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Understanding the thermal conductivity and Lorenz number in tungsten from first principles
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Tungsten is known to have a Lorenz number L larger than the Sommerfeld value (L0 = π 2k2
B/3e2 = 2.445 ×

10−8 V2/deg2) by 30%. By performing fully first-principles calculations, we are able to calculate the electrical
conductivity (σ ) and quantify the electronic (κe) and the lattice (κph) contributions to the thermal conductivity
with a high accuracy. We show that the deviation of L is entirely due to κph, and κe/σT agrees with L0 within
5%. At room temperature, κph is 46 W/m-K, one order of magnitude larger than that in other metals even with
smaller atomic mass and higher Debye temperature, and likely the largest of all metals. The large κph is ascribed
to the surprisingly weak anharmonic phonon scattering. Apart from the not-strong anharmonic interatomic
interaction, the weak anharmonic phonon scattering is also facilitated with the large atomic mass, leading to
small thermal displacement. The interplay between the phonon-phonon and electron-phonon scatterings leads
to weak temperature dependence of κph, and signifies the importance of an accurate solution to the Boltzmann
transport equation beyond the conventional relaxation time approximation. Our findings give insights into the
phonon transport in metals.
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In metals, free electrons carry both charge and heat current.
As a result, the ratio of the thermal conductivity (κ) to
the electrical conductivity (σ ) of a metal is proportional to
the temperature (T ), which is termed as Wiedemann-Franz-
Lorenz law (WFL). The proportionality constant L, known as
the Lorenz number, is theoretically equal to the Sommerfeld
value L0 = π2k2

B/3e2 = 2.445 × 10−8 V2/deg2. L departs
considerably from L0 at low temperatures where the mean-
free paths of free electrons for the heat and charge transport
are no longer the same and in poor conductors such as rare
earths where the lattice (phonons) contribution to κ can no
longer be considered negligible as compared to electrons [1].
Although the measured L agrees with L0 within a few percent
in many metals, L in tungsten, a moderately good conductor,
is larger than L0 by 30% at room temperature [1]. The mech-
anism of this exceptional Lorenz number remains a puzzle.

It was argued that the anomalous L in transition met-
als is due to the complexity of the band structure but not
the lattice component (κph) of thermal conductivity [2–4].
Ab initio calculations based on spectral function have shown
that the electronic contribution (κe) agrees with the measured
κ very well for a number of elemental metals such as Al, V,
Nb, Ta, Mo, Pb, and Na [5,6]. Recently, direct calculations
of κph have verified that κph is indeed negligible in common
metals including Al, Ag, and Au [7]. In 2011, Wakeham et al.
found experimentally that the ratio of the thermal and electri-
cal Hall conductivities in the quasi-one-dimensional metallic
Li0.9Mo6O17 can be orders of magnitude larger than that found
in conventional bulk metals, consistent with the Luttinger
liquid theory [8,9]. Recently, κe an order of magnitude lower
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than expected from WFL was found in metallic VO2 near its
insulator-metal transition, which was explained in terms of the
absence of quasiparticles in a strongly correlated electron fluid
where heat and charge diffuse independently [10]. Large L

was also observed in topological insulator thin films, which is
related to the surface states and bipolar diffusion [11].

Knowledge of the Lorenz number is also crucial to
understand transport properties in heavily doped semiconduc-
tors, which are used for many applications including ther-
moelectrics. Reducing κph is a key strategy of increasing
thermoelectric figure of merit. To extract κph, one has to
subtract the κe from the measured κ with a presumed Lorenz
number, which, however, cannot be directly verified.

First-principles calculations of phonon transport for semi-
conductors/insulators based on Boltzmann transport equation
(BTE) [12–20] or molecular dynamics [21–24] have advanced
significantly in the last decade [14]. First-principles calcula-
tions of electrical transport at the mode level [25–34] have
also been enabled recently with the development of techniques
for electron-phonon coupling [35–40]. In this paper, we carry
out first-principles calculations for the electrical and phonon
transport properties of W by solving the BTE with electron-
phonon coupling accurately and beyond approximations in
the literature, and elucidate the origin of the deviation of the
Lorenz number.

