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The density of low-energy particle-hole excitations is nonanalytic in a singular Fermi liquid, but it is
altered on entering a superconducting state in which, in the pure limit, it vanishes asymptotically at the
chemical potential and in general is analytic. The single-particle excitations in the superconducting states are
then quasiparticles so that a form of Landau theory may be constructed for thermodynamic and transport
properties in the superconducting state. In this theory, the renormalization of measurable properties due to
quasiparticle interactions, such as specific heat, compressibility, magnetic susceptibility, superfluid density, etc.,
changes in a temperature dependent fashion from the noninteracting theory. This is illustrated by showing the
renormalization of these quantities and the relation between the parameters introduced to account for their
temperature dependence. When the renormalizations in the normal state are large or singular, temperature
dependence of properties in the superconducting states are then in general not useful for identifying the nodal
character or symmetry of the superconducting state except for measurements at very low temperatures, the upper
limits of which are specified. The results obtained are expected to be useful in interpreting the experimental
results for the temperature dependence of various properties in the superconducting state born of singular Fermi

liquids.
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I. INTRODUCTION

The quasiparticle concept of Landau theory allows an un-
derstanding of thermodynamic properties and response func-
tions in a Fermi liquid. Its extension to the superconducting
state allows an understanding of renormalization of properties
in the superconducting state [1,2]. A microscopic basis of the
theory is the separation of the single-particle Green’s function
G (k, w) into a coherent (or quasiparticle) part with poles and
an incoherent analytic part. The theory is at its most power-
ful for calculation of the correlation functions of conserved
quantities for which the incoherent part is shown to give no
contribution. Then the perturbative calculations in terms of the
quasiparticles and with analytic vertices or Landau parameters
give controlled results in powers of w/E s and (k — Kr)/kp.
One can remain innocent of the subtleties while getting correct
results. In the quantum-critical fluctuation regime of metals,
where G(k, w) have branch cuts, this innocence cannot be
maintained. Only calculations using the specific low-energy
singularities of G(k, w) and of the vertices can give correct
results in such singular Fermi liquids. Fortunately, this is
possible for some forms of quantum criticality [3].

Although Landau theory cannot be applied to the singular
Fermi liquids [5], a form of Landau theory may still be applied
to the superconducting state born of such liquids, because the
density of low-energy excitations in the superconducting state
vanishes (in the pure limit) and together with that any low-
energy particle-hole singularities. The principles and methods
for determining such renormalizations is discussed here, with
application to the specific heat C,(T") and the London pene-
tration depth or the superfluid density ps(7"). Other properties
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may be calculated based on the same principles. There have
been some excellent experimental results for specific heat
and superfluid density [6-9] in several superconductors whose
normal state show evidence for a singular Fermi-liquid state.
The interpretation of the results is expected to be aided by this
paper.

Leggett [2,4] has called superconductors born of a Fermi
liquid as Fermi-liquid superconductors (FL superconductors).
One may refer to superconductors born of singular Fermi
liquids as singular Fermi-liquid superconductors (SFL super-
conductors).

The real (as opposed to virtual) scattering of fermions by
the singular fluctuations also decreases the superconducting
transition temperature [10]. The absence of such fluctuations
for T — 0 implies that the ratio of the zero-temperature gap
to the transition temperature is enhanced above the BCS value
[10]. The temperature dependence of the gap is then also quite
different from that in BCS [11]. This as well as the interactions
between the quasiparticles in the superconducting state leads
to temperature dependence in thermodynamic and transport
properties which are quite different from the theory with
noninteracting quasiparticles in the superconducting state.

In this paper, we also discuss the contrast between C,(T),
which depends only on the thermally accessible density of
states of excitations which give real scattering, and the ground
state superfluid density o, (0), which depends on integrals over
the complete frequency dependence of the conductivity. The
temperature dependence of p;(7"), however, is related to the
real scattering and therefore to the same parameters as the
temperature dependence of C,(T).
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This paper is organized as follows. First, the region close to
T, is discussed to show that the opening up of superconducting
gap serves to cut-off the quantum-critical singularities and
that their entropy is released through the enhancement of
the specific heat at the superconducting transition. Then the
renormalizations in the specific heat, the compressibility and
the magnetic susceptibility are considered followed by the
renormalizations in the zero-temperature superfluid density
and in its temperature dependent part. We give the results
also for Galilean Fermi-liquid superconductors obtained by
Leggett [2], heavy Fermi-liquid superconductors in which the
renormalizations appear quite differently than in a Galilean
invariant superconductor [12], and the singular Fermi-liquid
superconductors.

II. FATE OF SINGULAR FERMI-LIQUID EFFECTS IN
GOING FROM THE NORMAL TO THE
SUPERCONDUCTING STATE

The necessary decrease of low-energy particle-hole exci-
tations in the superconducting state eliminates the singularity
associated with the putative quantum-critical point (QCP) of
the parent singular Fermi liquid. Consequences for this on the
thermodynamic properties just below 7, may be estimated
through the procedure in Ref. [13] adapted for a general
singularity in the quantum-critical response.

The change of renormalizations just below T, for fluctua-
tions of an order parameter M (r) can be studied adequately, if
the superconducting transition has mean-field correlations, by
a Ginzburg-Landau free-energy functional:
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The effect of biquadratic couplings between order parame-
ters on the phase diagrams are of-course well known and
have been considered for the AFM-superconducting cou-
plings [14]. The effect of the quasiclassical critical fluctu-
ations at finite 7 in the free-energy has been specified by
the static value of the real part of the temperature dependent
susceptibility yupm (K, T) of M. The effect of the high-energy
virtual fluctuations in promoting superconductivity and in
direct coupling to M? is assumed to be taken into account in
the coefficients a, b, A, and in T,g.

