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Low-temperature resistance in metals without inversion center
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The well known quadratic low-temperature dependence of resistance in ordinary metals habitually serves as
the criterium of applicability of the Landau Fermi liquid theory to the description of electron liquid in concrete
material. Such a type of behavior is determined by momentum relaxation due to the electron-electron scattering.
Here I consider this problem in the metals without inversion center. It is shown that the corresponding scattering
time at temperatures much smaller than the spin-orbit coupling is practically temperature independent.
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I. INTRODUCTION

Normal metal resistivity at low temperatures is usually
described by the well known formula

p=po+ AT (1)

This dependence derived by Landau and Pomeranchuk [1]
is determined by the relaxation time due to electron-electron
scattering

1
T2
which is faster than the case of electron-phonon interaction at
temperatures much lower than the Debye temperature

Teph X % 3
The Landau-Pomeranchuk’s relaxation is caused by the inter-
action between electrons. They, owing to the Pauli principle,
can scatter with each other only in a narrow energy layer of the
order of temperature near the Fermi surface. The realization
of dependence (1) in a concrete material is commonly used
as the direct indication of applicability of the Landau Fermi-
liquid theory, and vice versa, a deviation from this dependence
stimulates the search of some physical mechanism responsible
for non-Fermi-liquid behavior.

In neutral Fermi liquid like normal *He the low-
temperature relaxation due to quasiparticle-quasiparticle scat-
tering has the same 1/ T2 dependence that determines the tem-
perature dependence of viscosity, thermal conductivity [2,3],
and the longitudinal spin-diffusion coefficient [4]. The latter
takes place even in *He polarized by an external magnetic
field H where the Fermi spheres of quasiparticles with oppo-
site spins have different radii. Nevertheless, during and after
the scattering processes spin-up and spin-down quasiparticles
remain at a distance of the order of temperature T from their
Fermi surfaces.

Quite a different situation is realized for the spin diffusion
in the direction perpendicular to an external magnetic field
[5,6]. Here, the scattering processes involve all the states
between two Fermi surfaces, and the relaxation time acquires
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the following temperature dependence
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where g is the *He nuclei gyromagnetic ratio. This result has
been obtained [7] making use of the kinetic equation for the
matrix distribution function of Fermi particles [5,8,9] in the
frame of Landau Fermi-liquid theory and does not originate
no matter which violation of it.

Recently there was interest in substances without the center
of inversion [10]. In this case the spin-orbit coupling lifts
the spin degeneracy of the electron energy bands. The initial
Fermi surface splits on two Fermi surfaces for the electrons
characterized by the opposite helicity that is the spin projec-
tion on the direction of the momentum dependent vector of
spin-orbit coupling. The difference of the Fermi momenta of
these Fermi surfaces Akp is determined by the value of spin-
orbital coupling. Like the transverse spin relaxation in the
spin-polarized *He one can expect that in noncentrosymmetric
metals the relaxation time due to electro-electron interaction
have the following form

1
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Here we derive the formula for low-temperature conduc-
tivity in metals without inversion center determined by the
momentum relaxation due to the electron-electron scattering.
It has more complex structure than that given by the sim-
ple relation o  7,.. However, it is also determined by the
combination similar to the denominator of Eq. (5). The spin-
orbital band splitting vp Ak is directly expressed through the
corresponding splitting of de Haas-van Alphen magnetization
oscillation frequencies [11]. Determined experimentally the
typical magnitude of band splitting in many noncentrosym-
metric metals is of the order of hundreds Kelvin [12—14]. This
is much less than the Fermi energy but comparable with the
Debye temperature. Hence at temperatures significantly lower
than the Debye temperature the 72 term in the denominator of
Eq. (5) is proved to be unobservable. The calculations in the
paper are performed under assumption vy Akp <K €.
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The paper is organized as follows. Section II contains the
basic notions of the electron energy spectrum and the equi-
librium distribution in metals without inversion. In Sec. III
the formula for the low-temperature conductivity in noncen-
trosymmetric metals is derived. The solution of the kinetic
equation used in this derivation is obtained in the Appendix
at the end of the paper. The Appendix is divided into two
parts: The first contains the kinetic equation and its general
properties, and the second one is devoted to the derivation
of deviation of distribution function from equilibrium under
an electric field. The conclusion and discussion of obtained
results are given in Sec. IV.