Within the framework of BTE, we discretize the Brillouin
zone into �-centered uniform grids. The σ tensor at tempera-
ture T can be formulated as [25]

σ = 2q2

NkV kBT

∑

nk

f 0
nk

(
1 − f 0

nk

)
vnk ⊗ Fnk, (1)

where q is the elementary charge, kB is the Boltzmann con-
stant, and V is the volume of the unit cell. f 0

nk, vnk, and Fnk are
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the equilibrium Fermi-Dirac distribution, the electron group
velocity, and the mean-free displacement of the electron state
denoted with band index n and wave vector k, respectively.
Nk is the number of uniformly sampled k points. Fnk is
limited by the electron-phonon coupling interaction [25] (see
the Supplemental Material [41]).

The electrical thermal conductivity tensor κe can be ob-
tained as [42]

κe = 2

NkV kBT 2

∑

nk

f 0
nk

(
1 − f 0

nk

)
(Enk − Ef )2vnk ⊗ Fnk

− T σS2, (2)

with

σS = 2q

NkV kBT 2

∑

nk

f 0
nk

(
1 − f 0

nk

)
(Enk − Ef )vnk ⊗ Fnk,

(3)
where Enk and Ef are the corresponding electronic and Fermi
energy, respectively. The κph tensor can be obtained as [14]

κph = 1

NqV kBT 2

∑

pq

n0
pq

(
n0

pq + 1
)
(h̄ωpq)2vpq ⊗ Fpq, (4)

where n0
pq, ωpq, vpq, and Fpq are the equilibrium Bose-

Einstein distribution, the phonon frequency, the phonon group
velocity, and the mean-free displacement of the phonon mode
denoted with branch index p and wave vector q, respectively.
Nq is the number of uniformly sampled q points.

Fpq is limited by the isotope (iso), anharmonic phonon-
phonon (ph), and electron-phonon (el) scatterings. Since each
electron-phonon scattering process involves one phonon only,
the linearized phonon BTE remains the same as the case
without including electron-phonon scattering [14,41],

Fpq = τpq(vpq + �pq), (5)

except that the phonon relaxation time (τpq) needs to account
for the electron scattering based on Matthiessen’s rule:

1

τpq
= 1

τ
pp
pq

+ 1

τ iso
pq

+ 1

τ el
pq

. (6)

�pq is determined by the isotope and anharmonic scatter-
ing. Expressions for �pq, 1/τ

pp
pq, 1/τ iso

pq , and 1/τ el
pq can be

found in the Supplemental Material [41]. Fnk and Fpq in
each corresponding linearized BTE can be solved accurately
with an iterative scheme starting with the relaxation time
approximation (RTA) [14,25,41].

The electron energies, phonon frequencies, and electron-
phonon coupling matrix elements were calculated with the
QUANTUM ESPRESSO package [43], using density func-
tional theory and density functional perturbation theory
[44]. The local density approximation for the exchange-
correlation functional with Perdew-Zunger parametrization
[45] and Bachelet-Hamann-Schlueter type norm-conserving
pseudopotentials [46] were used for W. The EPW package
[39] was employed to perform Wannier function interpolation
for the electron-phonon coupling matrix with initial 8 × 8 ×
8 k and q grids. Final grids as fine as 108 × 108 × 108 are
required for both k and q to achieve convergence for σ and
κe. The SHENGBTE [14] package was modified to incorporate

FIG. 1. (a) The electrical conductivity, (b) the thermal conduc-
tivity, and (c) the Lorenz number. The symbols show experimental
electrical and thermal conductivity taken from Refs. [47] and [1],
respectively.

the electron-phonon scattering and employed to calculate
κph. More details are presented in the Supplemental Material
[41].The calculated σ and κe as a function of temperature
between 200 and 500 K are plotted in Figs. 1(a) and 1(b),
respectively. For comparison, the measured σ [47] and κ

