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Topological crystalline insulators (TCIs) are insulating electronic phases of matter with nontrivial topology
originating from crystalline symmetries. Recent theoretical advances have proposed new TCI states protected
by rotational symmetries and provided powerful guidelines to search for TCIs in real materials. Building upon
recent theoretical works, we demonstrate a feasible method to identify new TCI states based on first-principles
calculations. We systematically unveil the topological properties of the TCI states in Ca, As. On both top and side
surfaces, we observe topological surface states protected independently by rotational and mirror symmetries. We
show that a particular lattice distortion can single out the newly proposed topological protection by the rotational
symmetry. As a result, the Dirac points of the topological surface states are moved to generic locations in
momentum space away from any high-symmetry lines. Such topological surface states have not been seen before.
Moreover, the other family members, including Ca,Sb, Ca,Bi, and Sr,Sb, feature different topological surface
states due to their distinct topological invariants. We thus further propose topological phase transitions in the
pseudobinary systems such as (Ca;_,Sr, ),As and Ca,As,Sb;_,. Our work reveals rich and exotic TCI physics
across the Ca,As family of materials and demonstrates a complete roadmap for uncovering TCIs topological
nature based on first-principles calculations. Such a method can be broadly applied in searching for new TCls.
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Finding new topological phases of matter is a research
frontier of modern condensed-matter physics and materials
science. Following the discoveries of time-reversal symmetry-
protected Z, topological insulator states in both two dimen-
sions and three dimensions [1-4], intensive efforts have been
devoted to searching for new types of topological band insula-
tors protected by crystal symmetries, or topological crystalline
insulators (TCIs) [5]. Although the large number of crystalline
space group symmetries suggests the possibility of a wealth
of TCI states, surprisingly, for a long time, the theoretically
known TCIs were limited to crystals with mirror reflections
[5-8] and glide mirror reflections [9-13]. This is in sharp
contrast to the rich variety of topological semimetal phases
and the many real material platforms [14]. Despite rareness,
the SnTe family of materials [15-24] was found to show
novel electronic properties such as mirror-protected Dirac
surface states [15—17], strain-induced gap opening [18,19],
unconventional thermoelectric response [20], in-plane ferro-
electricity [22], and robust spin-polarized midgap edge states
[23]. Because of the rareness of TCIs and because of the
observed novel electronic phenomena in SnTe, it is of great
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interest to find new TClIs, especially the ones that are protected
by symmetries beyond mirror reflections.

Recent work theorized a large new class of TCI states
in time-reversal-invariant electron systems with spin-orbit
coupling, which are protected by the N-fold (N = 2, 4, or 6)
rotational symmetries [25]. Such rotational symmetry-
protected TCIs are predicted to show distinct protected bound-
ary states: The surface normal to the rotational axis hosts N
Dirac cones, while any strictly two-dimensional system with
the same symmetry necessarily has 2N stable Dirac points. In
the absence of additional symmetry constraints, these N Dirac
cones are related by the N-fold rotational symmetry, and can
appear at any generic k points in the surface Brillouin zone.
In addition, the side surface parallel to the rotational axis is
predicted to host N one-dimensional (1D) helical edge states,
connecting the top and bottom surfaces. The existence of such
1D states was theoretically established in other classes of TCIs
as well [26-28].

The ubiquitous presence of rotational symmetries in crys-
tals raises the hope that rotational symmetry-protected TCIs
are widespread in real materials. However, their topologi-
cal invariants defined in terms of Wannier center flow [29]
are difficult to compute in first-principles calculations. Song
et al. [30] and Khalaf et al. [31], building on earlier works
[32-34], found that when certain additional symmetry Y is
present, topological invariants of TCIs protected by symmetry
X can be inferred by the Y-symmetry eigenvalues of energy
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FIG. 1. Lattice and electronic structure of the Ca,As family. (a) Crystal structure of Ca,As’s body-centered-tetragonal lattice. (b) The
corresponding bulk BZ. (¢)-(e) Band structures without SOC over a wide energy window. (f)—(h) Zoomed-in band structures both without and

with SOC.

bands. Such “symmetry indicator” of nontrivial topology is
analogous to the parity criterion for time-reversal invariant
in the presence of inversion symmetry [35]. This band sym-
metry based approach bypasses the numerical difficulty in
computing topological invariants directly, thus paving the way
for systematic TCI materials search. However, each value
of symmetry indicators actually points to several possible
topological states.

