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We report our combined experimental and theoretical study of magnetoelectric properties of an antiferromag-
net Sr(TiO)Cu4(PO4)4 in comparison with the isostructurals Ba(TiO)Cu4(PO4)4 and Pb(TiO)Cu4(PO4)4. The
family of compounds commonly possesses a low-symmetric magnetic unit called the square cupola, which is
a source of magnetoelectric responses associated with the magnetic multipoles activated under simultaneous
breaking of spatial inversion and time-reversal symmetries. Measuring the full magnetization curves and the
magnetic-field profiles of the dielectric constant for Sr(TiO)Cu4(PO4)4 and comparing them with the theoretical
analyses by the cluster mean-field theory, we find that the effective S = 1/2 spin model, which was used for
the previous studies for Ba(TiO)Cu4(PO4)4 and Pb(TiO)Cu4(PO4)4, well explains the experimental results by
tuning the model parameters. Furthermore, elaborating on the phase diagram of the model, we find that the
square cupolas could host a variety of magnetic multipoles, i.e., monopole, toroidal moment, and quadrupole
tensor, depending on the parameters that could be modulated by deformations of the magnetic square cupolas.
Our results not only provide a microscopic understanding of the series of the square cupola compounds, but
also stimulate further exploration of the magnetoelectric behavior arising from cluster multipoles harboring in
low-symmetric magnetic units.
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I. INTRODUCTION

The magnetoelectric (ME) effect is a cross correlation
between magnetic and electric properties of matter and en-
ables us to control the electric (magnetic) polarization by
the magnetic (electric) field. The ME effect in a solid was
first conjectured for Cr2O3 by Dzyaloshinskii in 1959 [1]
and indeed observed by Astrov in 1960 [2]. It has attracted
renewed interest since the discovery of a huge ME effect
in TbMnO3 in 2003 [3]. Materials hosting such a huge ME
response have been extensively studied as they are potentially
useful for future power-saving devices functioning without
electric currents [4].

The necessary condition for linear ME effects (ME re-
sponses proportional to the applied magnetic and electric
fields) is the absence of both spatial inversion and time-
reversal symmetries. This condition is satisfied in mag-
netically ordered states on noncentrosymmetric structures.
Among them particularly interesting are the systems involving
noncentrosymmetric clusters made of magnetic ions, such as
magnetic trimers. In such systems, the linear ME effect is
explained by magnetic multipoles defined on each cluster
[5–8]. In the cluster multipole description, a spin texture on
a cluster is decomposed into the magnetic monopole, toroidal
moment, and quadrupole tensor, all of which are odd under
the operations of spatial inversion and time reversal. Each
multipole is associated with a particular ME tensor, and hence,

the decomposition provides systematic understanding of the
ME responses in these cluster systems.

Recently, single crystals of a series of ME active insu-
lating antiferromagnets, A(TiO)Cu4(PO4)4 [(ATCPO), A =
Ba, Sr, and Pb], have been synthesized [9,10]. These com-
pounds are composed of magnetic clusters Cu4O12 resem-
bling the square cupola that is the fourth Johnson solid [11].
Each square cupola accommodates four S = 1/2 spin degrees
of freedom from Cu2+ cations. The family of compounds
has a quasi-two-dimensional lattice structure composed of
a periodic array of the square cupolas. More precisely, as
schematically shown in Fig. 1, upward (α) and downward
(β) square cupolas are alternately arranged in each layer. In
the absence of an external magnetic field, these compounds
exhibit a finite-temperature (T ) phase transition to an anti-
ferromagnetically ordered phase where each square cupola
hosts a qx2−y2 quadrupole-type spin texture [12] (the Néel
temperature is TN � 9.5, 7.0, and 6.3 K for A = Ba, Pb,
and Sr, respectively). This leads to ME responses, such as a
dielectric anomaly at TN in BaTCPO and SrTCPO [10,13]
and a magnetic-field-induced net electric polarization in
PbTCPO [10]. The difference originates from the way of
layer stacking: the magnetic layers are stacked in a staggered
manner in the Ba and Sr cases (layered antiferroic order of
the qx2−y2 quadrupole), whereas in a uniform manner in the
Pb case (ferroic order of the qx2−y2 quadrupole). These ME
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FIG. 1. Schematics of the lattice structure of
A(TiO)Cu4(PO4)4 [(ATCPO), A = Ba, Sr, and Pb], which inclu-
des pairs of upward (α) and downward (β) square cupolas composed
of Cu4O12. (a) Three-dimensional view including 16 Cu sites
considered in the cluster mean-field (CMF) analysis (numbered from
0 to 15). The spheres and black dots represent Cu cations and O ions,
respectively. The solid blue and green lines represent the intracupola
couplings J1 and J2, respectively, whereas the dashed red and dotted
gray lines are the intercupola couplings J ′ and J ′′, respectively. The
yellow arrows on the J1 bonds represent the Dzyaloshinskii-Moriya
(DM) vectors Dij ; each Dij is perpendicular to the bond connecting
the Cu sites i and j with the angle θ from the [001] axis. (b) Top
view showing the Cu sites and the intralayer magnetic interactions.

behaviors are understood in terms of the cluster multipoles
of the quadrupole type. The theoretical analyses based on a
microscopic model were also reported for BaTCPO [14] and
PbTCPO [15]. For both compounds, the CMF theory for an
effective quantum spin model successfully explains the ME
behaviors as well as the full magnetization curves [14,15].
More recently, the magnetic property of SrTCPO has been
investigated using polycrystalline samples [16]. However, the
detailed analysis for a single crystal as well as the microscopic
theory for SrTCPO has been lacked thus far.

In this paper, we investigate the ME behavior of SrTCPO
by a combined experimental and theoretical analysis. First,
by experimentally measuring the magnetization curves up
to full saturation for a single crystal, we identify several
anomalies depending on the field direction. Then, we compare
the experimental data with the theoretical results obtained by

the CMF theory for the effective spin model, following the
previous studies for BaTCPO and PbTCPO. We find that the
theory successfully reproduces the experiment for SrTCPO as
well by tuning the model parameters. Next, by using the same
parameter set, we evaluate the dielectric constant as well as
antiferromagnetic order parameters and electric polarizations
by which we elucidate the magnetic phase diagram at finite
T . We show that the theoretical results again well agree with
the experimental data of the dielectric constant measured up to
18 T. Thus, we conclude that our effective spin model captures
the essential physics in the series of compounds for A = Ba,
Pb, and Sr. In addition, we extend the theoretical analysis by
interpolating the model parameters between the Sr and the Ba
cases and by changing the angle of the DM vectors for the Sr
parameter set. Although the former analysis simply connects
the magnetic phases between the two compounds without any
additional phases, the latter brings us a variety of magnetic
phases, which accommodate different types of cluster multi-
poles: monopole, toroidal moment, and quadrupole. We show
theoretical predictions of the ME responses on these phases,
based on the cluster multipole decomposition. The results
would stimulate further exploration of the ME effects in the
family of square cupola compounds.

