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The multipole moment is an established concept of electrons in solids. Entanglement of spin, orbital, and sub-
lattice degrees of freedom is described by the multipole moment, and spontaneous multipole order is a ubiquitous
phenomenon in strongly correlated electron systems. In this paper, we present group-theoretical classification
theory of multipole order in solids. Intriguing duality between the real-space and momentum-space properties
is revealed for odd-parity multipole order which spontaneously breaks inversion symmetry. Electromagnetic
responses in odd-parity multipole states are clarified on the basis of the classification theory. A direct relation
between the multipole moment and the magnetoelectric effect, Edelstein effect, magnetopiezoelectric effect,
and dichromatic electron transport is demonstrated. More than 110 odd-parity magnetic multipole materials
are identified by the group-theoretical analysis. Combining the list of materials with the classification tables of
multipole order, we predict emergent responses of the candidate materials.
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I. INTRODUCTION

Physical phenomena originating from spin-orbit coupling
in parity-violated systems are attracting growing interest in
condensed matter physics. The topics include topological
phases of matter [1-3], unconventional superconductivity
[4-6], multiferroics [7-12], and spintronics [13—17]. It has
been shown that these quantum phases exhibit nontrivial elec-
tromagnetic responses characterized by peculiar symmetry.
A concept of multipole may interconnect the broad research
fields because the electromagnetic charge and current distri-
butions are described by the multipole expansion in a unified
way.

So far, the multipole physics has mainly been investi-
gated with focus on the spontaneous multipole ordering of
localized d and f electrons [18,19]. The atomic multiplet
formed by strong Coulomb interaction and spin-orbit coupling
is characterized by the multipole moments, and intermulti-
pole interactions may lead to spontaneous multipole order.
Furthermore, the multipole degree of freedom gives rise to
intriguing quantum phases, e.g., superconductivity mediated
by multipole fluctuations [20,21], multipole Kondo effects
[22-24], and so on.

Recent studies shed light on odd-parity multipole order,
where the inversion symmetry is spontaneously broken, al-
though the studies of atomic multipole physics were restricted
to even-parity order. In addition to the electric dipole or-
der, which has been well known as ferroelectric order, elec-
tric octupole [25,26], magnetic monopole [27-29], magnetic
quadrupole [27,30-33], magnetic toroidal dipole [34—42], and
magnetic hexadecapole order [43] have been investigated.

The key to the odd-parity multipole order is a locally
noncentrosymmetric crystal structure, where an inversion cen-
ter cannot be taken at atomic sites although the inversion
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symmetry is globally preserved. Then, there are at least
two sublattices, and the parity operation is accompanied by
site permutation. For instance, a zigzag chain contains two
nonequivalent sites which are interchanged by the parity op-
eration [27,30]. When an atomic even-parity multipole, such
as spin, is antiferroically ordered between the two sublattices,
the system breaks the inversion symmetry instead of the
translational symmetry. Then, the seemingly antiferroic states,
indeed, have zero Néel vector Q =0, and they are char-
acterized by ferroic odd-parity multipole moments. In fact,
all the candidates for odd-parity magnetic multipole ordered
materials in Sec. IV show the locally noncentrosymmetric
property in the magnetic sites.

Furthermore, the sublattice degrees of freedom can be
replaced with subsectors such as layers [25,26] or clusters
consisting of several atoms [33]. The above idea is applicable
when each subsector has no local inversion symmetry as the
tetrahedral network of Cd atoms does in Cd;Re,O;. The
multipole degrees of freedom formed by several atoms, called
as augmented multipole, ubiquitously exist in solids, and
candidates for the odd-parity multipole ordered systems may
be found widely in crystalline materials with broken local in-
version symmetry. This is in sharp contrast to the conventional
multipole order of atomic scale whose candidates are limited
to highly symmetric crystals such as cubic systems [18,19].
Thus, owing to the unavoidable reason, candidate materials
for odd-parity multipole order may have complex crystal
structures. Therefore, it is desirable to develop a theoretical
tool to identify multipole order parameter in a systematic way.

Compounds with ferroic odd-parity magnetic multipole
order are also called magnetoelectric materials since the
electromagnetic crossed correlation appears. The magneto-
electricity has been extensively studied in the research field
of multiferroic materials, and then the candidates should be
insulating to hold well-defined electric polarization reversible
by external electric fields [9-11]. On the other hand, the
odd-parity multipole order also leads to nontrivial electronic
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structures such as spontaneous emergence of spin-momentum
locking [25,26,44] and asymmetric band distortions in itin-
erant systems [27,30,31,39]. Accordingly, characteristic elec-
tromagnetic responses may occur in metallic states [30]. In-
triguing phenomena in odd-parity multipole states, however,
have not been fully explored. Thus, to investigate emergent
property, systematic studies are required.

In this paper, we report group-theoretical classification of
multipole order, by which the relevant multipole moment in
real materials is identified and the connection to the emergent
electromagnetic responses is clarified. In Sec. II, we classify
electric and magnetic multipole moments by high-symmetry
crystal point groups. The tables in Sec. II A list multipole
moments up to rank 4. The results of classification are summa-
rized in Sec. II B. We can identify the nontrivial properties of
itinerant odd-parity multipole ordered states by the basis in the
momentum space. In Sec. III, we discuss emergent responses
arising from odd-parity multipole order such as magnetoelec-
tric effect, Edelstein effect, magnetopiezoelectric effect, and
dichromatic electron transport. We demonstrate that our rep-
resentation analysis predicts these electromagnetic responses
in an intuitive way. Application to odd-parity multipole mate-
rials is discussed by taking Cd,;Re, 07, Ba;_, K, Mn;As,, and
GdB, as examples. We also show more than 110 candidate
materials in Sec. IV with use of the group-theoretical analysis.
A brief summary is given in Sec. V.

II. CLASSIFICATION THEORY OF MULTIPOLE ORDER

In the classical electromagnetism, static electromagnetic
fields are characterized by electric and magnetic multipole
moments. The multipole expansion of scalar and vector gauge
potentials is given by

Vi

o)=Y a0, ()
I,m
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where the electric multipole moment Q;,, and magnetic mul-
tipole moment M, are introduced, and Y, and Y/ are
the spherical harmonics and rank-/ vector spherical harmon-
ics, respectively. These spherical harmonics are defined with
the Condon-Shotley phase Y;; = (—1)"Y;_,, [45]. Here, we
adopt the Coulomb gauge V - A = 0 and the position r is set
outside charge-current source.

The electric and magnetic multipole moments are quantum
mechanically written as

~ 4 A A
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where the summation i labels electrons and we define

=(X,9,2)=usl/(U+1)+2s) with I and s being
orbital and spin angular momentum. Following the def-
initions in Egs. (3) and (4), we have coefficients a; =
€[4 (2l + D]7"* and by = ipo( + D[4m (21 + 1]~/ by

using the vacuum permittivity €y and permeability p.
(ri, 0:, ¢;) denote spherical coordinates of the ith electron.
Thermodynamical and quantum-mechanical expectation val-
ues of these quantum operators, that are classical variables,
are treated in our classification theory of multipole ordered
phases. Then, (M) is a classical axial vector. We take the unit
e=1.

The space inversion parity is odd for odd-/ (even-I) elec-
tronic (magnetic) multipole moment, while it is even for even-
! (odd-l) electronic (magnetic) multipole moment. Later we
show that the odd-parity multipole states exhibit intriguing
properties distinct from even-parity states. Polar and time-
reversal odd multipole moments, magnetic toroidal multipole
moments, are not introduced in Eq. (2) in contrast to the
previous studies [41,46,47]. In the electrostatic case, however,
we can perform the gauge transformation to erase toroidal
multipole moments in Egs. (1) and (2) with the Coulomb
gauge condition kept. For this reason, we focus on the electric
and magnetic multipoles. On the other hand, our classifica-
tion includes the magnetic toroidal dipole moment and the
magnetic monopole moment because recent studies clarified
a quantitative relation between these multipole moments and
the magnetoelectric effect [48-50].

A. Classification of electric and magnetic multipole moment

The multipole moments (Qy,,, My, ) are basis in the spher-
ical space and characterized by angular momentum quan-
tum numbers / and m. On the other hand, the crystal sym-
metry restricts allowed symmetry operations and, therefore,
irreducible representations in the rotation group become re-
ducible. Thus, the multipole moment in crystals is classified
by the compatibility relation with irreducible representations
in a given point group. First, we show the classification of
multipole moments up to rank / = 4. For this purpose, we
should adopt the solid representation [51]

="
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for0 </ and 0 < m < I. We deal with Q;9 and M,y for m =
0. The derivation of Egs. (1)—(6) is described in Refs. [51,52].

In the classification Tables I-IV, we take three high-
symmetry point groups O, Du,, and Dg,, following the
classification theory of unconventional superconductivity by
Sigrist and Ueda [53]. All the other crystal point groups
are descended from these point groups, and the classifi-
cation in the low-symmetry point groups can be obtained
from Tables I-IV by the compatibility relation [54]. Thus,
the classification of multipole moment in crystals has been
completed, although previous results were limited to even-
parity multipoles [55] or tetragonal systems [43]. Similar
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TABLE 1. Classification of electric multipole moment up to
rank / =4 in the cubic point group O,. IR is an abbreviation of
“irreducible representation.” Since some electric/magnetic multipole
moments, such as Q3+1, are not basis of an irreducible representation
in Oy, we divide such multipole moments to sum of basis of two
irreducible representations (see also Table II). The basis for multi-
dimensional irreducible representations Eqq), Tig(iu), and Tog(2,) are
labeled by the convention listed in Table V.

l Oim IR Basis function
=0 Ow ATg 1(=e)
I=1 Qo T, (2)
i T} (x) x
o1 Tﬂ;(}’)
=2 O Ef(u) 1322 —=r?)
03, T3 () V3zx
05 T5h (&) V3yz
05 Ef(v) Lx2—y?)
O» T,5(¢) V3xy
=3 030 TH(2) %(512 —3r?)z
03, T}} (x) LB (32 — 5x2)
T (@) —3x(y2 - 2)
05 T () LB y(3r2 — 5y%)
T55(B) —i—%y(z2 —x?)
03 Ty (y) gz(x2 )
ng A;u \/Bxyz
035 T} (x) Y105 (5x% — 3r2)
Ty (@) —@x(y2 -z%)
0 T, (v) H0y(3r2 — 5y?)
Ty (B) — 300 y(;2 — 52)
=4 O Af, Sty +2h
—1(x?y? + y222 4 22x7)
Ef(u) +2Qz" —x* —yh

+%(2x2y2 — 3272 = 222

O Ty, (3) 02 x(2? — x?)

