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Extremely large nonsaturating magnetoresistance has recently been reported for a large number of both
topologically trivial and nontrivial materials. Different mechanisms have been proposed to explain the observed
magnetotransport properties, yet without arriving to definitive conclusions or portraying a global picture. In this
work, we investigate the transverse magnetoresistance of materials by combining the Fermi surfaces calculated
from first principles with the Boltzmann transport theory approach relying on the semiclassical model and
the relaxation time approximation. We first consider a series of simple model Fermi surfaces to provide a
didactic introduction into the charge-carrier compensation and open-orbit mechanisms leading to nonsaturating
magnetoresistance. We then address in detail magnetotransport in three representative materials: (i) copper,
a prototypical nearly free-electron metal characterized by the open Fermi surface that results in an intricate
angular magnetoresistance, (ii) bismuth, a topologically trivial semimetal in which very large magnetoresistance
is known to result from charge-carrier compensation, and (iii) tungsten diphosphide WP2, a recently discovered
type-II Weyl semimetal that holds the record of magnetoresistance in compounds. In all three cases our
calculations show excellent agreement with both the field dependence of magnetoresistance and its anisotropy
measured at low temperatures. Furthermore, the calculations allow for a full interpretation of the observed
features in terms of the Fermi surface topology. Our study thus establishes guidelines to clarifying the physical
mechanisms underlying the magnetotransport properties in a broad range of materials. These results will help
addressing a number of outstanding questions, such as the role of the topological phase in the pronounced large
nonsaturating magnetoresistance observed in topological materials.
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I. INTRODUCTION

Magnetoresistance (MR) is the change of electrical resis-
tance in an applied magnetic field. Magnetoresistance is com-
monly defined as MR(B ) = [ρ(B ) − ρ(0)]/ρ(0), where ρ(0)
and ρ(B ) are electrical resistivities in zero field and in applied
magnetic field B, respectively. Positive MR typically occurs
in metals, semiconductors, and semimetals, while negative
MR is seen in magnetic materials. MR is a relatively weak
effect in most nonmagnetic compounds, being characterized
by quadratic field dependence in low fields that saturates to a
magnitude of a few percent in the case of metals. In contrast,
giant MR [1,2] and colossal MR [3,4] occur in multilay-
ers composed of magnetic and nonmagnetic layers and in
manganese-based perovskite oxides, respectively, exhibiting
values up to several orders of magnitude. Materials with large
MR found applications in magnetic devices for data storage
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[5–7], which has been stimulating fundamental and applied
research into this transport phenomenon.

More recently, large MR effects at low temperature, dis-
tinct from giant and colossal MR, have been reported for
numerous materials many of which host topological electronic
phases. Dirac semimetals such as graphene [8,9], Cd3As2

[10–12], and Weyl semimetals belonging to the TaAs family
[13] show linear field-dependent MR. The latter was argued
to result from either a quantum effect near the crossing point
of the linear valence and conduction bands in magnetic fields
exceeding the quantum limit [14] or mobility fluctuations
caused by disorder [15,16]. Type-II Weyl semimetals [17]
WTe2 [18], MoTe2 [19,20], and WP2 [21–23] show nearly
quadratic field dependence of MR. Different mechanisms
responsible for the extremely large MR, often referred to as
XMR, in these nonmagnetic materials have been suggested.
In addition to topological protection possibly playing an im-
portant role, the classical two-band model predicts quadratic
field dependence in compensated semimetals, in which the
density of electrons equals to that of holes. Any difference in
charge-carrier densities leads to deviation from the quadratic
field dependence and eventual saturation of MR. The ob-
served extremely large nonsaturating MR in WTe2, claimed
to be caused by almost perfect compensation, shows nearly
parabolic field dependence of MR [18].
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Meanwhile, many topologically trivial materials also show
XMR, with bismuth being the most well-known example
[24–26], but also including PdCoO2 [27], PtSn4 [28], NbSb2

[29], LaSb [30], YSb [31,32], MoAs2 [33], NbAs2 [34,35],
TaAs2 [34], TmSb [36], the centrosymmetric α-phase of
WP2 [37,38], and the broad family of organic metals [39].
Topological protection is irrelevant in these materials, hence
two mechanisms related to the Fermi surface topology have
been considered to explain XMR in these topologically trivial
materials. One mechanism is the compensation between elec-
tron and hole charge carriers [40,41], as in the case of WTe2

mentioned above. Nonetheless, in materials like YSb [31],
a quantitative analysis gives an electron-hole concentration
ratio of ≈0.81, departing far from the perfect compensation
in the classical isotropic two-band model. While an unequal
mobility of electron and hole carriers was suggested to explain
this discrepancy, the two-band model was still insufficient to
provide a consistent description of all available experiment
data. The other mechanism is possible in the case of nonclosed
Fermi surfaces [40–43], which results in open-orbit trajec-
tories of charge carriers driven by the Lorentz force under
magnetic field. Delafossite PdCoO2 was found to display
a large MR, reaching 105% at 2 K temperature and 14 T
magnetic field, for electric current along the interlayer axis,
which is due to the motion of carriers along the open orbits
according to the experimental and theoretical work by Takatsu
and co-workers [27].

Although the family of materials showing experimentally
confirmed large MR keeps expanding, no consistent general
theory explaining this phenomenon for a broad range of
cases has been developed so far. Intuitively, the Fermi surface
is playing an important role since within the semiclassical
approximation its topology translates into the trajectory of
charge carriers, and hence electrical conductivities, under
applied magnetic field. Since last century a large number
of models of magnetotransport relying on Fermi surfaces
approximated by simple geometric shapes, such as cubes
and spheroids, have been introduced. The most successful
example is the model of magnetotransport in bismuth. Abeles
and Meiboom [44], Aubrey [45] constructed accurate models
of magnetoconductivity of bismuth approximating its Fermi
surface by ellipsoids appropriately arranged in momentum
space. However, the Fermi surfaces differ from one material to
another, and can be very complex, therefore a universal theory
relying on the direct introduction of the Fermi surfaces is
required for studying magnetotransport phenomena in a broad
range of materials.

