorizing correspond-
ing operators in the expectation values of (112). For instance,

in the second term the operator hq_x is factorized with h 7—k>

and : 1/fq with : ¢ :. This leads to the second term in ex-
pression (106). Note however that in Eq. (106) the following
small contribution to second order in the order parameter dx
was neglected

1 - -
=Dz E i, ek, Ok — (k) ko) Kk
kik,

X nk (), ()i 1y +1) (1) (113)

It results from an additional factorization of the last term
in Eq. (112), where el was factorized with hk K,k and
hk1+kz—k with ek

In principle the factorization (105)-(107) implies two ap-
proximations: (i) According to Sec. II B the initial density pg
is a product of the density ps for the e-h-p subsystem and of
pr for the reservoirs. Thereby the capacity of the reservoirs
was assumed to be infinitely large so that only the density ps
of the e-h-p system is changed under the influence of the uni-
tary transformations. Therefore, the renormalized density Jg
should differ from the initial ps. However, these errors are of
higher order in the interaction parameters g and U and should
in principle be negligible. Moreover, which is more important,
it turns out that the final results (138)—(140) in the steady state
for dy, Ag, and Af are independent of the initial density po,
as expected. Therefore the renormalization of fg seems not to
be important. (ii) The time dependence of d} (), ny(¢), and
n k(t) is governed not only by the e-h-p Hamiltonian Hg
but also by the coupling Hgsr to the electronic and photonic
reservoirs. Therefore the correct time dependence might be
influenced by the factorization in Egs. (105)—(107).

In the next step, following the steady-state condition (93),
equations of motion for ﬁl’:(t), g (t), and 2", (t) have to be
derived. This is best done by expressing the operators in

Egs. (108)—(111) by the Bogolyubov quasiparticles Cﬁk and

C;Tl)( from Egs. (78) and (79). According to Appendix C one
first finds

di(r) = & (AL (1) — AR() + &2 AR (1) — P AL (1),

(114)
Ap(t) = &P AL () + kP AR (1)
— (EEm A () + & AR (1)), (115)
At ) = Ikl *(1 — AL @) + &P (1 — AZ @)
— (Erm AR (1) + & AR (1)) (116)
with (n,m = 1, 2)
A1) = ((CLL o) (D)) 5, (117)

The equations of motion for A" (¢) are found by applying
the Mori-Zwanzig projection operator formalism [31,32]. Ac-
cording to Appendix C they read

. o
—AR() = —12y — i(Ew — Ex)] AR (1)

dt
—y &np(fo(Ew) + fo(Ex))
—y ENE(f(—Ew) + fu(—Ex) —2)

_ d 21
= (th (t)) (118)
d 11 11 2 ™
aAk (t) = =2y Ay (1) + 2y &l fo(E1k)
+2y In*(1 = fu(=Ew)), (119)
d -
AW = =2y AZO) + 2y Il fo(Ex)
+2y &P = fiu(—Ex)). (120)

The damping rate y, appearing in Eqs. (118)—(120), results
from the coupling to the electronic reservoirs and is assumed
to be the same for electrons and holes [see Appendix C 1
(C15)]. The functions f,(w) and f;(w) give the occupation
numbers of bath electrons and bath holes in thermal equilib-
rium:

1
R R e
1
1 + Pl p—(n—n/2)]

fe(wp) =
fu(oly) =

[compare Eqs. (89) and (90)]. The first contribution in each of
the Egs. (118)—(120) is a relaxation term for e-h-p quasiparti-
cle pairs, while the last two terms stand for the relaxation of
quasiparticle pairs into the electronic baths. The damping rate
y for all contributions is caused by that part of the interaction
Hsr which couples electrons and holes of the e-h-p system
with the respective electronic baths. As above mentioned, we
have adapted the usual assumption that the rates for electrons
and holes are equal [compare Eq. (C12)]. Furthermore, the
second term in Eq. (118), being proportional to i (£ — Eay),
is a frequency term and enters from the dynamics of Hs.

(b bep)

(121)

(bh_ybh—p) e (122)
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We are now in the position to study the steady-state expres-
sions for A" (t). Defining the steady-state values in analogy
to Eqs. (97)-(99),

A" = A (1 — 00), (123)

we arrive, for t — o0, with condition (93) at

li(Ew — Ex) — 27142

=y &l fo(Ew) + fo(Ex)

+ fi(=Ew) + fiu(—Ex) — 2], (124)
Aﬁl = (AE)*, and (for y # 0)

A = &P L(Ew) + kT — fu(—Ew)l,  (125)
AP = Ikl fo(En) + &1 — fu(—En)],  (126)

where the common prefactor y on both sides of Egs. (125) and
(126) has dropped. Therefore, both equations are only valid
for finite y. If y = 0, no term would drive the system into a
steady state.

To sum up, the steady-state quantities dy, ny, and n K can
be first expressed by means of Egs. (105)—-(107):

A 1
dl): =)Ckykd|1< + N;
1
;R § ey ) e

~ 3 ~e
N2 E 0, k,—k; Broky ki —ko—k 7,
Kk ks

x (1= A o) d5 (127)
nj, = %A + — ka aal” (1= Al o) iy
Z |05k1kk2| nk,nk ( nk1+kz k) (128)

ki kx>

1
h o 5 1250 ~ 2 Ay ~
nhe= Dl + > gl Ay (1= i)
q
1 a 2.e 1 ~e \nh
+ N2 \ﬁklkzvkrkﬁk| ”kl( _nkz)nszklfk'

(129)

Thereby, the quantities with hat symbols dj', /¢, and 2", are
written in terms of Ay™:

dy = & (AY — AR) +ECAZ — i AY L (130)
= &l A + I AY — (&AL + & AR,
(131)
At = InP(1 = AL) + &P (1 — AZ)
— (EimAY + Enp AL, (132)

where the steady-state results for A"
(126).

are given by Eqs. (124)—

C. Reformulation of the system dynamics

It makes sense to express the equations of motion (118)-
(120) in terms of the variables with hat symbols d}/(¢), 71} (),
and ﬁ}ik(t). Let us start from ﬁl’(‘(z‘). Using Eqgs. (114)-(116)
we find

d., o .
—d = i(Ew — Ex)(§2A2 + 2 AY)

dt
=2y [Gm(AL — AD) + 6248 — Ay
+ 2y dY, (133)
where on the right hand side we have defined
Ayt = L& fo(End) — fu(—Ew)
— [fe(Ex) — fu(—Ex0l}. (134)

Moreover, using the Bogolyubov transformation (78)—(82), as
well as Egs. (108), (109), and (111), we obtain

d .
—di (1) = i (g + &) di () + i AL (1 — ag(r) — ak())

dt
=2y (di@t) — dy). (135)

Similarly we derive the equations of motions for 7} (¢) and
ﬁ’ik(t):

d A ~T A g% A 2 o

— A (1) = 23[Axdy (1)] = 2y [Ag (1) — 16 fe(En)

dt
— Ik fo(Ex)]. (136)

aﬁﬁkm = 23[Axdy ()] — 2y [A" (t) — [k fu(— E1x)
— & fiu(—Exo)],
where 23[Axd;] = —i(Axdy — Ajdy) was used. The steady-

state expectation values of ﬁlf, fiy, and at x are obtained from
Egs. (135)—(137) by setting the left hand sides equal to zero

(137)

~ 1 - n
d*z_ A*I_Ae_/\k _2 do*’
k —(Eﬁ—i—éﬁ)—i—%}/[ k( ny ”k) ty k]
(138)
and
- - 1 I
= &> fo(Ew) + Ink|* fo(Ex) + —f:s[Akd:;], (139)
g = Im? fu(—Eno) + &I fu(—Eax) + a[Akdk]
(140)

Of course, this result is equivalent to the former equations
(130)—(132). The steady-state expressions (138)—(140) can
further be simplified by using definition (134) and Eqgs. (80)—
(83). According to Appendix C 2 one finds:

R Ax
d* — k Ae ~h _ 1
k (§§+z~{;)+2iy[(n"+n" )

F+
+iy sgn(&f + &) k} (141)
Wk
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and
ze =h +
se | oAb el 1 Fy =2
il =1 = PR s (42
(Bg+EL 2 +Q2y)?
1 |2c + &) |
~e ~h — k k —
k= 5l + YA Fyy. (143)

The quantities Fi; and Fj; are defined by

Fii = fo(En) — fu(—=Ew) F [fo(Ex) — fu(—Ex)l,
(144)

Fif = fo(En) + fu(—=Ew) £ [fo(Ex) + fu(—Eno)l.
(145)

Let us look again at the symmetric case &, = éﬁ with
charge neutrality u, = u, (compare Sec. IV B). Here, the
quasiparticle energies E; ok reduce to

Wi

Ew=—Ex = sgn(éﬁ)T, (146)
and Fii and Fj; to
Fii o = 2L (E) F f(Ex0)] (147)
Fiy =0, (148)
with
f(E) = = f(E) = fu(E)  (149)

1 4 eBlE=(1p—1)/2]

and (g = e + Uy = 2 = 2. From the relations (148)
and (143) immediately follows 7} = nk, which is a natural
property of the symmetric case with charge neutrality.

D. Photon condensation

Next, let us study the steady-state expression (w;) =

<¢§(x — 00)) for the photonic expectation value (wg(t)).
Starting from Eq. (94), we first rewrite

Wi 0) = Fh®) 5 (150)

where &; is the renormalized photon operator [cf. Eq. (C44)].
The dynamics on the right hand side is governed by H
and the expectation value is formed with py. According to

Appendix C 3 an appropriate representation for &J is

§ 1 ;
Vi =2q0i + = Okq © elpqh iy - (151)
VN 4

leading, with Eq. (150), to

(W) = Zq (Ui, vakq (efghl s )

(152)

where Zq and Dyq are the renormalized coefficients. An equa-
tion of motion for the expectation value (w;(t)) 5 can be

derived from the generalized Langevin equations (C5)

d )
3 VA0 = 18P0 + VNI *Sq0 — kU i(0) + .

