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Atomistic structure and collective dynamics in liquid Pb along the melting line up to 70 GPa:
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Ab initio molecular dynamics simulations were performed to analyze changes in the structure and dynamics
of molten Pb along the melting line for pressures ranging from ambient to 70 GPa. Common neighbor analysis
reveals a local structural order of the underlying crystalline phase at the corresponding pressure, which increas-
ingly competes with the existing icosahedral local order with pressure. Obtained dispersions of longitudinal
and transverse collective excitations contain two branches of transverse modes for all pressures. Analysis of the
pressure dependence of observed two-peak structure of the Fourier spectra of velocity autocorrelation functions
allowed us to identify their peak locations with the frequencies of nonpropagating transverse branches in the
second pseudo-Brillouin zone.
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I. INTRODUCTION

Solid metals show unique properties under high pressures,
which are determined by specific behavior of electron sub-
system. A novel mechanism of the pressure-induced metal-
nonmetal transition due to interstitial localization of electrons
was predicted by Rousseau and Ashcroft [1], and proved later
in experimental observations of metal-nonmetal transition in
solid Li [2] and Na [3] at pressures ∼70 and 200 GPa,
respectively. This initiated intensive studies of solid alkali
metals under high pressure by simulations and experiments
[4–7].

Much less is known about structure and dynamics of metal-
lic melts under high pressure. Melting lines of Li, Na, K con-
tain regions with the negative slope, i.e., dTm/dP < 0, and
therefore it was expected to observe some specific features of
the structure and dynamics in these metallic melts. Indeed, for
liquid Li was reported an exotic tetrahedral clustering at very
high pressures of ∼150 GPa [8,9], which was explained to
be due to the lowering of 2p states below the Fermi level. For
liquid Na there was reported a tendency to the metal-nonmetal
transition [10] at pressures above 60 GPa. For the case of
liquid Rb there was simulation [11] and experimental [12]
evidence of a structural transition at T = 573 K and pressures
∼10–12 GPa, which was explained by partial filling of the
4d electronic band with increasing pressure and consequently
the emergence of local structures with significantly fewer
nearest neighbors than is the case for low pressures.

Collective dynamics of metallic melts at high pressures re-
vealed exotic features, too. In liquid Li at T = 1000 K, it was
observed in ab initio molecular dynamics simulations (AIMD)
a pressure-induced emergence of unusual high-frequency
transverse collective modes [13], the frequency of which was
higher than the even “bare” (undamped) frequencies of regular
shear waves. Consequently, two branches of transverse exci-
tations were reported for high pressures in liquid Li [13]. To

date, there is no agreement on what kind of dynamic processes
are reflected by the second high-frequency transverse branch,
the existence of which was reported in many AIMD studies
for different liquid metals [14–18], as well as in inelastic
x-ray scattering experiments revealing transverse modes in the
shape of scattering intensities [19,20]. A recent AIMD study
of liquid Al, Ni, and Tl at ambient pressure [21] provided
evidence for Tl that even at ambient pressure two branches of
transverse modes can be observed. Another important finding
reported in Ref. [21] is that the unusual high-frequency branch
of transverse modes is observed in the dispersion of collective
excitations simultaneously with the existing high-frequency
peak appearing in the frequency spectrum of velocity autocor-
relation function. The latter is absent when the high-frequency
transverse branch is not observed. Recently, the emergence
of the second branch in transverse dispersion was proposed
to explain by nonlocal mode-coupling effects [18] which
cause longitudinal-transverse (L-T) coupling outside the hy-
drodynamic region. Very recently there appeared a theoretical
description of the L-T mixing within the generalized Born
approximation [22]. The L-T coupling is known to exist in
molecular liquids and in particular in water as was shown
by classical [23] and ab initio [24] simulations as well as by
scattering experiments [25].