Building upon these latest theoretical advances [25,27,30—
33], we demonstrate a feasible method to identify new TCI
states based on first-principles calculations. We systematically
unveil the topological properties of the TCI states in CajAs.
We show that the uncovered novel topological electron states
in the Ca,As family can lead to distinct signatures in various
experiments including photoemission, scanning tunneling,
transport, optical, and optoelectronic probes, which therefore
pave the way for experimental studies on TCI physics.

The first-principles calculations were implemented in the
VASP [37] package. The spin-orbit coupling was included self-
consistently in the calculations of electronic structures with
a Monkhorst-Pack k-point mesh 11x11x11. We use Ca d
orbitals and As p orbitals to construct Wannier functions via
WANNIER9O [38].

The Ca,As class of intermetallic materials crystallize in
the body-centered-tetragonal lattice system [39]. The space
group is /4/mmm (No. 139) and the point group is Dgj [39].
The lattice is formed by a Z-direction stacking of alternating
two-dimensional (2D) square lattices of Ca or As atoms
[Fig. 1(a)]. The available symmetries include Z (space inver-
sion), 4001y, 2(001)» 2(100)s 2(010)s 2010)s 2(110)» 2(110y> M (100)»
M(OlO)s M(OO]), M(l]o), and M(ITO) [40] Figure 1(b) shows
the bulk Brillouin zone (BZ). The time-reversal-invariant mo-
menta (TRIM) include one I', two X, four N, and one Z,
whereas other important non-TRIM high-symmetry points are
also noted.

The low-energy electronic structure of all family members
is characterized by the two bands close to the Fermi energy

[Figs. 1(c)-1(e)]. To examine the band inversion properties
of each compound, we first study the band structure in the
absence of spin-orbit coupling (SOC). In CayAs and Ca,Sb
[Fig. 1(g)], the lowest conduction band (CB) and the highest
valence band (VB) are inverted near P (non-TRIM) but
remain noninverted at other high-symmetry points. In Sr,Sb
[Fig. 1(h)], the CB and VB are inverted in the vicinity of
not only P but also X (TRIM). In Ca,Bi [Fig. 1(f)], the CB
and VB remain noninverted everywhere in the BZ. The above
band inversion properties suggest that CaAs and Ca,Sb
are pure TCIs, Sr,Sb is both a weak TI (inverted at two
TRIM X points) and a TCI, whereas Ca;,Bi is topologically
trivial.

We now study the topology of these compounds by calcu-
lating the symmetry-based indicators. According to Ref. [30],
band insulators in space group No. 139 are characterized
by a pair of indicators (2, Zg). By enumerating of va-
lence electron states in certain irreducible representations
at specific high-symmetry points (according to Table I in
Ref. [30]), we obtain the following (Z,, Zs) values: (04)
for Ca,As and Ca,Sb, (12) for Sr,Sb, and (00) for Ca,Bi.
In the main text, we will focus on Ca,As. However, each
value of symmetry indicators can point to several different
possible topological states. For instance, Table I shows that
the symmetry indicator (2,, Zg) = (04) indeed points to four
possible topological states. Therefore, symmetry indicators
alone cannot uniquely determine the topological nature of
CayAs. Importantly, Table I also shows that the four possible
states have different mirror Chern numbers and different
rotational symmetry topological invariants. While rotational
symmetry topological invariants are difficult to obtain directly,
the mirror Chern numbers can be directly calculated by first
principles. We therefore calculate the mirror Chern numbers
N Maoys BMirg)> a0 BAq - Through this way, we uniquely
determine each compound’s topological state (Table II) from
the four possibilities inferred by the (2,, Zg) symmetry in-
dicator. We see from Table II that Ca,As is a pure TCI: It
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TABLE 1. The four possible topological states for the symmetry
indicator (Z,, Zg) = (04) according to Ref. [30]. (vo;vivov;3) are
the Z, invariants for three-dimensional Z, TIs. vy = 1 corresponds
to a strong TI; vy = 0 but v; + v, 4 v3 7% 0 corresponds to a weak
TL n4y,, is the topological invariant for the fourfold rotational
symmetry 4oo1). This is also a Z; invariant. ng,, = 1 corresponds
to a rotational symmetry-protected TCI, which features four Dirac
surface states on the (001) surface. 7,1y, is the topological invariant
for mirror plane Mg, (the mirror Chern number). This is a Zy
invariant. 71, = N corresponds to a mirror symmetry-protected
TCI, which features N Dirac surface states protected by the M)
mirror plane. See Supplemental Material [36] for a detailed introduc-
tion to the symmetry indicators and the topological invariants.