Following Ref. [13], on integrating over the fluctuations of
M in the free-energy, one obtains the effective free-energy for
superconductivity for dimension d,
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These results are derived with the assumption that the change
in free-energy due to the coupling X is small compared to the
value for A = 0.

The critical fluctuations in M just below T, are also altered
so that the equivalent susceptibility in the superconducting
state is

Xonns (&, T) = x 7'k, T) + AW (7). (6)

The parameter A > 0 because the thermal fluctuations of M
are always pair-breaking. Therefore the M?|W|?> coupling
suppresses the region of the ordered phase of M as well as the
superconducting transition temperature. The quantum-critical
point of M is displaced to inside the region of order in the
absence of superconductivity.

From Eq. (2), one finds that the superconducting transition
temperature is depressed from the mean-field value 7, to
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and that the mean-field specific heat jump at the transition
increases by

Ay*  (a*)?/b*
Ay (a)?/b

This was used earlier [13] to understand the large jump in
the specific heat at the superconducting transition in CeColns
using a particular form of y (k, T'), which is not quantum crit-
ical. Evidence is now available that this crystal is in fact close
to quantum criticality. The large jump appears also in cuprates
as well as in superconductors in the vicinity of an AFM
quantum critical point [15,16]. For the case of the topological
fluctuations [17,18], which give rise to the marginal Fermi
liquid [19], the critical fluctuations are product of functions
of g and of w/T. The static long-wave-length susceptibility
X(T) then is proportional to log(w./T), where w, is the
ultraviolet cutoff of the fluctuations.

The results above are only valid for T close to T,. The
details of the low-temperature properties, since they depend
on the low-energy excitations in the superconducting state,
cannot be obtained from such considerations. However, the
enhanced jump in the specific heat at T, also gives necessary
information on the low-temperature thermodynamics through
the requirement of entropy conservation and analyticity in the
temperature dependence of properties, as we shall see below.
The decrease of T, in Eq. (7) is due to real or quasithermal
scattering of the critical fluctuations. Similar results have been
derived from more detailed considerations earlier [10].

While there still exists a QCP in the superconducting
state, the singularities in the properties of fermions at low
energy must be strongly diminished for reasons given above.
This may not be true in the unlikely case where quasistatic
fluctuations of M might induce a gapless superconducting
state with a decreased transition temperature [20]. This is
unlikely because the effect of such fluctuations is expected to
be overcome by the effective pairing interaction through the
virtual fluctuations in M. We do not consider this subtle but
unlikely situation here.

The diminution of the thermally accessible critical fluctu-
ations in the superconducting state implies that the 7 — 0
superconducting gap A(0) is not much changed from that
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in their absence. This means that the ratio of A(0)/T. is
enhanced with respect to the BCS value, as well as that the
temperature dependence of the gap [11] A(T) is quite differ-
ent from BCS. This as well as interaction between supercon-
ducting quasiparticles changes the temperature dependence of
physical quantities from that in a theory which ignores these
considerations.

On the other side of the coin, the order parameter correla-
tions ¥ (K, w, T) must show singularities of a different kind
from the continuation of those above 7, because the effect
of coupling to the fluctuations of fermions, in particular the
dissipation, changes. The T — 0 order parameter correlation
singularities are likely to be akin to the singularities in corre-
lations of a similar order parameter in an insulator.

III. THERMODYNAMIC PROPERTIES

A. Renormalization of specific heat

We will consider the renormalization of the specific heat
at some length: the renormalization of the compressibility and
the magnetic susceptibility follows from the same develop-
ment. For noninteracting excitations in a superconductor, the
specific heat is given in terms of the excitation energy [4]

E(T) = /(e — w? + AXT) ©)
by
dk E?
Cyo(T) = —2uN/—/ dE ———
47 JE-ak.T) E2 — Ak, T)

E dE\ df(E)
X(T_ﬁ) dE

(10)

where f(FE) is the Fermi-distribution function, and vy is the
density of single-particle excitations in the normal state, vy =
m*k F / b 2 .

First consider a FL superconductor. Here we must dis-
tinguish the case of Galilean Fermi liquids, as in the orig-
inal Landau theory and its variants in lattices, especially
the so called “heavy Fermi liquids” where the renormaliza-
tion of physical properties by Landau parameters is quite
different [12].

In the former, for example liquid *He, the leading low
temperature dependence of the specific heat does not explicitly
[21] depend on the Landau parameters either in its normal
state or in its superfluid state. The specific heat coefficient
y = Cy(T)/T is given in terms of the density of states or
1/|vF|, which is defined as a ground state property. In Landau
theory for a Galilean invariant Fermi liquid, no questions are
permitted to be asked about the ground state. [However, using
Galilean invariance, it is shown that the current carrying ve-
locity of quasiparticle excitations is renormalized by m /m* =
A+ F/ 3)~!.] In the superconducting state, the same 1/|v]|
must enter in Eq. (10).