Polyvalent liquid metal Pb was studied intensively at am-
bient conditions [26–30]; however, at high pressures there is
presently no study of the collective dynamics by ab initio
simulations to the best of our knowledge. The experimentally
established phase diagram has a melting line increasing mono-
tonically in the experimentally studied pressure range up to
80 GPa [31]. There is no negative-slope part of the melting
curve as it is for Li, Na, K, Ga, Si, Ge, etc., whereas there
exist well-established boundaries fcc to hcp to bcc crystal
phases with increasing pressure. Our main aim in this study
is to follow by means of AIMD simulations the increase of
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FIG. 1. Phase diagram of Pb taken from Ref. [31] (lines) and
thermodynamic points simulated in this study (asterisks).

pressure along the melting line of Pb in order to estimate the
effect of pressure on dispersion of longitudinal and transverse
collective excitations close to melting and to establish a cor-
relation between the structure, single-particle, and collective
dynamics. There were several reports on ab initio studies on
the structure, dynamics, and transport properties of liquid Pb,
mainly at the ambient pressure [32–34], therefore we will
focus on the pressure-induced changes in the structure and
dynamics of liquid Pb. The remaining part of the paper is or-
ganized as follows: the next section provides details of AIMD
simulations and our methodology of dispersion calculations.
In Sec. III we present changes in atomistic structure along the
melting curve and a common-neighbor analysis (CNA) [35] at
different pressures, and we search for correlation in features
of the single-particle spectra of velocity autocorrelation func-
tions with the dispersions of L and T collective excitations at
different pressures. The conclusions of this study are given in
the last section.

II. SIMULATION BACKGROUND

We simulated liquid Pb at seven thermodynamic points
along the experimental melting line [31] at the temperatures
623, 1150, 1650, 2250, 2800, 3150, and 3500 K, shown in
Fig. 1. They correspond respectively to pressures 0, 8.2, 17.5,
33, 47.2, 56.1, and 70.5 GPa. The thermodynamic points
were chosen in such a way, that at least two points were
simulated for pressures corresponding different underlying
solid phases, which change with the increase of pressure as
fcc-hcp-bcc up to the highest studied pressure of 70.5 GPa.
The corresponding number densities for the seven thermody-
namic points for increasing temperature are 0.03094, 0.03407,

0.03781, 0.04374, 0.04566, 0.04738, and 0.04993 Å
−3

. The
ab initio simulations were performed with 300 particles in a
cubic box subject to periodic boundary conditions in an NV T

ensemble, and the electron-ion interaction was represented by
projector augmented wave (PAW) potentials [36,37], which
allow correct recovering of nodal structure of valence wave
functions in core region in contrast to the standard norm-
conserving pseudopotentials. For the lowest ambient pressure
we used for exchange correlation the local density approx-
imation (LDA) [38,39], while for higher pressures because
of increasing nonuniform electron-density distribution the

generalized gradient approximation (GGA) in the Perdew,
Burke, and Ernzerhof (PBE) [40] formulation was applied.
It has been demonstrated [41] that the GGA gives a good
representation of the equation of state for Pb at high pressure
up to 100 GPa. It is known that at ambient pressure the PBE-
GGA approximation leads to overstructuring effects [21,42].
We performed a test with LDA- and PBE-GGA-derived static
structure factor S(k) for our lowest temperature and found
approximately 15% higher amplitude of the first peak with
GGA while LDA provided good agreement with the exper-
imental data, as shown in the next section. Therefore we
applied the LDA to the production runs for static and dynamic
properties at the smallest studied pressure. The cutoff energy
in plane-wave expansion was taken as the default one for this
type of Pb-PAW potentials; namely, 98 eV. We performed
a test taking the cutoff energy of 120 eV for the system at
the highest studied pressure and observed a very small shift,
less than one percent, in average pressure with respect to
the system simulated with the default cutoff energy, making
sure that the standard cutoff leads to practically converged
values of the pressure. Only the � point was used for sampling
of the Brillouin zone, which is justified by the quite large
size of the disordered system. The time step for solving the
equation of motions was 2 fs, which allowed us to converge
the electronic contribution to the total energy within four-to-
five iterations. At each time step we dumped the positions,
velocities of particles, and corresponding forces, which were
needed for the subsequent calculations of different time cor-
relation functions. The production runs for each temperature
were at least 24 000 time steps (for the most dense system it
was 28 000 time steps) during which structural and dynamic
properties were collected and analyzed in a standard way. The
large number of configurations allowed us to reach a nice
convergence of the tails of density-density and current-current
time correlation functions, which allowed us to obtain quite
smooth time-Fourier transforms.