II. EQUILIBRIUM DISTRIBUTION OF ELECTRONS

The spectrum of noninteracting electrons in a metal with-
out inversion center is:

ek)—pl=e®I1+yk)-o, (©6)

where £ (k) = e(k) — u denotes the spin-independent part of
the spectrum measured relative to the chemical potential p,
1 is the unit 2 x 2 matrix in the spin space, & = (0o, 0y, 07)
are the Pauli matrices. The second term in Eq. (6) describes
the spin-orbit coupling whose form depends on the specific
noncentrosymmetric crystal structure. The pseudovector y (k)
satisfies y(—k) = —y (k) and gy (g~'k) = y(k), where g is
any symmetry operation in the point group G of the crystal. A
more detailed theoretical description of noncentrosymmetric
metals is presented in the paper [15]. We shall work with

isotropic spectrum e(k) = % and
y(k) = yk, (N

compatible with the 3D cubic crystal symmetry. Here y is a
constant. The calculations with anisotropic spectrum and y (k)
corresponding to other crystal symmetries are much more
cumbersome but do not qualitatively change the results.

There are two Fermi surfaces determined by the equations
§:(k)=0 ©)

with different Fermi momenta

kps = Fmy +/2mp + (my ) (10)
and common value of the Fermi velocity
d(e £ yk) ~ 21
F= |tk = K/ — + 72, (1)
ok m

here k is the unit vector along momentum k.
The matrix of equilibrium electron distribution function is

. ny+n_. ny—n_
Ay = 1+ y-o, 12)
2 2|y
where
1 (13)
Ny = ———
S

are the Fermi functions. Near the corresponding Fermi
surfaces the dispersion laws are

§r ~vpk —kpt) =6 — iy, (14)

with

e =vrk, pxr=vpkry, py—p-="2mvpy. (15)

III. CONDUCTIVITY

The matrix of nonequilibrium distribution function is the
sum of the scalar and the spinor parts

The eigenvalues of the matrix (6) are n= %[f i+g-0l (16)
Er(k) =&(k) £ |y (k). 8) The current density is
J
. ’k; 98(ky), 1 P’k (9E(ky) | dy(ki)-o -
j=eTr S A @y \ ok, ok, )(3f(k1)1 +égk;) o)
d’k; [k
=e W(Zaf(kl) + V5g(k1)>~ (17)
Here,

8f=f—(my+n-), (18)
bg=g— Ly —n) (19)

[y

are the deviations of scalar and spinor distribution functions from the equilibrium distribution function. The derivation of them
from the kinetic equation performed under assumption vy Akr < e is presented in Appendix B. They are

4e iy +ni-)
Ki)=—— . 2
3f (ky) Ao T ) vy 30, , (20)
de a1y —np-) o (ny —np) ~on :|
jgky)) = — = k E—-(E- -k)ky)|, 21
g(ky) nm3[WOI|(el)—W012]|: 3o, 1+ ™ (E—( Dkp) 2D
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where the integrals I;(¢1), I, are given by Eqgs. (B21) and (B24). Substituting these expressions in Eq. (17) we obtain

. 4 Noykpy + No_krp— Noyvp No_vp d’k; nip—np- E
1= 3am { Wl [[Woll(m) —Wob]  [Woli(u_)—Wohal ) @) ki[Woli(er) — Wolz]“
(22)
where Noy = \/M /2m? are the density of states at the corresponding Fermi momenta. Thus, the conductivity is
o— 4e? {UF N0+ij-+NO—kF— N [ _ Noyvr o No_vF B d’k, My T ]}
3em? mWoli (i) (Woli(py) —Woblal  [Woli(p—) — Wolz] ) k[Wol (1) — Wola]
(23)

It consists of two parts: The first line corresponds to the linear
in field deviation of the scalar part of the distribution function
whereas the second line originates from the deviation of the
spinor part of the distribution function.

In the absence of spin-orbit interaction y = 0

Lpy =p)=2xT)y, L=0, (24)
we come to the Landau-Pomeranchuk temperature
dependence of conductivity

4e*viNy 1
= 2 F0 25)

U —_— - -~ .
3m3m3W, T2

On the other hand at finite Fermi radii splitting
|+ — p—| > T the integrals

Lipy)=L(po) o< b oc (uy — po)? (26)

are practically temperature independent and the conductivity
is determined by the temperature independent Eq. (23).

IV. CONCLUDING REMARKS

We have derived the low-temperature conductivity in the
metals without inversion center determined by the momen-
tum relaxation due to electron-electron scattering. Unlike the
center-symmetric metals the conductivity in the materials with
the space parity violation proved to be temperature inde-
pendent so long as T < vpAkp < er. The physical reason
for this behavior is that in noncentrosymmetric metals the
processes of relaxation are determined by all the electronic
states in between the Fermi surfaces split by the spin-orbit
coupling.

