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We analyze the detailed structure of topological edge mode protection occurring in hexagonal quantum spin
Hall (QSH) materials. We focus on bismuthene, antimonene, and arsenene on a SiC substrate, which, due to
their large bulk gap, may offer new opportunities for room-temperature QSH applications. While time-reversal
symmetry is responsible for the principal symmetry protected character of QSH states, the hexagonal edge
terminations yield further aspects of crystal symmetry which affect the topological protection. We show that
armchair QSH edge states remain gapless under an in-plane magnetic field in the direction along the edge, a
hallmark of their topological crystalline protection. In contrast, an out-of-plane magnetic field opens a gap of the
order of a few meV within realistic ranges of the parameters. We use these intriguing signatures of armchair QSH
edge states to predict experimentally testable fingerprints of their additional topological crystalline character and
their helicity emerging in tunneling spectroscopy and ballistic magnetotransport.

DOI: 10.1103/PhysRevB.98.161407

Introduction. Dissipationless edge currents in quantum
spin Hall (QSH) systems offer unique opportunities for novel
device applications [1]. However, one of the main limit-
ing factors of QSH materials is their small bulk band gap
requiring cryogenic temperatures [2–5]. In this context, a
major step towards the realization of room-temperature QSH
applications is bismuthene [6], that is, Bi atoms arrayed
in a honeycomb lattice, on a SiC(0001) substrate (Fig. 1).
Here, the SiC substrate stabilizes the two-dimensional (2D)
layer of Bi atoms and shifts the pz orbitals of Bi away
from the low-energy sector. As a consequence of this orbital
filtering, the low-energy physics of the system is governed
by the Bi px and py orbitals [7–9], which in turn give
rise to a large atomic on-site spin-orbit coupling (SOC).
Such a mechanism, also predicted for Sb or As on a SiC
substrate [10], does not only allow for significantly larger
bulk gaps (∼0.8 eV) compared to HgTe [3,4,11–14] and
InAs/GaSb [5] quantum wells (QWs) or WTe2 [15–17] layers,
but also compared to other hexagonal layers predicted to ex-
hibit helical states, such as jacutingaite [18], silicene [19–22],
germanene [19,23], stanene [24,25], [(Bi4Rh)3I]2+ [26,27], or
graphene on WS2 [28,29].

In QSH systems, time-reversal symmetry (TRS) prevents
helical edge states from mixing and gives rise to a protected
crossing point in the edge spectrum and a quantized longitu-
dinal conductance. If TRS is broken by an in-plane magnetic
field, z-spin-polarized QSH states are expected to mix and a
significant gap opens in the edge states [2,3,30]. In contrast, a
perpendicular magnetic field Bz (see Fig. 1 for the coordinate
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FIG. 1. (a) Schematic representation of a bismuthene layer on a
SiC substrate. (b) Brillouin zone and nanoribbon k spaces, denoted as
kx and ky for ZZ and AC nanoribbons, respectively. The projections
of the high-symmetry points to the nanoribbon k spaces are shown
in (b). (c) AC and (d) ZZ edges and the effect of the reflection
symmetries on the A and B sublattices.

axes) mixes opposite helicities only indirectly via Rashba or
Dresselhaus SOC [30,31]. Hence, in the presence of small
Rashba and Dresselhaus SOC, nearly gapless helical edge
states persist for finite Bz in the ballistic limit. This occurs,
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for example, in QW-based QSH systems, such as symmetric
HgTe QWs [32–37].

In this Rapid Communication, we investigate the hierarchy
of topological protection in general hexagonal QSH systems
with particle-hole symmetry (PHS). We find a generic topo-
logical crystalline protection arising from the interplay of
PHS and reflection symmetry along the armchair (AC) edge
[Figs. 1(c) and 1(d)]. This topological protection manifests it-
self in gapless AC edge states for any direction of the magnetic
field B. In contrast, zigzag (ZZ) QSH edge states show a finite
gap opening for any direction of B [2,38,39] due to breaking
of the reflection symmetry responsible for this protection.
Remarkably, even after breaking all symmetries of the system,
nanoribbons with AC QSH edge states exhibit a suppressed
gap, reminiscent of their topological crystalline protection.
We apply these results to bismuthene, antimonene, and ar-
senene on SiC with well-controlled AC edge termination [40].
This allows us to predict experimentally testable signatures of
topological crystalline protection and QSH edge-state helicity
in these materials and provides an alternative to nonlocal
resistance measurements [13,14] for the confirmation of their
topological nature.

Model. We use an 8 × 8 tight-binding (TB) Hamilto-
nian describing the low-energy physics of bismuthene, anti-
monene, and arsenene on SiC [6,10]. For practical purposes,
we henceforth use bismuthene parameters [6]. This Hamilto-
nian is dominated by the Bi px and py orbitals, localized either
on the A or B sites of the honeycomb lattice [Fig. 1(a)] and
carrying spin s = ↑ / ↓,

H =
(

H↑↑ H↑↓
H↓↑ H↓↓

)
, (1)

with the basis |pA
x↑〉, |pA

y↑〉, |pB
x↑〉, |pB

y↑〉, |pA
x↓〉, |pA

y↓〉, |pB
x↓〉,

|pB
y↓〉. Here, the spin-diagonal blocks

H↑↑/↓↓ =

⎛
⎜⎜⎜⎜⎝

0 ∓iλSOC hAB
xx hAB

xy

±iλSOC 0 hAB
yx hAB

yy(
hAB

xx

)∗ (
hAB

xy

)∗
0 ∓iλSOC(

hAB
yx

)∗ (
hAB

yy

)∗ ±iλSOC 0

⎞
⎟⎟⎟⎟⎠ (2)

contain nearest-neighbor hopping terms (in reciprocal space)
hAB

ij = hAB
ij (k) between sublattices A and B parametrized by

Slater-Koster integrals [41]. Crucially, Eq. (2) also includes a
large effective on-site SOC between the px and py orbitals,
λSOC = 435 meV, responsible for a large bulk band gap at the
K/K ′ points.