155 () +302x(r2 — 7y%)
on TH(®) 20 y7(y? - 2%)
T5(§) +¥00y2(r2 — 7x%)
0h E}(v) LB (x? = y)(722 —r?)
0 T35(¢) Lxy(1? —r?)
04 T (3) — ¥ zx (2 — x?)
T3 () +302x(r2 — 7y%)
03 TH(®) —¥y2(y* - 22)
T55(%) —¥Wyz(r2 — 7x?)
01, Af, It 4yt + 7Y
—@(xzyz + 222 + 22x2)
E}(u) —LB gt —xt =y
—@(szyz — 222 — 22x2)
o T1H(2) By —y?)

classification was performed for orientational ordering tensors
by a gauge-theoretical approach [56].

Here, we give some comments on the notation in Ta-
bles I-IV. Needless to say, the parity under the time-reversal
operation is an essential property of physical quantities and
responses. We denote irreducible representations with even
time-reversal parity by I'*, and those with odd time-reversal
parity by I'". Thus, electric multipole moments listed in Ta-
bles I and III are represented by ', while magnetic multipole
moments in Tables II and IV are represented by I' ~. Tables 11
and IV include the magnetic monopole moment r - s and the
magnetic toroidal moment T' = (7, Ty, T) in addition to the
magnetic multipole moment My, .

For multidimensional irreducible representations, there
is an ambiguity in the choice of basis functions; we can
choose arbitrary linear combinations of multicomponent basis
functions. It is useful to specify the basis since the mul-
tidimensional basis functions may be separated into lower-
dimensional irreducible representations in subgroups. For
example, the two-dimensional E, irreducible representation
of Dy, point group has basis functions {x, y}. In D,;, a
subgroup of Dy, the E, representation is reduced to By,
and Bj, representations. Accordingly, x and y are basis
functions for Bj, and B,,, respectively. For the purpose to
simplify such compatibility relations, we specify the basis
of multidimensional irreducible representations, as listed in
Table V. Convention such as E, (x) is used in the classification
Tables I-IV. For example, a magnetic quadrupole moment
¥Z 4 zy in Dy, is classified into E,(x) since it is symmetry
adapted to x.

B. Basis functions

In Sec. IT A, we have classified the multipole moment in
crystal point groups. It is practically more useful to sum-
marize the classification of multipole moments with respect
to each irreducible representation of a given point group
because the symmetry analysis of ordered states identifies
irreducible representations, and the candidate for multipole
order parameter is determined by the obtained irreducible
representation. Furthermore, we may obtain an intuitive and
precise understanding of emergent electromagnetic responses
in the multipole states by referring to the list of basis functions
in both real space and momentum space (see Sec. III for
details).

For this purpose we show the list of irreducible representa-
tions in point groups and tabulate multipole moments as order
parameters characterizing each irreducible representation. In
the classification Tables VI-XI, the lowest-order basis func-
tions in the real-space coordinates r = (x, y, z) and those in
the momentum-space coordinates k = (k,, k,, k,) are shown.
Some of the real-space basis functions do not correspond to
the multipole moments, although in most cases the multipole
moment appears as the lowest-order basis in the real space.

We immediately notice the characteristic correspondence
of real-space and momentum-space representations. For the
even-parity electric/magnetic multipole order, we can obtain
basis functions in the momentum space from those in the real
space by replacing r — k. For instance, the real-space basis
of B;;, in Dy, is xy, and the corresponding basis function in
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TABLE II. Classification of magnetic multipole moment up to rank / = 4 in the cubic point group O,. We also show toroidal dipole
moment 7, and magnetic monopole moment r - s which are not represented by any linear combination of magnetic multipole moment.

1 M, IR Basis function
1=0 r-s AL, XX +yy+z2
=1 Mo T, (2) 4
M T, (%) %
My T7,(9) ¥
T, T, (x) y&—23
T, T, (y) X — x2
T, T]Z(Z) x_’)‘; — y_’x‘;
1=2 M>g E (q) 272 —xX —yy
M) T5,(B) V3(x2 + z)
M, T, (@) V3(yz +z9)
M, E (p) V3(xk — y3)
M, T, (v) V3(yk 4+ x3)
1=3 My Ti,(2) 2322 — )z — 3z(xk +yP)
M}, T, (%) B6[(r? — 3x2)% + 2xy§ + 22x2]
T5,(§) —3[(y2 = 2)% + 2xy§ — 22x2]
M;, T () o 2xyx + (r* — 3y) + 2y22]
Ty5(n) — 28 [2xy% + (12 — 22§ — 2yz2]
M3 Ty, (£) LB (k2 — y2)2 4 /152(x% — y§)
M, Ay, V15(yzk +zxy + xy2)
M3, T, (%) 032 — 1) — 2xy§ — 2zx2]
Ty (€) —3I0[(y2 — )% + 2xy§ — 22x2]
Mz, T(3) MODxyE + (2 = 3y2)§ + 2y22)]
T5, (1) — W0 2xy% + (22 — x)§ + 2yz2]
=4 My A, %[(sz —3r)xx + (5y? = 3r2)yy + (522 — 3r?)z2]
E;(q) +[=(? +32% — 6yP)xk — (y7 + 327 — 6x)yy + (527 — 3r7)z2]
M T, () —I0[(3zx? — 2% + (xF = 32%x)2]
T,,(B) 4—@[(22 —6y% 4+ 3x%)z& — 12xyz§ + (x? — 6y + 37%)x2]
M, T, (x) — O[3y — 2§ + (v} — 3yz?)2]
T, (c) FO012xyzR 4 (=637 4 3y + 222§ + (—6x% + ¥ + 32)y2]
M3, E; (p) —V/5[(x* = 3x2)% + (Byz2 — ¥y + (By?z — 3x%2)2]
M, T5,(y) —B[Bx 4 y? — 6%y + (82 + 3y? — 622)x — 12xyz2]
M T(y) IO[(3x2z — 2)% + (8° — 3x22)2]
Ty (B) +¥0[(2% — 6% + 3x)zk — 12xyzd + (x* — 6% + 372)x2]
L7 Ty, (x) IO = 3y%)§ + By — 2]
Tou(@) FYP12xyz8 4 (657 — 3y — 222§ + (6x* — y* — 32)y2]
M}, AT V351(5x2 — 3r2)xq + (592 — 3rD)y§ + (522 — 3r2)z2]
44 lu 6
E; (q) FIB[(2 4322 — 6y2)xk + (37 + 327 — 6x7)y§ + (3r% — 527)z22]
My, T,(2) LB[GBa%y — )R + (F = 3x)2)F]

the momentum space is k. k,. The basis function xy represents
an electric quadrupole moment in the real space, which can be
induced by ferroic orbital order. The momentum-space basis
k.k, may correspond to the d-wave Pomeranchuk instability.
Indeed, nematic order in 122-type iron-based superconductors
belongs to the BZ{ irreducible representation, although the

origin of the nematic order is still under debate in spite of
intensive studies [57,58].

In contrast to the even-parity multipole order, the real-
space and momentum-space representations of odd-parity
multipole order are quite different [43]. In the odd-parity
electric multipole states, the basis in the momentum space is
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TABLE III. Classification of electric multipole moment up to
rank / = 4 in the tetragonal point group Dy, and in the hexagonal
point group Dg,. Irreducible representations in Dy, and D, are
illustrated in the third and fourth columns by IR(T) and IR(H),
respectively.

l Oim IR(T) IR(H) Basis function
=0 Qoo Af, Af, 1(=e)
=1 Oo AS AF
it E;f(x) E,(x)
on  Ef()  ELD)
I=2 O A AT, 132 -1
05 Ef(»  ELD) V3zx
02 EF®)  EL®) V3yz
05, By, ES,(v) B(x2 _y2)
0 B, E3, (1) V3xy
1=3 QO30 A3, AS 1522 =3r%)z
03, Ef(x) El,(x) ?(522 —r)x
03 Ef(y) Ef (y) ?(522 -y
0L By, En(» LB (x2 = y)z
05 B, ES.(q) V15xyz
0% Ef(x) B, @(x2 —3y%)x
0n  Efy» By L3 — )y
=4 Q0 ATg ATg é(3514 — 302272 + 3r%)
0L Ef®  EL(D 0722 — 3r7)zx
0., Ef®) EL® 0722~ 3r2)yz
Qi By, Ej,(v) B2 =) = 1)
Qu B;, E3,(u) B (722 = r)xy
oL EfM B, L0 (x2 — 3y2)zx
O E;(i‘) Blt; @(3)62 —y)yz
(0 Af, ES,(v) LB (4 62y 4 24
Qus Az Ej,(w) L (x? = y)xy

spin-dependent, indicating a spin-momentum coupling
[25,26,44]. For instance, an electric octupole order with
03, X xyz in a cubic system is classified into the A;ru
representation. Then, the momentum-space representation
ky (k§ — kD)% + ky(k2 — k) + k. (kZ — ki)z indicates the
Dresselhaus-type spin-orbit coupling.

On the other hand, the basis for odd-parity magnetic
multipole order in the momentum space is spin-independent,
which gives rise to antisymmetric dispersion of electrons
and magnons [27,30,31,39,43,59]. For example, the magnetic
quadrupole order with M, o x& — yJ belongs to the By,
representation in the tetragonal Dy, point group. The cor-
responding momentum-space representation is k.k,k, which
indicates the tetrahedral distortion in the band structure [43].
Later, we show many candidate materials of the B, multi-
pole order (Sec. IV). From the classification Tables VI-XI,
we may understand the one-to-one correspondence between
the symmetry of multipole order and the unusual electronic
structure. The nontrivial duality between the real space and the

momentum space is a characteristic and intriguing property of
parity-violating order in crystalline systems, while the /-rank
multipole order in the real space corresponds to the /-rank
basis in the momentum space in an isotropic system.

To understand the salient difference between even-parity
and odd-parity multipole ordered states, we illustrate the basic
symmetry of multipole moment. The space-inversion parity
P, time-reversal parity 7, and the combined P7 parity are
shown in Table XII. When the space-inversion parity is odd,
the basis function must be odd order in terms of r and k. Then,
to realize the same time-reversal parity, the spin dependence
must be different between the real-space and the momentum-
space representations since the time-reversal parity of r and k
is even and odd, respectively. This is the origin of intriguing
duality and also the reason why an unusual electronic structure
appears in odd-parity multipole states. As we show in the
next section (Sec. III), the seemingly unusual representations
in the momentum space result in emergent electromagnetic
responses in the odd-parity multipole states.

III. EMERGENT RESPONSES IN MULTIPOLE STATES

Multipole order is accompanied by spontaneous symmetry
breaking, which implies emergence of novel electromagnetic
responses. For instance, cross-correlated couplings between
electric, magnetic, and elastic properties have been investi-
gated in the research field of multiferroics [12]. Recent studies
have shown large physical responses such as the anomalous
Hall originating from the magnetic octupole order [60—63].
Similarly, an odd-parity multipole order causes a variety of
emergent responses. In this section, we demonstrate that basis
functions in the classification Tables VI-XI reveal electro-
magnetic responses in a straightforward manner. A schematic
figure illustrating the correspondence of emergent responses
and multipole order is shown in Fig. 1, and the details are
discussed below. We will obtain an intuitive and precise
understanding of the emergent responses in the odd-parity
multipole states. Later in Sec. IV, odd-parity magnetic multi-
pole materials are classified with use of the group-theoretical
analysis. Then, characteristic electromagnetic responses in
candidate materials are predicted.