The structure of this paper is as follows. In Sec. II, we
describe the experimental and theoretical methods. The results
are presented in Sec. III. In Sec. III A, we show the experimen-
tal data of the magnetization curves and determine the param-
eter set for the effective model from the comparison with the
theoretical results. We demonstrate that the effective model
well reproduces the experimental data for the ME behaviors in
Sec. III B and the finite-T phase diagram in Sec. III C. Further
theoretical analyses for antiferromagnetic order parameters
and electric polarizations are shown in Sec. III D. In Sec. III E,
extending the theory to a wider parameter space, we find sev-
eral additional phases. In Sec. III F, we show that the distinct
ME responses in these phases are explained by considering
cluster multipoles. Finally, Sec. IV is devoted to a summary
and concluding remarks. In the Appendices, we show the
additional theoretical results of the typical spin configurations
for several phases not reported in the previous study [14]
and the phase diagram for BaTCPO with the magnetic-field
B ‖ [110] for a comprehensive comparison with SrTCPO.

II. METHODS

In this section, we describe the experimental methods for
the measurements of magnetization and dielectric constant.
We also introduce the theoretical model and the method for
analyzing the microscopic property of the antiferromagnetic
square cupola systems ATCPO.

A. Experimental method

Single crystals of SrTCPO were grown by the flux method
as described previously [9]. Powder x-ray diffraction mea-
surements on crushed single crystals confirmed a single phase.
The crystal orientation was determined by the Laue x-ray
method. A superconducting magnet system up to 18 T and
down to 1.6 K at the Tohoku University was used for measure-
ments of dielectric properties. For dielectric measurements,
single crystals were cut into thin plates and subsequently
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electrodes were formed by painting silver pastes on a pair of
the widest surfaces. The dielectric constant ε was measured
using an LCR meter (Agilent E4980) at an excitation fre-
quency of 100 kHz. Pyroelectric current was measured by an
electrometer (Keithley 6517) to monitor electric polarization.
High-field magnetization in magnetic fields up to 45 T was
measured at 1.4 K using an induction method with a multi-
layer pulsed magnet installed at the International MegaGauss
Science Laboratory of the Institute for Solid State Physics
at The University of Tokyo. Multifrequency electron spin
resonance (ESR) measurements (600–1400 GHz) in pulsed
magnetic fields were performed at the Center for Advanced
High Magnetic Field Science at Osaka University to obtain the
g values for the field directions along [100], [110], and [001].
The g values were found to be isotropic within the experimen-
tal accuracy: g = 2.30(5) for all the three field directions.

B. Model and theoretical method

We consider an effective model for the S = 1/2 spin de-
grees of freedom of Cu2+ cations, which was first introduced
for BaTCPO [14] and later applied to PbTCPO [15]. The
model includes four dominant antiferromagnetic exchange
interactions, J1, J2, J ′, and J ′′, where J1 and J2 are in-
tracupola exchange interactions, and J ′ and J ′′ are intralayer
and interlayer interactions between the cupolas, respectively
(Fig. 1). In addition, we take into account the DM interaction
originating from the relativistic spin-orbit coupling on the J1

bonds as well as the Zeeman coupling to an external magnetic
field. The Hamiltonian reads

H =
∑
〈i,j〉

(J1Si · Sj − Dij · Si × Sj ) + J2

∑
〈〈i,j〉〉

Si · Sj

+ J ′ ∑
(i,j )

Si · Sj + J ′′ ∑
[(i,j )]

Si · Sj − gμB

∑
i

B · Si ,

(1)

where Si = (Sx
i , S

y

i , Sz
i ) represents the S = 1/2 spin at site i

and the sums for 〈i, j 〉, 〈〈i, j 〉〉, (i, j ), and [(i, j )] run over
the J1, J2, J ′, and J ′′ bonds, respectively. The last term rep-
resents the Zeeman coupling with the isotropic g-factor g and
the Bohr magneton μB. The DM interaction is characterized
by the DM vector Dij . For simplicity, we assume that the
Cu4O12 magnetic units have the same symmetry with the per-
fect square cupola C4v . Then, referring the Moriya rules [17],
we set Dij on the plane perpendicular to the corresponding J1

bond with a common angle θij = θ from the [001] axis, and a
common strength D = |Dij | [the yellow arrows in Fig. 1(a)].
Note that some features are omitted in the present model for
simplicity, such as the chiral twist of the square cupolas and
anisotropic exchange interactions other than the DM.

In the previous analysis for BaTCPO, the effective model
in Eq. (1) successfully reproduces the entire magnetiza-
tion curves up to above the saturation field and the dielec-
tric anomaly observed at the Néel temperature in the low
magnetic-field regime with the parameter set [14],

J1 = 1, J2 = 1/6, J ′ = 1/2, J ′′ = 1/100,

D = 0.7, and θ = 80◦, (2)

on the basis of an estimate of J1 = 3.03 meV by first-
principles calculations [13]. Furthermore, by switching the
sign of J ′′ from antiferromagnetic to ferromagnetic with
slight changes in other parameters, this model is capable
of reproducing the uniform manner of layer stacking with
the net electric polarization appearing in PbTCPO when B ‖
[110] [15]. In particular, the unusual sign change of the
polarization observed in the high-field regime is explained by
the model analysis. Through the analyses of BaTCPO [14] and
PbTCPO [10,15], the main origin of the ME effects is identi-
fied as the nonrelativistic exchange striction mechanism [18].

In the present analysis, we optimize the model parameters
to reproduce the experimental magnetization curves measured
for SrTCPO as discussed in Sec. III A. In the calculations,
following the previous analyses [14,15], we employ the CMF
method, which is suitable for cluster-based magnetic insu-
lators. In the CMF method, the weak intercupola interac-
tions (J ′ and J ′′ terms) are dealt with by the conventional
mean-field approximation, namely, Si · Sj is decoupled as
Si · Sj � 〈Si〉 · Sj + Si · 〈Sj 〉 − 〈Si〉 · 〈Sj 〉, where 〈Si〉 is the
expectation value of the spin operator Si . On the other hand,
the intracupola interactions are dealt with by the exact di-
agonalization, and therefore, quantum fluctuations in each
cupola are fully taken into account. In this paper, we consider
four square cupolas shown in Fig. 1(a) in the CMF method,
namely, we consider 16 sublattices.