It is, however, worth mentioning here some specific fea-
tures. First, concerning the common-neighbor analysis, we
have extracted 10 configurations to produce their inherent
structures (IS) by bringing the system to the local minimum
of the potential-energy surface, using a conjugated gradient
minimization in order to suppress the thermal noise. The CNA
is applied to each IS which consists of identifying pairs of
atoms as described in our preceding paper [43]. Second, the
longitudinal and transverse current time correlation functions

Fα
JJ (k, t ) = 〈Jα (−k, t )Jα (k, 0)〉, α = L, T ,

Jα (k, t ) = 1√
N

∑
i=1,N

vi,α (t )e−ik·ri (t ) (1)

were calculated from the trajectories of particles ri (t ) and
corresponding velocities vi (t ) along the trajectories for wave
numbers in the range from kmin up to 3 Å−1. Here kmin =
2π/L is the smallest accessible wave number defined by the
box length L. The kmin increased for our simulated thermo-
dynamic points from 0.295 Å−1 at 623 K to 0.346 Å−1 at
3500 K. The spherical average over all possible directions of
wave vectors k corresponding to the same absolute value k

was applied to all k-dependent quantities. The dispersions of L
and T collective modes were obtained from the peak locations
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FIG. 2. (a) Pair distribution functions for liquid Pb at different thermodynamic points simulated in this study and (b) static structure
factors S(k), directly calculated as instantaneous density-density correlations S(k) = 〈n(−k)n(k)〉 from ab initio simulations at 623 K and
3500 K compared with experimental one at 613 K [44]. The inset in panel (a) shows the dependence of the first maximum location of the pair
distribution functions versus cube root of atomic volume.

of L and T current spectral functions CL(k, ω) and CT (k, ω)
which are related to the AIMD-derived current-current time
correlation functions FL

JJ (k, t ) and FT
JJ (k, t ) via time Fourier

transformation.

III. RESULTS AND DISCUSSION

A. Static structure

Atomistic structure of liquids is represented by pair dis-
tribution functions g(r ), which reflect the distribution of the
possible distances between atomistic particles in the studied
system. In Fig. 2, we show the change of calculated g(r )
in liquid Pb along the melting line. The right frame in
Fig. 2 provides evidence of good agreement between the static
structure factor S(k), obtained from ab initio simulations at
623 K, and the available experimental one at temperature
613 K [44]. The main effect of increasing pressure on struc-
ture is the observed shift of the first peak of g(r ) towards
smaller distances, which corresponds to more dense packing
of particles and a reduction of free volume in the liquid. The
inset in Fig. 2 shows that the change in atomistic structure
can be represented by uniform compression model (straight
line in the inset). The average number of nearest neighbors,
calculated by integration of g(r ) until the first minimum, was
monotonically increasing from 12.1 at 623 K and ambient
pressure up to 13.4 at 3500 K and pressure 70.5 GPa. For
structure factors we observed similar smooth changes of the
shape of S(k) vs pressure in shifting the first peak towards
higher wave numbers and in increase of the amplitude of
the first peak of S(k) from 2.54 at ambient conditions to 3
at 3500 K and pressure 70.5 GPa (right frame in Fig. 2).
This provides evidence that along the melting line there is
no liquid-liquid transition in liquid Pb in the studied pressure
range. Such structural transition has been found in liquid Rb
close to the melting line at temperature 573 K in ab initio
simulations [11] and x-ray diffraction experiments [12], and
it was characterized by the reduction of the number of near-
est neighbors with increasing pressure. Ab initio simulations
enable calculations not only of atomistic structure but also
of distributions of electron density around ions. In Fig. 3
we show radial electron-ion distribution functions gei (r ) [45]

in the studied temperature-pressure range. The electron-ion
distribution functions reveal the decrease of electron density
in the core region that corresponds to the squeezing out
of electrons into interstitial region, which in the liquid Pb
however is not sufficient to trigger the emergence of new
specific structural features, as was observed for liquid Li [8,9].