In this work, we present a systematic study of trans-
verse MR by using the Botlzmann transport theory [40,41]
within the relaxation time approximation. With the help of
models we first demonstrate in a didactic manner how the
compensation of charge carriers, open orbits and detailed
geometry of the Fermi surface result in MR, in particular the
nonsaturating XMR. We then consider MR in three different
representative materials—copper, bismuth, and WP2—relying
on the Fermi surfaces obtained from first-principles density
functional theory (DFT) calculations. Surprisingly, in all cases
the calculated MR as a function magnetic field orientation and
strength show very good agreement with available experimen-
tal data even assuming constant relaxation times that do not

depend on momentum and band index. For these seemingly
unrelated materials, we find that the topology of the Fermi
surface plays a crucial role in the magnetotransport properties,
and our calculations allow for a complete interpretation of
the observed features. Our work establishes a methodology
that facilitates understanding of magnetotransport in a broad
range of materials, including topological materials and other
compounds displaying very high measured values of MR.

The three representative materials we have chosen for our
detailed investigation can be described as follows. Copper is
a prototypical metal, in which the Fermi surface is only one
level more complex than that of free electrons. The effect of
the periodic potential is sufficiently strong to create Fermi
surface “necks” touching the boundary of the Brillouin zone.
This gives rise to a variety of Fermi surface cross sections
upon applying magnetic fields in different directions. These
cross sections result in both electron and hole closed orbits
as well as in open orbits depending on the field orientation,
hence resulting in anisotropic MR. Our calculations are able to
reproduce all the delicate features of angular MR in very good
agreement with experiments. Bismuth is a semimetal that
exhibit XMR of 1.6 × 107% at T = 4.2 K in magnetic field of
5 T [25], that results from compensation of electron and hole
charge carriers. When current is applied along the three high-
symmetry axes, MR shows very distinct anisotropic patterns
caused by the multivalley Fermi surface with three electron
and one hole pockets. In that sense, the peculiar Fermi surface
of bismuth makes itself a reference material for exploiting
anisotropic MR phenomena. It is worth mentioning that the
quantum limit in bismuth is reached at relatively low fields
due to the low carrier density, hence our considerations within
the semiclassical model apply only to the low-field regime.
Tungsten diphosphide WP2 has recently been predicted to
host the type-II Weyl semimetals phase robust against various
perturbations [46]. Subsequent experiments performed on this
material revealed extremely high MR reaching 4.2 × 106% at
T = 2 K in magnetic field of 9 T, the largest reported in a
compound, as well as a number of other intriguing properties
such conductivity comparable to that of metals and a very high
residual resistivity ratio [21]. Unlike bismuth, however, WP2

has a significantly more extended Fermi surface comprised of
open hole and closed electron pockets, which are intuitively
attributed to the measured anisotropic MR. This makes WP2

another interesting material from the point of view of mag-
netotransport that is still poorly understood. Our calculations
show that the details of the Fermi surface geometry are the
key ingredient in explaining its highly anisotropic MR due to
a novel charge-carrier compensation effect.

Our paper is organized as follows. In Sec. II we present the
details of our computational methodology. Section III consid-
ers magnetotransport in model systems. Section IV discusses
the results for the representative real materials. Finally, Sec. V
summarizes our work.

II. METHODOLOGY

The Boltzmann transport theory has been successfully
used for explaining magnetotransport anisotropy observed
in quasi-one-dimensional [47,48] and quasi-two-dimensional
materials [27]. Later, a numerical implementation of this
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approach using the Wannier-interpolated first-principles band
structures was introduced for studying the magnetoconduc-
tivity of MgB2 [49,50]. We have implemented this numerical
approach based on the maximally localized Wannier functions
tight-binding model [51–53] that was constructed by using
the Wannier90 [54] and WannierTools [55] packages. First-
principles calculations reported below have been performed
using the generalized gradient approximation [56] as imple-
mented in the VASP package [57,58].

The conductivity tensor σ is calculated in presence of an
applied magnetic field by solving the Boltzmann equation
within the relaxation time approximation as [59]

σ
(n)
ij (B) = e2

4π3

∫
dkτnvn(k)v̄n(k)

(
−∂f

∂ε

)
ε=εn(k)

, (1)

where e is the electron charge, n is the band index, τn is the
relaxation time of nth band that is assumed to be independent
on the wave vector k, f is the Fermi-Dirac distribution, vn(k)
is the velocity defined by the gradient of band energy

vn(k) = 1

h̄
∇kεn(k), (2)

and v̄n(k) is the weighted average of velocity over the past
history of the charge carrier

v̄n(k) =
∫ 0

−∞

dt

τn

e
t

τn vn(k(t )). (3)

The orbital motion of charge carriers in applied magnetic field
causes the time evolution of kn(t ), written as,

dkn(t )

dt
= − e

h̄
vn(k(t )) × B (4)

with kn(0) = k. The trajectory k(t ) can be obtained by inte-
grating Eq. (4). As a consequence, v̄n(k) can be calculated
as the weighted average of the velocities along the trajectory
k(t ) according to Eq. (3). In this semiclassical picture, the
Lorentz force does no work on charge carriers since it is
perpendicular to vn(k), and therefore energy εn(k) remains
constant as k evolves in time. This is also evident from Eq. (2),
implying that v is normal to the constant energy surface, and
consequently k̇ is tangential to it. Since k̇ is also perpendicular
to magnetic field B, it follows that the k vector traces out an
orbit which is a cross section of the Fermi surface by a plane
normal to B.

According to the mutual orientation of magnetic field and
current, one distinguishes two types of MR—transverse and
longitudinal. Since charge carriers are acted upon by the
Lorentz force in the field which direction is perpendicular to
velocity, we consider only the transverse MR in this work.
This is nevertheless sufficient to provide a very rich play-
ground for the comparison with experimental results and for
discussing the underlying mechanisms.