III. RESULTS

In this section, the results of experiments and theoretical
calculations are shown. In Sec. III A, we show the experimen-
tal data of the full magnetization curves for three different
directions of magnetic fields for SrTCPO and determine the
optimal parameter set of the theoretical model (1) to reproduce
the experimental results. We demonstrate the validity of the
model for the dielectric constant and the phase diagram in
Secs. III B and III C, respectively. In Sec. III D, we show the
detailed analysis of the antiferromagnetic order parameters
and electric polarizations in each phase. In Sec. III E, we show
the ground-state phase diagrams of the theoretical model in an
extended parameter space: an interpolation between SrTCPO
and BaTCPO and a change in the DM angle θ for the Sr
parameter set for the latter of which we find additional phases.
Finally, in Sec. III F, we investigate the ME responses for all
the phases appearing in this paper by the cluster multipole
decomposition of the spin configuration of each phase.

A. Magnetization curves and model setup

Figure 2(a) shows the experimental results of full magne-
tization curves at T = 1.4 K < TN for the magnetic field ap-
plied along the [001], [100], and [110] directions. In the low-
field region (B = |B| � 5 T), the slope of the magnetization
M is smaller for the out-of-plane field (B ‖ [001]) than for
in-plane fields (B ‖ [100] and [110]), similar to BaTCPO [14]
or PbTCPO [15]. In the higher-field region, we find a jump-
like anomaly in M with a small hysteresis for all the B
directions. The critical fields, defined as a central value of
B for each hysteresis, are B [100]

c � 13.5, B[110]
c � 15.0, and

B[001]
c � 27.4 T for B ‖ [100], [110], and [001], respectively.
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FIG. 2. Magnetization curves and their field derivatives obtained
in (a) and (b) experiments for SrTCPO at T = 1.4 K and (c) and (d)
theoretical calculations for the spin model (1) in the ground state
with the model parameters, J1 = 0.6, J2 = 1/6, J ′ = 1/2, J ′′ =
1/100, D = 0.7, and θ = 90◦.

These anomalies are more clearly seen in the field derivative
dM/dB in Fig. 2(b). Above B � 40 T, the magnetization for
all the B directions shows a saturation at ∼1.15μB/Cu2+. The
saturation-magnetization values are corrected by the g values
determined by the ESR. We note that dM/dB shows a hump
at B � 35 T only for B ‖ [110] as shown in Fig. 2(b).

A significant difference between the magnetization curves
of SrTCPO and those of BaTCPO and PbTCPO is found in
the relative magnitude of B[001]

c and B[100]
c , namely, B[001]

c >

B[100]
c for SrTCPO whereas B[001]

c < B[100]
c for BaTCPO and

PbTCPO. Furthermore, the ratio of the critical field to the
saturation field b[001]

c ≡ B[001]
c /B

[001]
sat is much larger: b[001]

c ∼
0.75 for SrTCPO whereas b[001]

c ∼ 0.2 for BaTCPO [14] and
b[001]

c ∼ 0.3 for PbTCPO [15]. We find that these aspects
are reproduced simply by taking a smaller J1 as J1 � 0.6,
whereas keeping the other parameters as those for BaTCPO
in Eq. (3). We note that the smaller J1 is also reasonable
to reproduce the smaller saturation fields ∼40 T compared
to ∼60 T in BaTCPO [14]. At the same time, however, we
find that the parameter change leads to an additional phase
transition not observed in experiments in the higher-field
regime for B ‖ [110]. This is remedied by a slight increase
in θ . Consequently, we obtain the optimal parameter set for
SrTCPO by adjusting only J1 and θ as

J1 = 0.6 and θ = 90◦, (3)

from Eq. (2) for BaTCPO.
The main difference in the model parameters between

SrTCPO and BaTCPO is in the magnitude of the nearest-
neighbor exchange interaction J1; J1 for SrTCPO is taken as
60% of that for BaTCPO. The parameter change is consistent
with the fact that both the saturation field and the Curie-Weiss
temperature of SrTCPO are approximately 2/3 of those of
BaTCPO in experiments [10]. We note that J1 was estimated
to be ∼3 meV commonly for the Sr and Ba cases in the first-
principles calculations [10,13], but the values cannot explain
the experimental observations within the model analysis.

FIG. 3. Magnetic-field dependence of the dielectric constant at
low T obtained in (a) and (b) experiments for SrTCPO and (c) and (d)
theoretical calculations for the model (1). The magnetic and electric
fields are taken as (a) and (c) B ‖ E ‖ [100] and (b) and (d) B ‖ [110]
and E ‖ [001]. The parameter set for SrTCPO (see the caption of
Fig. 2) and �E = 0.0025 [see Eq. (4)] are used in (c) and (d). Note
that (c) and (d) represent the spin contributions obtained by Eq. (4)
(see the text for details).

In Figs. 2(c) and 2(d), we show the theoretical results
for the magnetization curves and their field derivatives, re-
spectively, at zero T . The entire magnetization curves are
well reproduced by the optimal parameter set in the follow-
ing aspects: (i) B

[001]
sat < B

[110]
sat < B

[100]
sat , (ii) B[100]

c < B[110]
c <

B[001]
c , (iii) b[001]

c ∼ 0.75, (iv) the field derivative for the out-
of-plane field (B ‖ [001]) lower than that for the in-plane field
(B ‖ [100] or [110]) in the low-field regime, and (v) a hump
near the saturation in the field derivative for B ‖ [110].

B. Dielectric anomaly

Since the maximum field of 18 T available in the present
dielectric measurements cannot access the critical field for
B ‖ [001], we performed the dielectric measurements only
in B ‖ [100] and B ‖ [110]. Figures 3(a) and 3(b) show the
experimental data of the dielectric constant at low T measured
for SrTCPO in B ‖ E ‖ [100] and B ‖ [110] and E ‖ [001],
respectively, up to B = 18 T (E is the electric field). The
dielectric constant exhibits sharp anomalies at the magnetic
fields where the magnetization changes discontinuously. Note
that the pyroelectric current measurement does not detect
any signal indicative of an onset of a macroscopic electric
polarization associated with these dielectric anomalies.