(vo; vivav3) Maoory  M2a00) M2001) 20100 MMg1gy P Moy Mooy

(0;000) 1 0 0 1 2 0 0
(0;000) 0 0 0 0 0 4 0
(0;000) 1 1 0 0 0 0 2
(0;000) 0 1 0 1 2 4 0

features nontrivial rotational symmetry topological invariants
(44, = 1 and ny,,,, = 1) in addition to the nontrivial mirror
Chern number 7 4, iy = 2. In other words, we demonstrate
here that one can uniquely identify a TCI’s topological nature
(including the rotational symmetry-topological invariants) by
combining the calculations of symmetry indicators and the
calculations of the mirror Chern numbers.

In order to confirm these bulk topological invariants, we
calculate the surface electronic structure of Ca,As. We first
focus on the (001) surface. Since the bulk band inversion
occurs near the P point whose surface projection is M
[Fig. 2(c)], we expect the low-energy electronic structure of
the (001) surface band structure to be in the vicinity of M.
Figure 2(a) indeed confirms this case. Zooming in near the M
point, we observe [Fig. 2(b)] clear surface states (sharp lines)
dispersing inside the projected bulk energy gap. Specifically,
the surface states form a Dirac point along the ['-M direction
in the vicinity of the M point. In Fig. 2(d), we show an
overview of the topological surface states in the surface BZ:
there are four topological Dirac surface states located along
the M-T-M lines. We check the consistency between the
bulk topological invariants and the topological surface states:
On the (001) surface, the fourfold rotation (4(y)) and the
mirror planes (M 110) and M i) are projected as the I point
and the M-I"-M lines, respectively. By contrast, the twofold
rotation 2110, is not respected and thus becomes not important
for the (001) surface. Consulting Table II, the nontrivial mir-
ror Chern number (11, = 17, = 2) requires two Dirac
surface states on each mirror line; the nontrivial rotational
topological invariant (n4,,, = 1) requires four Dirac surface

TABLE II. Calculated topological invariants of the Ca,Sb family.

(vo; vivav3) M4001) M2a100) 20001y 2(110) TPM 110y TPM 001y M 100)

VA
(0;000) 1 0 0 1 2 0 0 0
1
0

CaAs
Sr,Sb (0;111) 1 1 1 1 0 2 0
Ca,Bi  (0;000) 0 0 0 0 0 0 0
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FIG. 2. Topological surface states of Ca,As on the (001) and
(110) surfaces. (a),(b) Calculated surface spectral weight of the
(001) surface. The topological surface states along the T'-M line
are denoted. (c) The (001) and (110) surface BZs. (d) Schematic
illustration for the 4q9; and M 19y (M10) topological protection of
the surface states. (e) Calculated surface spectral weight of the (110)
surface. (f) Schematic illustration for the 2,9 and M 1o, topological
protection of the surface states.

states that are related by the rotational center. Therefore, the
obtained surface states are consistent with the bulk topological
invariants. On the other hand, the (110) surface shows two
surface Dirac cones along the P-I'-P direction [Figs. 2(e)
and 2(f)], which are consistent with the topological invariants
N M5, = 2 and ny,, = 1. These predicted topological sur-
face states can be detected by photoemission experiments on
the Ca,As family of compounds.