Furthermore, we assume the relaxation time approximation
and neglect interband scattering events and magnetic
breakdown. In most multiband materials, the relaxation
times of different bands are different and are usually difficult
to determine. In order to provide a more general view we
plot the results of our calculations as a function of combined
variable Bτ , which corresponds to a dimensionless quantity
ωτ = eBτ

m∗ . The latter represents a complete revolution of the

cyclotron orbit before a carrier is scattered, with m∗ being
the cyclotron mass. In the case of multiband systems, such as
the semimetals discussed in our work, the total conductivity
is the sum of band-wise conductivities, that is then inverted
resulting in the resistivity tensor ρ̂ = σ̂−1. In order to analyze
the results of calculations for the investigated semimetal
systems we will often plot the individual resistivities of
electrons and holes.

III. MODEL FERMI SURFACES

Before considering real materials, we shall first discuss
several model scenarios that result in nonsaturating and
anisotropic MR. To begin with, we introduce a general form
one-band Hamiltonian

H (k) = ε0 + ta cos(kxa) + tb cos(kyb) + tc cos(kzc). (5)

The case of the isotropic (ta = tb = tc), that is free-electron-
like, spherical Fermi surface exhibits no MR since the Lorentz
force is compensated by the force due to the Hall voltage.
Magnetoresistance appears once the Fermi surface becomes
anisotropic. It grows proportional to B2 in weak magnetic
fields (ωτ � 1) but saturates in strong fields (ωτ � 1) as
long as the Fermi surface is closed. The saturation value
depends on how far the Fermi surface departs from the ideal
free-electron spherical shape.

Although the anisotropy of the Fermi surface is not suffi-
cient to cause nonsaturating MR, as the following examples
will show, the equality or near equality of electron and hole
concentrations, commonly referred to as the charge-carrier
compensation, provides an opportunity for nonsaturating MR.
Another mechanism giving rise to nonsaturating MR, as
well as other fascinating magnetotransport properties [60],
involves open orbits resulting from the Fermi surfaces that are
not closed. Below, we discuss nonsaturating MR for models
with compensated and open Fermi surfaces.

Isotropic two-band model. We start with a two-band
Hamiltonian

H (k) = −2 cos(kx )σ0 − [2 cos(ky ) + 2 cos(kz) − 5]σz, (6)

where σ0 is the 2 × 2 unit matrix and σz is the corresponding
Pauli matrix. The energy units are electronvolts. This
Hamiltonian is comprised of electron and hole counterparts,
and the corresponding band structure is shown in Fig. 1(a).
The Fermi surface is composed of spherical electron and hole
pockets, respectively, while the degree of compensation
can be controlled by changing the Fermi energy EF

[Figs. 1(b)–1(d)]. The system is perfectly compensated,
which implies equal concentration ne = nh of electrons and
holes, when the Fermi energy EF = 0 eV [Fig. 1(b)]. This
results in exactly B2 dependence of MR [black solid line in
Fig. 1(e)] and zero Hall resistivity ρH = 0 [black solid line
in Fig. 1(f)]. This is fully consistent with the two-band model
often used when interpreting experimental data if one further
assumes equal mobilities μe = μh of electrons and holes [41]:

ρxx = 1

e

(neμe + nhμh) + (
neμeμ

2
h + nhμhμ

2
e

)
B2

(neμe + nhμh)2 + (ne − nh)2μ2
eμ

2
hB

2
, (7)

ρxy = 1

e

(
nhμ

2
h − neμ

2
e

)
B + μ2

eμ
2
h(nh − ne )B3

(neμe + nhμh)2 + (ne − nh)2μ2
eμ

2
hB

2
. (8)
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FIG. 1. (a) Band structure of the two-band model described by
the Hamiltonian of Eq. (6). (b)–(d) Fermi surfaces for Fermi energies
EF = 0, 0.2 and −0.2 eV, indicated in blue, black and red in panel
(a), respectively. Field dependence of (e) magnetoresistivity and (f)
Hall resistivity for the three different Fermi energies.

When the Fermi level is shifted up or down in energy, e.g.,
EF = 0.2 eV and EF = −0.2 eV in Figs. 1(c) and 1(d),
respectively, the perfect compensation is lifted in favor of a
larger concentration of correspondingly electrons and holes.
In this case, the field dependence of MR deviates from the
quadratic behavior, as a power law of B1.9 [dashed curves in
Fig. 1(e)], and could even saturate at large field magnitudes
depending on the degree of compensation. Meanwhile,
the Hall resistivity is positive (negative) with nonlinear
field dependence instead of zero as in the case of perfectly
compensated system. This reflects the dominance of holes
(electrons) in the conduction process. Given our Hamiltonian
has particle-hole symmetry, the MR values in the two cases
are equal, while the Hall resistivity differs only in sign but not
in magnitude. We note that due to the spherical shape of both
Fermi surface pockets the resistivities do not depend on the
magnetic field orientation.

Anisotropic two-band model. As a next step towards a
more general model, we introduce a Fermi surface anisotropy
considering the following Hamiltonian:

H (k) = d0(kx, ky, kz)σ0 + dz(kx, ky, kz)σz, (9)

FIG. 2. (a) Field dependence of resistivity ρyy in the anisotropic
two-band model described by Hamiltonian (9). The inset shows the
Fermi surface. (b) Resistivity ρyy as a function of magnetic field
orientation. The inset shows individual resistivities ρyy of electrons
(red) and holes (blue for B ‖ z and purple for B ‖ x). The resistivity
of electrons is scaled as ρyy/1.62 in order to make this curve visible.