The smooth change of spherical-symmetric pair distribu-
tion functions g(r ) for liquid Pb along the melting line is
in agreement with minimal changes in bond-angle (three-
particle) distribution functions P (cos θ ) shown in Fig. 4. Both
distribution functions, g(r ) and P (cos θ ), provide evidence
of the absence of a liquid-liquid transition in Pb melt in the
studied pressure region up to 70.5 GPa.

To reveal a correlation between the local structure of the
liquid state and underlying crystalline phase at the same
pressure we make use of CNA that can provide a three-
dimensional view of configurations. Figure 5 displays the
evolution of the bonded pairs as a function of pressure. It
appears that the 15xx (sum of 1551 and 1541), associated
with icosahedral ordering, are the most abundant pairs (40%)
whatever the pressure and show only a modest decrease
with increasing pressure. The 1431 pairs are associated with
distorted icosahedra or distorted close-packed structures [46–
48]. Their decrease indicates that the liquid becomes more
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FIG. 3. Electron-ion distribution functions for liquid Pb at four
thermodynamic points simulated in this study.
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FIG. 4. Bond-angle distribution functions for liquid Pb at four
thermodynamic points simulated in this study.

structured with increasing pressure. The 1421 and 1422 pairs
belong to the close-packed structures such as the fcc (1421)
and hcp (1421+1422) crystalline ordering. The presence of
1421 associated with the absence of 1422 at the lowest pres-
sure is an indication of a small amount of fcc ordering (10%).
At intermediated pressures, we observe a rise of the 1422
pairs indicating the change from a fcc to a hcp ordering which
represents 15%. At higher pressures these two type of pairs
vanish. The amount of 1441 and 1661 pairs, characteristic of
the bcc crystalline order, which remain small at the lowest
pressures, undergo a strong increase at 50 GPa and above.
This is consistent with the evolution of the coordination
number which is closer to 14, in this range of pressure. The
bcc local structures, which represent nearly 50%, compete
strongly with the icosahedral and defective local structures.
Finally, such a result is compatible with the evolution of
the phase diagram and shows that the liquid phase embodies
local structural features of the underlying crystalline phase, a
situation which is more significant at high pressure for the bcc
ordering.

FIG. 5. Common neighbor analysis of local configurations in
liquid Pb along the melting line.

B. Single-particle dynamics

The single-particle dynamics in liquids is usually stud-
ied via analysis of simulation-derived velocity autocorrela-
tion functions (VACF) ψ (t ) = 〈vi (t )vi (0)〉 and mean square
displacements R2(t ) = 〈|ri (t ) − ri (0)|2〉, while another func-
tion, the single-particle density-density time correlation func-
tion Fs (k, t ), allows analyzing the k-dependent diffusivity
from quasi-elastic neutron-scattering experiments and study-
ing the structural relaxation times. We are interested in our
study mainly in frequency spectra of velocity autocorrelation
functions, because outside the low-frequency region they
keep information about vibrational frequencies in the stud-
ied systems. In Fig. 6 we show the evolution of normal-
ized velocity autocorrelation functions and their frequency
spectra along the melting line. At all studied thermody-
namic points the VACFs reveal oscillating behavior, which
is the consequence of backscattering of particles on nearest
neighbors, i.e., the cage effect. The general tendency with
increasing pressure is in shifting the first negative minimum
of VACF towards smaller times, which obviously is the con-
sequence of reduction of free volume in the metallic liquid
due to increase of pressure. The frequency spectra of VACF
for all thermodynamic points along the melting line have
clearly a two-peak shape, and with increasing pressure both
peaks shift toward higher frequencies. We compare in the
next section these features with the analysis of dispersion
of collective excitations, i.e., the positions of maxima of
VACF frequency spectra with characteristic frequencies of
dispersion curves in order to establish a possible correlation.