A. Electromagnetic cross-correlated responses

According to the classical electromagnetism in vacuum,
uniform electric field and magnetic field are coupled with
each other only in dynamical phenomena. The spontaneous
symmetry breaking in crystals, however, allows electro-
magnetic coupling even in the static or stationary state.
The linear responses arising from such coupling are classi-
fied into the magnetoelectric (ME) effect and the Edelstein
effect. Although these two effects are seemingly similar, they
are essentially different phenomena [43,64]. The following
discussions clarify the nature of the ME effect and Edelstein
effect from the viewpoint of multipole order.

1. Magnetoelectric effect

First, we discuss the ME effect, which originates from
rank-2 magnetic multipole order. The ME effect is a static
phenomenon arising from the cross-correlated coupling in the
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TABLE IV. Classification of magnetic multipole moment up to rank / = 4 in the tetragonal point group D, and in the hexagonal point
group Dgj,. Irreducible representations in Dy, and Dg, are represented by IR(T) and IR(H), respectively. We also show toroidal dipole moment

T,, and magnetic monopole moment r - s.

) M, IR(T) IR(H) Basis function
1=0 res AL A7, x® 4+ yy+z2
I=1 M Ay, A3, 2
M, E; (%) Ep, (&) b
My, E () E(3) y
T; E; (x) E;, (x) yZ—2zy
T, E (» EL(O) @ —x2
T, A, A, Xy —yx
=2 My A, A, 2722 —xX —yy
M E, () Ey,(y) V32 + )
M;, E, (x) Ey,(x) V3(yz+129)
My, By, E3.(q) V(g —y§)
M;, By, E(p) V3% +x3)
1=3 Ms Ay, Ay, —3xzx% —3yzy — %(x2 +y2 —220)2
M E (%) E7, (%) —%[(Z’ax2 +y2 —4z2)% + 2xyy — 8xz2]
M;, E;(3) E;,(3) — Lo 2xy% + (¥ + 3y* — 422§ — 8yz2]
M, By, E,(u) LB[2xz8 = 2yz§ + (2 — y))z]
M;, By, Ey (v) V15(yz& + x2§ + xy2)
M3, E; (%) By, P2 — y)& — 24y
Ms; E; () By, HO2xyk + (2 = y)§]
=4 My AL, AL, %[3()62 +y2 —4z)xk +3(x% + y* — 420)yy + 4(=3x% — 3y +27%)z2]
M E (y) EL () SO[(—9x2 — 3y% 4 42%)z% — 6xyz) — 3(x* + y> — 42%)xz2]
M, E; (x) Ej, (x) @[—6)@@2 + (=3x% = 9y? +472)zy — 3(x% + y* — 47%)y3]
My, By, Ey(q) V5[(327 = x%)xk + (v = 327)y§ + 37 — y*)z2]
M, B, E; (p) é[(—?vc2 —y2 4+ 622)yx + (=x2 = 3y + 622)x§ + 12xyzZ]
M E;(7) By, LR[3(? = y2)zk — 6xyzy + (¢ = 3xy))z]
My E, (x) B, HO[6xyzi +3(x* = y?)z§ + (3x2y — y)2]
M, Al Ey,(q) LI = 3xy)R + (=3x2y + )]
My, A, E;,(p) BIBx2y — yHE + (= 30?9
free energy including the time-reversal operation restrict the form of the
ME coupling tensor o,,. The ME effect at least requires
Fve = Z —ou By Hy, ) inversion symmetry breaking and time-reversal symmetry
pv breaking. The emergence of odd-parity magnetic multipole

where E and H are external electric field and magnetic field,
respectively [10]. Differentiating the free energy with respect
to the external fields, we obtain the ME responses

P, =y, H,, (®)

M, = ap_vE/u (9)

for the electric polarization P and magnetization M. Exis-
tence of the ME effect was first pointed out by P. Curie in 19th
century [65], and later the ME effect in Cr,O3 was identified
by theory and experiment [66—69].

The ME effect is an equilibrium phenomenon. Thus, fol-
lowing the Neumann’s principle, the symmetry operations

order satisfies this symmetry condition. Strictly speaking, the
ME effect occurs in the odd-parity magnetic multipole state.
Indeed, the ME coupling tensor & = (c,,, ) is decomposed as

a=4Tra)i+ 3@ —a") +[3(a+a") — 3(Tra)i], (10)

where 1 and X7 denote the identity matrix and the transpose
of the matrix X, respectively. The first, second, and third
terms arise from the magnetic monopole moment, toroidal
moment, and quadrupole moment, respectively [28,29]. A
direct relation between the ME coupling tensor and the ther-
modynamically defined magnetic multipole moment has been
revealed by recent theoretical works [48-50]. These works
have clarified the importance of the toroidal moments and
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TABLE V. Conventions for the basis of multidimensional irre-
ducible representations in the point groups Oy, Dy, and Dg,.

G IR Basis
O, E, {u, v} = {222 — x* — yz, x?— y2}
Tlg {.i', j” 2}
T2g {%‘7 nyf}E{yzyzxva}
E, {p.q) = (xyz(2z% — x* — y*), xyz(x* — y*)}
Tlu {xv Y, Z}
T {o, By} = {x(0* — 2, y(2® — x?), 2(x* — y?)}
Dy, E, {x, 3}
E, {x, ¥}
Dg, Ei, {x, 3}
En, {u, v} = {xy, x* — y?}
Elu {X, y}
Ex, {p.q} = {z(x* = y*), xyz}

magnetic monopole moment in crystalline materials, although
both of the toroidal and monopole moments can be eliminated
in Egs. (1) and (2). First-principles calculations are powerful
tools for a quantitative estimation of ME effects [70,71] and
magnetic multipole moments [28,29,72-75].

Using the group-theoretical classification in Sec. II, we can
identify the allowed ME effect in a straightforward manner.
For example, the prototypical ME compound Cr,0O3 crystal-
lizes in the trigonal structure (space group No. 167, R3c)
and undergoes antiferromagnetic transition characterized by
the A}, irreducible representation of D34 [76]. Following
the compatibility relation, the A}, representation of D3y is
induced to D¢, (D Dsy) as

Al_uTD6h=Al_u+Bl_u’ (11)

where the twofold rotation axis of D3, is the x axis. Then,
referring to Table XI, we notice that the ME effect in
Cr,03 originates from the magnetic monopole moment and

quadrupole moment given by

XX +yy+z2, 2z22—xx—yy for A (12)

lu*

The corresponding ME coupling tensor is

a 0 0 a 0 0 2b 0 0
a=10 a O0|=]0 a O]+]0 —b 01,
0 0 a 0 0 a 0 0 —-b
13)

where a and b (or a; and a,) are independent of each other.
The coupling constants @ and b correspond to the magnetic
monopole moment and quadrupole moment, respectively. For
an intuitive understanding, an electric field E,, induces the
magnetization M,, because the spatial coordinate takes a finite
expectation value (x,), and we have x, X, — (x,)%,.
Odd-parity magnetic multipole order higher than rank 2
does not cause the ME effect. For instance, the B, irreducible
representation of Dg;, point group does not include rank-2
magnetic multipole moment in its basis. Indeed, the ME
effect does not occur in the B, magnetic hexadecapole state
of hexagonal systems. On the other hand, in a tetragonal
compound BaMn;As,, the magnetic hexadecapole order of
By, representation is admixed with the magnetic quadrupole

moment [43]
xX —yy for By, of Dy,. (14)

Therefore, the ME effect may occur and the coupling tensor
has the form

c 0 0
a=]10 —c O (15)
0 0 0

Combining the classification of odd-parity magnetic multi-
pole ordered compounds in Sec. IV with the group-theoretical

TABLE VI. Time-reversal even basis functions for irreducible representations in the O, point group. Electric multipole moments Q,,, are
shown as a candidate for an order parameter. Basis functions in the real and momentum space are also listed. Some irreducible representations
do not have a basis function within the rank / < 4 electric multipole moment and, then, we show higher-rank electric multipole moment. Note
that some multipole moments are reducible in Oy, e.g., Qq, is divided into the basis of A3, and E;f (v).

IR Oim Basis in real space Basis in momentum space
Al Q, Q0. Oy Xyt
Aj, 0 Qés @x2 =y =) = x?)
Ef {02. 00}, {222 — x? — y2, x? — y*}
Quw, 0, O (r—1k
T, 041, 04, Qu {yz(y* =25, 2x (2% = x%), xy(x* = y)}
Tzz {0215 Q;rl’ Onls {yz,zx,xy}

+ - +
Q4l ’ Q42’ Q43

A7, Ooyr Qg xyz(x* — yH)(y* — 22)(2* — x?)
A2+u 035 Xyz

Ef {O5,, O34} {xyz(222 — x* — y?), xyz(x* — y*)}
T {01, 011> Q1o {x,y,z}

+ +

Q30a Q317 Q33
£ —+ +
Q3l’ Q327 Q33

+
T2u

{(x(y? = 22), y(2> — x%), z(x* — y»))

k& + k9 + k.2
ko (K2 = K2)% + ky (K2 = K2) 9 + k. (k2 — 2)2
(k& — k3, 2k.2 — k% —k,§)

(k2 — k.. k% — k2 ky § — k&)

(k2 + k3, kX + k2, by + k%)
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TABLE VII. Time-reversal odd basis functions for irreducible representations in the O, point group. Magnetic multipole moment M,,,,,
toroidal moment 7, or monopole moment r - s are shown as a candidate for an order parameter. Basis functions in the real and momentum
space are also listed. When order parameters are not described by the magnetic multipole moment up to rank / < 4, we show higher-rank
magnetic multipole moments. Note that some multipole moments are reducible in 0y, e.g., My, is divided into the basis of A}, and E (u).