with d0 = [−3 cos(kx ) + cos(ky ) − 0.5 cos(kz) − 1.5] and
dz = [cos(kx ) − 3 cos(ky ) − 1.5 cos(kz) + 6.5]. For EF = 0
the Fermi surface consists of a spherical electron pocket and
an elliptical hole pocket, which has a longer axis along the
z direction and two identical shorter axes in the x-y plane
[Fig. 2(a), inset]. The anisotropic shape of the hole Fermi
surface results in different velocities and cyclotron masses
under different magnetic field orientations and hence affects
the degree of compensation between electron and hole charge
carriers. In this model, the contribution to the conductivity
due to electrons does not change because of the isotropic
Fermi surface, but that due to holes is sensitive to the direction
of field B as shown in Fig. 2. The ρyy resistivity plotted
in Fig. 2(a) is much larger for B ‖ z compared to B ‖ x.
This implies that magnetic field parallel to the z axis favors
more efficient charge-carrier compensation in this system.
Figure 2(b) showing ρyy as a function of magnetic field
orientation, often referred to as the angular MR, reaffirms that
the system attains its maximum resistivity for magnetic field
along the z direction. The degree of compensation is further
assessed by plotting separately the resistivities of electron
and hole charge carriers in Fig. 2(b), inset. The fact that
the resistivity of holes is larger for B ‖ z is expected from
the Drude model, where the conductivity is written as σ =

neμ

1+μ2B2 . Considering the ellipsoid shape of the hole pocket
[Fig. 2(a), inset], the holes have a smaller cyclotron mass for
B ‖ z compared to B ‖ x and hence a larger mobility since
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FIG. 3. (a) Field dependence of resistivities ρyy and ρzz for the
isotropic open Fermi surface model. The magnetic field is applied
along the x axis. The ρyy resistivity is multiplied by 103 to make
it visible. (b) Field dependence of resistivity ρzz for the anisotropic
open Fermi surface model with magnetic field oriented along the x

and y axes. The insets show the corresponding Fermi surfaces.

μ = eτ
m∗ [61]. The conductivity is smaller for B ‖ z in contrast

to B ‖ x, complying with σ = neμ

1+μ2B2 , while the opposite is
true for the resistivity. Equivalently, one can also argue that the
trajectories of charge carriers with larger mobility are more
easily altered by the external magnetic field, which gives rise
to a larger MR.

Open Fermi surface models. The presence of open orbits
is another physical mechanism responsible for nonsaturating
MR. The Fermi surface shown in Fig. 3(a) inset represents
an open cylinder along the kz direction described by Hamilto-
nian H (k) = −2 cos kx − 2 cos ky − ε cos kz + 3. A small kz

dispersion given by ε = 0.02 is introduced in order to avoid
numerical instabilities in our computations. Assuming B is
oriented along the x axis, one can write a general form of the
conductivity tensor [41]

σij ≈ c0

⎛
⎝ c1 c2 − c3

μB

c2 c4 + c5
μ2B2 − c6

μB
c3
μB

c6
μB

c7
μ2B2

⎞
⎠, (10)

from which the two elements of the resistivity tensor are

ρyy ≈ c1c7+c2
3

μ2B2|σ | and ρzz ≈ c1c4−c2
2

|σ | , with constants c0−c7, mobil-
ity μ, and determinant of the conductivity tensor |σ |. Since |σ |
has a leading term proportional to 1

μ2B2 , ρzz increases nearly
quadratically with magnetic field B, while ρyy saturates, as
shown in Fig. 3(a). Since open orbit extends along the z axis in

the presence of field B parallel to the x axis, only the average
velocity vy remains finite when ωτ � 1. Therefore, σyy is a
constant in contrast to the very small velocity vz resulting in
significant resistivity ρzz. Nonsaturating MR resulting from
open orbits is observed for current along the open orbits and
field B applied in an orthogonal direction. This property can
be used in order to distinguish the open-orbit mechanism
of nonsaturating MR from the charge-carrier compensation
scenario. As illustrated in Fig. 3(a), inset for B oriented along
the x axis, the nonsaturating MR is observed only when
current is applied in the z direction (purple line), while the
ρyy resistance saturates (blue line).

To complete the discussion, we introduce a deformed,
anisotropic open Fermi surface shown in the inset of
Fig. 3(b) and described by Hamiltonian H (k) = −2 cos kx −
6 cos ky − ε cos kz + 7. The Fermi surface has no rotation
symmetry in the x-y plane, and hence the resistivity is ex-
pected to exhibit anisotropy upon changing the orientation
of magnetic field. For B ‖ y, the flattened cylindrical Fermi
surface gives rise to v ∝ ∇kε(k) parallel to the field B, hence
the Lorentz force is small for these charge carriers, and their
contribution to MR is small as well. In contrast, for B ‖ x the
carriers have velocity normal to the field direction resulting
in large resistivity, as shown in Fig. 3(b). This model shows
that the effective velocity of carriers changes under different
magnetic field orientations giving rise to anisotropic resistiv-
ity, as we will see below when discussing magnetotransport in
realistic materials.

IV. REPRESENTATIVE MATERIALS

A. Copper

Copper is a late 3d transition metal that crystallizes in
the face-centered cubic lattice and has a relatively simple
Fermi surface. The fully populated d band of copper does not
contribute to the Fermi surface, while the free-electron-like
s band is subject to a sufficiently strong periodic potential.
With the minimum energy at the � point, the free-electron-like
band attains the Fermi energy EF before reaching the Brillouin
zone boundary along the �-X and �-K directions but not
along the �-L direction. This results in characteristic “neck”
features in the Fermi surface, as shown in Fig. 4(a), leading
to rich magnetotransport properties. Figure 4(b) reproduces
the experimental polar diagram of angular MR measured for
a single crystal of copper at T = 4.2 K in magnetic field
B = 1.8 T rotated in the y-z plane [62]. It was found that
MR increases quadratically with increasing magnetic field for
most field orientations, while for others it saturates quickly
[62]. The calculated angular MR [Fig. 4(c)] shows excellent
agreement with the experimental results reproducing all qual-
itative features.