On the other hand, for heavy Fermi liquids, in which
the assumption that the single-particle self-energy X(k, w)
is a weak function of momentum compared to energy is
valid [12], there is an enhancement of the specific heat by
A1+ F{§). Here, z is the quasiparticle renormalization
amplitude (which cancels out against vertices, i.e., through

Ward identities enforcing particle number conservation in
low-energy properties in a Galilean invariant Fermi liquid,
but not in a heavy Fermi liquid) and Fj is the s-wave spin
symmetric Landau parameter. Higher F’s are much smaller
than Fj, which is equivalent to the much weaker momentum
dependence of X(k, w) on k than on w.

Since F;j depends on quasiparticle interactions, the specific
heat renormalization depends on the density of excited quasi-
particles through the density of states in the superconducting
state and the temperature. Since the compressibility depends
both on the specific heat mass as well as independently on F{,
it remains unrenormalized.

In a singular Fermi liquid, the leading temperature depen-
dence of the specific heat depends on the density of states at
the chemical potential through the velocity renormalization
factor z(T)zx(T), where

- ( d(Re Z(k, w, T)))
z l-

- dw

’

k=Kkr,0o=p

d(Re 2(k, w, T))

w=14+v;'(k)- ok

QY

k=kr,0=pn

For example, in a marginal Fermi liquid, z~'(7) =1+
Aln(w./mT). zx ~ 1, because the self-energy again has neg-
ligible momentum dependence. If one is tuned close to crit-
icality, such velocity or density of states renormalizations
account for the logarithmic rise of the C,,(T")/T as the tem-
perature is decreased in the normal state. Such logarithmic
enhancements of the entropy are directly observed in heavy-
fermion [22] and cuprate quantum criticality [23] and indi-
rectly through measurements of thermopower in the Fe-based
superconductors [16] near AFM quantum criticality.

For T < T, the density of particle-hole excitations — 0 at
w — 0. So such renormalization comes to a halt at 7 < T.
However, since this effect comes from the real part of the self-
energy, which depends through the Kramers-Kronig relation
on the absorptive part integrated over the complete frequency
range, its value at T, i.e., z~'(7.) continues essentially un-
changed in the renormalization of the quasiparticle velocities
of the superconducting state down to T — 0. The leading
temperature dependence of the specific heat is then given
by the density of states of the noninteracting particles of the
superconducting state with the single particle density of states
enhanced by z~!(7,). This is true only with the assumption
that 7, is much less than the high-frequency cutoff of the
singular fluctuations. The factor 7 N(T) multiplies the lead-
ing low-temperature dependence of the specific heat C,(T),
which is given by the density of states of the superconductor—
exponential for a gapped state, oc T2 for a state with points
of zeros in two dimensions, etc. Therefore since C,o(T) is
proportional to m*,

C(T) _

Lim(T — 0) Nl

12)

We take m*/m = z~' to include constant Fermi-liquid cor-
rections in the normal state, which are also inevitably present
beside the nonanalytic terms.

We must now consider the next order temperature de-
pendent corrections due to interactions between excited
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quasiparticles in the superconducting states. Traditionally,
such corrections are avoided in Landau Fermi-liquid theory
since the theory gives only the leading temperature dependent
properties in T/Ef, to which there are no corrections if the
density of excitations goes to O faster than (7/Ep)> as in
s-wave type superconductors. We need them in the supercon-
ducting states if measurements are done at temperatures com-
parable to the superconducting gap, which sets the scale rather
than the Fermi energy so that higher powers of 7'/A(T) than
the lowest need to be considered in order to compare with the
experiments. The additional renormalizations come from the
growth of renormalizations as the density of thermally excited
quasiparticles rises and from the temperature dependence of
A(T). Except very close to T, the results in this paper are
significant for experiments only for superconductors where
the density of states of excitations is a power law and not for
s-wave type superconductors.

There are no general arguments for the magnitude of the
renormalizations in the superconducting state. Approximate
analytical calculations may be done. More effective is to
present an expansion of the energy in powers of the density
of excitations and in terms of parameters to be determined. As
explained below, knowing the results in the normal state puts
constraints on the parameters.

Since the energy in the superconducting state is expected
to be analytic as a function of temperature, a power series
expansion for it in powers of the deviation of the distribution
function from that at T = O following Landau theory is
permissible:

5E = Y By (B + 5 0 Y oo, K)
k,o

k,oc k',o’

x 8f»(Ex)) 8f» (Ex) + O(Sf), (13)

where §f,(Ex) is the deviation of the distribution function
from that of the ground state, and is given by the Fermi distri-
bution 8 £, (Ex) = 1/[ePF* 4 1] because limy_,¢ 8f, (Ex) = 0
except just at the nodes of Ex, which give only constant contri-
bution at most to the ground state energy. Note that the chem-
ical potential for the quasiparticles in the superconducting
state should be zero because the number of thermally excited
quasiparticles is determined so as to minimize the free energy.
Hereafter for considerations of the specific heat and for sim-
plicity, we assume the interaction is contact type and spin-
independent so that it is approximated as g, (K, k') ~ g;.