(153)
from which one finds for q = 0:
d NI+
awfé(r»ﬁo = iwo<<¢f§(r>>ﬁo + L) — k(YO
on
(154)

Thereby x ~ 7 Zp Il*q'/fp 2§(wp ) is the damping rate for cavity
photons into the free space due to a nonvanishing leakage.
Moreover, ['* is the renormalized field parameter which ac-
counts for a possible photon condensation [cf. Eq. (25)].
Using condition (93), Eq. (154) leads to the steady-state result,

<¢o>p0 <wo r— OO))po’
NT™*
Ym = —d)o‘/: —da. (155)

Finally, neglecting the fluctuation term being proportional to
(: eIlJrkhT_k :) 5, on the right hand side of Eq. (152), the steady-

state result for (w;) becomes

fr*

a)0+lK

Wi = 8q0- (156)

A corresponding expression for ng =(: Wq
in Appendix C 3.

Yq :) is found

E. Comparison with previous results

It may be worthwhile to compare our results (135)—(137)
with those obtained by the Yamamoto group [25,26]. Using a
generating functional approach, the following equations were
derived by these authors:

d di () =i(eg" + e M) di (1) — 2y (di (1) — dY¥)

dt
—i AP (1 = ni (1) — ni (), (157)

d
3O = 23[A " dg )] = 2y (nj(t) —

d
anﬁ(r) =23[AFdi ()] = 2y (np (1) — nf ).

ny ). (158)
(159)

In Egs. (157)—(159), the time-independent quantities dl((’* and
nd . nj)  on the right hand side are given in an integral formu-
lation. In principle, the time-dependent quantities d; (¢), ny (¢),
and nﬁ(t) in Egs. (157)—(159) should agree with our pre-
vious quantities (100)—(102), however, there are differences.
Calculating the PRM quantities 4, (t), ny(¢), and nﬁ(t) via
Egs. (105)—(107), fluctuation processes from H, and Hy will
be included to infinite order, while in Eqgs. (157)—(159) the
interactions H, and Hy enter only in mean-field approxima-
tion. Hence the latter result cannot directly be compared with
the true PRM dynamics of d} (), ng.(¢), and nﬁ(t). However,
one might compare equations (157)-(159) with equations
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(135)~(137) for the PRM quantities dj’(¢), A (t) and Al(r)

(with hat symbols):
%ﬁl’:(z‘) =i (&) + &) di () + i AL (1 — ag(t) — Af())

=2y (di@t) — dy), (160)

%ﬁk(t) = 23[Awdi ()] — 2y [Ag () — a2, ], (161)

aﬁ’ik(t) = 23[Awdy ()] — 2y [A" (1) — AR ], (162)
where

&y = SEncFil (163)

Ao = |El” fo(End) + Il fe(Ex), (164)

Ap i = |kl fu(=Eno) + 15 fin(—En) = Agy. (165)

Here, the additional fluctuation terms following from
Egs. (127)—(129) are absent. However there are differences
between Egs. (157)—(159) and (160)—(162) which still re-
main: The energies &, &/, and A} in Egs. (160)—(165) are
renormalized quantities, whereas the energies efFe, efF "
and AHF from Eqgs. (157)—(159) are not. It remains for us to
compare the time-independent quantities dp*, nqu, and ”2,1( in
Egs. (157)~(159) with the corresponding quantities d*, A%,
and ﬁ%k in Egs. (163)—(165). For this reason let us consider
two limiting cases from Refs. [15,25,26]. Thereby, we use
slightly modified conditions and restrict ourselves again to the
symmetric case and charge neutrality.
1 m1n|2E(1 okl = mp— 1

Here min|2E(1,2)k| is the minimal excitation energy of
electron-hole pairs and the difference wp — p can be con-
sidered as being responsible for the particle supply from the
pumping baths to the e-h-p system. According to Eq. (149) the
Fermi function f(E) can then be approximated by

B~ 1
fE) =

Using Eoxx = —Ek, f(Ex)= f(—Ew)=1— f(E) and
Eq. (147) one has:

(166)

. E
Fii ~2[2f(Ey) — 1] = —2tanh p 2“‘,

(167)

Fj ~2. (168)

Hence, with E(I,Z)k = *sgn (&) + &;)Wi/2 and relation (82),
one obtains for Eq. (163)

- A; B(Wi/2)

a = — tanh , 169
k QW /2) T (169)
and similarly
1 & 4+l B(Wi/2)
A0 ~0 k k
= == — tanh . 170
ek =Mk = 5 W an 2 (170)

These results agree with the corresponding expressions from
the Japanese group [15,25,26].

The same results are also obtained with Egs. (141)—(143)

for the steady-state expressions of d and 7}’ o

e A iy PV/2)

dr = — h , 171
KT w2y T (171
1 g4 Wi /2
feomh = L BB FOVTD) g
27 oWk 2

and moreover (see Appendix C 3)

, NP2
[#1& ~2—
@y +

(Viva) = Z kgl g g (173)

Note that the damping rate y does not enter the equa-
tions for (3; and ﬁi‘h. Using a mean-field approximation, in
Refs. [15,25,26] also a gap equation for the order parameter
Ag was derived, which was formally equivalent to a BCS
gap equation. Therefore, 8 = 1/kpT and p can be regarded
as the inverse temperature and the chemical potential of the
e-h-p system, even though 8 and u were originally introduced
as the inverse temperature of the pumping baths and the
oscillation frequency of the photon and polarization fields. In
other words, in case of vanishing damping « [see Eq. (173)]
the system can be considered as being in a quasiequilibrium,
because thermodynamic variables are defined. Thus, for x =
0 the region with m1n|2E<1 2k| = wp — 1 is equivalent to
the thermodynamic equilibrium theory of Ref. [30] for the
isolated e-h-p system, apart from the explicit factor ¢ in
Egs. (13) and (14). For nonvanishing damping « the number
of cavity photons is only slightly reduced as long as « is small
compared to the cavity photon frequency @q—o.

2. pp —p > min|2E ]

In this case the second term in the exponential of Eq. (149)
dominates, i.e.:

f(E) ~ =: fo, (174)

1 4+ e=B/2D(p—1)
and

Fji~0, Fj ~4f. (175)

With Egs. (163)—(165) one finds for the time-independent
quantities in Egs. (160)—(162),

Ay =0, Al =hp, = fox1, (176)

where additionally in the last relation (8/2)(up —un) > 1
was used (low-temperature approximation).

The steady-state results for d;f and i2{ = 7l are found from
Eqgs. (174), (175), and (141)—(143):

. Ax
df=——% (3¢ +al—1), (177)
KT (g 48 + 2iy (i +y — 1)
2 .
A4l —1=2f—1+ ;s[Akd;:], (178)
from which also follows
26 —1
ﬁ§+ﬁﬁ—1=% (179)
1+ (BL+al2+4y2
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In the considered regime wup — p > min|2E 2| the e-h-p
system can no longer be perceived as being in a quasiequi-
librium, solely formed by the isolated e-h-p system. This can
be concluded from relation (179), assuming a small influence
of the numerator (]A|?). Then for low temperatures the right
hand side of (179) indicates that electrons and holes are
strongly excited and are in the high-density regime. Thus, in-
creasing further the concentration of the total particle number
of the e-h-p system,

{1

Nexe = ﬁ |:§ Z( ]e(+ nﬁ) + Z(W;Wq>j|7 (180)
q

k

only the number of cavity photons will mainly increase since
possible electron-hole excitations tend already to be used up.

Cavity photons are also affected by a nonvanishing leak-
age (k # 0) to the external photonic free-space. Then, the
e-h-p system is no longer in an equilibrium situation with
the electronic pumping baths. Therefore, one of the main
differences between the two regimes up — U < min|2E( 1.2kl
and ug —u = min|2E(1,2)k| is the relative importance of
electron-hole and photonic excitations. Whereas in the first
regime particle-hole excitations are dominant this is not the
case for the second regime.

As said before, photon excitations are less pronounced in
regime wp — 1 < min|25(1’2)k|. This means that the system
is less affected by the photon leakage. In contrast, for g —
w = min|2E(j 2| the system is in a high-density regime and
is strongly affected by the photon leakage, which suggests that
a large degree of nonequilibrium is achieved.

F. Self-consistency of the steady-state solution

Above we have derived the renormalization equations for
the order parameters Ayg, and I', and found a compact
representation for the exciton-condensation parameter dj;. The
equations can be numerically solved, provided (y) and u
are known. However, these quantities are not yet determined
since I in Eq. (156) depends implicitly on (y) and u as well
as on the sets of quantities dx and Ay ;. In particular, u is
not a chemical potential, since the total number of particles
of the e-h-p system together with the particle number of the
electronic baths is not fixed due to the leakage of cavity
photons into the free space. To determine p and (i) a “way
out” has been discussed in the literature [13]. The starting
point is Eq. (156),

(@0 — ik) (W) = —Zov/NT, (181)

which is a complex equation due to the presence of the

damping rate . The final solution for I' results from the

renormalization equation (A27):
Ty_nn =T 4600 46T 4 6T%), (182)

where the T\, T, and sT"%®’ defined in Eqgs. (A3), (A9),
and (A16) become:

0 8 e
ory’ = 5 ij AkoOy AD) (el ; + ety ) di, (183
ST = % ZAko()u AM(1 = nig = nly ) A, (184)
k

2 2
7 2 A AR = =ty ). (185)
k

The initial value of T’y is

Fa=F=T—(g/N)) d
k

STy =

(186)

(I' = 07). Note that the contribution § Fig ) is proportional to
(¥o) as expected, whereas & F)(\O) and BF,(\C) depend on the order
parameters di and A ;. Similarly, from Eqgs. (127) and (130)
one concludes that dy is fixed if the order parameters Ay
are known. What remains to be shown is that Ay ; is fixed
for given (o) and dy, which follows from renormalization
equation (73). Thus, putting everything together, I" can be
considered as an implicit function of () and u, ie., I =

Fl(¥o), u]:
Wo) __, PLto). ul

(187)

N T
However, the number of coupled equations by (187) is one less
than the number of unknown variables, since () and I" are
in general complex quantities. This can be seen from equation
(124) for All(2 and Aﬁl. Since the denominator in Eq. (124)
is complex also AL* and Ai' will be complex. Assuming
(o) is complex, Eq. (187) would contain three unknown
quantities, the real and the imaginary parts of () as well as
the energy parameter w, whereas the complex equation only
fixes two of them. However the number of unknown variables
can be reduced by fixing the phase of (). Taking a phase
for which the imaginary part of () vanishes, the number of
coupled equations becomes equal to the number of unknown
variables and the complex equation (187) only represents two
independent equations for (1) and u:

(¥o) %o

=— oo RT — ke 3D, 188

N a)g+x2( 0 5I7) (188)
%o .