For comparison, in Figs. 3(c) and 3(d), we show the cor-
responding theoretical results computed by the CMF method
with the parameter set for SrTCPO (see the caption for
Fig. 2). Note that the experimental data are limited to the field
range below 18 T, which roughly corresponds to gμBB < 1.5
in the theoretical results. In the CMF method, introducing
an electric-field term to the Hamiltonian as H − E · P, the
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FIG. 4. T dependence of the dielectric constant obtained in
(a)–(d) experiments for SrTCPO and (e)–(h) theoretical calculations
for the model (1), for various magnetic-field strengths: (a), (b),
(e), and (f) B ‖ E ‖ [100] and (c), (d), (g), and (h) B ‖ [110] and
E ‖ [001]. (b), (d), (f), and (h) are the results close to the critical
fields. The same parameters as in Fig. 3 are used in the theory.

dielectric constant is evaluated as

ε[abc] = (P · n)E=�E n − (P · n)E=0

�E
, (4)

with a sufficiently small �E where n is the normalized vector
directing [abc]. Following the previous studies [14,15], we
consider the electric polarization induced by the exchange
striction mechanism [18]: The net electric polarization is
defined as

P =
∑
〈i,j〉

nij 〈Si · Sj 〉, (5)

where nij is the normalized vector from the center of the ij

bond to an O site shared by the CuO4 squares for the Cu
sites i and j [14]. We note that ε[abc] in Eq. (4) represents
not the entire contribution but the major contribution to the
dielectric constant from the spin texture through the exchange
striction mechanism up to a proportionality factor. The the-
oretical curves for gμBB � 1.5 qualitatively well reproduce
the experimental results, not only the sharp anomalies, but

FIG. 5. Finite-T phase diagrams obtained in experiment for the
magnetic fields (a) B ‖ [100] and (b) B ‖ [110]. The phase bound-
aries ε(T ) and ε(B ) are determined by the peak positions of the
dielectric constant while changing T and B, respectively.

also the asymmetric shapes of the peaks. In addition, they also
reproduce further details of the data: The decrease (increase)
while increasing B after the peaks for B ‖ [100] ([110]) and
the reduction and shift of the peak while increasing T for
B ‖ [110].

Figures 4(a)–4(d) show the experimental data for the T

dependence of the dielectric constant for different magnetic
fields, and Figs. 4(e)–4(h) are the corresponding theoretical
results. Again, the theoretical curves well reproduce the ex-
perimental results; for instance, in comparison of Figs. 4(a),
4(b), 4(e), and 4(f) for B ‖ E ‖ [100], the increase in the
dielectric anomaly while increasing B toward the critical field
B[100]

c � 13.5 T in the low-field regime and the nondivergent
cusplike feature for higher fields. In the same way, Figs. 4(c),
4(d), 4(g), and 4(h) for B ‖ [110] and E ‖ [001] show good
correspondence between the experimental measurements and
the theoretical calculations; the increase in the dielectric
anomaly in the low-field regime and the sharper anomaly for
higher fields.

C. Finite-temperature phase diagram

We summarize the experimental phase diagrams in Fig. 5
by plotting the peak positions of the dielectric constant. For
both cases with B ‖ [100] and B ‖ [110], the critical tem-
peratures separating the high-T paramagnet and the low-T
ordered phase are reduced by increasing the magnetic field
in the low-field region. The system exhibits a phase transition
at B[100]

c � 13.5 and B[110]
c � 15 T at low T , and the critical

fields slightly increase while raising T . The critical tempera-
tures of the high-field phase to the paramagnetic state show a
small increase in the narrow-field region of the measurement.

We show the finite-T phase diagrams obtained by the CMF
method in Fig. 6. Figures 6(b) and 6(c) correspond to the
experimental results in Fig. 5. We find that the phase diagrams
for B ‖ [100] and B ‖ [110] are similar to each other; we
call the low-field ordered phase Z (Z′) and the high-field one
Y (Y′) for B ‖ [100] ([110]). The results indicate that our
theory well reproduces the experimental results in Fig. 5,
except for the small enhancement of the critical temperature
in the high-field phase. This discrepancy might be reconciled
by taking into account the fluctuation effect beyond the CMF
approximation which may play an important role in the phase
competing region. Based on the good agreement between the
experiment and the theory, we identify the low-field phases in
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FIG. 6. Finite-T phase diagrams for the magnetic fields (a) B ‖ [001], (b) B ‖ [100], and (c) B ‖ [110] computed by the CMF method with
the parameter set for SrTCPO (see the caption for Fig. 2).

experiments as Z and Z′ and the high-field phases as Y and Y′.
We will discuss the order parameters and electric polarizations
in these phases in Sec. III D.

In addition, we also show the phase diagram for B ‖ [001]
in Fig. 6(a) in which the high-field phases (II and III) are not
accessible in the present dielectric experiments. The phase
diagram is similar to that for BaTCPO [14]: The stabilized
phases are common, including the hidden phase III. We
note that the phase diagrams in Figs. 6(b) and 6(c) are also
similar to those for BaTCPO (see Ref. [14] for B ‖ [100] and
Appendix B for B ‖ [110]).

D. Order parameters and electric polarizations

Based on the similarity of the phase diagrams, here we
analyze the theoretical results for SrTCPO by the antiferro-
magnetic order parameters used in the study of BaTCPO [14],

mAF ≡ 1

Nspin

∑
�

(−1)�p�〈S�〉, (6)

where p� = +1(−1) for the upper (lower) layer in Fig. 1(a)
and Nspin is the number of spins. Figures 7(a)–7(c) show the
magnetic-field dependence of mAF at zero T for the three
different field directions [19]. Although only the z component
of the order parameter is nonzero (mz

AF 
= 0 and m
x,y

AF = 0) for
the low-field phase including B = 0, the orientation of mAF

changes to the perpendicular direction to the z axis through
a first-order phase transition with the magnetization jump:
|mx

AF| = |my

AF| 
= 0 for B ‖ [001], m
y

AF 
= 0 for B ‖ [100]

and m
[11̄0]
AF 
= 0 for B ‖ [110]. mAF vanishes continuously at

the saturation field for all the directions.
Figures 7(d)–7(f) show the field dependence of the stag-

gered component of the electric polarization PAF computed
based on the exchange striction mechanism [18]. In the
present system, a ferroelectric polarization can appear in each
layer, but the direction is antiparallel between the neighboring
layers, resulting in the vanishing net polarization. Thus, we
define the interlayer-staggered component as [20]

PAF =
∑
〈i,j〉

pinij 〈Si · Sj 〉. (7)

PAF behaves differently for three field directions: |P x
AF| =

|P y

AF| 
= 0 in phase II for B ‖ [001], P x
AF 
= 0 in Z for

B ‖ [100] and P
[11̄0]
AF 
= 0 in Z′, and P

[001]
AF 
= 0 in Y′ for B ‖

[110]. Note that P
[001]
AF changes its sign in phase Y′. Similar

behavior was found in PbTCPO as a sign change of the net
electric polarization parallel to [001] [15].