To evaluate (13), we need the density of states in the
superconducting state which depends on its symmetry as
well as several details. As a general form in the pure limit,
applicable to gapless superconductors, we take the density of
states measured from the chemical potential as defined by an
exponent 71 through

vS(E)zZS(E—Ek)%AUN|E|'7/A". (14)
k,o

where A is a dimensionless constant of O(1), and the approx-
imate relation in the second equality is valid for £ < A. With

the use of the identity for arbitrary function W(E)

D W(E) = /OodE W(E)Y " 8(E — Ex)
ko 0

ko
o0
:/ dEvg(EYW(E), (15)
0
the specific heat from the first term in (13) is
Cuo(T) d oodE (E) E
] = -_— v —
0 dr J, SVETGBE 11
n+1
= A1(mvy A m+2—nDasr);  (16)
D _|dInA} (17)
AT =T |
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where ¢g(y) is the Reimann zeta function. This term is the
leading temperature dependence of the specific heat in which
as argued by Eq. (12), the density of states or the effective
mass is renormalized approximately by z~!(7.). Therefore in
relation to noninteracting density of states vy, the interacting
density of states is

vy & 27 (T)vwo. (19)

Then, éng(T), the density of un-renormalized excitations at a
temperature 7 is given by

00 1 n+1
dnso(T) = /0 dE 1)s(E)W = Ax(mvy—==3 (20)
Ax(n) = An!(l - 2—1,]);%(77 +1). 2
The interaction term in (13) is
%gs [8n50(T)I. (22)

The specific heat from the interaction term in (13), C,(T),
is calculated by differentiating (22) with respect to 7. Also
Cyo(T) may be written as

A1(n)
Az (n)
assuming a gap monotonically decreasing as temperature is

raised towards 7.
Adding C,;(T') to Cyo(T) and dividing by T,

Coo(T) = (n+2+nDa;1) ngo(T), (23)

Cu(T) _ <1+ [AM)T (1 +1+nDasr)

T Ai(m)] +2+nDas7)?
CUO(T) CUO
el T 24
x—p— ) T (24)

_ (H—g Ax(m) (n+ 1 +nDayr) dnso(T) .“>Cv0
YA m+2+nDajr) T T

(25)

As temperature increases additional powers of the thermal

excitation density §ny(7") contribute which themselves are
renormalized because of the interactions. The specific heat
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calculated for T < T, should match the value at 7, and the
total integrated entropy up to 7, should equal the normal state
entropy at T.. Moreover, the slope for T just below T, should
match the slope calculated from (8). These conditions can be
met by using ény0(7T) as a temperature-dependent mean-field
function and writing the power series in Egs. (24) and (25) as

C,(T 1 (o
( ) ~ ( - ) uO’ (26)
T 1— g Fn.0)% ) T

2112 140D . .
where F(n, A) = [2152)] w The form in (26) is

necessarily approximate since interactions involving higher
powers of density will in general have different coefficients.

It is meaningful also to define a temperature-dependent
quasiparticle renormalization amplitude z;(n, T') in the super-
conducting state

Cu(T)
CooT)

', T). 27)

The definition and utility of z,(7') may be appreciated from
the fact that C,(T')/T is proportional to the single-particle
density of states, which in the approximation that the normal
single-particle self-energy has negligible momentum depen-
dence compared to its energy dependence is renormalized by
a quasiparticle renormalization amplitude.

C,(T) must satisfy two conditions: C,(7,) be equal to the
value of the specific heat as T approaches 7, from below, and
integral of C,(T)/T from O to T must equal the integral of
the equivalent quantity extrapolated from the normal state to
T — 0 containing the normal state renormalization amplitude
7z7(T). The two parameters in Eq. (27), g, and Dp,r =
|dIn A/dIn T| may be determined from these two conditions
using the normal state values. Note that close below ¢, D,
may be a temperature dependent parameter. This is of-course
not very satisfactory but inevitable given that one is looking
here at the “high-temperature” part of the superconducting
state where no good expansions are possible.

Since C,(T)/T for fermions is generally related to the
density of single-particle excitations, we may also write
that a renormalized dnj(T) is related to the noninteracting
nso(T) by

ni(T) 1
Snoo(T) 5 n,T). (28)
In other words, the density of states v;(E) in Eq. (20) can be
regarded as being renormalized by the same renormalization
factor z;' (n, T) for the specific heat in Eq. (27). This relation
will be useful in the discussion on the superfluid density.

The results here imply that for singular renormalization in
the normal state, and the requirements that the renormaliza-
tions are strongly reduced in the superconducting state and
must go over as T — T, to the renormalizations in the normal
state, it is in general incorrect to deduce the symmetry of
pairing from the power laws in various properties unless the
leading 7/ T, << 1 results are obtained in experiment and are
unchanging in their temperature dependence over a credible
range.

B. Compressibility and magnetic susceptibility

As befitting specific heat, we have characterized g(k, k')
by an s-wave parameter, which includes both the contribution
of the spin-symmetric and the spin-antisymmetric channels.
Compressibility is essentially unrenormalized in the case
where strong local correlation exists as in heavy fermion
metals, which is compatible with the fact that the self-energy
is almost momentum independent [12]. This implies that
the renormalization of the single-particle density of states,
z;1(T), which determines the specific heat is exactly canceled
by a factor which may be called [1 + Fy,(T)].

For the magnetic susceptibility, the leading term and in-
teraction terms in the coupling energy to magnetic field are
functions of (6nps — dnps). Then g¢, the antisymmetric spin
coefficient, should be used to get the change from the nonin-
teracting values. Other than this change, the renormalization
remain similar to that in Eq. (27).