[1] are also plotted. The calculated σ agrees well with the
experimental data, especially below the room temperature.
At room temperature, the calculated value is 2.0 × 107 S/m,
and the measured value ranges from 1.77 to 1.88 × 107 S/m.
The discrepancy becomes larger at higher temperatures, and
might be due to the temperature dependence of the phonon
dispersion and band structure [48], which are, however, not
considered in the calculation. Despite agreement in σ , the
calculated κe is appreciably lower than the measured κ . The
room temperature value is only 140 W/m-K, as compared to
the measured 176—179 W/m-K. The calculated κe is almost
temperature-independent, characteristic of electronic thermal
conductivity. In contrast, the measured κ displays temperature
dependence. As shown in Fig. 1(c). in the whole temperature
range, the calculated Le = κe/σT agrees with L0 within 5%
with an almost constant value of 2.34 × 10−8 V2/deg2. This
normal behavior of Le suggests that the abnormal value of L

in tungsten is not due to the complicated nature of transition
metal’s band structure, as argued in Refs. [2,3].

The calculated κph is also shown in Fig. 1(b). Surprisingly,
the lattice contribution is appreciable. At room tempera-
ture, the calculated κph is 46 W/m-K, amounting to 33% of
κe. The calculated total thermal conductivity, κe + κph, is then
186 W/m-K, larger than the measured values only by 4–6%.
The calculated total κ shows even better agreement with
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FIG. 2. Phonon scattering rates limited by (a) electron-phonon
coupling for tungsten and aluminum and (b) anharmonic phonon-
phonon interaction for tungsten, aluminum, and iridium at room
temperature.

experiments below the room temperature, where the calcu-
lated σ also agrees with experiments better. The overestimate
of calculated total κ becomes more noticeable above room
temperatures, which could be mainly due to overestimated σ .
∼20% overestimate in σ at 500 K causes κe to be overesti-
mated by 23 W/m-K if assuming Le unaffected. These justify
the calculated κph, and clearly indicate that the deviation of L

in tungsten is due to the large lattice contribution.
κph is about one order of magnitude larger than that in

other metals. It was found that κph at room temperature are
6, 4, and 2 W/m-K for Al, Ag, and Au, respectively [7]. To
understand the much larger κph in W, we compare the phonon
scattering rates 1/τpq of W with Al in Fig. 2. Al is isotopically
pure, and thus isotope scattering is not present. Though the
isotope scattering occurs in W, it is negligible as compared
to electron-phonon and phonon-phonon scatterings [41]. In
Al, the anharmonic phonon-phonon scattering dominates over
the electron-phonon scattering at room temperature. After
neglecting the electron scattering, κph is almost not increased
in Al [7]. The anharmonic phonon-phonon scattering rates
of W are almost an order of magnitude smaller than those
for Al at low frequencies, and the difference is even much
larger at intermediate frequencies. The electron-phonon scat-
tering dominates over the phonon-phonon scattering at room
temperature at intermediate and high frequencies in W. When
excluding the electron scattering, the anharmonic scattering
alone suggests a lattice thermal conductivity of 220 W/m-K,
even larger than that of Si (150 W/m-K). It is, therefore, the
weak anharmonic phonon scattering that leads to the large
lattice thermal conductivity.