IR M, Basis in real space Basis in momentum space
A, My, Mg yz(y? = 2% + 2x (@ — D)y +xy(x® — y*)2
Ay, M, VX +zxy + xyZ
E; Mgy, Ms, {yz& —zxy,2xy2 — yz& — zxy}
Ty, (M}, M}y, Mo} (£, 5,2} r — k)
My, M, M5
Ty, M3, M3 {xyy — 2x2, yz& — xyk, 2xk — yz3)
{(y* = 2%, (22 —xHy. (* — yH)2)}
A, r-s, xX+yy+z2 kykyk, (kﬁ - k%) (k§ - kz)(kz2 — kﬁ)
My, M,
A3, Mg, Mg x(y? =) 4y = D)y 4+ 2(x* = y*)2 kkyk:
E; (M, My}, {xx —yy,2z22 —xx — yy} {kxk,.kZ (Zkz2 — k- kﬁ) kykyk, (kf - kf)}
My, M5, M,
Ty, {T..7,,T.}, {2 —z§,2% —x2,xy — y&} ke, ky, k. }
M, M3, My,
T, (M, M3y, My, ), (V2 + 2§, 28 + x2, X3 + y%) {ke (k5 = K2), ky (K2 = k7). ke (ks = K5) }

+ g +
My, My, M5

classification in Sec. II, we can identify the ME coupling
tensor in the listed candidate materials. Conversely, by mea-
suring the ME effects, we could identify the symmetry of
odd-parity magnetic multipole order in the level of magnetic
point group [77]. Recently, such idea has been applied to
identify the antiferromagnetic structure of spinel compounds
[78,79]. M, = xwE,. (16)

2. Edelstein effect

Second, we discuss the electromagnetic cross-correlated
response originating from the odd-parity electric multipole.
The Edelstein effect, which was theoretically clarified nearly
three decades ago [80], is written as

TABLE VIII. Time-reversal even basis functions for irreducible representations in the D, point group. Basis functions in the real space,
those in the momentum space, and multipole moments are listed.

IR Oim Basis in real space Basis in momentum space
A, O, 7
4, 0L

A3, (om xy(x* = y?)
B, 03, =y

o5 r—k
th; 0. Xy

o
E} {05, 03} {yz, zx}

{04, 04} {045, 033}
AT 03, xyz(x? —y?) kX +kyy + k2
2k 2 — kX —k,y

A3, Q. z ke§ — ky&

O
B 0% xyz k& —kyy
Bj, 05 2(x* = y%) key + k%
ES {01, onh {x.y} (k2 + k.3, kX + k. 2}

{031, 05}, {03, 033}

{ky2 - kzj” kz-i' - sz}
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TABLE IX. Time-reversal odd basis functions for irreducible representations in the Dy, point group. Basis functions in the real space,

those in the momentum space, and multipole moments are listed.

IR M, Basis in real space Basis in momentum space
A7, Mg, z(xy — y%)
Ay, My, %
M3
By, M, xyZ, z(yX +xy) (r—k)
B;, M5, (x* = y)Z, z(x% — y§)
E; (M, My}, (%)

(M3, M5}, {M3;, M3;)

AL, My, r -8, 2722 —xX —yy, xX +yy+zZ kykyk, (kf - kf)
My, ML

Ay, T, My, Xy — yk k,

By, M5, M}, XX —yy kikyk,

B, My, My, yE+xy ke (k= k3)

E; {M5;, M)\ }, T, T, }, {y2+2zy, 28 + xz}, {y2 — 2y, 2% — x2} {ke, ky}

The effect is sometimes called inverse spin-galvanic ef-
fect [81] or kinetic ME effect [82]. Recently, much atten-
tion has been paid to the Edelstein effect in the research
field of spintronics after the proposal of spin-orbit torque
[15-17]. Experimental works have observed the Edelstein
effect [8§3—-87] and demonstrated switching of ferromagnetic
domain by the Edelstein effect [81,88-90].

The response formula in Eq. (16) is seemingly the same
as Eq. (9) for the ME effect. The Edelstein effect, how-
ever, originates from the coupling between the momentum
and magnetization, that is, the odd-parity magnetic multipole
in the momentum space denoted by k,X,. This should be

contrasted to the ME effect by the magnetic multipole in
the real space given by x,%,. As we showed in Sec. 1B,
the odd-parity magnetic multipole in the momentum space
corresponds to the odd-parity electric multipole in the real
space. Thus, the Edelstein effect occurs in the electric mul-
tipole states with spontaneous inversion symmetry breaking.
Essential differences of the ME effect and Edelstein effect are
illustrated in Table XIII.

For instance, we here consider polar systems such as semi-
conductor heterostructures [91,92], oxide interfaces [93,94],
and bulk materials [4]. Since the polar system is regarded
as an electric dipole state, the Rashba coupling between the

TABLE X. Time-reversal even basis functions for irreducible representations in the Dg;, point group. Basis functions in the real space,

those in the momentum space, and multipole moments are listed.

IR O Basis in real space Basis in momentum space
Af, 0, z
Q40
A;g (P 3x%y — 10x3y? + 3xy°
By, 04 (Bx? = y)yz
B, o (x? —3yH)zx r — k)
Ef, {05. 03}, {yz, zx}
{04, 041}
Ej, {05, 0%} {xy, x? = y?}
{040y 00}, {0 Q1)
Af, 0% xyz(3x* — 10x%y2 4+ 3y*) k2, k& +k3
An, 010 z key — k%
Q30
By, 0% x(x% = 3)?) ky(3K2 — K2)2. k. (k2 — K2)§ + 2k, kyk 3
B, 033 y(3x? —y?) k(K2 = 3K2)2, k. (k2 — k2)% — 2k.kyk.
Ej, {011, 011} {x, v} (k2 + k9, ke + K2}
{031, 051} (k2 — k.9, k.2 — .2}
Ej, {05, 03} {6 = yH)z, xyz) (ke + k%, kX —ky 3}
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TABLE XI. Time-reversal odd basis functions for irreducible representations in the Dg;, point group. Basis functions in the real space,

those in the momentum space, and multipole moments are listed.

IR M, Basis in real space Basis in momentum space
AL, M, z(xy — y&)
Ay My, 4
M
By, M3, (x* =y = 2xy (r— k)
By, M, (x? —y2)y + 2xy%
o (M, M), (£, 5)
(M5, M3}
Ey, (M3, M} {0 =¥z, xy2), (z(x% — y§), 2(y% + x9))
AL, My, r -5, 222 —xX —yy, xX+yy+z2 kikyk. (3k} — IOkﬁki + 3k‘y‘)
My
Az T, Mg xy — y& k.
By, My y(3x2 — ¥2)2, z2(x* — y2)y + 2xyzk ky (kf — 3k3)
B;, M, x( = 3922, 2(x% — Y — 2xy7P ey (352 — K2)
E, (M5, M}, T, T, {y2+23, 28 +x2}, {y2 — 29, 2% — x2}, {ky, Ky}
My, My}
E,, (M, M})}, (X9 +y&, x% — y3) {ke (k2 — K2), kykyk }

(Mg, Mb Y, My, My )

momentum k and spin ¢ appears in Hamiltonian
HRashoa = Ol(k X G)z = a(kay - k)'Ux)7 an

where we take the polar axis along the z axis and « is the cou-
pling constant. The nonequilibrium spin polarization along
the y axis (x axis) is induced by the electric current along
the x axis (y axis). We intuitively understand this effect by
considering k, %, — (k,)%, under the electric current along
the w axis. Thus, the Edelstein effect is a current-induced

kol — ki)

o "2 | N v ‘\
keSS IR 7y
@ | ) 2= W =
o @

r& —yy '
[/ W W
JUIE R

FIG. 1. Illustration of correspondence between odd-parity multi-
pole order and cross-correlated responses. Electric multipole order
gives rise to cross-correlated couplings between (a) electric fields
and elasticity (piezoelectric effect), and (b) electric currents and
magnetism (Edelstein effect). The magnetic counterpart induces
couplings between (c) electric fields and magnetism (magnetoelectric
effect), and (d) electric currents and elasticity (magnetopiezoelectric
effect). Electric-field-induced phenomena [(a) and (c)] are under-
stood by the multipole moment in the real space, while electric-
current-induced phenomena [(b) and (d)] are by the corresponding
representation in the momentum space.

phenomenon while the ME effect is induced by the electric
field. Due to the symmetry of the Rashba coupling (17), the
response tensor ¥ = (x,,) is given by

0 a O
x=]—-a 0 O0]. (18)
0 0 O

It is noteworthy that the time-reversal symmetry breaking is
not required for the Edelstein effect while it is required for
the ME effect. This is because the Edelstein effect occurs
not in an equilibrium state, but in a stationary state. The
essential ingredient is the broken inversion symmetry, that
is, emergence of odd-parity electric multipole moment. In
other words, the time-reversal symmetry breaking for the
Edelstein effect arises from dissipations due to an applied
electric current. To express these properties, we should rewrite
the response formula as

My = Xl o, (19)

instead of Eq. (16), where j, is an electric current. As the for-
mula implies, the Edelstein effect is a transport phenomenon
in itinerant systems. This is in sharp contrast to the ME effect
which is an equilibrium phenomenon in insulating systems.

The Edelstein effect allowed in odd-parity multipole states
can be identified by the classification tables in Sec. IIB.
Let us focus on cubic systems in Table I. The Rashba term
corresponds to the basis function of TIJ; representation in the
momentum space. The basis in the real space, x, y, and z,
corresponds to the ferroelectric order. This correspondence
reveals the Rashba-Edelstein effect [Eq. (18)] in polar fer-
roelectriclike systems, consistent with our knowledge and
experimental observations [85,89,90].
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TABLE XII. Basic symmetry of multipole moment and r, k,
and M.

Electric multipole (/: even)
Electric multipole (/: odd)

Magnetic multipole (I: even) —
Magnetic multipole (/: odd)
r —
k _ _
M + -

+0+
4+
L+ 1+

On the other hand, the rank-9 electric multipole order in
the ATM representation breaks all the mirror symmetry (that
realizes a chiral system). Then, the representation in the mo-
mentum space is magnetic monopole k - o, which indicates
“hedgehog” spin-momentum locking [44]. Accordingly, the
Edelstein coupling tensor is a scholar matrix § = al. Our
classification of the Edelstein effect based on the represen-
tation theory is consistent with the symmetry analysis [81].

Finally, we apply the classification of Edelstein effect
to a candidate for an odd-parity electric multipole metal
Cd;Re,0;. Cd;Re,07 is a superconductor unique in -
pyrochlore oxides, crystallizing in the cubic structure (space
group Fd3m, No. 227) [95,96]. What is controversial about
this compound is the structural transition at 7 ~ 200 K
(for a brief review, see Ref. [97]). Several measurements
including x-ray diffraction [98—100], Raman scattering [101],
and nonlinear optical measurement [102] have reported the
structural phase transition characterized by the E;F(p) mode.
The corresponding structural change is

Fd3m (No. 227) — I4m2 (No. 119). (20)

However, a recent nonlinear optical measurement by Harter
et al. [103] proposes that the primary order is th(y) + ng,(ﬁ)
mode and the E; (p) mode is induced as a secondary order.
The corresponding structural change is written by

Fd3m (No. 227) — 14 (No. 82). 21

Inspired by this experiment, Matteo and Norman theoretically
proposed several scenarios indicating an exotic magnetic or-
der [33].

Here, we compare the Edelstein effect in the two scenarios
(20) and (21). When we follow the E;(p) scenario (20),
the multipole order parameter is an electric dotriacontapole
moment Q;rz = xyz(2z> — x> — y?), which gives rise to the
magnetic quadrupole moment in the momentum space ko, —
kyoy. This spin-momentum coupling induces the longitudinal

TABLE XIII. Comparison of the ME effect and the Edelstein effect.