0= ——( R + @y 3IIN), 189

@(2)+K2( t 0 1Y) (189)

where I' = RI" + iJT is complex. From equation (189) one
obtains

QI = —(k/@)RT, (190)
which leads for the first equation to
(Vo) 20 g\
— = ——rI. (191)
VN @o

Note that the last relation agrees with what is known for a
closed system in thermal equilibrium, though it is now valid
also for the general case of an open system. Equations (190)
and (191) have to be solved self-consistently for p and ().

G. Limit of vanishing damping rate «

In this subsection, we study the limit of a vanishing damp-
ing rate xk between the cavity photons and the free space pho-
tons. As stressed before, a finite leakage to external photons
implies that the quantity x does not act as a common chemical
potential of the total system. The reason is that photons can
escape from the e-h-p system into the free-photon space. On
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the other hand, for vanishing « thermal equilibrium should
develop. Then p should become the usual chemical potential
for the remaining system, which is composed of the e-h-p
subsystem and the two electronic baths. In this context, we
are mostly interested in the case of strong damping rate y for
the coupling rate to the electronic baths.

Analyzing the limit « — 0, we start from Eq. (190) which

states that the imaginary part of I must vanish:
s =o. (192)

Thereby T results from the solution of the renormalization
equation (182) for I,

J

Tyoar— T =800 460 451 (193)
with renormalization contributions SFio), 8I‘§g ) and 61‘;3 ), given by Eqs. (183)—(185). One finds for the imaginary parts:
o~ o~ g e [ e xR
3iar =80 = & > AwoOn AN (25, + &l )i — (nf + np — 1)3 Ak ] (194)
k

with initial value [, = =T — % Yk dx, (I' = 0™). Here we have already exploited that § Ff\g ) is real. In the following we

again neglect all renormalization contributions to di and nf(’h from Eqgs. (127)—(129), thereby replacing d and nek’h by dy and

fzﬁ’h. Then, according to Egs. (141) and (142) we obtain

~  Agsgn(& + &l 1 A Fi —2
dhe === gz(v; d Fii+ 3 (7 ~hk ] 2k4\£ B (195)
— k
k (8k + gk) y1+ Gy
and
ze =h +
se | sk _’8k+8k| + 1 Fp =2
nk+nk_1_WFlk+§W (196)
B+ +2y)?
Inserting Egs. (195) and (196) into Eq. (194) we find
o~ o~ g e ~ A ze = Sgn(g‘lg( + g‘lik)
f\S‘l_‘)L_A)L - \SF)\ = N ; Ako()\., A)\.)[(Sk.)\ + glik,k)\gAk — (€k + Eﬁk)SAkYA]TFlT(
+ 23 Akoh, AR (e, + €14)3 S-S BN Py —2 (197)
2N LT R TR e ety —2iy )T | A

(ef +el )2 +2y)?

This result can further be simplified. First of all, we neglect the first term in Eq. (197), which is small. It consists of the difference
of two contributions which are of quite similar character. In particular, for small A (almost full renormalization) the cancellation
of the two terms is exact, and for A = A (initial point) contributions from the renormalization are small. Thus

x X ~ i e h x Ak X F2Jlr< —2
A)F)L,A)L JF)L N Z Ako()\«, A)\)|:(€k,)u + Equ)d((gﬁ n g}ik) — 2[)/) dAk’)L:| 0 e (198)
k (g, +e" P +HQY P
Next, let us consider the limit of large damping y, thereby assuming that the following conditions are fulfilled:
2y > [, + el and 2y > 2]A (199)

for most values of k. The first condition is met easier for a semimetal than for a semiconductor. As a consequence of the
conditions (199), an expansion of Eq. (198) for large y gives to leading order y ~!:
e h
€k T €k %
TS){Ak)(FZ’; —2).

o~ o~ 8 [
SThay = A~ =5 Xk: Awo(A, A,\)(Mm - (200)

Here the term ~(1/y )R Ay followed from the first contribution in the squared brackets of Eq. (198) and the denominator of the
common factor behind the brackets was replaced by one. Expanding Eq. (195) to the same order as Eq. (200), the imaginary part
of the initial condition, [y =T — & >, di (I' = 0™), becomes for large y

(SAw)sgn(E + &)

SFAzsr—%Xk:

Our aim is to study under which conditions the renormalized
quantity I" is real so that II" = 0 is valid. For this, according

2Wx

RAy Fil —2

201

(

to Eq. (200), one also has to study the renormalization of
Ak .. As is easily seen, IJAg; renormalizes to zero in
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dominant order, whereas % Ay stays finite. Therefore, in order
to arrive at the desired result 3" =0, including the less
dominant contribution on the right hand side of Eq. (200),
the common factor (FZT( — 2) must vanish. This condition can
only be met by fixing the value of u to the chemical potential
wup of the electronic baths, u = up, so that F;f( —2=0.

The remaining equations for NI, and NAy, are easily
found from Eqgs. (183) and (73) and completely agree with
those of the equilibrium case. Also the quantities di and iy, +
ﬁﬁ — 1 for large y agree with the corresponding equilibrium
expressions:

~ Axsgn(Eg+8))
k = 2Wk 1k?
_ Jm &
S 2W

To sum up, we have shown that the present extension of
the PRM leads back to the usual thermodynamic equilibrium
approach of Ref. [30]. The equilibrium is mainly of electronic
nature with u = pup for the case that the following two
conditions are fulfilled: (i) the damping « of cavity photons
to free space photons is zero and (ii) the coupling y of the
e-h-p subsystem to the electronic baths is sufficiently large in
accordance with Eq. (199). In particular, the second condition
is only fulfilled when Ay is sufficiently small. However, as
shown in Fig. 4, its photonic part A,; may tremendously
increase at larger values of ne in the case of large detuning
d = 3.5, whereas at small detuning d = —0.5 the quantity
A,y already starts to increase at comparatively small values
of nexe. As discussed in more detail below, this behavior of
A, can be understood as a phase space filling and Pauli
blocking effect. At small n.. additional excitations are either
of excitonic or polaritonic nature until the electronic bands are
completely filled. Then, for even larger n.x. photonic excita-
tions dominate. Note, however, that even for large n¢x., when
A, and Ay become large, the total e-h-p subsystem, together
with the electronic reservoirs, has to realize a thermodynamic
equilibrium state for the case that x is zero or sufficiently
small.

(202)

A+ Ay —1 Fjt. (203)

V. SINGLE-PARTICLE SPECTRAL FUNCTION

The one-particle spectral function A(K, w) for the steady
state is defined by the Laplace transform of the time-
dependent electron anticommutator correlation function in the
limit t — oo:

Ak, w) = l lim 2)’%/00 dre”‘”([ei(r), ex(t + 1)]y)
0

T t—>00

1 RS
= — lim 2)’%/ dre' ([, (1), éx(t + T)]+) -
0

T 1—>00

(204)

In the first equation the time dependence is governed by
the original Hamiltonian 7/, whereas in the second line the
dynamics is again given by 7, and also the expectation value
is formed with the transformed density operator gy. Note that
in Eq. (204) the lower integration limit ¢ =0 is a time
much larger than 7. For that time a steady state has already

been reached, with properties that do not depend on the
details of the initial state. Likewise the two-time correlation
function (Ef](t)éq(t + 1)), depends only on the relative time
difference 7 and not on ¢. Thus, the stationary spectrum can
be calculated at any fixed time f. At the end, ¢ is shifted

to infinity. Furthermore, &, is the transformed one-particle
operator (103):

. . 1 -
G = Bey 7= eaahak Vg
q

1 .
+ N Z&klkkzelzl : hltzhk1+kz*k - (205)

ki ko

Let us consider the coherent part of the spectrum, which
results from the first term on the right hand side of Eq. (205):

Ae,coh(k, )

|ik|2 . o ioT i
=2 im0t [ dre ([el (1), ex(t + )11 -
0

T t—00
(206)

Decomposing e:{ and ey into eigenmodes C fI() and Cg() of s,
according to Eqgs. (78) and (79), Acon (K, w) transforms to
= 12 oo
Aok, @) = 25 i oy / drel®
0

T t—>o0
x {1&ICT (), Caet + T)14) o,
+ I (ICL (1), Corct + T ) py
— EMCTL (1), Colt + D))o

— &LCL (), Clit + )11 }-

The 7 dependence will be treated by employing the Mori-
Zwanzig projection formalism described in Appendix C. Us-
ing the fermionic anticommutator relations we find

(207)

([Cli (), Cri(t + D))y = TERVT 1 (208)

([Cl (1), Cox(t + )4 )y = 0.
This leads for A.on (K, @) to

(209)

|ik|2 . o0 i 2 (—iEw—y)
lim % | dret{|g P i Enr)T
0

=00

Ae,coh (k, w) =

PP, (210)

Finally, by integrating over t and taking into account only the
dissipative part of the integral, one finds

|9~Ck|2{ 2 Y
A, k, w) = =
,coh( ) T |§k| (Elk _ w)2 + )/2
14
=+ | |2~—} (211)
nk (Exx — w)* + y?

Thus, the spectrum A, con(K, @) consists of resonances at
the quasiparticle energies E1x and Ey with damping y and
weights which are determined by |&|? and |ny|?, respectively.
The spectral function Aj_ con(k, w) for holes can be written in
the form (211) as well, however, with the weights |£|*> and
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|mc|? interchanged. The incoherent part of A.(k, ) can be
obtained by help of the second and third term in Eq. (205) and
is expected to lead to a background spectrum for the coherent
part.

VI. STEADY-STATE LUMINESCENCE

The steady-state emission spectrum is obtained from the
Laplace transform of the photon correlation function [33]:

S(q, ) = D im m/mdz YL OWt + 1)) (212)

T t—00 0

or—with the help of relation (94)—by

1 o
S(q, w) = — lim m/ dt & (P OTg(t + ) -

T t—>00 0

213)

Again, in Eq. (212), the time dependence is governed by the
original Hamiltonian #, whereas in Eq. (213) the dynamics

is given by the transformed Hamiltonian 7. Moreover, I/NIJ; is
the transformed photon operator (151), and the expectation
value in Eq. (213) is formed with the transformed initial
density operator py. We note that a quite similar photon corre-
lation function B(q, @) was studied in Ref. [30] for thermal
equilibrium. However, in contrast to S(q, ®) the function
B(q, ) was a response function, that is a photon commutator
correlation function. We would like to point out here that the
renormalization equations (B41) and (B36) in Ref. [30] are
not completely correct. The correct equations are given by the
present Egs. (C41) and (C42).