At y = 0 the Landau-Pomeranchuk electron-electron scat-
tering rate determining the conductivity Eq. (25) is

— "~ @7

where V is the amplitude of screened short range potential of
the electron-electron interaction. At low temperatures, when
the quasiparticles energy & counted from the Fermi energy is
of the order of temperature, the inequality 1/7,, & £2/ep < &
serves as the base of the Landau Fermi liquid theory.

The corresponding scattering rate at finite Fermi radii
splitting |u4+ — pu—| > T determining the conductivity
Eq. (23)is

2 2
1 V_z(m “-) ' 28)
Tee Er EF

(

So, the condition 1/t,, o (U4 — p— )2/81: « €& is fulfilled for
not arbitrary small & values. Thus, the problem of a lifetime
of quasiparticles interacting by the short range potential in
metals without inversion center demands further investigation.

The presented calculations made for the noncentrosymmet-
ric metals with cubic symmetry. In this case the spin degener-
acy is completely lifted, and the low-temperature dependence
of resistivity due to electron-electron scattering is

Pee — Pee(T = 0) o T2 (29)

In less symmetric materials the degeneracy of states is also
lifted everywhere besides isolated points where the two split
Fermi surfaces touch each other as this is the case in the metals
with tetragonal or tetrahedral symmetry (see Ref. [15]). This
residual degeneracy can lead to the negligibly small temper-
ature dependent correction to the 72 temperature dependence
of resistivity originating from the electron-electron scattering.

In a metal without inversion center the total resistivity at
zero temperature consists of two parts originating from resis-
tivity due to electron-electron scattering and due to electron
scattering on impurities

P = Pee(T = 0) + Pimp- (30)

The resistivity due impurity scattering is proportional to im-
purity concentration Qjmp X Rimp. Thus, the zero temperature
resistivity due to electron-electron scattering p..(7 = 0) can
be experimentally found by the measuring of low temperature
resistivity p(nimp) at several finite impurity concentrations
with subsequent taking the formal limit

Pee(T = 0) = p(Rtimp — 0). €19}

APPENDIX A: KINETIC EQUATION

The kinetic equation for the matrix distribution function of
electrons derived by V. P. Silin [8] is

E)ﬁl .[A N ]+ 1 891 aﬁl n Bﬁl 821
— —1i[&,n - —— 4 ——
3t PEET O\ 0Kk, ar T ar okg
1 /98, 8n,  dA, 8% .
=+ ——) =1, (A1)
2\ or 9k, ' 9Kk, or

where [£1, 7] is the commutator of & = &(ky) and 71, =
fi(k;). We put i = 1. The integral term for particle-particle
collisions in the Born approximation was derived by Silin
(Ref. [9]) and Jeon and Mullin (Ref. [5]). Including the
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Umklapp processes of scattering it is

A k" d’k,
— 3k ,
1_2n/d /(2;1)3(271)35 S(e1 +er—& —e&")

, , 2mrm\ .
x6<k1+k2—k —k" - )F (A2)
a
where 22 js a vector of reciprocal lattice,

F SWHIA, (1 = AD)LTr((1 — Az)n")

—[(A =2, a1, Tr(ap(i — A")))

+ 3 Wo{lA' (1 — Aa”, (1 — A+

— [0 = A — A", Arl4). (A3)

Here [A, I§’]Jr means the anticommutator, and the fol-
lowing designations #’ = 7i(k’), ¢’ = e(k’) etc. are intro-
duced. In the isotropic Fermi liquid like *He W, =

J

=—wo > AP =) = nyn — (1
A v, T
— [, (1 = na)ny (1 = nie) = (1 = njna, (1

- n;)nlun%}(l

—nni. (P Py, P Py + Py, P[P, P}

[V(ki =KD, W ==V(k —K)V(k —k"|) are ex-
pressed trough the Fourier transform of the quasiparticles po-
tential of interaction. The latter in concrete metal is unknown,
and due to charge screening we put them as the constants:
Wy = Wo/2, W =—Wy/2.

The matrix of equilibrium electron distribution function is

o= Piny + P_n_, (A4)
where
y(k) o
Pi(k )— = (A5)
* 2 F 2y m)

are the projection operators such that
Pl=Py, PP =P P =0 P +P =1

The substitution of equilibrium distribution Eq. (A4) causes
the collision integral to vanish. Indeed, substituting Eq. (A4)
to Eq. (A3) we obtain

— )| (B Py + Pr B Tr (P P

(A6)

The substitution of this expression into Eq. (A2) yields zero because the combination in square parenthesis

() (1 = ny,)(1 = ngy)n — (1 — nf)ny,na, (1
g1 t+e=¢+¢".