IV. RENORMALIZATION OF SUPERFLUID DENSITY

The zero frequency contribution to the conductivity of a
superconductor, % ps(T)8(w) defines the superfluid density
ps(T). The text-book expression for the superfluid density
for noninteracting electrons in the clean limit for a FL-
superconductor, i.e., for scattering rate 7 << Ay, is

aff m_. L% .

og (T) = pdupg — e—2L1mq_,0Re C;i(q,0:T). (29
The density p is the diamagnetic contribution which alone is
present at zero temperature in a noninteracting system. The
second term is the paramagnetic contribution given by the
current-current correlation function CZ’S and is the normal
fluid density ( pN)“ﬁ (T), which is related to the current carried
by thermal excitations. The London penetration depth A is
given by

(AP () = BT, (30)

The normal fluid density in the pure and noninteracting
limits is

mzzS

m¥(T);  (31)

E |: df(E)i|dE
A VE? — A2(K) dE

m
p%%(T) = Saﬁ—zRe C?}'ﬁ(‘]’ 0.7)=

YeP(T)= 6/ —k"‘k’g

(32)

R df (E)
~ ot dEvso(E)|:— i } (33)
A () E g 34
= dap p(n)ZVNOWs 34

1
Ay(n) = A77!<1 - 2n—)§R(Tl) forn>2

=In2 forn=1. (35)

We now recall that the noninteracting density of states of
quasiparticles vy may be written as vy = 3p/ ké. Therefore,
for noninteracting quasiparticles in the superconducting state,
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the normal fluid density given as

"

T)=3npA _— 36

pxo(T) =370 A () 5 o (36)

In order to discuss renormalizations for various models, with
the use of Eq. (20), we write the normal fluid density as

Ap(n) 8nyo(T)
Arx(m) Tvy

In a Galilean invariant Fermi-liquid superconductor, there
is no renormalization of the bare mass entering the superfluid
density at T = 0 because the current operator commutes with
the Hamiltonian. The same result may be derived by satisfying
the continuity equation. However, the quasiparticle or normal
fluid contribution has a back-flow correction to the current due
to interaction between quasiparticles. Leggett has derived the
correction to the normal fluid density in this case, such that
the mass entering in the finite temperature reduction of g,(7)
is modified due to the Landau parameter F} [2,4]:

pno(T) = 3mp (37)

. . FS . -
ps(T) = p[l — Y(T)][l + ?'Y(T)] . (38)

This is effectively an interpolation between the bare mass at
T — 0 and the Fermi-liquid mass m* = m(1 4 F}/3).

For heavy Fermi liquids [24] (or for electron-phonon in-
teractions in the pure limit), i.e., Fermi liquids in which the
self-energy is a strong function of energy but a weak function
of momentum [12], the continuity equation is satisfied with
a renormalization of the mass by z7! = (1 + F3). As a re-
sult, m* = my(1 + F{/3) with adynamical mass my = mz~ !,
appears instead of m in the density p in Eq. (38) for the
superfluid density tensor.

Now consider the effects of interactions between quasipar-
ticles in the superconducting state on py (7). Given Eqgs. (37)
and (28), the essential temperature dependence of pn(T)
should be the same as of the density of single-particle exci-
tations én,0(7T) or Cyo(T)/T. Also noted in Eq. (28) is that,
due to the interactions in the superconducting state, 6n,9(7) is
renormalized effectively to én}(T) = zs‘l(T)Snso(T). Doing
that leaves only the Leggett corrections due to F;. These may
be included, but they are known to be quite small both in
heavy fermions and in singular Fermi liquids compared to z !
Using Eq. (38), the expression for the normal fluid density
tensor for non-interacting particles is

. F\o. [+ F._ 7" R
Pno(T) = p<1 + ?> Y(T)[l + ?Y(T)} ~ p Y(T).
(39

We may now approximately include the effects of higher
powers of dny(T), as in the renormalization of the specific
heat. Ignoring the small difference between A ,(n) and A,(n),

pn(T) =~ prno(T)lzs(n, THI7', (40)

where the renormalization factor z,(n, T') is given through
Egs. (26)—(28). The measured pn(7T) and C,(T) can be used
to test that the renormalization is by the same z;l (T) in both
quantities.

Zero temperature

We now briefly discuss the zero temperature superfluid
density, which has been a focus of some recent experiments
[7,8] and calculations [9]. For superconductors with elastic
or impurity scattering, including gapless superconductors, the
paramagnetic term is not 0 at 7 — 0, and so the superfluid
density is reduced in that limit. However, there is an additional
contribution in SFL superconductors. The singularity in the
self-energy in the normal state in cuprates leads to the normal
state conductivity oy(w, T'), which is proportional to 1/w
[3,19], which is cutoff at low energies by the impurity scatter-
ing rate and at high frequencies both by the logarithmic cor-
rection to the mass and the ultraviolet cut-off w, in the singular
fluctuation spectra. [Ignoring the necessary high-frequency
cutoff in the predicted scale invariant optical conductivity [19]
has led to peculiar power law [25] fits to the o (w) at high
frequencies by some experimentalists and theorists.] The part
of the paramagnetic conductivity with w >> 2A(T) persists
in the superconducting state down to 7 — 0. To be in accord
with the sum rule on the total conductivity, ps(T = 0) is then
reduced by about

’;—62/ " dw oy (), (41

= ~2A
This is closely related to z;l(T = 0) introduced as a renor-
malization of the mass in the superconducting state at 7 = 0.

Some discrepancies [7,8] were noted recently in the super-
fluid density in overdoped cuprate La,_,Sr,CuOy at various
x. Overdoped cuprates also have paramagnetic conductivity
extending well above the superconducting gap, as befits a
material with a crossover from a singular Fermi liquid to
a Fermi liquid but only for low enough frequencies. The
discrepancies appear to have been accounted for qualitatively
by calculations of the effects of impurities [9] in d-wave
superconductors. We suggest that the considerations above,
including the renormalization of the superfluid density may be
useful in getting quantitative agreement with the experiments.