In Fig. 7 the mean-square displacements in liquid Pb with
increasing pressure along the melting line are shown. The
crossover from the ballistic regime to a diffusive one shifts
with the increase of pressure towards smaller times. The linear
long-time behavior shifts upwards with increasing pressure,
which is the consequence of the rise of diffusivity due to
increase of temperature despite of reduction of free volume
in liquid and the more pronounced cage effects. We observe a
monotonic increase of diffusivity from 0.16 Å2 ps−1 at 623 K
to 0.31 Å2 ps−1 at 3500 K along the melting line. Calculations
of diffusivity via Kubo integrals of VACFs resulted in the
same values of diffusion coefficients within 3% error bars as
from the long-time asymptotes of mean square displacements.
The observed monotonic dependence of the diffusivity is
defined by increasing temperature for our sequence of the
thermodynamic points along the melting line as well as by
the absence of drastic changes in the effective atomic size
for Pb for the range of pressures studied here. The latter
can essentially change the monotonic pressure or temperature
dependence of the diffusivity as was observed for liquid Rb
[11] and liquid Na [14].

C. Pressure dependence of dispersion of collective excitations
in liquid Pb along the melting line

Longitudinal collective excitations manifest as side peaks
of dynamic structure factors S(k, ω), which are directly
connected via convolution involving the so-called resolution
function R(ω) with the experimentally measured intensity of
scattered x-rays or neutrons I (k, ω). MD simulations provide
a possibility to calculate directly dynamic structure factors
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FIG. 6. (a) Normalized velocity autocorrelation functions for liquid Pb for all thermodynamic state points simulated in this study and
(b) their Fourier spectra.

as well as longitudinal current spectral functions CL(k, ω),
which are related via

CL(k, ω) = ω2

k2
S(k, ω),

being the consequence of the continuity equation [49,50].
We checked out the dynamic structure factors S(k, ω) in the
first pseudo-Brillouin zone and found no peaks other than
the acoustic Brillouin peaks. Sometimes, the fit analysis of
experimental or simulation S(k, ω) can indicate a presence
of contributions from nonhydrodynamic propagating modes
[14,17,19,20,51]. The most correct methodology to obtain the
dispersion curves of collective excitations is in separation of
contributions from relaxing and propagating modes to S(k, ω)
and CL(k, ω) as this is usually performed in a parameter-free
form within the generalized collective-mode (GCM) approach
[52,53] or by using a fit ansatz constrained by some number
of exact sum rules [54–56]. Since the heat fluctuations are
extremely difficult to study within the ab initio simulations
a new methodology was proposed in Ref. [57], which had
exactly the structure of the GCM approach, however the ma-
trix elements which involved the heat fluctuations were used
as fitting parameters in a fit procedure to recover the shape
of AIMD-derived time correlation functions. Transverse col-
lective modes are much more difficult to study because in
the transverse case there is no continuity equation, and con-
sequently the transverse current spectral function CT (k, ω)
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FIG. 7. Pressure dependence of the mean square displacements
for liquid Pb along the melting line in log-log scale showing
crossover between ballistic and diffusive regimes.

has nonzero value at zero frequency, defined by the inverse
k-dependent shear viscosity η−1(k) (see Fig. 8). Starting from
the ambient pressure we observed for wave numbers beyond
the first pseudo-Brillouin zone the two-peak shape of the
spectral functions CT (k, ω) shown in Fig. 8. So far there is no
general theory of transverse dynamics in liquids which would
provide good reproduction of transverse time correlation func-
tions outside the hydrodynamic regime (see Ref. [13]) where
it is thought that there exists coupling of transverse and longi-
tudinal dynamics. The existence of L-T coupling in liquid Pb
is observed from Fig. 9, where dispersions of longitudinal and
transverse excitations, obtained from maxima locations of the
corresponding L and T current spectral functions are shown.
Remarkably for all the studied thermodynamic state points the
emergence of the second transverse branch is observed in the
second pseudo-Brillouin zone. Moreover, we observed that
these two branches of transverse excitations coincide with the
observed high-frequency peaks on the frequency spectra of
VACFs, which is consistent with our recent finding [21].

The ab initio simulations do not allow us to study the
hydrodynamic regime of the spectra of collective excitations
because of the limitations on the system size, and the expected
propagation gap for transverse collective excitations at ther-
modynamic points close to the melting line is less than the
smallest available wave numbers from AIMD. The observed
almost-linear slope in the long-wavelength region of L and T
dispersions is defined by the elastic high-frequency bulk B∞
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FIG. 9. Dispersion of longitudinal (L) and transverse (T) modes in liquid Pb at six thermodynamic points simulated in this study.

and shear G∞ moduli,

ωL(k) ≈
√

[B∞(k) + 4/3G∞(k)]/ρ − σ 2
L(k),

ωT (k) ≈
√

G∞(k)/ρ − σ 2
T (k),

where σL and σT are the damping of L and T excitations. In
Fig. 10 we show the evolution of the elastic moduli along
the melting line for liquid Pb, which is almost linear with
increasing pressure, which explains the observed increase
of the slope of L and T dispersions in the small-k region,
revealing also an increase of the sound velocities, along the
melting line.