ME effect Edelstein effect

Magnetic multipole state
Equilibrium phenomenon
Electric field induced
Insulators and metals
Dissipationless

Electric multipole state
Nonequilibrium phenomenon
Electric current induced
Metals

Dissipative

Edelstein response described by the coupling tensor

ag, 0 0
=10 —ag O] (22)
0 0 0

On the other hand, in the T, (y)+ Tllz(ﬁ) scenario (21),
one of the primary modes 7, (y) (electric octupole order)
comprises rank-2 magnetic multipole in the momentum space
representation. The basis function k.o, + ko, indicates the
Edelstein coupling tensor

ag, arp, 0
)2 = aTz“ —aEu 0 . (23)
0 0 0

It is expected that ar,, > ag, when the 7, () mode is a pri-
mary order. As shown by the coupling tensors (22) and (23),
the two scenarios can be distinguished by the off-diagonal
Edelstein effect; when the electric current is applied along the
x axis, the induced magnetization is

M = (ag, j., 0,0) 24)
for the E;F(p) scenario, whereas
M = (ag, jr, ar,, jx, 0) (25)

for the T;;()/) + Tlg(ﬁ) scenario. Symmetry of multipole
order in Cd;Re,07 and other candidate materials may be
identified by probing magnetization under electric currents.

B. Magnetopiezoelectric effect

Now, we clarify a nonequilibrium response of the odd-
parity magnetic multipole states. As we show in Sec. II B,
odd-parity magnetic multipole order is represented by the
spin-independent basis functions in the momentum space,
giving rise to asymmetric band distortions. Due to the peculiar
symmetry of the band structures, an applied electric current
may induce “electronic strain” €(5). For instance, in the By,
state of tetragonal systems, the k,k,k.-type asymmetry leads
to the kk,-type strain ei‘;) under the electric current along
the z axis. In other words, the in-plane nematicity is induced
by the out-of-plane electric current [43]. This response is
intuitively understood by k.k,k, — k.k,{k;). Since a lattice
strain tensor €,, has the same symmetry as E,(fu)’ the electric
current is coupled with lattice distortions through electronic
strains. The response is generally represented by

€y = épwl j}w (26)

where the rank-3 tensor &, characterizes the current-induced
strain response [43]. The response resembles the well-known
piezoelectricity

€y = e;w)LE)u 27

which represents lattice strains induced by electric fields. For
this reason, the current-induced strain described by Eq. (26) is
called magnetopiezoelectric (MPE) effect.
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TABLE XIV. List of the MPE coupling in cubic (O,), tetragonal (D4;,), and hexagonal (Dg;,) systems. In each odd-parity irreducible
representation, the corresponding magnetic multipole moment and symmetry-allowed MPE couplings are shown. The MPE couplings are

represented by strains €, and electric currents j,,.

G IR Multipole Magnetopiezoelectric coupling
Oy A, r-s, My, MJ,
A, Mgy, Mg Je€yz + Jy€a + Ji€xy
E; Mo, M3, Mag, M3y, M, {2j:€xy — Jjx€yz = Jy€oxs Jy€ax — Jjx€yz}
Ty, T {Jx€xxs Jy€yys J€chs
M, My, My, {Ju(€yy + €22), Jy(€cz + €xx)s J(€xx + €3)),
{Jy€xy + Je€oxs Jo€yz + Jx€xy, Jx€ox + Jy€y:}
Ty, M3, M, {r(€yy — €22), Jiy (€2 — €3y), jolEry — €y},
M, My, Mg {y€xy — Je€axs Jo€yz = Jrx€ays Jx€ax — Jy€yc)
Dy, A7, r-s, My, My, M5, Jx€ye = Jy€ex
Az; T., M474 Jo(€xx + 6)’}')7 J-€2z2 jyeyz + Jx€ox
By, My, M Je€ays Jx€yz + Jy€u
32; M;Z* M472 Jo(€cx — ny)v j,\'e,vz — Jx€zx
E; M3, T, T, {Je€ers Ju€y2),
Mj;, M35 Uiv€eos Jy€echs L€ Jy€xe),
{Jy€xys Jx€xy}s Lx€yys Jy€py}
Dy, AL, r-s, My, My Jx€yz = Jy€zx
A;u T, Jo(€xx + 6)')’)7 J€zz, jye,vz + Jx€ox
By, M,; 2jy€xy — jx(€xx — €yy)
By, M 2jc€xy + Jy(€rr — €yy)
E, M, T, T, Uc€ess Jyeee)s
M 2y€xy + Jr(Beur + €4y), 2jx€ay + Jy(€xx + 36},
{2jy€xy — Jx(€ax +3€yy), 2jc€ry — jy (B + €5},
{Jz€2xs Ju€y2}
E;, M3 {Je(exx — €y, Je€xy )
M, My, Ur€er = Jy€yer Jy€ar + Jx€yz)

The MPE effect and piezoelectric effect are essentially
different phenomena, similar to the case of the ME effect and
Edelstein effect. First, the MPE effect is a nonequilibrium
response, whereas the piezoelectric effect is an equilibrium
response. Accordingly, the coupling tensors é,,, and e,
have a different time-reversal parity; the time-reversal parity is
even for e, while it is odd for &,,,,. Second, the MPE effect
is caused by odd-parity magnetic multipole order, while the
usual piezoelectricity occurs in odd-parity electric multipole
states, as schematically illustrated in Fig. 1. For instance, the
piezoelectric effect with e,,, occurs in the electric octupole
state because xyz — xy(z) under the electric field E||Z.
Third, the piezoelectricity is allowed in insulators and metals,
whereas the MPE effect is realized only in metallic states
and accompanied by dissipations. Thus, the MPE effect is a
nonequilibrium phenomenon.

Here, we show the group-theoretical classification of the
MPE effect. Table XIV shows the allowed MPE effect de-
termined by the crystal symmetry and the representation of
magnetic multipole order. For instance, the seemingly anti-
ferromagnetic states in some tetragonal Mn pnictides such as
Ba;_,K,MnyAs, are classified into the B, representation of
Dyy,. Then, the MPE couplings

Exyz 7é 0, éyzx = ézxy 75 0 (28)

indicate the current-induced nematicity [43]. On the other

hand, GdB4 undergoes magnetic transition with A}, symme-
try and, then, a finite MPE coupling
éyzx = _ézxy # 0 (29)

is allowed.

Table XIV reveals that the MPE effect is realizable in
all odd-parity magnetic multipole ordered states except for
the case of magnetic point group m’3’ m’. Therefore, most of
itinerant odd-parity magnetic multipole materials potentially
show the MPE effect. We can identify the symmetry of the
MPE effect in candidate materials (Sec. IV) by combining
Tables VI-XI, XIV, and XV.

One of the advantages is that the MPE effect is switchable
by inverting the magnetic domain. In fact, the switching of
domains was recently achieved in several antiferromagnetic
metals [104,105]. The MPE effect may be applicable in the
field of the antiferromagnetic spintronics [106—108]. Further-
more, the MPE materials may be useful for metal piezoelectric
devices [109,110].

C. Dichromatic electron transport

Finally, we discuss a dichromatic transport of electrons.
Within the linear response regime, the electric longitudinal
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TABLE XV. Odd-parity magnetic multipole materials. The table lists compounds, space group, symmetry of magnetic structure denoted by
Aizu species and irreducible representations (I, ), conducting properties (M/S/I = metal, semiconductor, and insulator), Néel temperatures
(Tn), and references (Ref.). In the column “Rev.” the symbols Sc, Si, and H specify compounds which have been clarified as parity-violating
magnetic materials in the review articles by Schmid [134], Siratori et al. [135], and Gallego et al. [136], respectively. The numbers of the space
groups and the Aizu species follow Refs. [137,138], respectively. The blank part has not been clarified to the best of our knowledge.

Compounds Space group Aizu species [iag M/S/ i Ref. Rev.
Cubic systems (7)
RbFeO, Fd3m (227) m3ml' F4' /m'm'm(xd) (740) 1>, 737 < T <1027 [139]
CsFeO, Fd3m (227) m3ml' F4' /m'm'm(xd) (740) T 350 < T < 1055 [139]
CoAl, Oy Fd3m (227) m3ml' F4' /m'm'm(xd) (740) Tou I 9.8 [79,140]
CoRh,0, Fd3m (227) m3ml' P4 /m'm'm(xd) (740) Tou I 25 [141]
MnAl,O, Fd3m (227) m3ml' F4' /m'm'm(xd) (740) T I 0 [142]
MnGa,0, Fd3m (227) m3m1l’ F3m’ (757) Tou I 32 [78]
Co30,4 Fd3m (227) m3m1l’ F3m’ (757) 1>, I 30 [143]
or m3m1l' F4 /m'm'm(xd) (740) T, [143]
Tetragonal systems (53)
BaMn,P, I14/mmm (139) 4/mmml F4 /m'm'm (252) By, S >750 [144]
BaMn,As, I14/mmm (139) 4/mmml’ F4' /m'm'm (252) By, S 625 [145,146]
Ba,_,K,MnyAs,  I4/mmm (139) 4/mmml F4' /m'm'm (252) By, M [147]
BaMn,Sb, I4/mmm (139) 4/mmml’ F4 /m'm'm (252) By, S 450 [148]
BaMn,Bi, I4/mmm (139) 4/mmml F4' /m'm'm (252) By, S 387 [149,150]
Ba,_ K.Mm,Bi,  I4/mmm (139)  4/mmm1l' F4'/m'm'm (252) B M [150]
CeMn,Ge, I14/mmm (139) 4/mmm1’ Fmmm’(x) (218) E, 318 < T < 417 [151]
EuCr,Si, 14/ mmm (139) 4/mmml’ F4' /m'm'm (252) By, 24 <T <692 [152]
HoCr;Si, 14/mmm (139)  4/mmm1' F4' /m'm'm (252) B, 718 [152]
TbCr,Si, I14/mmm (139) 4/mmml’ F4 /m'm'm (252) By, 758 [152]
EuCr,As, I4/mmm (139) 4/mmml F4' /m'm'm (252) By, M [153]
BaCr,As, 14/ mmm (139)  4/mmm1' F4' /m'm'm (252) B M 580 [154,155]
BaCrFeAs, I14/mmm (139) 4/mmml’ F4' /m'm'm (252) By, M 265 [155]
SrCr,As, I14/mmm (139) 4/mmml’ F4' /m'm'm (252) By, M 590 [156]
CaMnBi, P4/nmm (123)  4/mmm1 F4' /m'm'm (252) B, M 300 [157,158]
SrMnBi, I4/mmm (139) 4/mmml’ F4 /m'm'm (252) By, M 295 [158]
YbMnBi, P4/nmm (123) 4/mmml’ F4' /m'm'm (252) B, M 285 [159]
EuMnBi, 14/mmm (139)  4/mmm1' F4' /m'm'm (252) B M 315 [160,161]
LaMnPO P4/nmm (129) 4/mmml’ F4' /m'm'm (252) By, I 375 [162,163]
LaMnAsO P4/nmm (129) 4/mmml F4' /m'm'm (252) By, S 317 [164]
LaMnSbO P4/nmm (129)  4/mmm1' F4' /m'm'm (252) B 255 [165]
CeMnAsO P4/nmm (129) 4/mmml’ F4' /m'm'm (252) By, 35 < T <340 [166]
4 /m'm'm Fm'mm’{(x) (-) E, 7<T <35 [166]
m'mm’{x)F2' /m(z) (-) E, 7 [166]
CeMnSbO P4/nmm (129) 4/mmml’ F4' /m'm'm (252) By, 45 < T <240 [165]
4 /m'm'm Fm'mm’(x) (-) E, 4.5 [165]
PrMnSbO P4/nmm (129) 4/mmml F4 /m'm'm (252) By, M 35 <T <230 [167]
4/mmm1’ Fmmm’'(x) (218) E, M 35 [167]
NdMnAsO P4/nmm (129) 4/mmm1’ F4' /m'm'm (252) By, S 23 < T < 359 [168,169]
4 /m'm'm Fmmm’ (x)(—) E, S 23 [168,169]
NaMnP P4/nmm (129) 4/mmml’ F4 /m'm'm (252) By, [170]
NaMnAs P4/nmm (129)  4/mmm1' F4 /m'm'm (252) B, [170]
NaMnSb P4/nmm (129) 4/mmml F4' /m'm'm (252) By, [170]
NaMnBi P4/nmm (129) 4/mmml F4 /m'm'm (252) By, [170]
KMnSb P4/nmm (129)  4/mmm1 F4 /m'm'm (252) B, [171]
KMnBi P4/nmm (129) 4/mmml F4' /m'm'm (252) By, [171]
GdBy P4/mbm (127) 4/mmml’ F4/m'm'm’ (250) Ay M 42 [172,173]
DyB, P4/mbm (127) 4/mmm1 Fmmm' (x) (218) E, M 127<T <203  [I173-175]
ErB, P4/mbm (127) 4/mmm1 Fmmm'(x) (218) E, M 13 [173,174,176]
TbBy4 P4/mbm (127) 4/mmml’ F4/m'm'm’ (250) A M 22 < T <44 [173,177]
4/m'm'm’ Fm'm'm’ (x) (-) Aw, B, M 22 [173,177]
Ce,PdGe; P4,/mmc (131) 4/mmml F4' /m'm'm (252) By, 23 <T <10.7 [178]
EuTiO; 14,/ mem (140) 4/mmm1’ Fmmm’{d) (218) E, 53 [179]
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TABLE XV. (Continued.)