V. SUMMARY AND CONCLUSIONS

In this paper, we have considered the renormalization of
measurable properties such as specific heat, magnetic suscep-
tibility, compressibility, and superfluid density in the super-
conducting states for metals (in the pure limit), which have
large Fermi-liquid renormalizations (heavy Fermi liquids) in
the normal state or those which are near quantum-critical
points of an order parameter competing with superconductiv-
ity (singular Fermi liquids). The analysis is restricted to situ-
ations in which the self-energy of the fermions is weakly mo-
mentum dependent compared to the frequency dependence.
Many interesting metallic compounds being studied fall into
this category (but liquid He-3 does not). For the case of singu-
lar Fermi liquids, besides the cuprates, rare-earth compounds,
and the superconducting Fe based compounds in the vicinity
of their antiferromagnetic instability also appear to belong
to this category [3]. The signature for this is their common
linear in T contribution to the low-temperature resistivity in
the normal state accompanied by a 7' In T specific heat whose
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Cn(T)/Teo |

0 | | .
T/ Tc TcO T

FIG. 1. Figure illustrating the renormalizations in the specific
heat coefficient C,,/ T, and by the arguments of this paper in other
properties, in a heavy fermion superconductor. The 7 — 0 renormal-
ization of this quantity is similar to the Fermi-liquid renormalization
for T 2 T,. However, due to the depression of 7, due to the large
inelastic scattering and the consequent high AC,/T at the super-
conducting transition, the specific heat decreases rapidly below T,
compared to the noninteracting case. The temperature dependence of
physical quantities is unlike those of the noninteracting power laws
unless measurements are made below 7’, estimated in the paper.

magnitude is consistent with a real part of the self-energy
o @In 2 coming from the entire Fermi surface.

This paper was motivated by excellent experiments, which
were fitted to give power laws over limited temperatures for
various properties in the superconducting states which are
however hard to understand, for instance in Refs. [6]. An
essential result of this work is that fit to a power law should
not be expected, except at very low temperatures, in the
systems being discussed because of the necessarily chang-
ing renormalization with temperature in the superconduct-
ing state. These changes are qualitatively and quantitatively
different for heavy Fermi liquids (i.e., systems with a small
z in the normal state) and singular Fermi liquids in which
z — 0 logarithmically as temperature goes towards 0. In the
latter case, the cut-off in the logarithmic singularity in the
superconducting state introduces new features not found in
the former case. The effect of this persists down to quite
low temperatures. In both cases, the decrease in 7, due to
inelastic scattering of fermions from fluctuations induces a
large jump (in mean-field theory) on the specific heat at
the superconducting transition. To balance the entropy, the
specific heat decreases very rapidly below 7.

The two cases are illustrated by schematic sketches of
Cy(T)/T in this section. In Fig. 1, the heavy-Fermi-liquid
case is sketched. T’ denotes the upper limit of the temperature
below which the power laws are those expected from the sim-
ple noninteracting quasiparticle theory. This is obtained from
Eq. (26). At low temperatures, the A dependence of F(n, A)
is unimportant. 7" is estimated simply from g,C,o(T")/ T’ =~
1. This gives

T ~ A

n+2 [ck(n+2) 2"“—1] 42)

" Agoonn! [ Lr(p+ 1) 2141 =2

FIG. 2. Figure illustrating the renormalization in the specific
heat coefficient C,/ T, and by the arguments of this paper in other
properties, in a singular Fermi-liquid superconductor. Beside the
considerations for heavy-Fermi-liquid superconductors, there is the
additional fact that the continuation of the normal C,/T to low
temperatures has a In(w,/T) singularity. The superconductor must
then have additional temperature dependence to make up the sum
rule on the entropy integrated to 7.

The factors depending on 71 give only O(1) and are not so im-
portant as g;vy. The reduction of T’/ A is inversely as gsvy.
This does not account for the change from the noninteracting
specific heat at higher temperatures due to the larger jump at
T, due to the renormalizations and the reduction 7,/ T given
in Egs. (8) and (7).

In Fig. 2, a singular Fermi-liquid case is sketched. The
normal state specific heat and its extrapolation below T, is
shown as a dashed line. In this case, there is the additional
consideration of the sum rule on the entropy up to 7, that
the singular Fermi liquid C, /T extrapolated to the supercon-
ducting state has a In(w./T) dependence, where w, is the
upper cutoff in the singularity in the normal state fluctuation
spectrum. This will be distributed from low temperatures all
the way to 7. In general then the low-temperature limit of
a pure power law is reduced further below the value given
in (42).

To compare the detailed temperature dependence of the
specific heat with the calculations, it is necessary to use
Eq. (26) and use the procedure given there to estimate the
coefficients. However, given the measurement of one property,
other properties may be obtained more easily. From Figs. 1
and 2, one may estimate z; ' (') using Eq. (27), and estimate
variation in the temperature dependence of other properties,
such as superfluid density or magnetic susceptibility, due to
the changing renormalizations, from the results given above.
A recent comparison of the measured renormalizations in
specific heat and the normal fluid density [26] are consistent
with both being given by the same temperature dependent
factor.

ACKNOWLEDGMENT

One of us (K.M.) is supported by a Grant-in-Aid for
Scientific Research (Grant No. 17K05555) from the Japan
Society for the Promotion of Science.