‘We now show that a particular kind of lattice distortion can
isolate the topological protection by rotational symmetry. The
strategy is to identify a particular lattice distortion that can
break mirror symmetries while keeping rotational symmetries
intact. The rotation-protected topology should remain robust
as long as the distortion does not affect the band inversion. As
a guideline, we calculated the phonon spectrum and identified
phonons in the Az, E,, A2, By, and E, presentations at
the I point. Our symmetry analysis shows that a distortion
according to the By, modes can break M), M(lioy and
401y but preserve 2119y [Fig. 3(a)]. The resulting space group
is I-4m2 (No. 119). Figure 3 shows the surface band structure
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FIG. 3. Isolating the rotational symmetry topological protection by lattice distortion. (a) Atomic displacements according to the By,
distortion. (b) Bulk and (001) top surface BZs after the B,, distortion. (c) Because the M 110y, M 1i0), and 4 o) symmetries are broken,
all surface Dirac fermions on the (001) surface are expected to gap out. (d) Calculated (001) surface electronic structure after the B,, distortion
shows the gap opening of the Dirac fermions. (¢) Bulk and (110) BZs after the By, distortion. (f) Because M 1), M 110, are broken but 2(;;¢) is
preserved, the surface Dirac fermions on the (110) side surface are expected to remain gapless but move away from the P-I'- P high-symmetry
line to generic k points. (g)—(i) Calculated (110) surface electronic structure after the By, distortion shows that the Dirac fermions are indeed
moved away from generic k points. Note that these dispersion cuts only cover a segment of the surface BZ as noted by the red dotted lines.

after a B,, distortion. Remarkably, we found that all surface
Dirac cones on the top (001) surface are gapped [Figs. 3(b)—
3(d)]; By contrast, the Dirac cones on the side (110) surface
remain gapless but their Dirac points are moved to generic k
points off the P-T"- P line [Figs. 3(e)-3(i)]. These Dirac cones
thus represent a new type of topological surface states that are
solely protected by the rotational symmetries. The odd-parity
phonon can be directly driven by a terahertz optical pulse
[41]. Theory also predicted the existence of 1D helical edge
states along the side surfaces, which require extremely large
computational cost. This can be a direction for future works.
We propose topological phase transitions in the pseudobi-
nary systems. As shown in Fig. 4(a), substituting As for Bi in
Ca,Bi leads to a topological phase transition from a trivial
insulator [Ca;Bi, (2,2Zg) = (00)] to a pure TCI [Ca,As,
(2,2g) = (04)]. The critical point lies at the doping level
x =~ 41% [Figs. 4(a)—4(c)]. Through this transition, we expect
topological Dirac surface states to emerge at the (001) and
(110) surfaces. Similarly, we predict the Ca,_, Sr, Sb system
to realize a topological phase transition from a pure TCI
[Cazsb, (Zng) = (04)] to a TCl/weak TI [Srzsb, (Zng) =
(12)]. We found that the critical Sr doping level is roughly
at x ~ 13% [Figs. 4(e)-4(g)]. We note that the random sub-
stitutions in the pseudobinary systems do not preserve the

local crystalline symmetries. Therefore, proposed pseudobi-
nary systems also provide a platform to study the robust-
ness of the nontrivial topology against average crystalline
symmetries [42].
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FIG. 4. Topological phase transitions in Ca,Bi;_,As, and Ca,_,Sr,Sb. (a) Calculated energy gap at the P point in Ca,Bi;_,As,. (b)—(d)
Band structures at different x values. (e) Calculated energy gap at the X point in Ca,_,Sr,Sb. (f)—(h) Band structures at different x values.
(i)—(k) Schematic electronic states for the representative compounds in the Ca, As family.
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