The results for mAF and PAF are summarized in Table I.
The table includes other phases found in Sec. III E by chang-
ing the model parameters.

E. Ground-state phase diagram in an extended parameter space

Thus far, we have discussed the model in Eq. (1) with
the parameter set for SrTCPO. In this section, we extend the
parameter space and try to find other interesting ME behaviors
for future material investigation.

First, considering a solid solution of the Sr and Ba com-
pounds, we study the interpolation between the parameter sets
for SrTCPO and BaTCPO. Figure 8 shows the ground-state

FIG. 7. B dependence of (a)–(c) the antiferromagnetic order pa-
rameter mAF [Eq. (6)] and (d)–(f) the interlayer-staggered component
of the electric polarization PAF [Eq. (7)] for (a) and (d) B ‖ [001], (b)
and (e) B ‖ [100], and (c) and (f) B ‖ [110].
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FIG. 8. Ground-state (T = 0) phase dia-
grams for the parameter sets linearly in-
terpolated between (J1, θ ) = (0.6, 90◦) for
Sr(TiO)Cu4(PO4)4 and (J1, θ ) = (1, 80◦) for
Ba(TiO)Cu4(PO4)4. The other model param-
eters are fixed at J2 = 1/6, J ′ = 1/2, J ′′ =
1/100, and D = 0.7. The magnetic-field direc-
tions are (a) B ‖ [001], (b) B ‖ [100], and (c)
B ‖ [110].

phase diagrams computed by changing the parameters contin-
uously between SrTCPO and BaTCPO. For simplicity, here
we interpolate J1 and θ linearly between (J1, θ ) = (0.6, 90◦)
for SrTCPO and (J1, θ ) = (1, 80◦) for BaTCPO. For all three
field directions, the phase diagrams change continuously with-
out any additional phases. The experimentally observed jumps
in the magnetization curves of SrTCPO in Fig. 1 are identified
as the ME transitions between I and II for B ‖ [001], between
Z and Y for B ‖ [100], and between Z′ and Y′ for B ‖ [110]
as those of BaTCPO. (See Appendix B for the phase diagrams
for BaTCPO with B ‖ [110]. The phase diagrams for the other
field directions are found in Ref. [14].) Thus, although the
phase boundary between I and II in Fig. 8(a) shows a rapid and
reentrant change for slight doping of Ba, our results imply no
qualitatively new ME phase for a solid solution (Sr,Ba)TCPO.

Next, we study the ground-state phase diagram by chang-
ing only the DM angle θ for the parameter set for SrTCPO.
Such a change may be possible by a deformation of square

TABLE I. Directions of the antiferromagnetic order parameter
mAF [Eq. (6)], the interlayer-staggered component of the electric
polarization PAF [Eq. (7)], and the net electric polarization P [Eq. (5)]
in each phase. The symbol “–” indicates that the order parameter
vanishes. θc is the critical angle at B = 0: θc = 12.5 ± 0.05◦ (see the
text for details).

mAF PAF P Notes

I [001] – –
II [110]/[11̄0] [11̄0]/[110] – mAF ⊥ PAF

B ‖ [001] III [100]/[010] [100]/[010] – mAF ‖ PAF

IV – – [001] P ‖ B
V – – –
Z [001] [100] – mAF ⊥ PAF

Y [010] – –
B ‖ [100] M – – [100] P ‖ B

T – – [ab0] P x 
= P y

S [001] [ab0] – P x
AF 
= P

y

AF

Z′ [001] [11̄0] – mAF ⊥ PAF

B ‖ [110] Y′ [11̄0] [001] – [mAF ⊥ PAF

M′ – – [110] P ‖ B
B = 0 (θ > θc) [001] – –
B = 0 (θ < θc) – – –

cupolas, e.g., by an external pressure and chemical substitu-
tions. Figure 9 shows the results as functions of θ and the
magnetic-field B. In addition to the phases appearing in the
previous sections (I–III, Z, Y, Z′, and Y′), we find additional
phases IV, V, M, T, S, and M′ in the small θ region.

When B = 0, the system exhibits a phase transition at the
critical angle θc = 12.5 ± 0.05◦ between the spin configura-
tion of the monopole type for θ < θc [Fig. 10(a)] and of the
qx2−y2 quadrupole type for θ > θc [Fig. 10(b)] [13,14] (see
also Appendix A). This transition occurs mainly because of
the energy competition between the DM interaction and the
J1 exchange interaction as shown in Fig. 10(c); the former
energy increases whereas the latter decreases for θ > θc. We
note that the J2 exchange interaction also contributes to the
stabilization of the monopole-type spin configuration. The
competition is also understood from the spin configurations
shown in Figs. 10(a) and 10(b). For θ < θc, 〈Si〉 × 〈Sj 〉 is
almost parallel to Dij , which is preferable for the DM energy,
whereas the neighboring spin pairs are almost perpendicular
to each other, which is unfavorable for the J1 energy. They are
vice versa for θ > θc.

Figure 9(a) shows the phase diagram for B ‖ [001].
When turning on the magnetic field, the monopole-(qx2−y2

quadrupole-)type spin configuration continuously develops
into that of the phase IV (I) for θ < θc (θ > θc ). While
increasing B, phase IV is extended to the larger θ region,
and instead phase I is narrowed. With a further increase in B,
phase IV turns into phase V, whereas phase I turns into phase
II before saturation in the region of θ � 110◦. The typical spin
configurations are shown in Appendix A and Supplemental
Material for Ref. [14].

Figures 9(b) and 9(c) show the phase diagrams for B ‖
[100] and B ‖ [110], respectively. Similar to the case of
B ‖ [001], by introducing the magnetic-fields B ‖ [100] and
B ‖ [110], the monopole-(qx2−y2 quadrupole-)type spin con-
figuration appears in phase M (Z) and phase M′ (Z′) for
θ < θc (θ > θc ), respectively. However, phases M and M′
shrink as B increases, in contrast to the case of B ‖ [001].
For B ‖ [110], phase M′ directly turns into phase Z′, whereas
for B ‖ [100], intermediate phases S and T are found before
entering to phase Z. The typical spin configurations for these
additional phases are shown in Appendix A. In the interme-
diate θ region, phase Z (Z′) turns into phase Y (Y′) before
saturation.