A. Coherent part

Also the luminescence spectrum consists of two parts. The
coherent part results from the first term on the right hand side
of Eq. (151):

~2
JZal”
T

t—>00

Seon(, @) = n / dT e (YOt + D),
0

(214)
The time dependence of wé(t) on the right hand side of

Eq. (214) is found from the solution of the equation of motion
(153):

z\/_ l\/_F* i
V() = — (vﬁ )HK”.
(,()0 — — K
(215)
Substituting (215) into Eq. (214) leads to
N|Zo/*|T)?
Seon(q, w) = ——34.0 §(w), 216
1(0,0) = 25500 00) (216)

which shows that in the condensed phase a delta-function peak
appears at v = 0.

B. Incoherent part

The incoherent part of S(q, w) is given by
1 o
Sinc(q, @) = — hm ‘){/ dt e (: bl(t) 1 bg(t + 1) 1),
0
(217)

where bL creates an exciton with wave vector q which is
modified by the coefficients Dyq:

1
bl() = 7= > g (e @) (218)
k
Thus
Sinc(qa a))
= mtkr&kaqvk, Jl/ dt "
X (¢ (el qh @) 1 (hwers)(t +T) )5 (219)

In a factorization approximation this simplifies to

Sinc(q’ (L))
— Wllim Z | Tkl ﬂn/ dt et

X (el pq(Derrq(t + )5 (hL 4 (Oh_i (2 + 7)),
(220)

Note that expectation values (:(elT( +th_k)(t):) 5 and

(:(hT_k/ekurq)(t + 7):) 4 drop out in Eq. (219) so that only the
pairwise factorization of Eq. (220) survives.

What remains to be done is the 7 integration in Eq. (220).
Again, this can best be achieved by using Bogolyubov quasi-
particles in accordance with Egs. (78) and (79). With

h'y = niCik + &7 Cox, (221)

eli = EECL( nkCZk’ (222)
one finds
(eh(Dew(t + 1)) 5,
= &P (Cl (OC(t + T + Im(CH(OCot + 7)) 5,
— & (O + D))z,
— MEE(CR (O + ), (223)
and
(hT (DR _i(t + )z,
= [ X (CiCH (¢ + ) g, + [E(Co (TRt + 7))
+ D& (Cik()Ch (F + )z,
+ g (Co (DT + D)z (224)

As before, the T dependence in Egs. (223) and (224) is treated
by employing the Mori-Zwanzig projection formalism. From
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the corresponding equations of motion one finds
(el (Dex(t + 1))z,
= |2 =BT (Cl (O C (D)) 5,
+ I Pe T BTN (Ch (D Cok () 5,
— e TERTT(CT (D Ca(1)5,
— e BTl (DC () 5, (225)
and
(hT (Oh_k(t + )5,
= k2" BT (Cl () C () 5,
+ 16k 2T BRI Cop (1) Ch (D) 7,
+ ke PO (1) Ch (D) 5,

" nkgl?e(iélry)f <C2k(t)CIk(l)>ﬁo

with y being the damping rate of the electrons and holes of
the e-h-p system due to the coupling to the fermionic baths.
Combining all parts of the correlation functions with the same
T dependence one obtains:

(226)

(eb(Dex(t + 1)) gy = afy (1) T BT g (1) e BRI

(227)
and
(T (O k(t + D)), = @l (DeTPRTT L al (1) PR,

(228)

Here, we have introduced coefficients
an (1) = &AL (1) — np&aAR (1), (229)
a5 () = AR (1) — m&r A2 (1), (230)
an () = Im* (1 = A (1) — m&LAL (), (231)
ah (1) = &7 (1 — AZ () — neb AL (1), (232)

and A" (1) = ((C,]:kC,,m)(t))ﬁ0 [compare Eq. (116)]. Finally,
inserting the relations (227) and (228) into Eq. (220) and
performing the integration over t one finds

Sine(q, ®)

1 N 2
- Emik:wm

- ferq (D @l (1)

* (E1k+q — Elk — a))2 + (2]/)2 a1k+q Ak

2y , ,
! (Exxiq — Exx — ) + 2y )? Ax4q (1) apic (1)

2y . ,
" (Elk+q — By — )2 + (2y)? a‘k+q(t)azk(f)

2y , .
" (Eokiq — Eix — 0)2 + 2y )? a2k+q(t)a1k(f)],

(233)

where again only the dissipative part of the integral was
considered. In Eq. (233) the coefficients afl’(h (t) and agi(h(t)
still depend on time 7. The result for the steady state is
obtained in the limit t — oo. Thus,

Sine(q, @)

1
=— > |tiyl’
Nm -

X 2y as . a"
(Eikeq — Bk — )2 + (2p)2 a7k
2y n
+ — — Ao d
(Exx+q — Exx — ) + 2y)? Aheba Tk
2y T
+ — ~ aly . . s,
(Eiktq — Exx — 0)> + 2y)? thora 72K
2y

i 3 as gah | (234
(Ekiq — Eix — 0)? + 2y )? 2k+q 1k:| (234)

Choosing the coefficients a(; 5 and a(hl,Z)k to be real is
compatible with Eqs. (227) and (228). We obtain:

11 21

aTkJrq = |Ek+q|2Ak+q - m(’quéquHq), (235)
g = IMeraPAiq — R(MkrabirqAicsg).  (236)
ahe = Inl*(1 — AY) = R(nr AZ),  (237)
ay = 16 (1 — AP) — R(naAY) (238)

with A" = A" (t — 00)
A = 8P LEn) + Ind* (1 = fu(—Ew)),  (239)
A2 = Inl? fo(En) + 167 — fu(—En)),  (240)

and
=292 & * k|2 N .
R AL) = —=—= (fo(En) + fo(Exo)
(i A) (Eik — Ex)? + (2y)? :

+ fia(—Ew) + fu(—Ex) —2) (241)

with Aﬁl = (All(2 )*. Obviously, the denominators of Eq. (234)
describe the frequency dependence of Sin.(q, w). It is caused
by transitions between energy levels of the quasiparticle
Hamiltonian 7. Whereas the first two excitations in (234)
are due to transitions within the same quasiparticle bands,
Elkﬂl — Eix and E2k+q — E,y, the last two excitations
result from transitions between the two bands. The factors
Ay ojk+q and a(hl’z)k in (234) determine the weight of the
transitions. Note that all transitions are broadened by 2y, i.e.,
twice the damping rate y of single electrons or holes into their
respective baths. In particular, for the case q = 0 one finds two
quasielastic excitations around @ = 0 with a broadening of 2y
as well.

VII. NUMERICAL RESULTS

Evaluating the theory developed so far, we assume, for
simplicity, gf = sﬁ and charge neutrality u, = . We then
self-consistently solve the set of renormalization equations
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FIG. 1. Parameter u characterizing the steady state description
(13) and (14), where p becomes the chemical potential in equilib-
rium. Pictured here is p as a function of wp for different values of
y at fixed k = 1073 (left panels) and, likewise, for different values
of « at fixed y = 0.1 (right panels). The two upper panels refer
to detuning d = 3.5, the lower panels refer to d = —0.5; note the
different scales of the ordinates.

(A23)-(A27), (B3)—(B8), and (C41)—(C42), together with
Egs. (127)-(129), and (156) for the expectation values, in
momentum space (on a grid with N = 160 lattice sites), for
a one-dimensional system. Convergence is assumed to be
achieved when the relative error of all quantities is less than
10719,

In the numerical work, we fix the interaction parameters
g =02, U =2.0, the zero-point cavity photon frequency
o, = 0.5, and consider a finite but very low temperature 7 =
0.001. All energies will be measured in units of the particle
transfer amplitude ¢ and the wave vectors in units of the
lattice constant a, where we take as typical values t >~ 2 eV
and a ~ 5 A, yielding ¢ >~ 0.4 ¢, for the speed of light of the
microcavity (cg is the speed of light in vacuum). We found
that the physical properties only slightly depend on the actual
value of ¢ [30].

Since the coupling between electrons, holes, and photons is
most effective in case the excitation energy of an electron-hole
pair (exciton) matches a photonic excitation, we introduce, for
the following discussion, the so-called detuning

d=ow. - E, (242)

where E, denotes the minimum distance (gap) between the
bare electron and hole bands [30]. A positive (negative) E,
indicates a semiconducting (semimetallic) setting.

A. Expectation values

We will start by examining the relation between p and pp.
Remember that 1, = u;, is the common chemical potential of
both electronic baths, a parameter that is fixed from outside.
The quantity u, on the other side, gets a physical meaning
in (quasi)equilibrium only, where it becomes the chemical
potential of the system. Therefore a difference between u and
wp can be taken as a measure for an increased importance
of cavity photons (compare Sec. IV E). Figure 1 gives p as

T T T I T
Un m r d=85 / N
L i L ¥=0.1 i
- 1 r — x=10° ]
= r 1 r — k=107 ]
2~ N - — x=105 7]
ol 1 r k=102
“ \ \ ] L \ \ ]
0 04 . 08 12 0 04 . 08 1.2
o e
051 T ] N A ]
0.48 . = -
046 - - -
=044 - L ]
042 . H -
04 d=-0.5 a ‘ d=-05 -
C ! ! ] I ! ! ]
0.38
0 05 1 15 0 05 1 15
n n

FIG. 2. Steady-state parameter p as a function of the total den-
sity of excitations in the e-h-p microcavity system, nex. from (180).
Shown are results for d = 3.5 (top) and d = —0.5 (bottom) at a fixed
value of « (left) and y (right).

a function of wp at fixed damping rate « (left panels) and y
(right panels), describing the coupling of the system to the
photonic and electronic baths, respectively. The upper and
lower panels of Fig. 1 reflect large and small detuning, where
d=35, E;=-3 and d = —0.5, E, = 1, respectively. In
the former case, we observe a linear dependence of p on
up over almost the whole energy range of the electron band
(bare bandwidth 4¢); the saturation when u approaches the
upper band edge originates from electron phase space filling.
In the latter case, pp has to overcome the band gap E,
first, thereafter u grows monotonously. If the self-consistently
calculated p reaches w,, any further excitation is photonic in
nature in both cases. This is the range where u notably devi-
ates from pp and nonequilibrium effects become important.
These are more prominent for small detuning and less photon
leakage.