— n4.)]1is equal to zero at arbitrary A, u, v, T = % due to the energy conservation

The conservation laws of total particles number f (d;Tk)gTr(ﬁl ), spin f (d;Tk)'sTr(aﬁl ), momentum f %Tr(klﬁl), and energy
f &Tr(é(kl)ﬁl) are satisfied. The check of their validity using Eqgs. (Al), (A2), and (A3) belongs to that category of

(2m)*

calculations which are more easily done independently than by following their development.

APPENDIX B: DEVIATIONS OF DISTRIBUTION FUNCTIONS FROM THE EQUILIBRIUM DISTRIBUTION

In a constant electric field the stationary kinetic equation acquires the form

E.
ok,

A= 1. (B1)

The matrix Fermi distribution function is convenient to represent as the sum of the scalar and the spinor parts

=—[f1+g al

3 )
E.- -2\ f =1ri.
(e 8k1)f1 "

d “
E- — |g =Tr(ol),
(6 3k1>g1 r(ol)

The kinetic equations for this function are

where (see Ref. [5])

/d3k, PR dPk,

A T
Tri = —W,
' 0 QY @y

2

1
><{[f/—i(flf/+g1'g/):|[f”—

28(81 +e—g — s”)5<k1 +ko—k —K' —

(B2)

(B3)

(B4)

2rm
a

1 1 1
E(fzf” +g- g”)] - |:f1 - E(flf/ + g1 'g’)} |:fz - E(fzf” +g- g”)]

1 1 1 1
—[g/ - E(f/gl + flg’)} . [g” - z(f”gz + fzg”)] + [gl - E(f/gl + flg’)} : [gz — E(f”gz + fzg”)} } (B5)
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Tr(ol) = 2W, /dSk/ d3k”&25(8 te—e — ek 4k — K — K — 2
= ) 0 (27_[)3 (27_[)3 — 1 2 1 2 a

1 1 1 1
x H: " E(fzf” +8&- g”)] [g’ - E(f/gl + flg/):| - [fz - E(fzf” +&- g”):| [gl - E(f/gl + /i -g’):|
1 1 1 1
—[f/ - E(flf, + g -g’)} |:g” - E(f”gz + fzg”)} + |:f1 - E(flf/ + g1 ~g/)} |:gz - E(f”gz + fzg//)}

1
+ 5[(g1 g —g)—(g-g)g —g)+ (@ g)g — gz)]}. (B6)

In the process of derivation of these equations it was important to keep all the integrations in the collision integral which allows
us to demonstrate the vanishing of its imaginary part due to symmetry k' <> k”.

Now, integrating over d°k’ we liquidate the § function of momenta. Following usual linearization procedure we substitute in
the left hand sides of Egs. (B3) and (B4) the equilibrium distribution Eq. (12), and on the right hand side we leave only the terms
linear in deviation from equilibrium distribution. Thus, we obtain the linear integral equations for the functions

8f=f— (g +n_), (B7)
sg =g |:—|<n+ —n). (BS)

To establish the parametrical dependence of relaxation time we don’t need, however, to solve this difficult problem. For this
purpose it is enough to keep only the terms with §f; and g, neglecting other terms containing &f’, g’ etc. This is a sort of
relaxation time approximation. Thus, we come to the following equations

d _ dk” dk
1 (n14 +m ):—ZW[ 2

E. dky
ey 3¢, 47 Qny any

(1 +6,—¢ —¢")

1 1 1
X ”:fo/fo”(l - §f02> + <1 - zfé) (1 - Efoﬁ>2f02]5f1 — 802 - 808f1 + (fy — foo)g, - 88

—(8) — 802) - 88f1 — 2 — fo — fo)8o2 - 881 — (fy — fo2)gg - 881 } (B9)
E.v iy —m-) Kk (ny —ny) _ (eE - kpk;
Y e Ik Ik | K

T dk” dk; / 1" Y 1 1 ’ 1 ”
= _ZWO mm&& +te—¢ —¢ )Hfo 0 (1 - Efoz) + (1 - Ef()) (1 -3 0>2f02:|5g1

— 802 - 80081 + (fy — fo2)808/1 — (8 — 802) f'8/1 — (2802 — f'802 — f280)8f1 — (8 — &) - gé;r?gl}. (B10)

Several terms in Eqs. (B9) and (B10) vanishes at integration over directions of momenta. Other subintegrand terms like o
(f" — f2)g" - 8g; cancel out due to antisymmetry in respect of interchange of arguments &, <> ¢”. We obtain