024415-7



YASUYUKI KATO et al. PHYSICAL REVIEW B 99, 024415 (2019)

FIG. 9. Ground-state (T = 0) phase diagrams by changing the DM angle θ with the parameter set for SrTCPO in (a) B ‖ [001],
(b) B ‖ [100], and (c) B ‖ [110]. The colored regions represent different magnetically ordered phases, whereas the white regions are the
forced ferromagnetic phases. The gray region I + II in (a) indicates a mixed phase. There are also narrow mixed regions near other phase
boundaries, although they are not seen clearly in the figures.

We summarize in Table I the antiferromagnetic order pa-
rameter mAF and the interlayer-staggered component of the
electric polarization PAF for the additional phases IV, V, M, T,
S, and M′ found in the small θ region in Fig. 9. We also show
the net electric polarization P [Eq. (5)] in the table.

For θ < θc at B = 0, mAF is zero. Accordingly, mAF

remains zero in phases IV, M, and M′ where the spin con-
figurations are continuously deformed from that for B = 0
(see also Appendix A). Although the spin configurations
drastically change through the transitions from IV to V and
from M to T, mAF remains zero in both phases V and T.
On the other hand, mAF 
= 0 in phase S because of the anti-
ferromagnetic layer stacking in contrast to the ferromagnetic
one in phase T. In phase V, within the numerical accuracy,
the interlayer spins are uncorrelated despite the finite J ′′:
The states with ferromagnetic and antiferromagnetic layer
stackings are energetically degenerate in phase V. We note
that the spin configuration in phase V is of toroidal type in
terms of the cluster multipole decomposition discussed in
Sec. III F (see also Appendix A).

For the electric property, remarkably, the net polarization
P ‖ B becomes nonzero in phases IV, M, and M′. As we
will discuss in Sec. III F, this behavior originates from the
monopole-type spin configuration. In phase T, P y (perpen-
dicular component to B) becomes nonzero in addition to P x

because the spin configuration is regarded as a superposition
of a toroidal-type and a monopole-type spin configuration
with the uniform manner of the layer stacking. Meanwhile,
in phase S, PAF ⊥ [001] becomes nonzero because of the
antiferromagnetic layer stacking of a similar mixed-type spin
configuration.

F. Cluster multipole decomposition

The ME behaviors in different phases found in the previous
sections can be understood in terms of multipoles. In the
present system, the multipoles are defined in a cluster form
for a square cupola. For the cluster multipole description, we
define a 3 × 3 tensor by using the spin configuration in a
square cupola as

Mij ≡
∑

�

r̃ i
�S

j

� , (8)

where i, j takes x, y, or z; r̃� is the relative coordinate of site
� from the center of the square cupola and the sum is taken for
the four sites in the square cupola. Then, the tensor Mij can be
decomposed into the cluster multipoles, i.e., the pseudoscalar

FIG. 10. Spin configurations in a square cupola of (a) flux type at θ = 8◦ < θc and (b) qx2−y2 quadrupole type at θ = 90◦ > θc for B = 0.
The magenta arrows denote the spins, and the gray arrows on the bonds represent 〈Si〉 × 〈Sj 〉. (c) Contributions to the energy density from the
J1, J2, and DM interaction terms.
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TABLE II. Cluster multipole decomposition of the spin configurations in each square cupola into the monopole a, toroidal moment t, and
quadrupole tensor qμν . See Eqs. (9)–(11). The symbol ◦ means that the net value for the four cupolas in the unit cell is nonzero in the CMF
solutions; the symbol � means that the value for each layer is nonzero, but the net value vanishes because of the cancellation between the
layers; the symbol * means that the value for each square cupola is nonzero, but that of each layer vanishes because of the cancellation; the
symbol “–” means that the value for each square cupola is zero.

a tx ty tz qxy qxx qyy Remarks

I * – – – – � �
II * � � – * * * |tx | = |ty | in a layer

B ‖ [001] III * �/– –/� – – * * Either tx or ty is nonzero
IV ◦ – – – – ◦ ◦ qxx = qyy

V * – – �/◦ – * * tz depends on the layer stacking; qxx = qyy

Z � – * – – � � qxx � −qyy in a layer [21]
Y – � * – – – –

B ‖ [100] M ◦ – * – – ◦ ◦
T ◦ * * ◦ ◦ ◦ ◦ |qxy | � |a|, |tz|, |qxx |, and |qyy |
S � * * � � � � |qxy | � |a|, |tz|, |qxx |, and |qyy | in a layer
Z′ – * * � – � � qxx = −qyy

B ‖ [110] Y′ – � � – – – – tx = −ty (t ‖ [11̄0])
M′ ◦ – * – ◦ ◦ ◦ qxx = qyy

B = 0 (θ > θc) – – – – – � � qxx = −qyy in a layer
B = 0 (θ < θc) ◦ – – – – ◦ ◦ qxx = qyy

monopole a, the toroidal moment vector t = (tx, ty, tz), and
the quadrupole tensor qij , which are defined as

a = 1

3

∑
i

Mii , (9)

tk = 1

2

∑
i,j

εijkMij , (10)

qij = 1

2

(
Mij + Mji − 2

3
δij

∑
k

Mkk

)
, (11)

respectively [6], where δij and εijk represent the Kronecker δ

and the three-dimensional Levi-Cività symbol, respectively.
We summarize the results of the cluster multipole decom-

position in Table II. Here qzz, qyz, and qzx are omitted because
r̃ z
� = 0 for all � leads the three relations a = −qzz, tx = qyz,

and ty = −qzx . The nonzero components of the cluster multi-
poles explain the ME behaviors in each phase. For example,
in phases I, Z, and Z′, the nonzero PAF in B ‖ [100] and [110]
is naturally expected from the quadrupole of (x2 − y2)-type
qx2−y2 = qxx − qyy . The quadrupole also explains the diver-
gent behavior of the dielectric anomaly in ε[100](T ) [ε[11̄0](T )]
for B ‖ [100] (B ‖ [110]) at the Néel temperature as com-
monly observed in BaTCPO [13,14] [Figs. 4(a) and 4(e)].
On the other hand, in phase Y′, the toroidal moment t ‖
[11̄0] becomes nonzero in each layer, which indicates the
free energy has a coupling term between E[001] and B[110].
This explains PAF ‖ [001] induced by B ‖ [110]. Similarly, in
phase II, t ‖ [110] or t ‖ [11̄0] becomes nonzero in each layer,
which explains PAF ‖ [11̄0] or [110] induced by B ‖ [001].
In phase III, tx or ty becomes nonzero in each layer, which
explains PAF ‖ [010] or [100] induced by B ‖ [001].