We will now focus on discussing the resistivity anisotropy
in connection with the Fermi surface topology. First,
resistivity anisotropy reflects the symmetry of the Fermi sur-
face projected onto the plane perpendicular to current. The
Fermi surface of copper has cubic symmetry, i.e., ρ(θ ) =
ρ(θ + π/2), and thus only a quarter of the polar diagram is
shown. Furthermore, considering the periodicity of reciprocal
space a variety of orbits is expected for different magnetic
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FIG. 4. (a) Fermi surface of copper. (b) Polar diagram that shows
the dependence of experimentally measured δρxx (B )/ρ(0) on mag-
netic field direction (adopted from Ref. [62]). The measurements
were performed on a single crystal of copper at T = 4.2 K and
B = 1.8 T rotated in the plane normal to the current direction. (c)
Calculated anisotropy of resistivity ρxx for magnetic field rotated in
the y-z plane agrees well with experimental results in panel (b) given
Bτ corresponds to ωτ � 1. (d). Resistivity ρxx as a function of the
magnitude of magnetic field B for the four field directions indicated
in panel (c).

field orientations, thus leading to complex pattern of the
anisotropic magnetoresistivity. As shown in Figs. 4(b) and
4(c), the peaks in resistivity correspond to intermediate angles
rather than high-symmetry orientations of magnetic field. The
resistivity grows quickly from a minimum at θ = 0 to a
maximum at approximately θ = π/10, drops slightly to form
a plateau, shows another peak close to θ = π/6, and then
decreases rapidly to another resistivity minimum at θ = π/4.
The behavior of resistivity between θ = π/4 to θ = π/2
shows the same features but in reverse order owing to the
cubic symmetry of the Fermi surface.

In order to understand the physics underlying the magne-
totransport anisotropy, in Fig. 4(d) we plot the calculated field
dependence of resistivity for magnetic field orientations that
correspond to extrema points marked by A, B, C, and D in
Fig. 4(c). The corresponding representative orbits realized at
point A are summarized in Fig. 5, while typical scenarios at
field orientations B, C, and D are presented in Fig. 6.

For magnetic field oriented along the z axis (point A)
there are two distinct ways a plane normal to it can cut the
Fermi surface: either crossing or not the “necks” of the Fermi
surface. It is obvious that when the plane does not cross
the “necks” simple closed electron orbits are formed. Such
orbits shown in Figs. 5(a) and 5(b) for the planes defined
by kz = 0 and kz = 0.3π/a, respectively, appear as circles
deformed by the effect of the periodic potential. Figures 5(c)
and 5(d) show the cross sections produced by planes defined
by kz = 0.62π/a and kz = 0.63π/a, respectively, and the

FIG. 5. Typical cross sections of the Fermi surface of copper for
magnetic field oriented along the z axis [point A in Fig. 4(c)]. The
horizontal axis is along the kx direction. Cross sections in the kx-ky

plane correspond to (a) kz = 0, (b) kz = 0.3π/a, (c) kz = 0.62π/a,
and (d) kz = 0.63π/a. Pink and blue dashed lines highlight the
closed electron and hole orbits, respectively.

resulting orbits are highlighted in pink and blue. The kz =
0.62π/a plane almost crosses the “necks” representing the
extreme case of orbits shown in Fig. 5(b). In contrast, the kz =
0.63π/a plane crosses the “necks” and the fragments of orbits
on the Fermi surface in the adjacent periodic replicas of the
Brillouin zone join to form closed hole orbits as these orbits
enclose empty states [Fig. 5(d)]. Assuming that charge carri-
ers in orbits shown in Figs. 5(a)–5(c) move clockwise, those
in Fig. 5(d) move in the opposite direction. Consequently,
magnetoresistance saturates at high fields due to incomplete
compensation of these two kinds of charge carriers at this
particular direction of magnetic field.

Upon tilting magnetic field away from the z axis in the y-z
plane open orbits extending along the kx direction emerge.
Therefore, the resistivity ρxx increases and tends to show non-
saturating behavior [field orientations between points A and B
in Fig. 4(c)]. At point B (θ = π/10), the resistance achieves
its maximum and shows a nearly quadratic B1.964 magnetic
field scaling with no saturation [Fig. 4(d)]. In order to confirm
that this behavior originates from open orbits we plot a typical
Fermi surface cross section [Fig. 6(a)]. One can observe a
series of open orbits extending along the kx direction with one
of them highlighted in pink. As explained above, open orbits
along kx would result in few charge carriers with velocity in
this direction and hence in parabolic dependence of resistance
upon increasing magnetic field. However, the resistivity tends
to depart from ideal parabolic scaling (ρxx ∝ B1.964) due
to the contribution of closed orbits seen in Fig. 6(a). At
point C (θ = π/6), the resistivity ρxx shows a similar B1.955

field dependence [Fig. 4(d)]. A typical Fermi surface cross
section shown in Fig. 6(b) reveals the dominance of open
orbits extending along the kx direction, while the presence of
closed orbits can also be noted which justifies the observed
subquadratic dependence of resistivity on magnetic field.

As the field orientation changes past point C, the resistivity
declines quickly reaching its minimum at point D (θ = π/4),
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FIG. 6. Typical cross sections of the Fermi surface of copper that
correspond to magnetic field orientations marked by points (a) B,
(b) C, and (c)–(e) D in Fig. 4(c). The horizontal axis corresponds
to the kx direction while the vertical axis is the direction parallel to
k̂x × B. In panels (a)–(c) the plane includes the � point, while those
in panels (d) and (e) pass through points (0, 0.15π/a, 0.15π/a) and
(0, 0.52π/a, 0.52π/a), respectively. The pink dashed lines highlight
one of the open orbits in (a) and (b). Panel (c) shows open orbits
extend along the kx direction. Panels (d) and (e) show closed electron
and hole orbits, respectively.

and this minimum is distinct from the one at point A (θ = 0
and θ = π/2 by symmetry). The resistivity does not show
quadratic scaling but rather grows as B1.2 without any sign of
saturation in contrast to the field dependence at point A. Three
typical Fermi surface cross sections shown in Figs. 6(c)–
6(e) demonstrate that this field orientation gives rise to a
more complicated situation in which open orbits extending
along the kx direction [Fig. 5(c)] as well as compensation of
electrons [Fig. 6(d)] and holes [Fig. 6(e)] are both present.