174501-7



KAZUMASA MIYAKE AND CHANDRA M. VARMA

PHYSICAL REVIEW B 98, 174501 (2018)

[1] A. Larkin, Effect of collective excitations on the electrodynam-
ics of superconductors, Zh. Eksp. Teor. Fiz. 46, 929 (1964)
[JETP 19, 1478 (1964)].

[2] A. J. Leggett, Theory of a superfluid fermi liquid. I. Gen-
eral formalism and static properties, Phys. Rev. 140, A1869
(1965).

[3] C. M. Varma, Quantum-critical fluctuations in 2D metals:
Strange metals and superconductivity in antiferromagnets and
in cuprates, Rep. Prog. Phys. 79, 082501 (2016).

[4] A. J. Leggett, A theoretical description of the new phases of
liquid *He, Rev. Mod. Phys. 47, 331 (1975).

[5] C. M. Varma, Z. Nussinov, and W. Van Saarloos, Singular or
non-fermi liquids, Phys. Rep. 361, 267 (2002).

[6] K. Hashimoto, K. Cho, T. Shibauchi, S. Kasahara, Y.
Mizukami, R. Katsumata, Y. Tsuruhara, T. Terashima, H. Ikeda,
M. A. Tanatar, H. Kitano, N. Salovich, R. W. Giannetta, P.
Walmsley, A. Carrington, R. Prozorov, and Y. Matsuda, A
sharp peak of the zero-temperature penetration depth at op-
timal composition in BaFe,(As;_.P,),, Science 336, 1554
(2012).

[7] L. Bozovic, X. He, J. Wu, and A. Bollinger, Dependence of the
critical temperature in overdoped copper oxides on superfluid
density, Nature (London) 536, 309 (2016).

[8] F. Mahmood, X. He, I. Bozovic, and N. P. Armitage, Locating
the missing superconducting electrons in overdoped cuprates,
arXiv:1802.02101.

[9] N. R. Lee-Hone, V. Mishra, D. M. Broun, and P. J. Hirschfeld,
Optical conductivity of overdoped cuprate superconductors:
Application to La, ,Sr,CuQO4, Phys. Rev. B 98, 054506
(2018).

[10] A.J. Millis, S. Sachdev, and C. M. Varma, Inelastic scattering
and pair-breaking in anisotropic and isotropic superconductors,
Phys. Rev. B 37, 4975 (1988).

[11] P. B. Littlewood and C. M. Varma, Phenomenology of the
superconductive state of a marginal Fermi liquid, Phys. Rev. B
46, 405 (1992).

[12] C. M. Varma, Phenomenological Aspects of Heavy Fermions,
Phys. Rev. Lett. 55, 2723 (1985).

[13] S. Kos, I. Martin, and C. M. Varma, Specific heat at the tran-
sition in a superconductor with fluctuating magnetic moments,
Phys. Rev. B 68, 052507 (2003).

[14] R. M. Fernandes and J. Schmalian, Competing order and nature
of the pairing state in the iron pnictides, Phys. Rev. B 82,
014521 (2010).

[15] T. Shibauchi, A. Carrington, and Y. Matsuda, Quantum critical
point lying beneath the superconducting dome in iron-pnictides,
Annu. Rev. Condens. Matter Phys. 5, 113 (2014).

[16] P. Walmsley, C. Putzke, L. Malone, I. Guillamon, D. Vignolles,
C. Proust, S. Badoux, A. I. Coldea, M. D. Watson, S. Kasahara,
Y. Mizukami, T. Shibauchi, Y. Matsuda, and A. Carrington,
Quasiparticle Mass Enhancement Close to the Quantum Critical
Point in BaFe;As;_,P,, Phys. Rev. Lett. 110, 257002 (2013).

[17] V. Aji and C. M. Varma, Theory of the Quantum Critical
Fluctuations in Cuprate Superconductors, Phys. Rev. Lett. 99,
067003 (2007).

[18] C. Hou and C. M. Varma, Phase diagram and correlation func-
tions of the two dimensional dissipative quantum XY model,
Phys. Rev. B 94, 201101(R) (2016).

[19] C. M. Varma, P. B. Littlewood, S. Schmitt-Rink, E. Abrahams,
and A. E. Ruckenstein, Phenomenology of the Normal State of
Cu-O High Temperature Superconductors, Phys. Rev. Lett. 63,
1996 (1989).

[20] T. V. Ramakrishnan and C. M. Varma, Pairbreaking in super-
conductors near and below antiferromagnetic transitions, Phys.
Rev. B 24, 137 (1981).

[21] D. Pines and P. Nozieres, The Theory of Quantum Liquids
(Benjamin, New York, 1966).

[22] H. Lohneysen, A. Rosch, M. Vojta, and P. Wolfle, Fermi-liquid
instabilities at magnetic quantum phase transitions, Rev. Mod.
Phys. 79, 1015 (2007).

[23] B. Michon, C. Girod, S. Badoux, J. Ka¢marc¢ik, Q. Ma, M.
Dragomir, H. A. Dabkowska, B. D. Gaulin, J.-S. Zhou, S.
Pyon, T. Takayama, H. Takagi, S. Verret, N. Doiron-Leyraud, C.
Marcenat, L. Taillefer, and T. Klein, Thermodynamic signatures
of quantum criticality in cuprates, arXiv:1804.08502.

[24] C. M. Varma, K. Miyake, and S. Schmitt-Rink, London Pene-
tration Depth of Heavy-Fermion Superconductors, Phys. Rev.
Lett. 57, 626 (1986).