Figure 2 directly relates p to the total number ngy of
excitations in the electron-hole-photon system, which is given
by Eq. (180). At small-to-moderate excitation densities and
large (small) detuning, the excitations are excitons (polari-
tons) for the most part [30]. Here, the system is close to
(quasi)equlibrium and p takes over the role of a true chemical
potential. When n.y. increases, the photons play a major role,
and the system moves away from the former equilibrium
configuration, which was described by p = wp. This is why
the curves w(nex) flatten for large nex.. Of course, above
nexe = 1 any further excitation has to be photonic. Again, for
large detuning, the overall behavior of w(ne.) only weakly
depends on the damping/coupling parameters « and y .

We now aim at a characterization of the possible condensed
phases of our e-h-p system. In Fig. 3 we show the excitonic
order parameter,

Ay =—(U/N)D dx. (243)
k

in dependence on the density of excitations. Figure 4 gives the
corresponding photonic order parameter

A = —(g/¥'N) (o) (244)
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FIG. 3. Excitonic order parameter Ax [see Eq. (243)], reflecting
the exciton contribution to the condensate in the steady state. De-
picted are the real parts (solid lines) and imaginary parts (dashed
lines) of Ay as a function of n.,. for large (top) and small (bottom)
detuning at fixed « (left) and y (right).

[compare Eq. (37)]. Atlarge detuning (d = 3.5; upper panels),
valence and conduction bands will penetrate each other and—
for the considered values of the Coulomb interaction between
electrons and holes (U = 2) and exciton-photon coupling
(g = 0.2)—a gapful renormalized band structure develops,
just as for a BCS-type excitonic insulator state [28]. Here,
the condensate formed at low and intermediate excitation
densities is mainly triggered by the Coulomb attraction be-
tween electrons and holes and therefore is predominantly an
excitonic one; cf. the vanishing value of A,, in Fig. 4. If
we would have strengthened the Coulomb interaction at fixed
Nexc, We would be able to observe a BCS-BEC crossover
in the excitonic condensate [9,34]. Increasing the density of
excitation nex. the location of the correlation-induced gap is
shifted to larger k values, and phase-space and Fermi-surface
effects become increasingly important. This is indicated by
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FIG. 4. Photonic order parameter A, [see Eq. (243)], reflecting
the photon contribution to the condensate in the steady state. Here,
A, is given as a function of ney for d = 3.5 (top) and d = —0.5
(bottom) at fixed k¥ = 10~ (left) and y = 0.1 (right).
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FIG. 5. Electron-hole pairing amplitude dy [see Eq. (33)], indi-
cating exciton condensation. Shown is an intensity plot of its real
part in the momentum-density plane for semimetallic (d = 3.5; left
panels) and semiconducting (d = —0.5; right panels) situations.

the downturn of A y. At still larger values of n.x., photonic
excitations come into play more and more. As a consequence,
the condensate turns from excitonic to polaritonic and finally
to a purely photonic one (lasing regime [26]). For small
detuning (d = —0.5; lower panels), where the system is in
the semiconducting regime from the very beginning, both
excitonic and photonic order parameters are finite, even at
small excitation densities, which can be taken as a clear
signature of a strong coupling between the light and matter
degrees of freedom. As a result, a BEC of polaritons forms.
Again the photons are dominant at large nex. (especially
in the lasing regime). Obviously the influence of the bath
degrees of freedom on the results is more pronounced for
smaller (larger) values of y (k). This is in accord with the
analytical results of Sec. IV G, indicating that an equilibrium
description is appropriate in the limit of large (vanishing) y
(k). When y gets smaller, we found self-consistent solutions
of the renormalization equations in a smaller range of ey
only. Note that the excitonic order parameter receives a finite
imaginary part only for sufficiently large values of «, almost
irrespective of y.

Figures 5-7 show the wave-vector resolved, excitation-
density dependent intensity of the real and imaginary parts of
the electron-hole pairing amplitude di and the photon density

expectation value (Iﬁ:ilﬁq). Not surprisingly, the results for
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FIG. 6. Exciton pairing amplitude dx. Shown is the intensity plot
of its imaginary part in the momentum-density plane for d = 3.5
(left) and d = —0.5 (right).

small photon leakage « and relatively large coupling to the
electronic baths (upper panels) are more or less the same
as in equilibrium [30]. In both the semimetallic (left panels)
and semiconducting (right panels) regimes the amplitude for
electron-hole pairing is largest at k = 0 if nex. — 0. Increas-
ing the excitation density at large detuning, the maximum is
shifted to larger k values in the course of exciton formation,
respecting the band structure, phase space filling, and Pauli
blocking, until, when u approaches w. = 0.5 near nex. ~ 2/3,
the photon field severely interferes. From this moment, the
real (imaginary) part of the pairing amplitude is substantially
reduced (enhanced) and the photon density becomes finite.
Clearly, in view of the above, this effect gets stronger the
smaller y (see middle panels) or the larger « will be (see lower
panels). For nex. = 2/3 the pairing amplitude di is enhanced
for almost all k values, with the exception of the momenta
(energies) where the photons interfere. Here, the system is
more or less characterized by its large photon loss in the
environment, whereby the leakage strengthens at larger « (see
lower left panels). At even larger ne. one expects to enter
the lasing regime [26]. For small detuning, exciton formation
is intimately related to electron-hole excitation across the
bare band gap, i.e., the coupling to the photons affects the
properties of the system from the very beginning and, as a
consequence, a broad maximum in di develops when nex.
increases. The strong signatures emerging in the imaginary
part of dx can be attributed to polariton formation. As a matter

S 0
%.01 o 0.01 901 o 0.01

FIG. 7. Intensity of the photon field (Iﬁ;wq) in the momentum-
density plane for detunings d = 3.5 (left) and d = —0.5 (right).

of course the maximum intensity of the photon field is always
at g = 0, but the abrupt increase of the photon density changes
to larger excitation densities for larger detuning.

B. Spectral properties

We now consider selected spectral quantities character-
izing the physical properties of the e-h-p system if it is
coupled to electronic and photonic baths. Thereby, we first
examine how the correlations and fluctuations resulting from
the Coulomb and light-matter interactions will renormalize
the band structure. Of course, this band structure has to be
calculated in a self-consistent way for a given excitation
density since the electron and hole contributions to the spec-
tral function are interrelated in the PRM scheme. Hereafter
we consider ne = 0.8. The quasiparticle band dispersion
shows up in the coherent part of the single-particle spectrum,
A, con(k, ) in Fig. 8, which probes both the occupied and
unoccupied states as it is defined via the anticommutator
(Green) function in Eq. (207). As briefly mentioned already
above, at large detuning the bare bands interpenetrate and
the electron-hole Coulomb attraction favors the formation of
a macroscopic quantum-coherent excitonic insulator state, in
formal analogy to the occurrence of the BCS-type super-
conducting phase. This becomes evident by looking at the
quasiparticle bands shown in Fig. 8 left panels): Here the (cor-
relation induced) band gaps open at finite momenta (around
kr), where an almost complete backfolding of the bands is
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FIG. 8. Electron single-particle spectrum in the steady state of
the considered e-h-p microcavity system. The quasiparticle band
dispersion clearly appears in the intensity plot of the coherent part
of the fully renormalized spectral function, A, .n(k, @) given by
Eq. (211). Results are given for typical semimetallic (d = 3.5, left)
and semiconducting (d = —0.5, right) situations. Here, the excitation
density ne. = 0.8. Note that the frequency is measured from p.

observed. At the considered large n.. the gap appears at the
momenta where the real (imaginary) parts of the electron-hole
pairing amplitude is substantially suppressed (enhanced), cf.
Figs. 5 and 6, which indicates the importance of photons
in both the polariton BEC and lasing phases. A so-called
“lasing gap,” where (light-induced) electron-hole pairs will be
formed around the laser frequency (momentum of the kinetic
hole burning), recently has been predicted theoretically [26],
but has not been observed experimentally so far. For small
detuning the renormalized band structure is different in nature
(right panels). In principle, the quasiparticle bands retain their
(bare) semiconductorlike arrangement, but the particle-photon
coupling causes a noticeable flattening (plateau structure) of
the conduction band bottom and valence band top, thereby
enlarging the single-particle spectral gap. The plateau struc-
ture can be attributed to a polariton (photonic) BEC. For both
detunings, a smaller value of y will reduce the spreading of
the coherent signal while it enhances its intensity (see middle
panels). A larger value of «, keeping y at fixed, will reduce
the magnitude of the gap in the renormalized band structure.
In this case the leakage to the external photon vacuum is
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FIG. 9. Steady-state luminescence of the e-h-p microcavity sys-
tem under consideration. Shown is an intensity plot of its incoherent
part, Si,c(q, w) given by Eq. (234), at ne. = 0.8, for d = 3.5 (left)
and d = —0.5 (right).

enlarged, leading to a weakening of the excitonic order pa-
rameter Ay and thus to a weakening of the quasiparticle band
gap.