This example shows how the Boltzmann approach calcula-
tions help understanding the physical mechanism underlying
transverse MR in copper, a prototypical nearly free-electron
metal. Not only these calculations reproduce the experimen-
tally observed delicate features in the dependence of magne-
totransport on the orientation of magnetic field but also allow
interpreting these features in terms of the interplay between
the open-orbit and compensation mechanisms and hence the
Fermi surface topology.

B. Bismuth

Bismuth is perhaps the most extensively studied mate-
rial that shows extremely large nonsaturating MR reaching
1.6 × 107% at T = 4.2 K and B = 5 T [24]. Furthermore, its
MR exhibits a very strong dependence on the magnetic field
orientation that can be observed even at room temperature and
fields as low as B = 0.7 T [63], which is in sharp contrast
to its almost isotropic electrical conductivity in zero applied
magnetic field. The resistivity anisotropy in the presence of

magnetic field is believed to stem from its peculiar semimetal-
lic Fermi surface, which consists of one small ellipsoid hole
pocket located at the T point and three small ellipsoid electron
pockets located at the L point.

Previously, Aubrey described the magnetoconductivity
tensor of bismuth as σ̂ (B ) = ne(μ̂−1 + B̂ )−1, where μ̂ and
B̂ are the effective mobility and magnetic field tensors, re-
spectively [45]. Within this formalism, angular MR showed
reasonable agreement with experimental results assuming ap-
propriate values for the components of the mobility tensor for
the electron and hole charge carriers. Here, we employ the
tight-binding Hamiltonian obtained from DFT calculations
without assuming any parameters to obtain field-dependent
resistivities for different current directions shown in Fig. 7.
The upper panels of Fig. 7 reproduce experimental results
from Ref. [25], while the lower panels are the results of our
calculations of angular MR. Further details can be found in
the Supplemental Material [61].

Figure 7 presents angular MR for current applied along the
three high-symmetry directions while magnetic field is rotated
in the plane normal to the current. We will first analyze the
symmetry of the MR anisotropy curves. For current oriented
along the trigonal axis (below referred to as the z axis), the
resistance shows a sixfold symmetry [Figs. 7(a) and 7(d)].
This is a consequence of the symmetry of the Fermi surface
projected onto the plane perpendicular to current [see Fig. 8(a)
for schematic illustration of the Fermi surface pockets]. In
this case, the Fermi surface projection has C3 symmetry,
therefore resistivity is invariant under rotation of the field
by 2π/3. Furthermore, inversion symmetry ρzz(θ ) = ρzz(−θ )
results in sixfold rotational invariance of the resistivity. When
current is applied along the bisectrix (the x axis), the con-
figuration of the projected Fermi surface has only mirror
and inversion symmetries, therefore resistance complies with
ρxx (θ ) = ρxx (−θ ) and ρxx (θ ) = ρxx (π + θ ) [Figs. 7(b) and
7(e)]. There remains only inversion symmetry in the case
of configuration of the projected Fermi surface for the cur-
rent applied along the binary axis (the y axis), resulting in
ρyy (θ ) = ρyy (π + θ ) [Figs. 7(c) and 7(f)].

We will discuss in detail only the first configuration as an
example in order to demonstrate the origin of angular MR.
Since there are no open orbits in the Fermi surface of bismuth,
it is the variation of the degree of compensation of the two
types of charge carriers that make the resistivity change upon
rotation of magnetic field. From the sketch of configuration in
Fig. 8(a), changing the orientation of magnetic field does not
affect the hole pocket, and thus the concentration and mobility
of the hole carriers are constant. Therefore, the resistivity of
holes would saturate upon increasing the strength of magnetic
field, as shown by the blue curve in Fig. 8(b), inset. In
contrast, the three electron pockets are highly anisotropic,
hence rotating the direction of magnetic field would alter
both the concentration and mobility of the electron carri-
ers. Following the analysis described above, electrons would
obtain a larger effective resistivity when magnetic field is
oriented along the long axis of the corresponding Fermi sur-
face pockets. Consequently, the compensation should be more
efficient for B ‖ x than B ‖ y. This is confirmed in Fig. 8(b),
which shows that the resistivity is much larger for B ‖ x than
B ‖ y. In addition, in Fig. 8(b), inset, we plot separately the
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FIG. 7. Comparison of the experimentally measured and calculated resistivity anisotropy of bismuth. (a)–(c) Resistivity anisotropy of
bismuth measured at magnetic field B = 0.5 T and temperatures T = 10 K, T = 20 K, and T = 15 K, respectively, for the three indicated
current directions (reproduces Fig. 5 in Ref. [25]). (d)–(f) Calculated resistivity anisotropy of bismuth for the same current directions. We
assumed Bτ = 2.2 T ps in our calculations, and similar results can be obtained at weaker magnetic fields.

individual resistivities of holes and electrons. Combined with
the symmetry analysis given above, we can understand all
features of the angular MR polar plot in Figs. 7(a) and 7(d).

In order to complete the discussion, typical cross-sections
of the Fermi surface for B ‖ x and B ‖ y are drawn in
Figs. 8(c) and 8(d) and Figs. 8(e) and 8(f), respectively. These
plots show that the orbits for the electron and hole charge
carriers are quite different for these two field orientations in
both shape and size. Moreover, it is the multipocket (valley)
anisotropy that makes the saturation of resistivity for electrons
require a larger magnetic field strength compared to that of the
holes, as show in the inset of Fig. 8(b). Following the steps
outlined in the case of current parallel to the trigonal axis, one
can arrive to the conclusion that resistivity increases when the
carriers are more effectively compensated.