[25] D. van der Marel et al., Quantum critical behaviour in a high-7,
superconductor, Nature (London) 425, 271 (2003).

[26] J. F. Ding et al., Renormalizations in unconventional supercon-
ducting states of Ce;_, Yb,Colns, arXiv:1808.10606.

174501-8


https://doi.org/10.1103/PhysRev.140.A1869
https://doi.org/10.1103/PhysRev.140.A1869
https://doi.org/10.1103/PhysRev.140.A1869
https://doi.org/10.1103/PhysRev.140.A1869
https://doi.org/10.1088/0034-4885/79/8/082501
https://doi.org/10.1088/0034-4885/79/8/082501
https://doi.org/10.1088/0034-4885/79/8/082501
https://doi.org/10.1088/0034-4885/79/8/082501
https://doi.org/10.1103/RevModPhys.47.331
https://doi.org/10.1103/RevModPhys.47.331
https://doi.org/10.1103/RevModPhys.47.331
https://doi.org/10.1103/RevModPhys.47.331
https://doi.org/10.1016/S0370-1573(01)00060-6
https://doi.org/10.1016/S0370-1573(01)00060-6
https://doi.org/10.1016/S0370-1573(01)00060-6
https://doi.org/10.1016/S0370-1573(01)00060-6
https://doi.org/10.1126/science.1219821
https://doi.org/10.1126/science.1219821
https://doi.org/10.1126/science.1219821
https://doi.org/10.1126/science.1219821
https://doi.org/10.1038/nature19061
https://doi.org/10.1038/nature19061
https://doi.org/10.1038/nature19061
https://doi.org/10.1038/nature19061
http://arxiv.org/abs/arXiv:1802.02101
https://doi.org/10.1103/PhysRevB.98.054506
https://doi.org/10.1103/PhysRevB.98.054506
https://doi.org/10.1103/PhysRevB.98.054506
https://doi.org/10.1103/PhysRevB.98.054506
https://doi.org/10.1103/PhysRevB.37.4975
https://doi.org/10.1103/PhysRevB.37.4975
https://doi.org/10.1103/PhysRevB.37.4975
https://doi.org/10.1103/PhysRevB.37.4975
https://doi.org/10.1103/PhysRevB.46.405
https://doi.org/10.1103/PhysRevB.46.405
https://doi.org/10.1103/PhysRevB.46.405
https://doi.org/10.1103/PhysRevB.46.405
https://doi.org/10.1103/PhysRevLett.55.2723
https://doi.org/10.1103/PhysRevLett.55.2723
https://doi.org/10.1103/PhysRevLett.55.2723
https://doi.org/10.1103/PhysRevLett.55.2723
https://doi.org/10.1103/PhysRevB.68.052507
https://doi.org/10.1103/PhysRevB.68.052507
https://doi.org/10.1103/PhysRevB.68.052507
https://doi.org/10.1103/PhysRevB.68.052507
https://doi.org/10.1103/PhysRevB.82.014521
https://doi.org/10.1103/PhysRevB.82.014521
https://doi.org/10.1103/PhysRevB.82.014521
https://doi.org/10.1103/PhysRevB.82.014521
https://doi.org/10.1146/annurev-conmatphys-031113-133921
https://doi.org/10.1146/annurev-conmatphys-031113-133921
https://doi.org/10.1146/annurev-conmatphys-031113-133921
https://doi.org/10.1146/annurev-conmatphys-031113-133921
https://doi.org/10.1103/PhysRevLett.110.257002
https://doi.org/10.1103/PhysRevLett.110.257002
https://doi.org/10.1103/PhysRevLett.110.257002
https://doi.org/10.1103/PhysRevLett.110.257002
https://doi.org/10.1103/PhysRevLett.99.067003
https://doi.org/10.1103/PhysRevLett.99.067003
https://doi.org/10.1103/PhysRevLett.99.067003
https://doi.org/10.1103/PhysRevLett.99.067003
https://doi.org/10.1103/PhysRevB.94.201101
https://doi.org/10.1103/PhysRevB.94.201101
https://doi.org/10.1103/PhysRevB.94.201101
https://doi.org/10.1103/PhysRevB.94.201101
https://doi.org/10.1103/PhysRevLett.63.1996
https://doi.org/10.1103/PhysRevLett.63.1996
https://doi.org/10.1103/PhysRevLett.63.1996
https://doi.org/10.1103/PhysRevLett.63.1996
https://doi.org/10.1103/PhysRevB.24.137
https://doi.org/10.1103/PhysRevB.24.137
https://doi.org/10.1103/PhysRevB.24.137
https://doi.org/10.1103/PhysRevB.24.137
https://doi.org/10.1103/RevModPhys.79.1015
https://doi.org/10.1103/RevModPhys.79.1015
https://doi.org/10.1103/RevModPhys.79.1015
https://doi.org/10.1103/RevModPhys.79.1015
http://arxiv.org/abs/arXiv:1804.08502
https://doi.org/10.1103/PhysRevLett.57.626
https://doi.org/10.1103/PhysRevLett.57.626
https://doi.org/10.1103/PhysRevLett.57.626
https://doi.org/10.1103/PhysRevLett.57.626
https://doi.org/10.1038/nature01978
https://doi.org/10.1038/nature01978
https://doi.org/10.1038/nature01978
https://doi.org/10.1038/nature01978
http://arxiv.org/abs/arXiv:1808.10606