Finally, we will look at the steady-sate luminescence
of the e-h-p system, considering the same parameters as
for the single-particle spectra. Clearly the coherent part of
the luminescence spectrum is the dominant one, however,
Scon(q, @) has neither a nontrivial q nor a nontrivial w depen-
dence [see Eq. (216)]. Therefore, in Fig. 9, we only display
the behavior of the incoherent part of the luminescence,
Sinc(q, @), which is characterized by particle-hole excita-
tions according to Eq. (218). The results shown in Fig. 9
include all possible annihilation and creation processes of
electron-hole pairs inside and in between the fully renor-
malized quasiparticle bands E(l,2)k without any additional
photons involved. From Eq. (235)—(238) it is evident that
the interband contributions between the two bands Ex and
Eox, caused by terms proportional to |£iq|*|€k|? in the
prefactor of the next to last term, are the dominant ones.
Special attention deserves the significant flattening of the
excitonic response at small momentum transfer for small
detuning and ¥ = 1073, which is due to a strong light-matter
interaction and indicates the formation of an exciton-polariton
condensate.
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VIII. SUMMARY AND CONCLUSIONS

The projector-based renormalization method (PRM) is a
reliable and powerful analytical technique that has already
been successfully applied to a wide range of equilibrium
solid-state physics problems in the past; examples are mag-
netism, superconductivity, charge density wave formation,
phonon-softening, or valence and metal-insulator transitions.
The main purpose of this work was to provide a consis-
tent extension of the PRM for dealing with more general
nonequilibrium situations in open systems, as they appear
when quantum systems are coupled to external reservoirs.
A prime example for this is the light-matter coupling in
semiconductor microcavities, where electrons and holes—for
example, after being excited with light—can form excitonic
bound states due to their Coulomb interaction, or can recom-
bine into photons, when cavity photons can escape into the
vacuum (e.g., because of mirrors with imperfect reflectivity).
Furthermore, in such systems coherent quantum condensates
may arise, realized as BCS or BEC equilibrium states, but
also manifest nonequilibrium (lasinglike) phases. The PRM
framework we developed can treat, if combined with the
Mori-Zwanzig projection technique, these equilibrium and
nonequilibrium situations in a rather unified way. The steady-
state properties of the system are thereby obtained from the
long-term behavior of appropriate expectation values and,
equally important, the many-body correlations and fluctua-
tions processes are taken into account beyond mean field in
the whole range of excitation densities. Besides expectation
values also spectral properties can be evaluated in the steady
state. From a theoretical point of view, this ensures diverse
future application possibilities of the proposed approach.

Other examples, where the newly developed PRM ap-
proach might be applied, coming from the very topical and
promising field of ultracold atomic physics [35]. In these
systems particles (atoms, molecules) or even BECs are loaded
into optical lattices created by dynamic cavity fields and are
studied in connection with different ordering phenomena,
quantum phase transitions, superradiance phase transitions,
driving, and dissipation [36—41]. Here the particles in a quan-
tum many-body correlated phase of matter strongly influence
the properties of light and vice versa, whereby the tunable
interplay between rather short-ranged direct particle-particle
interaction and long-range interaction mediated by the cou-
pling to the optical cavity mode is of particular importance.
Then in particular the quantum properties of light scattered
from the emergent structured cold-atom phases will require
a nonequilibrium or at least steady-state description [42].
The Hamiltonians being normally discussed in this context
are extended Bose-Hubbard-type models supplemented by an
atom-field interaction part or Dicke-type models and take
into account dissipation due to photon leakage (coupling to
reservoirs). The proposed PRM, adjusted correspondingly, is
definitely suitable for treating such models.

In this paper we considered a rather generic open model
system consisting of interacting electrons, holes, and cavity
photons and their corresponding reservoirs. The focus was on
exciton and polariton formation, and their possible condensa-
tion in the course of spontaneous breaking demonstrated by
nonvanishing excitonic and photonic order parameters. In the

steady state, the nature of the condensate changes from an ex-
citon to a polariton and finally to a photon dominated ground
state when the density of excitations increases. Thereby a
finite expectation value of the photonic field operator is intrin-
sically connected with a finite imaginary part of the excitonic
order parameter function and, from a physical perspective,
with photon loss. Having assumed an electron/hole band
symmetric case and charge neutrality, the difference between
the self-consistently determined quantity w (which takes over
the role of a true chemical potential of the system in thermal
equilibrium only) and the sum of the chemical potentials
of the electron and hole baths @pg can be used in order
to quantify nonequilibrium effects. For small-to-intermediate
excitation densities and large detuning (semimetallic situa-
tion) Fermi-surface and Pauli-blocking effects are important
and the condensate is reminiscent of the BCS-type excitonic
insulator phase, whereas for small detuning (semiconducting
situation) the condensate typifies a Bose-Einstein condensate
of preformed electron-hole pairs (excitons). Note that if we
would have increased the Coulomb interaction at fixed exci-
tation density we could realize a BCS-BEC crossover in the
excitonic condensate due to the growing Hartree shift between
valence and conduction bands. In any case the fully renormal-
ized band dispersions were obtained from the coherent part of
the single-particle spectral function and show the opening of
the band gaps and significant differences between large and
small detuning situations, such as a strong band backfolding
and a pronounced band flattening of the valence (conduction)
band top (bottom) in the former and latter case, respectively.
As soon as we enter the regime where the photons and
therefore nonequilibrium effects play an important role, our
results will noticeably depend on the parameters y and «
parametrizing, respectively, the couplings to the electron/hole
and photon reservoirs. In this context we have shown that the
present steady-state approach cannot be reduced to the case
of a closed electron-hole-photon system simply by setting
y and k to zero; instead one gets a description of thermal
equilibrium in the limit of large y. On the other hand, the
photon leakage/loss strengthens at larger values of «.

It might make sense to emphasize once more the key
findings of the nonequilibrium effects of the steady state and
to compare our results with previous results for the thermal
equilibrium situation from Ref. [30]: (i) At small-to-moderate
excitation densities n. the e-h-p subsystem is close to ther-
mal equilibrium. In particular, for the largest used value y = 1
of the coupling of cavity electrons and holes to their respective
baths, the results of Figs. 1-4 agree very well with those from
Ref. [30]. But also for smaller y (and the largest detuning
value d = 3.5) the e-h-p subsystem and the electronic baths
stay in a common (quasi)equilibrium. Note that the linear
slope with 4 = wp in Fig. 1 stands alone for an increase of
electrons and holes, whereas the following flattening of ;(ip)
is a Pauli-blocking effect after all quasiparticle states are
already occupied by electrons and holes. Any further increase
of nexe Or up is solely governed by an increase of cavity
photons. (ii) Increasing ney further the number of cavity
photons increases. Thereby, for a sufficient large number of
cavity photons they become affected by their coupling « to the
external free photons, which leads to a loss of cavity photons.
This loss is intrinsically connected to the appearance of finite
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imaginary parts of the excitonic order parameters in Fig. 3
or Fig. 6, in particular for larger values of «. For the case of
small detuning d = —0.5 in Fig. 3 or Fig. 6 this effect is more
pronounced already at small n.x. since in the semiconducting
case photons are also present already at smaller excitation
densities nex.. The coupling of cavity photons to free space
photons affects the properties of the system from the very
beginning. To summarize, nonlinear effects become important
whenever a sufficiently large number of cavity photons is
present. Thereby, the coupling « to external photons plays an
important role but also the detuning of the system and less
important the value of the coupling y .

The limitations of the present theoretical approach are:
(i) The initial density matrix py was assumed to be factoriz-
able into a part pg for the subsystem Hg and into a reservoir
density pr, po = pspr. Thereby ps was assumed to describe
thermal equilibrium for Hg, and pr should be infinitely large
so that it is not changed by renormalization effects. (ii) The in-
teractions H; of the subsystem Hg was assumed to be ‘small’
and was treated in the renormalization equations in perturba-
tion theory. The renormalization was only done in small steps
A, so that extreme high renormalization processes are taken
into account in the fully renormalized quantities. Therefore,

J

the renormalization method is usually valid for parameters of
H 1 which are of the same order as those of H,, i.e., far beyond
usual perturbation theory. (iii) Finally, the influence of the
reservoirs were taken into account in perturbation theory up
to second order in the interaction Hsg between the subsystem
Hs and the reservoirs Hg.

Although we exclusively focused on the exciton-polariton
problem in this contribution, the extended PRM, bridging
equilibrium, and steady state descriptions can be used to
tackle other strongly open/driven quantum model systems
with strong correlations, which opens an avenue for explor-
ing many-body effects in nonequilibrium situations, i.e., for
ultracold atoms in coupled to radiation fields. Work along this
line is in progress.
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APPENDIX A: RENORMALIZATION OF H,

The renormalization equations for the A-dependent parameters of H; will be derived from Eq. (43) which transforms H, to
H,._ay.. For sufficiently small renormalization steps AX, when the expansion in g and U can be limited to O(g?) and O(U?), we

have

Hsp—an = Hoap + Heo +Hip + [ Xoan, Hop +Hep +Hipl+---

(AD)

where the representation (60) for Hs ; has been used. Renormalization contributions arise from the three commutators on the
right hand side which must be evaluated explicitly. Contributions of order O(X % Ay) and higher will be neglected. From the first
commutator [ X ax, Ho, 1] one finds renormalization contributions to Ak ; and I';. They read according to Sec. III B:

SAL) = _\/—Ako()\ AL) wo (Vo) — — ZBklk kO, AV (8f 5+ & ) dus (A2)

k;
ST = £ 3 Ao AL (e, + € ) dh (A3)

N - ’

where we have used expressions (65)—(67) for the generator X, ax

Xoan = X,\ ar T XA AL T _Xi,m (A4)
with
8
X === Agh AV el hy ¥rq : —Heel, (AS)
VN
U

X = N Y Bikatko ks +o—ka (A AL el €1, Bl i ik (A6)

kikoks
Note that both parts X3 ,
[ X5 a5, He ] one finds:

(X5 ane Hea] = f Z Ako(h, AR A, (1 = nf, —

s and X7 ., contribute to § Ak 3» Whereas only X

Ay, contributes to 61"&0). For the second commutator

}ik) wg + H.C.)