C. Type-II Weyl semimetal WP2

The β phase of WP2 is a recently predicted type-II Weyl
semimetal in which the neighboring Weyl points have the
same chirality, thus making the topological phase stable
against small lattice perturbations [46]. Soon after the pre-
diction, experiments have shown that single crystals of WP2

exhibit extremely large MR of 4.2 × 106% at T = 2 K and
B = 9 T, and reaching over 2 × 108% at T = 2.5 K and B =
63 T [21]. Moreover, the observed transverse MR showed a
high degree of anisotropy, i.e., MR for the magnetic field
along the b and c axes differ by more than two orders of
magnitude, much higher than in another candidate type-II
Weyl semimetal WTe2 [18]. The observed MR anisotropy was
attributed to open orbits under the field oriented along the c

axis and the anisotropic shape of the hole pocket [21].

We have chosen WP2 as another representative example
of semimetal showing XMR that is nevertheless much less
understood. In contrast to bismuth discussed above, the Fermi
surface of WP2 is much more extended and has a complex
shape. Even being located relatively close to the Fermi level,
the Weyl points of opposite chirality are enclosed within the
same electron pocket [46]. Therefore, in undoped WP2 all
Fermi surface sheets are topologically trivial, that is have zero
Chern number. The transport properties specific to the Weyl
fermion quasiparticles thus do not manifest in undoped WP2,
and the employed semiclassical treatment can be used without
explicitly introducing the Berry curvature.

The Fermi surface of WP2 is spin split due to spin-orbit
coupling (SOC) in the absence of inversion symmetry, but
the effect of SOC on the Fermi surface topology is very
weak. Below, we present the results of calculations carried
out without SOC taken into account, while the results with
SOC are discussed in the Supplemental Material [61]. The
calculated Fermi surface of WP2 is composed of a bowtielike
closed electron pocket and a tube-shaped open hole pocket
extending along the a axis [Fig. 9(a)], in agreement with
previous calculations [46] and experiments [21]. From the
previous analysis, nonsaturating MR due to open orbits can be
observed for current applied along the b axis, i.e., the direction
in which the open orbits extend. However, as-grown crystals
of WP2 are needle shaped with longer dimension aligned
along the a axis, which makes it difficult to apply current
along shorter axes b and c. Consequently, in experiments
reported to date the resistivity is measured for current applied
along the a axis while magnetic field is in the b-c plane.

Comparison of the resistivity anisotropy measured by Ku-
mar et al. [21] [Fig. 9(b)] and calculated by us [Fig. 9(c)]
shows excellent agreement. The MR anisotropy exhibits

035142-8



MAGNETORESISTANCE FROM FERMI SURFACE TOPOLOGY PHYSICAL REVIEW B 99, 035142 (2019)

FIG. 8. (a) Schematic drawing of the Fermi surface projection
of bismuth onto the x-y plane normal to the trigonal axis. Hole
and electron pockets are shown in blue and pink, respectively. (b)
Magnetic field dependence of ρzz for magnetic field B oriented
along the bisectrix and binary axes. The inset shows ρzz for electron
and hole contributions separately, with the resistivity of hole charge
carriers scaled to ρzz/22 in order to fit the plot. (c),(d) Cross sections
of the Fermi surface for the case of magnetic field B oriented along
the x axis. Horizontal and vertical axes are along the ky and kz

directions, respectively. (e)–(g) Cross sections of the Fermi surface
for magnetic field B along the y axis. Horizontal and vertical axes are
along the kx and kz directions, respectively. Enlarged cross sections
are shown due to the very small size of the Fermi surface pockets in
bismuth.

twofold symmetry due to the mxz mirror plane symmetry. The
MR achieves its maximum value for magnetic field oriented
along the b axis, then decreases very quickly as magnetic field
is rotated away from b, and assumes its minimum value when
magnetic field is along the c axis. As illustrated in Sec. III,
nonsaturating MR resulting from open orbits can be ruled out
unless current is applied along the b axis. How to understand
this highly anisotropic MR when current is applied along the
a axis within the charge-carrier compensation picture?

As we have seen above, the compensation of charge
carriers depends sensitively on the orientation of magnetic
field when the Fermi surface departs from the free-electron
spherical shape [64]. In order to investigate these effects, we
draw the cross sections of the Fermi surface and calculate
the resistivity for magnetic field oriented along the b and c

axes [Figs. 9(d) and 9(e)]. At first glance, it seems that the
orbits of electrons are similar for the two field orientations
that correspond to closed bowtie-shaped Fermi surface cross
sections. This is in contrast to the hole Fermi surface cross
sections that are closed for B ‖ b and open for B ‖ c. An
immediate conclusion would be that the hole charge carri-

ers are responsible for the observed angular MR of WP2.
However, a carefully analysis of the compensation effects
reveals the opposite—the resistivity anisotropy for electrons
is much more pronounced as can be clearly seen in Fig. 9(f).
Furthermore, the charge-carrier compensation for B ‖ b is
indeed much more efficient as compared to the case of B ‖ c

[blue solid line approaches purple solid line in Fig. 9(f)].
As far as the field dependence of resistivity is concerned,

our calculations also show good agreement with the experi-
mental results [Fig. 9(g)]. The measured MR exhibits a nearly
quadratic MR ∝ B1.94 field dependence for B ‖ b, while
the calculated resistivity scales as ρxx ∝ B1.91. This demon-
strates a nearly perfect charge-carrier compensation for B ‖ b

magnetic field orientation. In contrast, the B ‖ c resistivity
saturates quickly with the increase of magnetic field strength,
thus also confirming the observed MR anisotropy. Kumar
et al. [21] reported that MR for magnetic fields oriented along
the b and c axes differ by 2.5 order of magnitude. In our
calculations, assuming the relaxation time of τ = 10−9 s [21],
the resistivity for B ‖ b is about three orders of magnitude
larger than that for B ‖ c at field strength of several Tesla,
which agrees well with the experiments. It is nevertheless
difficult to explain such a large anisotropy only by comparing
the individual resistivities of charge carriers, which are of the
same order of magnitude.