Compounds Space group Aizu species Trnag M/S/T T~ Ref. Rev.
DyPO, 14, Jamd (141)  4/mmm1 F4' /m'mm’ (252) B, 35 [180,181]  Sc,Si
TbPO, 14, /amd (141) 4/mmml’ F4 /m'mm’ (252) By, 2.2 [182,183]
HoPOy, 14, /amd (141) 4/mmml’ F4' /m'mm’ (252) By, 1.4 [184] Si
GdVO, 14, Jamd (141)  4/mmm1' F4' /m'mm’ (252) B, 2.43 [185] Sc, Si
U,Pd,In P4/mbm (127) 4/mmml’ F4' /m'mm’ (218) B, M 36 [186,187]
U,Pd>Sn P4/mbm (127)  4/mmm1’ F4 /m'mm’ (218) B M 41 [186]
Mn,Au 14/mmm (139)  4/mmm1' Fmmm'(d) (218) E, M >1000 [188]
UBi, P4/nmm (129) 4/mmml’ F4/m'm'm’ (250) A M 183 [188,189]
UQTe P4/nmm (129) 4/mmml F4/m'm'm’ (250) Ay, [190]
UGeSe 14/mmm (139)  4/mmm1' F4/m'm'm’ (250) A 40 [191]
FeSn, 14/mcem (140) 4/mmm1’ Fmmm’(d) (218) E, M 93 < T <378  [192,193]
mmm'{d) F2' /m(z) (-) E, M 93 ST <378  [192,193]
CuMnAs P4/nmm (129) 4/mmm1l’ Fmmm’'{x) (218) E, S 480 [194]
Cr,WOgq P4y/mnm (136)  4/mmm1’ Fmmm’'{x) (218) E, 45 [195,196] G
Cr,TeOg P4, /mnm (136)  4/mmm1’ Fmmm’(x) (218) E, 93 [195,196] G
Fe,TeOg P4y /mnm (136)  4/mmm1’ F4/m'm'm’ (250) A I 240 [195,197]  Sc, G
SrIrg9Mng 1Oy 141 /acd (142) 4/mmml’ F4' /m'mm’ (252) Bs, I ~155 [198]
Hexagonal and trigonal systems (18)
UsRus Al P63/ mmc (194) 6/mmm1’ Fmmm'(z) (481) E,., Ay M 9.5 [199,200] G
CaMn,As, P3m1 (164) S 62 [201]
CaMn,Sb, P3m1 (164) 3ml' F2'/m (295) E, I 85 [202] G
3ml F1 (286) A Eu 85 [203]
CaMn,Bi, P3m1 (164) 3ml F1 (286) E, S 154 [204,205]
SrMn, P, P3m1 (164) S 53 [144]
SrMn, As, P3ml1 (164) 3ml F2'/m (295) E, I 118 [201,206]
SrMn, Sb, P3m1 (164) 3ml F2'/m (295) E, S 110 [148]
EuMn,As, P3m1 (164) S 142 [207]
YbMn,Sb, P3ml1 (164) 3ml F1 (286) A, E, 120 [208]
U,N,S P3m1 (164) 3ml F3m' (313) Aw 233 [209]
U;N,Se P3m1 (164) 3ml' F3m' (313) Ay, 245 [209]
Cr,0; R3c (167) 3m1' F3'm' (313) Ay, I 307 [76] Sc, Si, G
MnTiO; R3 (148) 31'F3 (264) A, I 64 [210,211] G
MnGeOs3 R3 (148) 31' F3' (264) Ay 120 [212] G
Co4Nb, 09 P3cl (165) 3ml' F3'm' (313) Ay, I 27.4 [213] Sc
3ml F2/m’ (296) E, I 272 [214]
Mn,Nb,O P3cl (165) 3ml' F3m’ (313) A I 108.4 [213,215] Sc
Co4Tay Oy P3cl (165) 3m1' F3m' (313) Al I 21 [216,217] Sc
Mn, Ta, O P3cl (165) 3ml F3m’ (313) A I 103 [216,218] Sc
Orthorhombic systems (29)
CaMnSb, Pnma (62) M 302 [219]
NdCrTiOs Pbam (55) mmm1’ Fmmm’ (71) B, | 13 [220]
21 [221] G
LiFePO, Pnma (62) mmm1' Fmmm’ (71) By, I 50 [222] Sc, G
mmml’ F2/m’(z) (60) Ay, B, 47 [223,224] Sc
LiMnPO, Pnma (62) mmml’ Fm'm'm’ (73) A, I 35 [225,226] Sc, G
LiNiPO, Pnma (62) mmm1' Fmm'm (71) By, I 20.8 [227] Sc
LiCoPO, Pnma (62) mmm1’ Fmmm’ (71) B, I 21.6 [228,229]
mmm1’ F2'(x) (53) By, By, By, [37,230]
Li;Ni(SOy4), Pbca (61) mmm1l Fm'm'm’ (73) A, I 28 [231]
KMny(PO4)3 Pnam (62) mmm1’ Fmm'm (73) B, 10 [232] G
t — NaFePO, Pnma (62) mmm1’ Fmmm’' (71) By, 50 [233] G
GdsGey Pnma (62) mmm1’' Fmmm’ (71) By, M 127 [234,235] G
EuZrO; Pnma (62) mmm1’ Fmm'm (71) B, | 4.1 [236]
mmml’ Fm'm'm’ (73) A, | 4.4 [237] G
DyAlO; Pbnm (62) mmm1l Fm’'m'm’ (73) A, I 348 [238] Sc, Si
DyCoOs3 Pnma (62) mmm1’ Fmm'm (71) A, I 3.6 [239]
TbAIO; Pbnm (62) mmm1' Fm'm'm’ (73) Ay 3.95 [240] Sc, Si
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TABLE XV. (Continued.)

Compounds Space group Aizu species Cimag M/S/T N Ref. Rev.
TbCoO3 Pbnm (62) mmml' Fmm'm (71) By, I 3.31 [239-241] Sc, G
HoCoO; Pnma (62) mmm1l Fm'm'm’ (73) A, 3 [241]
GdAIO, Pbnm (62) mmml’ Fm'm'm’ (73) A, 39 [242,243] Sc, Si
MnNb,O; Pben (60) mmm1' F2' /m(x) (59) Bou, B 4.4 [244]
CoSe,0s5 Pbcn (60) mmm1l’' Fm'mm (71) B, 8.5 [245] G
TbGe, Cmmm (65) mmml’' Fm'mm (71) B, 41 [246] G
Ce;Sn; Cmmm (65) mmm1’ Fm'mm (71) B3, M 5 [247,248]
Sm;Ag,Sny Immm (71) mmm1l’ Fmmm’ (71) B, 8.3 [249]
or mmml' Fmm'm (71) By, 8.3 [249]
UCusIn Pnma (62) mmm1l' Fmm'm (71) By, M 25 [250]
KFeO, Pbca (61) mmm1l Fm'm'm’ (73) A, 960 [251]
mmml’ Fm'mm (71) Bs, ~1001 [139]
RbFeO, Pbca (61) 4 /m'm'mFm'm'm’ (-) A, <737 [139]
CsFeO, Pbca (61) 4 /m'm'm Fm'm'm’ (-) A, <350 [139]
CoGeO; Pbca (61) mmm1l’ Fmmm’ (71) By, 1 33.1 [252]
DyVO, Imma (74) mmm1l' Fmmm’ (71) By, 1 3.8 [253,254]
YbAl,_,Fe,B4 Pbam (55) mmm1l’' Fm'mm (71) B3, M [255]
YbAI,_,Fe B, Pbam (55) mmml’ Fm'm'm’ (73) A, M [255]
Monoclinic systems (10)
Co;TeOg C2/c (15) 2/ml' F2'/m (26) B, 21.1 [256] G
MnPS; C2/m (12) 2/ml' F2' /m (26) B, I 78 [257,258] G
LiFeSi,Og P2, /c (14) 2/ml' F2/m’ (27) A, 17.8 [259,260] G
2/ml F1' (17) Ay, B, 18 [261]
LiCrSi,Og P2,/c (14) 2/ml' F2' /m (26) B, 11.5 [262,263]
LiCrGe, 04 P2, /c (14) 2/ml' F2'/m (26) B, 4.8 [262]
LiVGe,Oy P2, /c (14) A, or B, 24 [264]
NaCrSi,Og C2/c (15) 2/ml'F1' (17) Ay, B, 2.8 [265]
CaMnGe, 04 C2/c (15) 2/ml F1 (17) Au, Ba I 12 [266]
2/ml' F2'/m (26) B, 15 [267] G
MnGeOs3 C2/c (15) 2/ml' F2' /m (26) B, 35.1 [268]
Na,RuO, P2, /c (14) 2/ml' F2/m’ (27) A, 37.22 [269]

conductivity is bidirectional in the sense that the conduc-
tivity is not altered by reversing either the electric fields E
or magnetic fields H. The bidirectional property on H is
derived from the reciprocal relation [111]. The bidirectional
property, however, may be violated in the nonlinear regime.
Here, we restrict discussions to the dichromatic longitudinal
conductivity

AGMM = 5'//,//,("'].#) - 5'//,//,(_].#)7 (30)

where &,,,(j,,) is the electric conductivity including a nonlin-
ear component under the current j,. Hence, Aoy, depends on
the electric fields. Aoy, depends on E,, or even higher-order
in the electric field. For example, the dichromatic nonlinear
electronic conductivity Ao, is allowed in polar systems with
z being the polar axis.