\/— Z(Ako()L AL)Ay, x(l/fo)(l - ekek - h_kh k) +H.c.)— gl Z(Ako(?L AL) ekhT_k +H.c.),

K
(A7)
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U 4 4
[XY a0 Her] = - > [Br koo —k(hs AL Aws(dy (1 — efew —h'hoa) + (1—nf —n") el by ) +He]  (A8)
Kk
(omitting irrelevant constants), where again only renormalization contributions of the operator structure of Hs ; are retained. We
point out that the contributions in Eqs. (A7) and (A8) which renormalize e}, and el « are of second order in the order parameters;
they should be small and will be neglected. The remaining contributions renormalize I'; and A ;:

5T = % 3 Ako(h, AR A(1 = nf — "), (A9)
k
. U
SAY, = —gTiAko(h, AL) — 5 > Bu kot O AX) A i (1 = nf, =1y ). (A10)
ki

Next we look at the last commutator [ X ax, H1.1] in Eq. (A1). Neglecting off-diagonal commutators we first obtain,

242 242
[X5 a0 Hen] = % Y Ak qq(h AR (Y +ni_y) epe + % Y AkqOu A2 (Y 4 ) Lo
kq kq
242 .
- % D AkgC AV (1= ng = ) Wiva = 8q,0((W3) Yo — (Yol v, (A11)

where we have introduced the following expectation value for the photon fluctuations:
ny = (Wdva) = Sq.0(¥0) (Vo). (A12)

Equation (A11) leads to renormalization contributions of &f ;, &", ., wq., and I';:

2 2
e(g) 8 h
Seps) = ~ Z Ax—qq(h, AV (nd +nl ), (A13)
q
h(g) 282 ¥ e
b = - D AkgO, A (Y + 1,). (Al4)
q
Sw'®) = % > AkgO, A1 = nf g — ")) (A15)
q.A T N kq\/s k+q —k)°
Kk
2
ST = ZLZA.(Q(A, AN(1 = nf —n" ) (Wo). (A16)
NVN 4
The evaluation of the second commutator [ X }lf ars Hu.alto [ Xy ax, Hix] is more evolved. Our starting point is
U? g: .
U _ ki ki —qkz ko+q LT T A .
(X3 i Hor] = 5 D TRk e (s AV - e eii—alig hiorg 5 by e, gex = ] (A17)
kikogq
k’lk,’_,q’

where we have introduced

ki ki —q.k;, kx+q
riksalokets oA (A18)
= 3[Bi k- Ky rq oy AL) Ok, kg ko kotar By ki—a ko kota(hs AL) Ok ki gk ka2 - (A19)

We first extract the part of the commutator (A17) that renormalizes the electronic one-particle energies. It reads

U? K Ki—a:
} : 2 : 1.k —q;ky ko +q T g1 T . A gt A .
m Fk’],k/l—q’;k'z,ké-&-q’()t’ AX)[Skﬁq,qu.ek]ekl_q.hkzhk/z .ek,]_q,ek/] L= (Skz,k/z . ek]ekl_q . hk’2+q’hk2+q . ek,]_q,ek/] .
kik2q K|k} q'
+5 , .hT h/'eTe/'hTh 5 /'hT ]’l"eT e th’l ]
ki—qki—q - P q G 0 Gk Ok - P hotg T Okikg - g g Py - G _grCki—q - P Pk tg - -
From this, by truncation, we extract those contributions which are proportional to e;[(ek or hT_kh_k and arrive at the
renormalization contributions to &}, and 8&:

U2
Sef;ff\/) = N2 Z (Bk’k—mkbkfrq()" Ak)[(nﬁz - nﬁz+q)(1 - nli—q) + ”Lq(l - ”ﬁz)
kaq

~ BusasiooraCho A1, — ) 1cq g1 = )] (a20)
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2
Senty) = 2Z(Bk,,k_q;qu,kwAk)[(nil—nﬁ_q>(1 n_q) — 1, (1 =1, _y)
kiq

— Bk, ki—qk k+q(%, A)\')[(nil —ny, 7q) nﬁ“r(] — nj, (1 —ny, 7q)])‘ (A21)

In the same way, the renormalization contributions to A ; can be extracted from (A17). Again, by truncation, we collect the parts

being proportional to elhT_k or h_gex. Since XV (A, AA) and Huy . are time-ordered expressions, a truncation within X Ux, AL)
and within Hy , is thereby forbidden. One finds

U? ko

) ki +q.ki ik —k+ h Kk—qi— (ki +q). o

8By =~ N2 Z (T Fak ks kg A AM (kg = 1k q) i + Tk g v s AV (g — 1" i) )- (A22)
kiq

Summing up, the following renormalization equations between the energy parameters of H; and H;_a; were found:

€ sonn = oy 0ep ) + 86, (A23)

8l}i A—AL = gk At 58h(g> + 58:1(5)’ (A24)
Wqr—AK = Wg T+ Swff))h, (A25)

Akjear = Ak +8AY) + A + 877, (A26)
Toar =T+ 0T 46T 461, (A27)

APPENDIX B: RENORMALIZATION OF ELECTRONIC OPERATORS

Starting from an appropriate ansatz for the single-fermion operators elL , and hik’ ,» according to Eqgs. (103) and (104), we
have

1 1
e;k = xk,;\el + _\/N Ztk_q'q'}‘hq_k . 1//; + N Zaklkkzyl ell . hltzhkl-H(z—k . (Bl)
q kiky
1 1
him = yahly + TN Z Ukq gk Wl + v Z.Bklkz,kz—kl—k,k : 611,61(2 : hltz,k,,k- (B2)
q kiky

In analogy to the renormalization equations for the parameters of H,, one derives the following set of renormalization equations
for the coefficients Ih—q.q0 Dikoks, 2o Uy ks and B, k,ks.2:

Ik_qqi—ar = lk—qq T 8%k 1 Ak—q q(*s AL), (B3)
Okykky, - AL = ko, — U Xk Bigik, (A, AL), (B4)

Upgr—ar = Ukgr — & Yk Ak q(As AR), (B5)

Briks k—ki+ks i~ A% = Blyky k—ky+ka. — U Yk Bk k—ky +k, (A, AL). (B6)

To obtain renormalization equations for xx, and yx, we use the anticommutator relations for fermionic operators,
[elT(()»), ex(A)]+ = 1and [hT_k()L), h_x(M)]+ = 1, which are valid for any A. We arrive at
1 2 1
2 v h 21, h h i i
|xkv)‘| =1- N Z |tk—q,q,k| (nk—q + n—q) - N_ Z |ak kky, 1| [nk1+k2— (1 - nkz) nkl (nlz1+k2— nliz)] (B7)

1 q
|yk,)»|2 =1- N Z |uk,q,k|2 + nq+k 2 Z |13k ko ko —k; ko, )~| [nk1 (1 - nkz) + (1 - nﬁz*klfk)(nliz - n]e(l)]' (BS)
q kiky

Here, a factorization approximation was used. The expectation values ny, n n > and ng on the right hand side are best chosen

as steady-state expectation values and have been defined before in Egs. (98) and (99). Moreover nq = { wq Vg ). Equations
(B3)-(B6) together with Eqgs. (B7), (B8), taken at A — A — AA, represent a complete set of renormalization equations for the
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A-dependent coefficients in Eqs. (B1) and (B2). They connect the parameter values at A with those at A — AA. The initial
parameter values at cutoff A = A are:

(XA, Ya) =1, (B9)

{tkq. A+ Uk, A+ kKo s Brkio,a } = 0. (B10)

By integrating the full set of renormalization equations between A and A = 0 one is led to the fully renormalized one-particle
operators:

, . 1 1 ;
PN = R ~ oLt .
€ = Xxey + —— Z Ik_q,qhq_k : ‘(ﬂq 4= Zak]kkzekl : hkzth-kz—k : (B11)
N q N kiky
. o 1 5 1 ~ X
/’lT_k = ykhj_k + «/_ﬁ Zl/lk’qeq+k : Iﬁ; : +N Zﬁklkzqu*k]*k : ellekz : hliz—kl—k' (B12)
q kiky

With (B11) and (B12) one obtains in the limit t — oo:

e ~1 ~ ~ e 1 = ~h ~ 1 ~ 200 A ~
n = (@20 = 00))5, = 1A + D licqal® (1= g) 2 + 55 > o[ A5 (1= A g ). (B13)
q kiky
.t o 1 B . e 1 ~ 20 ne \n
n'y = <(hikh—k)(t — 00))p = |9kl*A” ) + N Z |”kvq|2”g(1 - ”k+q) + N2 Z |'3k1kz»kz—k1—k’ g, (1 - ”kz)”ﬁz—kl—k’
q kika
(B14)

and similarly
~ o~ g% 1 ~ a Ae ~ o~ A i E
dy = Ak dy, — N Z (B k. —k g + Pl -k, (2" — 1)) dy, (B15)
ki

where a small term proportional to ax, k. —k, Bk, k. —k, of O(U?) was neglected. Another small contribution being proportional to

((: wg Di—o0) 5, Was neglected as well. The quantities 7y, a o and ﬂg on the right hand side of Egs. (B13)—(B15) are steady-state
expectation values however formed with the renormalized density gy [also compare Egs. (108)—(110)]:

AL = ((efer)(t = 00)) 5 (B16)
Al = ()t — 00)) g, (B17)
AY = (Gl g D > 00)) 5. (B18)

The corresponding order parameter for the formation of excitons is

di = ((ef ! (& — 00)) 5. (B19)

APPENDIX C: STEADY STATE EXPECTATION VALUES

Evaluating the expectation values (A(t)) for 1 — oo, we use relation (94) and the steady-state condition (93):
(A®) = (AWD) (C1)
1At = 00 = LAt — o) =0 (C2)
dt Cdt o

On the right hand sides, the time dependence is governed by 7. 5y denotes the fully transformed initial density, and A is the
transformed operator of A.

1. Electronic quantities

To analyze time-dependent expectation values for large times, the steady-state condition (93),
d
a((CL(ka)(t))ﬁ(J =0 for t — oo, (C3)

must be fulfilled. Here, the time dependence is governed by the renormalized Hamiltonian

H = Hs + Hr + Hsr, (C4)
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and the expectation values are formed with the transformed initial density gy. According to this “recipe,” we first derive equations
of motions using generalized Langevin equations. These dynamical equations are best found within the Mori-Zwanzig projection

formalism [31,32,43] for a set of dynamical variables {A, = Clkak, bZ,Pbe,p, b,zqubh,_p} (n,m=1,2):

d . ! / / /
aAv(t) ZI;AH(I)CU,W—/O dt ;Aﬂ(t—t)Ew(t)-i-]:v(t), (C5)

where we have introduced a generalized scalar product (A|B) = (A'B) s, for operator variables A, B. The w,, and X,,,(t) are
generalized frequencies and self-energies, respectively, and F,(¢) is the random force:

O = Y X (Ay[LA,), (C6)
n
() =Y X (A, ILQ A QLA,), (C7)
n
Fo(t) = i Q1 QL A, (C8)

The quantity L is the Liouville operator, defined by the commutator of 7 with any operator observable A, i.e., LA = [#, A],
and Q is a generalized projector in the operator space which projects perpendicular to the subspace spanned by the set {A,}.
Moreover x M’ﬂl is the inverse of the generalized susceptibility matrix x,, = (Ay|AL):

Z XW'MX/:UI =8yy- (C9)
m

Since H does not commute with 5 the expectation values (A, ()) 5, are intrinsically time dependent.
Let us first consider the equations for the electronic variables A" = C,]:kak. Because they are dynamical eigenmodes of