Since the maxima of vibrational spectra correspond to
regions of dispersions with the zero slope we studied the pres-
sure dependence of three characteristic frequencies in L and T
dispersions: ωL

max—longitudinal Debye-like frequency, which
is the highest frequency in the longitudinal branch at wave
numbers kmax/2, where kmax corresponds to the main peak
position of the static structure factor S(k); two high and low
transverse frequencies of practically dispersionless regions in

the dispersion of T excitations in the short-wavelength region
ωT

high and ωT
low. In Fig. 11, we show the pressure dependence of
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FIG. 10. Pressure dependence of the macroscopic high-
frequency bulk B∞ and shear G∞ moduli for liquid Pb along the
melting line.
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these three characteristic frequencies along with the maxima
positions of Fourier-spectra of VACFs. Figure 11 provides
evidence that the frequencies of both transverse branches in
the second pseudo-Brillouin zone coincide nicely with the
maxima positions of the Fourier-spectra of VACFs at all
pressures. Note that the modes with frequencies in the sec-
ond pseudo-Brillouin zone correspond to practically single-
particle vibrations in the surrounding matrix, which can be
considered as an elastic medium at this timescale. Hence,
VACFs as the single-particle time correlation functions reflect
in their Fourier spectra short-wavelength transverse modes,
which are well defined close to the melting line. Moreover, the
observed two-peak structure of the Fourier-spectra of VACFs
of liquid Pb along the melting line might be a consequence of
oscillating transverse modes in the second pseudo-Brillouin
zone. We have also to mention that another possibility of
emergence of contributions from single-particle dynamics to
collective spectral functions is via the mechanism of nonlocal
mode coupling as was demonstrated for liquid Zn [18] and
liquid Sn [58].

IV. CONCLUSION

Our ab initio simulations performed for seven thermody-
namic points along the melting line of polyvalent metallic Pb
led us to the following conclusions: (i) Although in crystalline
state in the range of pressures up to 70 GPa there exist three

structures changing as fcc-hcp-bcc [31], we did not find the
rapid changes or any continuous structural transition in the
local structure of liquid Pb slightly above the melting line
in the same pressure range. (ii) A deeper analysis using the
common-neighbor analysis of inherent structures of liquid Pb
provides evidence that the liquid contains nearly 10% to 50%
of local structural order corresponding to the underlying crys-
talline phase at the same pressure and increasingly competing
with the 40% of existing icosahedral short-range order with
pressure. (iii) The Fourier spectra of velocity autocorrelation
functions for all studied pressures revealed two-peak structure
because of the studied thermodynamic points were located
close to the melting line and therefore had well-defined short-
wavelength transverse excitations. (iv) For all the studied
pressures we observed in the obtained dispersions of col-
lective excitations two branches of transverse modes, which
appear simultaneously only in the second pseudo-Brillouin
zone, which can be a consequence of the coupling between
short-wavelength longitudinal and transverse excitations.
(v) The analysis of VACFs and dispersions of longitudinal
and transverse excitations allowed us to identify frequencies
of both peaks of the Fourier-transformed VACFs Z̃(ω) as
coming from two flat regions of dispersions of high- and low-
frequency transverse modes in the second pseudo-Brillouin
zone for all the studied pressures. Our findings are in line with
previous results on the analysis VACF spectra and dispersions
of collective excitations in polyvalent liquid Al and Tl [21] at
ambient pressure when for Ni liquid metal the high-frequency
peak of Z̃(ω) and the high-frequency branch of transverse
excitations were not observed. The question whether the
pressure evolution of the dynamics in relation to the local
structural properties found here can be similar for other metals
is an important issue. Work along this line is under progress.
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