Rikken et al. have shown that the electronic dichroism can
be tuned by magnetic fields, while the dichroism determined
by the crystal polarity is not tunable. Two setups have been
studied. (i) Chiral systems such as a twisted bismuth sub-
strate show magnetochiral anisotropy [112], and (ii) the cross
product of external magnetic field and electric field induces
magnetoelectric anisotropy [113]. The observed dichromatic
responses are

Aoy, X ayj,H, (€20

for the case (i), and
Aoy « ju(E x H), (32)

for the case (ii). The coefficient a, in Eq. (31) denotes
chirality of systems.

Although the two dichromatic responses are seemingly
different from each other, we may understand them in a
unified way. The presence of polar axis in the momentum
space is associated with the magnetically induced dichroism.
To confirm this interpretation, we consider cubic systems
as examples, and refer to the classification table of electric
multipole moment (Table VI).

For the case (i), chiral systems are regarded as an electric
multipole state in the ATM irreducible representation. Then,
the hedgehog spin-momentum coupling k - o gives rise to
spin-split bands. In an external magnetic field a polar axis
in the momentum space emerges parallel to the field as
schematically understood by

koo k. (o) (33)

The antisymmetric band dispersion gives rise to the elec-
tronic dichroism because the nonlinear electric conductivity
is determined by the antisymmetric components of the en-
ergy spectrum in the standard Boltzmann transport theory
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[114,115]. The direction of the momentum-space polarization
is consistent with the magnetochiral anisotropy in Eq. (31).
The case (ii) is regarded as a ferroelectriclike polar system
because the electric dipole along E is induced by external
electric fields. Indeed, the magnetoelectric anisotropy has
recently been observed in a polar semiconductor BiTeBr [114]
at zero electric field. These cases correspond to the 7, irre-
ducible representation in cubic systems, and its momentum-
space basis is the Rashba-type spin-momentum coupling
k.o, — kyo, for E||Z [T]+(y) basis]. External magnetic fields

u

lead to the band distortion
H|#

kxO'y - kyo'x — _ky <0x> (34)
for H||X, while
ke, — kyoy 5 k(o) (35)

for H||y. Thus, the polar axis in the momentum space shows
up. Then, the nonlinear electric current shows the magne-
toelectric anisotropy in Eq. (32). The magnetically induced
dichroism due to the polarization in the momentum space
has been microscopically clarified by a theoretical calculation
in Ref. [114]. Furthermore, the optical dichroism has been
revealed by recent theories [116—118].

As demonstrated above, the classification tables in Sec. 11
provide a systematic understanding of the magnetically in-
duced dichroism in the longitudinal transport. Here, we again
discuss Cd;Re;O5. In the EF(p) scenario (20), the emergent
spin-momentum coupling has been obtained as k.o, — k,0,.
Then, the dichroism in the electric conductivity is obtained as

(Aaxx’ AU}'}') = KE, (ijxv _ijy)- (36)

Since the low-temperature structure /4m?2 is neither chiral nor
polar, the dichromatic transport is different from magnetochi-
ral anisotropy and magnetoelectric anisotropy.

On the other hand, in the 75}, () + Ty, () scenario (21), the
spin-momentum coupling comprises the primary component
kyoy + kyo, and the secondary component k.0, — kyo,. The
primary component leads to the dichromatic response

(Aoyy, Aoyy) =k, (e Hy, jyHy), (37)

in addition to Eq. (36). Thus, under the rotating magnetic field
in the xy plane, H = |H|(cos 6, sin8, 0), and the electric
current along the x axis, the electronic dichromatic response
shows the field-angle dependence

Aoy, = jx|H|(/ch cos 6 + kr,, sin 9), (38)

from which we can evaluate «z, and «r,,, and we may
distinguish the two scenarios. When the 75}, () + T}, (2) sce-
nario (21) is correct, kg, and k7, should follow the same
temperature dependence as that observed in the nonlinear
optical measurement by Harter ef al. [103] on the assumption
that kg, and kr,, linearly depend on the corresponding order
parameters.

So far, we discussed magnetically induced dichroism in
electron transport. According to the above explanation of the
dichroism, odd-parity magnetic multipole ordered materials
may show the dichromatic transport even at zero magnetic
field. The classification tables in Tables VII, IX, and XI indi-
cate polarization in the momentum space for some magnetic

multipole states. In such multipole states, the dichromatic
response is allowed by symmetry. This topic will be discussed
elsewhere [119].

In some cases, the dichromatic transport arises from more
complicated asymmetric band distortions. For instance, tran-
sition metal dichalcogenide systems show the third-order
antisymmetric dispersion written as k,(3k; — k;) under the
out-of-plane magnetic field [120-122]. The normal state of
transition metal dichalcogenides, however, shows a negligible
dichromatic conductivity, although the effect of a supercon-
ducting fluctuation gives rise to strongly enhanced Aoy,
[121,122]. Theoretical calculations showed that the contri-
butions of spin and valley degrees of freedom are almost
canceled out in the normal state [121]. It is therefore expected
that such higher-order antisymmetric distortions give a weak
dichroism.

IV. ODD-PARITY MAGNETIC MULTIPOLE MATERIALS

In this section, we show candidate materials of the odd-
parity multipole order. For the electric multipole, parity-
violating structural transitions may be regarded as odd-parity
electric multipole order. Rank-1 ferroelectric order has been
observed in various insulating compounds [123]. Recent stud-
ies of LiOsO; [124] and carrier-doped SrTiOs [125] have
explored the concept of ferroelectriclike order in metal and
superconductor. Higher-order octupole or dotriacontapole or-
der in Cd;Re,O7 [97] has been discussed in previous sections.
The electric octupole order with an electronic origin has also
been proposed for the hidden ordered phase of bilayer high-T;
cuprate superconductor YBa,Cuz O, [126].

The magnetic multipole order is attributed to an electronic
degree of freedom. However, spin is an axial vector and space
inversion parity is even. Therefore, another electronic degree
of freedom has to play an essential role for the parity-violating
magnetic multipole order. Recent studies pointed out the
sublattice degree of freedom in locally noncentrosymmetric
crystals, which allows the formation of odd-parity augmented
multipole [25-33,39,41,43,59,127]. In particular, as seen in
the prototypical ME compound Cr, 03 [67-69], an intra-unit-
cell antiferromagnetic order in locally noncentrosymmetric
crystals may be identified as an odd-parity magnetic multipole
order from the viewpoint of symmetry. Accordingly, magnetic
compounds realizing such spin structure may be a platform of
emergent responses discussed in Sec. III.

In this section, we make a list of candidate materials for
ferroic odd-parity magnetic multipole states (Q = 0). Identifi-
cation of multipole order is performed by two complementary
methods: the magnetic representation theory and the magnetic
point-group analysis.

The magnetic representation theory is a standard method
for magnetic structure analysis [128,129]. By using the
method, we classify magnetic compounds into the irreducible
representations of a given crystal point group. Corresponding
to the odd-parity representation, the magnetic order can be
identified as an odd-parity magnetic multipole order (listed
in Sec. I A). This method is especially useful for specifying
characteristic transport properties of itinerant multipole
states. Using the tables of basis functions (Sec. II B), we can
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predict some electromagnetic responses (Sec. III) in candidate
materials.

In the magnetic point-group analysis, ordered phases are
characterized by point-group symmetry of the magnetic states.
The magnetic point group gives a symmetry constraint for the
equilibrium properties and transport phenomena more directly
than the magnetic representation theory [130-133]. We can
see what electromagnetic responses should occur in the mag-
netic states. Thus, these two approaches are complementary.

For more information, we introduce Aizu species, which
consist of a pair of symmetry of the disordered phase and
ordered phase. Symmetry reduction in the magnetic phase
transition is generally classified by Aizu species. The domain
states are also characterized; for example, we can identify
external fields suitable for switching domain states by Aizu
species [132,133]. The concept of Aizu species is introduced
in the Appendix.

Table XV shows the list of materials which are iden-
tified as ferroic odd-parity magnetic multipole states. 117
magnetic compounds are shown with their space group,
Aizu species, irreducible representation, conducting proper-
ties (metal/insulator/semiconductor), Néel temperatures, and
references. Part of the compounds have been known as ME
materials [134—136], and Table XV also shows which com-
pounds have been already identified. However, more than
half of the compounds in Table XV are elucidated in this
work. For some compounds (e.g., CaMn,Sb;), experimental
reports of magnetic structures or transition temperatures are
contradictory, and for other compounds (e.g., Co30y), several
possibilities of magnetic structures were suggested. In such
cases, we show all the proposed magnetic structures as far as
possible.

We restrict our classification to the magnetic phases pre-
serving P77 symmetry. The P7 symmetry is broken in the
even-parity magnetic multipole phases (P even and 7 odd),
whereas it is preserved in the odd-parity magnetic multipole
phases (P odd and 7 odd) (see Table XII). Thus, the odd-
parity (even-parity) magnetic multipole ordered states are
regarded as the P7 -preserved (P7 -broken) magnetic phases.
Table XV shows the pure odd-parity magnetic multipole
states. This constraint requires that crystal structures are
centrosymmetric. Otherwise, owing to the parity violation in
the paramagnetic phase, an odd-parity magnetic multipole
moment should coexist with an even-parity one. In other
words, an odd-parity magnetic multipole moment appears in
all the magnetic phases of noncentrosymmetric crystals. An
analysis of such parity-mixed magnetic states is an important
future study.