Hs the frequencies w,, and self-energies X, can be easily evaluated in lowest nonvanishing order perturbation theory in the
interaction Hsg. One finds in Markov approximation

%A.?(t) = i(En — Ex)AS — AL[ES % (Ex) + Il v (End) + & vid (—En) + Iml® 1 (— E)|
— & [ A (W Ew) + W (—Ew) + A7 (- (Ex) + W (—Ex)) |
— i ) [Tipl” (8@ = Enk) +8(wf — En)) blybep

' T

i N d
gm0 [T [ (8(ef, + En) +8(of, + Ex))ba—pb) _, + Fi2 = (aAﬁl(t)) (C10)
P

%A}:(t) = 2 A (16 v (Eu) + In* vl (—Enw)) + (Eime A + & AY) (mE(End) — it (—Ew))
+ 27186 Y |Tep*8(0f — Eni) blpbep + 27 m> Y [Ty 8(e"y + Eik) ba—pbf_, + FiL. (C11)
SARW) = 2 AR (P B+ 16 B) + (B AL + 8 AY) (B — A o)
+ 27 || Z |r§p|25(w; — Exx) bl,bep — 27 |Ek|? Z |rﬁP|23(w’ip + Ex) bh,,pb,t,_p +F2. (Cl12)
> >

Note that the last two terms in equations (C10)—-(C12) are proportional to the electron occupation number operators bzpbep
and bh,_pbzﬁp of the electronic reservoirs. However, the equations of motion for b;pbe,p and b;fpbh,_p are not needed. The
electronic baths are assumed to be large and stay in thermal equilibrium even when they are coupled to the e-h-p system.
Moreover, the imaginary parts of the self-energies Jy ¢ (w) will be neglected, which would lead to frequency shifts. The
remaining real parts Ry, "(w) lead to a damping of electrons and holes as a result of the coupling to the electronic reservoirs:

Ry (@) =7 Y [T 8(ws — o), (C13)
p

M) =m Y [T '8(al, — ). (C14)
P
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To simplify the further evaluation we assume that electrons and holes possess the same damping rate, which is also supposed not
to depend on k and w, i.e.,

Ry (w) = Rp(w) ~ y. (C15)
Then Egs. (C10)—(C12) reduce to

d - - - -
GACW = i(Buc = Ea) AL =2y AL = man ) [T (3(wf — Eu) +8(0p — En) blybi
P

3 N d f
+rgeng Y T [ (3(", + Ew) + (", + Ex))bupb)_, + Fi2 = (aAil (r)) : (C16)
P
d - -
A (O = =2y Al +2mla T8 (e — En) blybep + 27> > Tl |8 (", + En) br—pb), _, + Fil,
P P
(C17)

d o 3

aAﬁz(t) = 2y AP + 2| Y [Tep*8(ef, — Eax) blybep — 2718 > Ty |*8(" , + En) bu—pb) _, + Fi2.
P P

(C18)

The equations of motions for the expectation values, formed with gy,
AL () = (A" ), = (ChLCu) ()0 (C19)
can immediately be found from Egs. (C10)-(C12):

d ~ - - -
A =B = Ex) =271 A3 () — méiaig ST (6(ef — Ev) +8(ef, — Exx)) (blybep)
p

3 5 d f
g Y [T (3(h, + En) +8(o, + Ex)) (b —pb)_p)s = (aAﬁl (r)) : (C20)
P

d - - B
Ak (O = =2y Al@) + 2 S ITE (S — Eu) (blybep) sy + 2 Iml? Y Tl |8 (e + Eik) (br—pbh_p) 0
P P

(C21)

d - .
AV = =2y AT + 2w ) T *8(0f — E) (bl ybep) o + 2716 > |Th [P8(e, + Ex) (bn.—pbh )
P P
(C22)

where the random forces F¢™ do to contribute since the (F");, vanish at least up to second order in Hgsgr. Moreover, because
the expectation values of the bath variables (blpbep) 5 and (bJ[ b, _,) 5, do not depend on time, we may use Fermi functions for

h,—p~h,—p
(bl b Vs = ! = fo(w?) (C23)
epZep/Po — 1+eﬂ[w§7(ue7;/./2)] — Je\"p)
1
(Bh—pbh—p)in = = fi(",)- (C24)

1 + Pletp=(m—n/2)]
Exploiting the presence of the § functions, Egs. (C20)—(C22) can be simplified to

d 5 5 s . . 5 d t
— AP () = [i(Ek — Ex) — 21 A () — v & (f(Ewk) + fo(Ex)) — v Enp(fr(—Ew) + fu(—Ex) —2) = <—A.i' (r)) :

dt dt
(C25)
d - -
Ak (O = =2y AL® +2y 168 (B + 2y Ind (1 = fi(=En)), (C26)
d 22 22 2 7 2 ”
g Ak (O = =2y A () + 2y Il fe(E2) + 2y 1871 = fu(=E2x)), (C27)

where Egs. (C13) and (C15) have been used.
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We are now in the position to evaluate the limit # — oo for the expectation values
nm : nm 1 T
AP = Tim (A7) = lim (ChCud (D) (C28)
Using the steady-state condition (C3) one finds
1

12 — * _ _ C29
K Y 8l (i(Eix — Ex) —2y) (€29)
X [(fo(E) + folEx)) + (ful—=En) + fu(—Ex) — 2)], (C30)
and (for y # 0)
ALY = &P L(En) + P = fu(—En)), (C31)
AZ = Inkl? fo(Ex) + 1&P(1 — fu(—Ex)). (C32)

2. Derivation of equations (141)—(143)

Let us consider the steady-state result for c;';(‘, iy, and 71 nk, Egs. (138)—(140), respectively. Here, dl?*, defined by Eq. (134) with
Eq. (144), takes the form

dyr = L Fi.. (C33)
Transforming first the last terms (imaginary parts) in Egs. (139) and (140), one gets
Latady = -2 ;[lﬁklz(l — g — Ap) — 2iy Axdy*] (C34)
y K y L&+ +2iy kK
or
1 4 R) | Ak|? iy e | =
—J[Ady] = ——1———+———[(1 — A} — 7)) — ——sgn(&f + & F+}. C35
> [Akdy] §§+§ﬁ+2i)/[( =) Wkg(k k) lk] (C35)
Thus
| T Axl? B+ &
—3[Ady] = 'h ';' [2 R T [ &l F,;] (C36)
14 (Bp+80) + @y)? Wi
Here, we have used Eq. (138) for c?lf with c?]?* given by Eq. (C33) and (82):
dr = L[(ﬁe +ap — 1) +iy sgn(zf + 2 )F—T‘} (C37)
KT e E) F2ip e " KT w,
Then, from (C36) together with Egs. (139) and (140), one finds:
ze =h +
se | oAb ClErEd 1 Fy =2
Ay + i — 1= —2Wk Fy + 2—1 IHE , (C38)
(BR+&)*+2y)?
and
e A N .
k‘”ﬁzzFu( |k2W k|sz (C39)

3. Photonic expectation values

To calculate the photon condensation parameter (1/&;:0)» we use the ansatz for the A-dependent photon operator,

fo_ o, gty L ot
Yar = Zaa¥q T E Vkq,h : Cpiqli b (C40)
q.x q.A ¥ q \/ﬁ - q k+q' " -k
where again the operator structure was taken over from a small X, A, expansion. Furthermore, : e]t +thk =e +qh'

(elt +qh «)- In analogy to the preceding section, one easily obtains renormalization equations for the A-dependent coefficients

Zg,2 and vkgq »:

Vkq,h—Ah = Ukqr — 82q.0Akq(A, AA), (C41)

|qu|—1——Z|vkqA| —np g — ") (C42)
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Deriving the last equation, the commutator relation [, W;, ;1 =1 was used. Equations (C41) and (C42), both taken at A —
A — A, represent a complete set of renormalization equations for the A-dependent coefficient in Eq. (C40). Here, the initial
parameter values are

Zga =1, vga =0. (C43)

The integration between A = A and A = 0 leads to the fully renormalized photon operator
Ti= \/_ D g tefighly (C44)
Using Eq. (94), one finds in the large-¢ limit:
(Wit — 00)) = Zq(Yi(t — 00)) 5 + %ﬁ ;ﬁkq ((: eppqh i D = 00N = Zq (Wt — 00)) 7, (C45)
where the second contribution, being proportional to fluctuation operators, was neglected. Similarly,

1
(VPa)t = 00) = [Zg (W)t = o) + D [Dkgl A A (C46)
k

We then evaluate the remaining quantities (W;(t — 00)) 5, 1= (W;) 5 and ((@bgwq)(r — 00))p, 1= <w§wq> - Our starting

point is an equation of motion for the time-dependent photon creation operator 1//:;(t). Using again the Mori-Zwanzig approach
of Sec. C.1, one obtains with Egs. (77) and (C5),

d T o
al//;(l‘) = idgWi () + iV NT*8q0 — ki) + FY, (C47)
and
—<1/f (D), = 10 (YO, +iVNTSq0 = k(Y3 (1)) . (C48)
where « is the damping rate of cavity photons into the free space. For the steady state at t — oo one finds from Eq. (C48)
; VNI
(Walt = 0Ny = == == dao. = W a (C49)
and, with Eq. (C45),
VNT* _
T = _5 — (U]
(W4t — 00)) = ~tmo 7 = B0 = (0. (C50)

To evaluate the expectation value ((wéwq)(t — 00))p,, One best starts from the solution (215) of the equation of motion
(C47), thereby neglecting the fluctuation force Fgq v.

F* F* .

Iﬂ t) = _l\/_ (VIT l\/— 84.0 ) (iog =)t (C51)

iy — K — K

For t — oo one is led to
: N|f‘|2

(Yq¥g)(t = 00))p5, = el 5800 = (ViVa)so- (C52)

For the fluctuation number ﬁg of cavity photons one obtains with Eq. (C49):
AY = (Gl Pq D > 00))5 =0. (C53)

Thus, the fluctuation number formed with gy vanishes. In contrast, for the full quantity ng ={: 1//:; i1 Y¥q 1), which is formed by
the initial density pg, one finds from Eq. (C46) and (C50):

1 e oa
=¥ D Iikgl Aif g A (C54)
K

That is, the full fluctuation number ng of cavity photons is determined by the coupling of cavity photons to electronic particle-
hole excitations of the e-h-p system.
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