E 8(nlJr +n17) b/ W dk” de (S( + / //) f/f// 1 1f + 1 lf/ 1 lf// 2f (Sf
eE-vj———— = —— ————08(e1+e—¢& —¢ - = - = - =
T e 47 Qry eyttt T 0Jo 270 270 270 J=/0z (o1
(B11)
oy —ni-) ki (mp —npo) (eE - kpk; T dk” dk, P
E.y A=) A TR g R L Ty, | 2 SR -
P T k| \° K2 20 ] eyttt e
/ " 1 1 / 1 1" / "
X {fofo <1 - §f02> + (1 — §f0> <1 - 5f0>2f02 —-g)- go}Sg]. (B12)

Following the procedure of Ref. [3], reproduced in Ref. [16] in a somewhat different manner, we reexpress the integration over
k” and k, as

3

PRk ~ — " de"derde' sin 0d0dpdd,. BI3
2 3 c0s@/2) e"deyde’ sin pdp (B13)

Here 6 is the angle between k; and k», ¢ is the azimuthal angle of k, around direction Kk;, and ¢, is the angle between the planes
(kq, k) and (k’, k”). Due to the Fermi surfaces separation this formula is valid within an accuracy of the terms of the order of
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ykp /. Taking into account the § function of energies we can integrate over ¢’ and using the equality &' = ¢; + &, — &”, we
come to the equations

8(1’1 +I’l_) T~ " ! gl l 1 / 1 "
eE - VIHTII - —ZWom3/ds daz{fofo (1 — E.fm) + (1 - Efo) <1 - §f0>2f02}8f1, (B14)
d(niy —ni2) Ky (niy —ni-) (eE - k1K,
eE-vi———M— eE — 5
0e K| K] kj
T s 3 " 1ot 1 1 ’ 1 7
= _ZWOm de"dery fofo | 1= Efoz +(1- Efo 1 - 570 2 fo2 (081
0
T ) p cos 5d0dpdey
+ T wom / de"de» / e R T (B15)

where Wy = W, f cos %d@d(bd(pz /Qm ). These equations contain the integral

1 1 1
Ii(ey) = /dENd82{f6 6/<1 - Efoz) + (1 - Ef(;) (1 ) o”>2f02}
1
=3 Z /da"dSz{n;n;i(l —ng,) + (1 = )1 —nj)na}, (B16)
VNTRY

where the indices A, u, v = +.
Let us calculate one particular term in this sum

I/d//d / //(1 ) 1T2/dd 1 1 1
- I3 en_n —n = - X
2 At T ) = 5 Vet flev +1e + 1
1 te +x 1 1, 7m%+1?
— 124 = _712 tu(ty). B17
2 /xe’++x+le—x+1 2 5 ) (B17)
Here
& — [y e — g £1 — 4
=2 My = M =2 B18
X T y T + T (BI8)
and
(t)= — B19)
n = —
+ e+ + 1

is the Fermi distribution function. Similar integration in all the other terms yields

] /) /)
Li(g)) = 3 Z /ds "dey{nin,(1 — nay) + (1 = nf0(1 — n))nay |

TR
= %Tz{[nz +20n(t) + [0 + (0 — k)Pt — 1) + [+ (1 + 1) Tn ey + ) + [ + 21n) + (702 + 1 n ()
0+ (- =) In( — ) + 77+ (- + ) I +10) + [0 + 2 1)} + (te = —tx, 6 = —K)
= iTz{[n2 + 21+ [ + (g — )M+ [+ (14 + )P+ [72 + 2]
+ I+ 2T+ [+ (- — P+ [0+ (- + 1)+ [+ 22]), (B20)
where we used the notation k = (4 — @—)/T. Finally we obtain
Lien) =20T) + (&1 — ) + (61 — o) + (g — o). (B21)
Thus, the deviation of the scalar part of distribution function from its equilibrium value is

4e E.v 3(n1++n1,)'

§ : B22
aWemdli(er) | de (522

5fky) = —
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The second integral in Eq. (B15) is

cos 2d0dpdp,
L= /ds/’d82[2(27(g6'g3)

B /dg,,dg / cos $d0dpde, k, +k, — kK’ — 2mm/a K
- : ki +k» — K’ —27m/a| K|

(27)°

(ng, —no_)(ng, —ng_). (B23)

The analytic calculation of this integral is impossible. However, at u* — u_ it tends to zero as oc(u™ — p_)>. We will treat this

integral as energy and momentum independent constant

L~ (ut —po) (B24)
Thus, the deviation of the spinor part of the distribution function from its equilibrium value is
4e d(nyy —np-) o (n1+—n1_) NN i|
sgk)) = — = E-v ki + E—(E -k)ky)]|, B25
B = ol e - Wolz][ R T Bk B2

where k| = ‘t—:‘
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