The anharmonic scattering rate is strongly correlated with
the Debye temperature �D [49,50]. Diamond possesses the
highest thermal conductivity of all bulk systems, mainly be-
cause it has the highest �D . Smaller �D suggests smaller

group velocities, and also usually much larger anharmonic
scattering [41,50]. The more than an order of magnitude
difference in κph between Al and Si [7] can be well understood
via the 50% difference in �D (433 and 645 K for Al and
Si, respectively) [41,51]. W has smaller �D (383 K) than Al
[51], which is also reflected by the smaller upper bound of
the phonon frequency (Fig. 2). This relatively small difference
in �D is a combined consequence of the seven times larger
atomic mass and few times larger harmonic (second-order)
interatomic force constants (IFCs) of W. Despite smaller �D ,
the anharmonic scattering is much weaker in W. Analysis
also shows that the third-order IFCs, characterizing the an-
harmonicity of the interatomic potential, in W are even a few
times larger than in Al [41]. Besides directly affecting the
phonon frequency (�D), the atomic mass also plays an im-
portant role in the anharmonic scattering [41,52]. The larger
the mass, the smaller the thermal displacements, and thus
the weaker the anharmonic scattering. This is reflected in the
inverse mass cubed factor in the expression of transition prob-
abilities [41]. This mass factor alone suggests two orders of
magnitude smaller scattering. Further considering the stronger
anharmonic interatomic interaction, the anharmonic scattering
rates are eventually smaller by one order of magnitude in W.

We notice that there are several elemental metals with
similar atomic mass and �D such as Os, which is a poorer
electrical conductor than W, and Ir with σ very close to that of
W. L in these systems does not deviate from L0 significantly
[1], suggesting that κph of these systems should be much
smaller than in W. We have looked into Ir as an example.
The anharmonic scattering rates in Ir are more than three
orders of magnitude larger [Fig. 2(b)]. This is actually due to
much stronger anharmonic IFCs in Ir [41]. The anharmonic
interatomic interaction in W is neither too strong nor too
weak, as compared to Ir and Al.

The interplay between the temperature-dependent phonon-
phonon and temperature-independent electron-phonon scat-
tering has two consequences. The first one is the weak
temperature dependence of κph, decreasing from 50 W/m-K
at 200 K only to 40 W/m-K at 500 K. This temperature
dependence is much weaker than the 1/T dependence, which
it would follow above �D in the absence of electron-phonon
scattering like in a semiconductor. The frequency up to which
the anharmonic scattering dominates over the electron scatter-
ing increases slightly from 16 rad/ps at 200 K to 21 rad/ps
at 600 K. As shown in Fig. 3, excluding electron scattering in
κph leads to a stronger variation with T .

The second consequence is the abnormal behavior of the
RTA results (Fig. 3). Considering the normal processes are
not resistive, RTA underestimates κph [53]. In W, the un-
derestimate by RTA increases significantly with temperature,
which has not been observed in other systems before. κph is
underestimated by RTA by ∼50% in the absence of electron
scattering, suggesting that the three-phonon processes are
dominated by the normal rather than Umklapp processes [53].
The electron-phonon scattering is completely resistive. When
taking the electron scattering into account, the RTA only
underestimates the room temperature κph to 39 W/m-K by
15%, as compared to the actual value of 46 W/m-K. The
role of resistive electron scattering is weakened as temperature
increases. Since the electron-phonon scattering is temperature
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FIG. 3. The phonon thermal conductivity calculated with an
exact solution (solid) and RTA (dashed) of BTE by considering only
phonon-phonon scatterings and both phonon-phonon and electron-
phonon scatterings.

independent, the higher the temperature, the larger the portion
of the normal processes. As a result, the underestimate of the
RTA increases significantly with temperature. The underesti-
mate increases from 10% at 200 K to 23% at 600 K.

In summary, we perform first-principles calculations for
the electrical and thermal conductivities of W based on the
accurate solution of BTE. The results unveil that the lattice
contribution to the thermal conductivity is strikingly large,
as compared to other metals, leading to large deviation of
the Lorenz number. The large lattice contribution is due
to the weak anharmonic phonon scattering, which arises
from the small thermal displacement caused by the large
atomic mass in addition to the not-strong anharmonic inter-
atomic interaction. The interplay between the temperature-
independent electron-phonon and temperature-dependent
phonon-phonon scattering in W results in weak tempera-
ture dependence of lattice thermal conductivity, and shows
the importance of solving the BTE accurately beyond the
RTA.
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