In our classification list, more than 100 magnetic materials
are revealed with their symmetry and conducting property.
Here, we briefly discuss some intriguing examples from the
viewpoint of emergent responses.

A. High-temperature ME compounds

Many ME compounds have already been reported
[134-136], and multiferroic compounds have recently at-
tracted much attention [11,12]. The Néel temperature,
however, is much lower than the room temperature in most
cases except for a few compounds such as Cr,O3 [69]. This

is unfavorable for a potential application of the ME effect to
energy-saving devices.

On the other hand, some materials in Table XV undergo
magnetic transition at high Néel temperatures above the room
temperature. For examples, in many manganese pnictides and
chromium pnictides, crystallizing in the ThCr,Si, structure,
odd-parity magnetic multipole order occurs at high tempera-
tures. Furthermore, their magnetic and conducting properties
are chemically controllable, e.g., substituting pnictogen atoms
with carbon group atoms. Thus, Table XV contains a new
family of high-temperature ME compounds.

B. Itinerant odd-parity multipole compounds

Most of the previous studies on the parity-violating mag-
netic order focused on insulators. It is natural to study in-
sulating systems in the context of the multiferroics since
ferroelectricity is weakened by itinerant electrons’ screening
of electric polarizations.

The odd-parity magnetic multipole order in itinerant sys-
tems, however, is attracting recent attentions. The interplay
between the itinerant property and parity-violating magnetic
order leads to intriguing transport phenomena such as the
MPE effect and dichromatic transport as we have discussed in
Sec. III. Furthermore, itinerant odd-parity magnetic multipole
materials may realize the Fulde-Ferrell-Larkin-Ovchinnikov
state at zero external magnetic field when the superconductiv-
ity occurs in the multipole ordered state [27,31]. Table XV
includes many metallic odd-parity magnetic multipole ma-
terials. For examples, Ba;_,K,Mn,As;, SrCryAs,, GdBy,
U,Pd;In, and others may be a platform of the exotic transport
phenomena and unconventional superconductivity.

V. SUMMARY AND CONCLUSIONS

Previous studies clarified higher-order multipole order by
spontaneous ordering of atomic multipole moment, which is
stemmed from the entanglement of orbital and spin angular
momentum due to the strong spin-orbit coupling. Localized
d- and f-electron systems have been investigated by many
works [18,19]. Then, possible symmetry is restricted to the
even-parity multipole order which preserves space inversion
symmetry.

On the other hand, the augmented odd-parity multipole
order has recently attracted interest. The essential ingredient
is the existence of subsectors such as sublattice. The entan-
glement of spin, orbital, and subsector degrees of freedom
may allow the formation of augmented multipole moment
in a unit cell. In particular, the locally noncentrosymmetric
crystal is a platform of the odd-parity multipole order because
additional negative sign due to the site permutation appears in
the space inversion parity [270]. It has been shown that the
odd-parity augmented multipole order gives rise to intriguing
electromagnetic responses not only in insulators, but also in
metals and semiconductors [26,30,39,43].

Inspired by the renewed interests in multipole physics,
we carried out group-theoretical classification of the
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even-parity/odd-parity multipole order, extending the previ-
ous result limited to tetragonal systems [43]. Multipole order
in cubic, tetragonal, and hexagonal systems has been classi-
fied by point-group symmetry in Tables VI-XI. Classification
in other crystal groups is straightforwardly obtained by com-
patibility relations. Even though real compounds are some-
times too complicated to see the relevant multipole moment
characterizing the ordered state, we can identify the multipole
order parameter by group-theoretical analysis.

Our classification tables show the multipole moments and
the basis functions in both of the real space and the momentum
space. Interestingly, as for the odd-parity multipole order, the
basis functions in the momentum space look quite different
from the corresponding multipole moment in the real space.
Indeed, they reveal unusual band structures. The momentum-
space representation of odd-parity magnetic multipole
moment is spin-independent, implying an asymmetric band
structure. Spin-dependent basis functions of odd-parity elec-
tric multipole indicate spin-momentum locking. The distinct
representations in real and momentum spaces are characteris-
tic properties of parity-violating order and result in emergent
electromagnetic responses.

We have demonstrated application of the classification the-
ory to the emergent responses. The correspondence between
the symmetry of multipole order and ME effect, Edelstein
effect, piezoelectric effect, MPE effect, and dichromatic elec-
tron transport has been elucidated. The electric-field-induced
responses are obtained by the basis functions in the real space,
whereas the electric-current-induced responses are described
by the basis functions in the momentum space. It is notewor-
thy that the recent studies have identified the direct relation
between odd-parity magnetic multipole moments and ME
effect [48-50]. As for other emergent responses, quantitative
relations with odd-parity multipole moments are expected to
be found in a future work.

From the classification theory, we can intuitively and pre-
cisely determine the response tensor. As an example, the
parity-violating order in Cd,Re;O7 has been discussed. The
two controversial phases proposed by experiments are clas-
sified into the electric octupole and dotriacontapole states.
Since the response tensors of the Edelstein effect and dichro-
matic electron transport are different, these effects can be
used to identify the symmetry of electric multipole order
in Cd;Re,0O7. On the other hand, the ME effect and MPE
effect are characteristic properties of the odd-parity magnetic
multipole states. The allowed MPE effect, namely, current-
induced lattice distortion, has been classified on the basis of
the group theory (Table XIV). Ba;_ K Mn;As, and GdB4
have been discussed as examples.

Using the group-theoretical analysis, we have identified
more than 110 candidate materials for odd-parity magnetic
multipole states. The list of materials contains not only well-
known ME materials, but also many magnetic compounds
which were not clarified so far. Some of them are candi-
dates for room-temperature ME materials, which have been
searched in the research field of multiferroics. Furthermore,
the list includes itinerant compounds, which may be a plat-
form of intriguing transport properties and exotic supercon-
ductivity arising from the broken inversion and time-reversal
symmetry.

The concept of the augmented multipole with the sub-
sector degree of freedom has extended the research field
of multipole order in strongly correlated electron systems,
and it has connected various research fields, such as heavy
fermions, multiferroics, and spintronics. Our classification
theory may provide basis for future researches. We expect that
the classification tables are useful, as the classification theory
of unconventional superconductivity [53] has been used in the
research field of superconductivity. We also expect that the
list of candidate materials stimulates experimental studies of
odd-parity multipole order and emergent responses. We hope
that our classification theory generates renewed interests in
multipole physics.
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APPENDIX: AIZU SPECIES

The method of Aizu species is useful to classify possible
ferroic phase transitions and resulting domain states. Aizu
species was proposed by Aizu [271-273], and the method has
been developed in various ways [12,138,274]. Aizu species is
denoted as

GFK, (AD)

where G and K are (magnetic) point group of a disordered
phase (high-temperature phase) and that of an ordered phase
(low-temperature phase), respectively. The symbol F repre-
sents “ferroic.” When the group-subgroup relation G O K

holds, we obtain the coset decomposition as
G=gK+gK+--gnvK, (A2)

where g; € K, and g; ¢ K for j # 1. It is indicated that the

domain states S; (i = 1,2, ..., N) exist, and the number of
domain states is N = |G|/| K| with |G| being the order of the
group G.

In Aizu’s classification, the domain states S; are char-
acterized by some ferroic order parameters such as electric
polarization P (ferroelectric order), magnetization M (ferro-
magnetic order), and strain é (ferroelastic order). For example,
let us consider the pair of the cubic phase G = m3m and the
tetragonal phase K = 4mm. Assuming that the fourfold rota-
tion axis is the z axis, the corresponding coset decomposition
is obtained as

m3m = E 4mm + P 4mm + C;_ 4mm

+ S 4mm + CIV dmm + SZ}. dmm, (A3)
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Whe.re E, P, C j;.(y), Sj;(y).are identity operation., parity op-
eration, /2 rotation operation along the x(y) axis, and /2
rotation-inversion operation along the x(y) axis, respectively.

Accordingly, the six domain states are obtained as
S;=ES, $=PS, S=Ci5,

Si=S5 S1. Ss=Ci S, Se=Si, 8. (A4)

The domain S§; may have an electric polarization along the z
axis, P # 0. The electric polarization P ; of another domain
S; is given by

Pj = ngl' (AS)

The electric polarizations P; (i = 1,2, ..., 6) are different
from each other and can be distinguished completely by the
conjugate field with P, that is, the electric field E. In this
case, the Aizu species m3m F4mm is “full electric.” The
well-known ferroelectric material BaTiO3 [123] belongs to
this Aizu species and it is perfectly switchable by external
electric fields.

Besides, domain states given by other Aizu species are
also characterized by the electric polarization. Following the
notation by Aizu [273] and Litvin [138], the domain states are
classified into “full electric,” “null electric,” “zero-electric,”
and “partial electric.” These notations are defined as follows:

(1) full (F) electric: all domain states are distinguishable
according to P;

(2) null (N) electric: all domain states have the same P,
and thus, domains are not distinguishable by P;

(3) zero (Z) electric: in all domain states P is zero, there-
fore, domains are not distinguishable by P;

(4) partial (P) electric: some domain states have the same
P and are not distinguishable, however, there are several
classes of domain states which are distinguishable by P.

Accordingly,

(1) full (F) electric: all domains are switchable by E;

EEINT3

(2) null (N) electric: domains are not switchable by E;

(3) zero (Z) electric: domains are not switchable by E;

(4) partial (P) electric: domains are partially switchable by
E and domain states having the same P cannot be controlled
by E.

Similarly, Aizu species is also characterized by magnetiza-
tion M, strain €, and so on.

The Aizu species is useful to classify domain states. When
a pair of disordered phase and ordered phase are specified by
symmetry, the corresponding Aizu species tells what ferroic
order parameter characterizes domains and how domain states
can be switched by external fields conjugate with the ferroic
order. In Sec. IV, we classify the odd-parity magnetic multi-
pole order in candidate materials. The magnetic transitions in
the classified list belong to Aizu species which may be called
“full odd-parity magnetic.”

Note that Aizu species has been defined in several ways
[275]. Algebraic relation of point groups is definitely given
without ambiguity. However, the coordinates can be arbitrar-
ily taken. For example, the Aizu species mmm F2mm rep-
resents a nonpolar-polar phase transition in an orthorhombic
system, where the polar axis of the ordered phase (2mm) is
not explicitly given. In the representation theory, the nonpolar-
polar transition is represented by either of By,, By,, or Bj, ir-
reducible representation of the Dy, point group. However, the
three irreducible representations can not be distinguished by
Aizu species since they are merged into the same Aizu species
mmm F2mm. To solve this problem, we may define the Aizu
species with taking into account the coordinates of the or-
dered phase relative to those of the disordered phase. Indeed,
Aizu introduced several definitions of the Aizu species with
conventions on the coordinates, which are called “normal,”
“specific,” “subspecific,” and “rigorous” definitions [275]. In
our classification theory, we adopt the subspecific definition
of Aizu species so as to maintain the correspondence with the
representation theory.
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