Meanwhile, in the newly found phases in the small θ

region, the net monopole a is activated together with the

quadrupole tensor qxx = qyy 
= 0. This indicates that the
free energy has a coupling term of EμBμ with a uniaxial
anisotropy, i.e., the coefficient of EzBz is different from that
of ExBx and EyBy . This explains P ‖ B in phases IV, M, and
M′. In phase T, the net toroidal moment t ‖ [001] is activated,
which explains a nonzero component of P perpendicular to
both B and t in addition to a component parallel to B. In phase
V where P = PAF = 0, the nonzero t ‖ [001] indicates the
free-energy term of ExBy − EyBx . This means that P or PAF,
which is perpendicular to B and [001], is activated by tilting
the magnetic field from B ‖ [001] depending on the way of
layer stacking.

IV. SUMMARY AND CONCLUDING REMARKS

In conclusion, we have investigated the magnetoelectric
behavior of SrTCPO composed of antiferromagnetic square
cupolas by the combination of experimental measurements
and theoretical analyses. In experiments by the help of stable
single-crystal growth, we obtained the full magnetization
curves at low temperatures (1.4 K up to 45 T) for three
different field directions B ‖ [001], B ‖ [100], and B ‖ [110]
and the dielectric constant as a function of temperature and
the magnetic field (up to 18 T) for B ‖ [100] and B ‖ [110].
The magnetization curves show magnetization jumps, whose
critical fields depend on the field direction, similar to those
of isostructurals BaTCPO [9,14] and PbTCPO [15]. The
dielectric constant shows an anomaly at the critical fields.
We found several differences between SrTCPO and previously
studied BaTCPO and PbTCPO; in particular, the ratio of the
critical field to the saturation field is much larger in SrTCPO
for B ‖ [001]. To understand the experimental observations,
we studied a spin model by using the CMF method, following
the previous studies for BaTCPO [14] and PbTCPO [15]. We

024415-9



YASUYUKI KATO et al. PHYSICAL REVIEW B 99, 024415 (2019)

0

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

8
9

10
11

12
13

14
15

0 1

2
3

4
5

6
7

B

B

FIG. 11. Spin configurations in phases (a) B = 0 for θ < θc, (b) IV, (c) V, (d) M, (e) T, (f) S, (g) M′ (h) Z′,
and (i) Y′. In each figure, the upper panel displays the three-dimensional view, and the lower panel the top view. The num-
bering in (a) corresponds to those in Fig. 1. The results are obtained by the CMF method with the magnetic field (b)
and (c) B ‖ [001], (d)–(f) B ‖ [100], (g)–(i) B ‖ [110] and the parameter set for SrTCPO (see the caption for Fig. 2) ex-
cept for the DM angle θ ; (a)–(g) θ = 5◦ and (h) and (i) θ = 90◦. The field strength is (a) B = 0, (b) B = 0.5, (c) B = 1.5,
(d) B = 0.3, (e) B = 0.4, (f) B = 0.5, (g) B = 0.5, (h) B = 0.8, and (i) B = 1.5.

found that the model well explains all the data for SrTCPO,
including the finite-T phase diagrams by tuning the model
parameters. The agreements strongly support the validity
of the simple microscopic model and our analyses for the
isostructural series of ATCPO.

We have also investigated further interesting ME behaviors
by extending the model parameter space. Although we did

not find any additional phases by linearly interpolating the
parameters between the Sr and the Ba cases, we unveiled
a variety of unprecedented phases, including ferroelectric
ones, by changing the DM angle with the parameter set for
the Sr case. We investigated the ME behaviors in all the
phases and rationalized them by using the cluster multipole
decomposition. We found that the spin configurations in the

024415-10



MAGNETOELECTRIC BEHAVIOR FROM CLUSTER … PHYSICAL REVIEW B 99, 024415 (2019)

additional phases for a small DM angle acquire the cluster
form of not only quadrupole, which was already identified for
the previous studies, but also monopole and toroidal moments.
Thus, our results indicate that the antiferromagnetic square
cupola could host all the multipoles giving rise to the linear
ME effect. A smaller θ is expected to be possibly realized
by compressing the cupola in the [001] direction, e.g., by
an external pressure and chemical substitutions. Our findings
would stimulate further material investigation in the family of
ATCPO and the materials composed of the Cu-based square
cupolas [22–24] for such intriguing ME behaviors.
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FIG. 12. (a) Ground-state and (b) finite-T phase diagrams in the
magnetic field parallel to [110] (B ‖ [110]), obtained by the CMF
method with the parameter set for BaTCPO [Eq. (3)]. The DM angle
is changed in (a) as in Fig. 9 for SrTCPO.

APPENDIX A: SPIN CONFIGURATIONS
IN THE SMALL θ REGION

Figure 11 shows typical spin configurations in phases IV,
V, M, T, S, M′, Y′, and Z′ in the small θ region, obtained by
the CMF method. Spin configurations of other phases (I, II,
III, Y, and Z) have been reported in Ref. [14].

APPENDIX B: PHASE DIAGRAM FOR BATCPO
WITH B ‖ [110]

Figure 12 shows the phase diagrams computed with the pa-
rameter set for BaTCPO [Eq. (3)] and B ‖ [110] by the CMF
method for comparison to those for SrTCPO in Figs. 9(c)
and 6(c). The phase diagrams for the other two field directions
were reported in Ref. [14].

[1] I. E. Dzyaloshinskii, On the magneto-electrical effects in anti-
ferromagnets, Sov. Phys. JETP 10, 628 (1960).

[2] D. N. Astrov, The magnetoelectric effect in antiferromagnetics,
Sov. Phys. JETP 11, 708 (1960).

[3] T. Kimura, T. Goto, H. Shintani, K. Ishizaka, T. Arima, and Y.
Tokura, Magnetic control of ferroelectric polarization, Nature
(London) 426, 55 (2003).

[4] M. Fiebig, T. Lottermoser, D. Meier, and M. Trassin, The
evolution of multiferroics, Nat. Rev. Mater. 1, 16046 (2016).

[5] A. A. Gorbatsevich and Y. V. Kopaev, Toroidal order in crystals,
Ferroelectrics 161, 321 (1994).