In order to gain additional insight, we investigated the
calculated Hall resistivity ρH shown as a function of magnetic
field in Fig. 9(h). For magnetic field oriented along the b

axis, the Hall resistivity is positive for holes and negative for
electrons, as one would expect. Surprisingly, for B ‖ c both
electrons and holes show negative ρH , which suggests that
charge carriers originating from the hole pocket effectively
behave like electrons. Considering the Fermi surface of WP2

has a complex shape that includes concave segments, the
Hall resistivity can show nontrivial behavior as illustrated in
Ref. [64]. Orbits in real space trace the scattering path vector
r(k) = v(k)τ , as k evolves on the Fermi surface. Therefore,
closed trajectories on the Fermi surface in momentum space
correspond to closed trajectories in real space. Orbits in real
space, however, tend to be more complicated. For instance,
real-space orbits may self-intersect at several points if the
Fermi surface contains concave segments. The exact shape of
orbits in real space depends on the fine details of the Fermi
surface, in particular its curvature, and thus call for rigorous
numerical treatment that we perform using the method de-
scribed in Sec. II. In Fig. 9(i) we plot the orbits in real space
that correspond to the Fermi surface cross sections shown in
Figs. 9(d) and 9(e). Fig. 9(i), upper panel, shows that the mo-
tion of electron and hole carriers takes place in clockwise and
anticlockwise senses, respectively. For magnetic field oriented
along the b axis charge carriers show the expected behavior, as
they originate from the electron and hole pockets, thus result-
ing in their effective compensation and nearly quadratic non-
saturating MR. In contrast, for magnetic field applied along
the c axis, both types of charge carriers show electronlike
orbits in real space [Fig. 9(i), lower panel], thus precluding
efficient charge-carrier compensation and resulting in rapid
saturation of MR. Note, while concave segments are present in
both the electron and hole pocket in WP2, only the real-space
orbits of the hole pocket show such an “inverted” behavior.

035142-9



ZHANG, WU, LIU, AND YAZYEV PHYSICAL REVIEW B 99, 035142 (2019)

FIG. 9. (a) Fermi surface of WP2 composed of a bowtie electron pocket (pink) and an open tube hole pocket (blue) extending along the
y direction. (b) Measured (adopted from Ref. [21]) and (c) calculated resistivity ρxx as a function of magnetic field orientation for different
magnetic field strengths, with B ‖ b being the reference field orientation. (d),(e) Fermi surface cross sections for magnetic field along the b and
c axes, respectively. (f) Individual resistivities ρxx of electron and hole charge carriers for B ‖ b and B ‖ c. (g) Field dependence of resistivity
ρxx for the cases of magnetic field oriented along the b and c directions. The inset shows experimentally measured ρxx ∝ B1.94 for B ‖ b that
can be compared with the calculated ρxx ∝ B1.91 scaling [red line in the main figure (g)]. (h) Individual Hall resistivities ρH for electron and
hole charge carriers in magnetic field oriented along the b and c directions. (i) Electron and hole orbits in real space for the Fermi surface cross
sections shown in panels (d) and (e). The orbits self-intersect due to the presence of concave segments of the Fermi surface [64].

We conclude that the origin of high MR anisotropy in
WP2 is the distinct type of charge-carrier compensation rather
than open orbits of hole carriers. The degree of compensation
changes drastically under different magnetic field orientations
due to the peculiar geometry of the Fermi surface, especially
that of the hole pocket. Overall, the topology of the Fermi sur-
face plays a crucial role in explaining the large MR anisotropy
in WP2.

V. CONCLUDING DISCUSSION

We have demonstrated how our Boltzmann transport the-
ory calculations reproduce the experimentally observed MR
and allow interpreting the finest features of its dependence
on the magnetic field orientation. Even though we assumed a
constant relaxation time τ and plotted all results as a function
of Bτ , the relaxation time itself is an important parameter that
deserves a dedicated discussion. At very low temperatures the
mean free path of charge carriers tends to become isotropic
since scattering is dominated by the effect of impurities, while
the average distance between impurities is independent of di-
rection [65,66]. In single crystal of cooper at T = 4.2 K the re-

laxation time τ is in the range 0.4 × 10−10 − 4 × 10−10 s [67].
For bismuth, the experimentally measured τ are around 2.5 ×
10−10 − 6.0 × 10−10 s [68]. With increasing temperature, the
phonon scattering becomes highly anisotropic close to 0.2�D,
as illustrated in Ref. [64], while the Debye temperature of
bismuth �D = 100 K [69]. In our work, we compare the re-
sults of calculations with experiment data at temperatures of at
most T = 20 K, while the discussion of the anisotropy of τ at
higher temperatures is included in the Supplemental Material
[61]. In the case of WP2, the estimated relaxation time in
the experiments is 3.8 × 10−9 s, while the quantum lifetime
obtained from broadening of the Shubnikov–de Haas oscilla-
tions is 7.9 × 10−13 s [21], indicating that it is safe to discuss
magnetotransport in this material within the semiclassical ap-
proximation. In addition, by making correspondence between
the calculated and measured magnetoresistivities we obtain
the magnitudes of relaxation time of 1.0 × 10−10 s for copper,
9.5 × 10−10 s for bismuth, and 1.0 × 10−9 s for WP2, all
comparable to the reported experimentally measured values.

To summarize, our detailed numerical investigation of
transverse magnetoresistance and its anisotropy allows us to
conclude that these properties can be well understood by
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considering the topology of the Fermi surface, provided the
latter is correctly described. In copper, a simple nearly free-
electron metal with open Fermi surface geometry, both com-
pensation and open-orbit mechanisms contribute to magneto-
transport resulting in an intricate angular MR diagram. In the
case of bismuth, the complex compensation between multi-
valley Fermi surface gives rise to a distinct MR anisotropy
pattern that is also well reproduced by our calculations. Fi-
nally, for the recently discovered type-II Weyl semimetal WP2

we find that a novel charge-carrier compensation mechanism
rather than the presence of open orbits is responsible for the
observed strong and highly anisotropic MR. We believe our
study provides guidelines to clarifying the physical mecha-
nisms underlying the magnetoransport properties in a broad
range of materials and will allow addressing the role of

the topological protection in the pronounced MR response
observed in both topologically trivial and nontrivial materials.
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