[6] N. A. Spaldin, M. Fiebig, and M. Mostovoy, The toroidal
moment in condensed-matter physics and its relation to the
magnetoelectric effect, J. Phys.: Condens. Matter 20, 434203
(2008).

[7] Y. V. Kopaev, Toroidal ordering in crystals, Phys. Usp. 52, 1111
(2009).

[8] N. A. Spaldin, M. Fechner, E. Bousquet, A. Balatsky, and L.
Nordström, Monopole-based formalism for the diagonal mag-
netoelectric response, Phys. Rev. B 88, 094429 (2013).

[9] K. Kimura, M. Sera, and T. Kimura, A2+ Cation Control of
Chiral Domain Formation in A(TiO)Cu4(PO4)4 (A = Ba, Sr),
Inorg. Chem. 55, 1002 (2016).

[10] K. Kimura, M. Toyoda, P. Babkevich, K. Yamauchi, M. Sera,
V. Nassif, H. M. Rønnow, and T. Kimura, A-cation control of

magnetoelectric quadrupole order in A(TiO)Cu4(PO4)4 (A =
Ba, Sr, and Pb), Phys. Rev. B 97, 134418 (2018).

[11] N. W. Johnson, Convex polyhedra with regular faces, Canad. J.
Math. 18, 169 (1966).

[12] P. Babkevich, L. Testa, K. Kimura, T. Kimura, G. S. Tucker,
B. Roessli, and H. M. Rønnow, Magnetic structure of
Ba(TiO)Cu4(PO4)4 probed using spherical neutron polarimetry,
Phys. Rev. B 96, 214436 (2017).

[13] K. Kimura, P. Babkevich, M. Sera, M. Toyoda, K. Yamauchi, G.
S. Tucker, J. Martius, T. Fennell, P. Manuel, D. D. Khalyavin,
R. D. Johnson, T. Nakano, Y. Nozue, H. M. Rønnow, and T.
Kimura, Magnetodielectric detection of magnetic quadrupole
order in Ba(TiO)Cu4(PO4)4 with Cu4O12 square cupolas, Nat.
Commun. 7, 13039 (2016).

[14] Y. Kato, K. Kimura, A. Miyake, M. Tokunaga, A. Matsuo,
K. Kindo, M. Akaki, M. Hagiwara, M. Sera, T. Kimura,
and Y. Motome, Magnetoelectric Behavior from S = 1/2
Asymmetric Square Cupolas, Phys. Rev. Lett. 118, 107601
(2017).

[15] K. Kimura, Y. Kato, K. Yamauchi, A. Miyake, M. Tokunaga,
A. Matsuo, K. Kindo, M. Akaki, M. Hagiwara, S. Kimura, M.
Toyoda, Y. Motome, and T. Kimura, Magnetic structural unit
with convex geometry: A building block hosting an exchange-
striction-driven magnetoelectric coupling, Phys. Rev. Mater. 2,
104415 (2018).

024415-11

https://doi.org/10.1038/nature02018
https://doi.org/10.1038/nature02018
https://doi.org/10.1038/nature02018
https://doi.org/10.1038/nature02018
https://doi.org/10.1038/natrevmats.2016.46
https://doi.org/10.1038/natrevmats.2016.46
https://doi.org/10.1038/natrevmats.2016.46
https://doi.org/10.1038/natrevmats.2016.46
https://doi.org/10.1080/00150199408213381
https://doi.org/10.1080/00150199408213381
https://doi.org/10.1080/00150199408213381
https://doi.org/10.1080/00150199408213381
https://doi.org/10.1088/0953-8984/20/43/434203
https://doi.org/10.1088/0953-8984/20/43/434203
https://doi.org/10.1088/0953-8984/20/43/434203
https://doi.org/10.1088/0953-8984/20/43/434203
https://doi.org/10.3367/UFNe.0179.200911d.1175
https://doi.org/10.3367/UFNe.0179.200911d.1175
https://doi.org/10.3367/UFNe.0179.200911d.1175
https://doi.org/10.3367/UFNe.0179.200911d.1175
https://doi.org/10.1103/PhysRevB.88.094429
https://doi.org/10.1103/PhysRevB.88.094429
https://doi.org/10.1103/PhysRevB.88.094429
https://doi.org/10.1103/PhysRevB.88.094429
https://doi.org/10.1021/acs.inorgchem.5b02622
https://doi.org/10.1021/acs.inorgchem.5b02622
https://doi.org/10.1021/acs.inorgchem.5b02622
https://doi.org/10.1021/acs.inorgchem.5b02622
https://doi.org/10.1103/PhysRevB.97.134418
https://doi.org/10.1103/PhysRevB.97.134418
https://doi.org/10.1103/PhysRevB.97.134418
https://doi.org/10.1103/PhysRevB.97.134418
https://doi.org/10.4153/CJM-1966-021-8
https://doi.org/10.4153/CJM-1966-021-8
https://doi.org/10.4153/CJM-1966-021-8
https://doi.org/10.4153/CJM-1966-021-8
https://doi.org/10.1103/PhysRevB.96.214436
https://doi.org/10.1103/PhysRevB.96.214436
https://doi.org/10.1103/PhysRevB.96.214436
https://doi.org/10.1103/PhysRevB.96.214436
https://doi.org/10.1038/ncomms13039
https://doi.org/10.1038/ncomms13039
https://doi.org/10.1038/ncomms13039
https://doi.org/10.1038/ncomms13039
https://doi.org/10.1103/PhysRevLett.118.107601
https://doi.org/10.1103/PhysRevLett.118.107601
https://doi.org/10.1103/PhysRevLett.118.107601
https://doi.org/10.1103/PhysRevLett.118.107601
https://doi.org/10.1103/PhysRevMaterials.2.104415
https://doi.org/10.1103/PhysRevMaterials.2.104415
https://doi.org/10.1103/PhysRevMaterials.2.104415
https://doi.org/10.1103/PhysRevMaterials.2.104415


YASUYUKI KATO et al. PHYSICAL REVIEW B 99, 024415 (2019)

[16] S. S. Islam, K. M. Ranjith, M. Baenitz, Y. Skourski, A.
A. Tsirlin, and R. Nath, Frustration of square cupola in
Sr(TiO)Cu4(PO4)4, Phys. Rev. B 97, 174432 (2018).

[17] T. Moriya, Anisotropic superexchange interaction and weak
ferromagnetism, Phys. Rev. 120, 91 (1960).
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