In addition, Rashba SOC enters in the off-diagonal terms
H↑↓, mixing both the spin and sublattice degrees of freedom.
This term is proportional to the coupling constant λR and
lifts the degeneracy of the valence bands at K/K ′, resulting
in a valence band splitting of 12λR ≈ 0.4 eV, also observed
experimentally [6]. For the specific form of H↑↓, we refer to
Refs. [6,41].

Magnetic fields induce orbital effects [Peierls phase in
Eq. (1)] and the Zeeman term

HZ = μxBx + μyBy + μzBz. (3)

FIG. 2. Dispersions of (a) ZZ and (b) AC nanoribbons with a
width of Nx/y = 100 lattice sites for Bx = 10 T. Insets in (a) and (b)
show the gaps �zz and �ac opened between the QSH edge states at
finite Bx . (c) and (d) show the dependence of �zz and �ac on Bx and
By . Note that �ac is multiplied by a factor 100. Here, aac = √

3a is
the length of an AC unit cell and K∗

ac is shown in Fig. 1(b).

We compute HZ by applying Löwdin perturbation the-
ory [42,43] around the K point to an ab initio-based 52 × 52
Hamiltonian [44–50] and downfolding this Hamiltonian to the
eight bands of our TB Hamiltonian (1). In Eq. (3), the mag-
netic moments μx/y = g‖μB1 ⊗ sx/y/2 are 8 × 8 matrices,
μB is the Bohr magneton, g‖ ≈ 2, si are spin Pauli matrices,
and 1 is the 4 × 4 unit matrix. μz is also an 8 × 8 matrix (see
Ref. [41]), which has a nondiagonal spin structure because the
higher-energy bands are spin quantized along different axes
than the eight bands of our TB model.

Testing the topological protection. We diagonalize the AC
and ZZ nanoribbon Hamiltonians obtained from the corre-
sponding discretization of the bulk Hamiltonian given in
Eqs. (1)–(3) [41]. We observe (not shown) that in the absence
of Rashba SOC, λR = 0, the action of an in-plane magnetic
field (B‖) always opens a gap in QSH ZZ edge states, while
it never does for QSH AC edge states. In turn, for λR = 0,
a magnetic field along the AC edge does not open a gap,
while a finite �ac, two orders of magnitude smaller than �zz

[Figs. 2(a) and 2(b)], opens for the other direction of B‖. This
strong dependence of �ac on the direction of B‖ can be seen
in Fig. 2(d), very different than for ZZ edges [Fig. 2(c)].

In order to understand these numerical observations, we
study the symmetry class and the topological invariant of
Eqs. (1)–(3) with λR = 0 and B‖ = 0. The presence of B‖
breaks TRS, leaving only PHS. Then, H belongs to sym-
metry class D. In addition, crystal symmetries, including
reflection, rotation, etc., can modify and/or extend the tenfold
classification of topological insulators, leading to so-called
topological crystalline insulators [51–56], observed by sev-
eral groups [57–60]. Here, the bulk Hamiltonian exhibits
two reflection symmetries R(x) and R(y), acting on the
Hamiltonian as

R(i)H (k)R−1(i) = H (k), (4)
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where i = x, y, k = (kx, ky ), and k is equal to k except for
its ith component, which is reflected (ki → −ki). The key
difference between R(x) and R(y) is that R(y) ∝ σx mixes
A and B sublattices (σi are Pauli matrices in sublattice space),
while R(x) ∝ σ0 is diagonal in this subspace. Following a
standard procedure, we find that only the combination of PHS
and R(y) leads to a nontrivial mirror topological invariant,
the mirror Chern number MZ2 [41,53,61,62]. However, why
are ZZ nanoribbons showing an opening of a gap? At this
point, it is important to realize that not all boundary conditions
are compatible with R(y). Indeed, ZZ boundary conditions
(∝σz) do not preserve R(y) ∝ σx and thus, B‖ can open a
gap. In turn, R(y) is compatible with AC boundary conditions
and therefore the resulting crossing is topologically protected
against B‖ [41].

The crystalline topological protection discussed so far can
be extended to all hexagonal QSH materials exhibiting PHS,
such as the Kane-Mele Hamiltonian. Note, however, that PHS
is present only approximately in practice. In the presence
of terms breaking PHS, we expect B‖ to open a gap. In
bismuthene, the main contribution breaking PHS is Rashba
SOC. Thus, we now estimate �ac opened by B‖, when λR =
0. To do so, we expand Eq. (1) around K/K ′ [41], yielding
Heff = H0 + HR, with the spin-diagonal contribution

H0 = h̄vF(qxσxτz + qyσy ) + λSOCσzszτz, (5)

and the nondiagonal contribution due to Rashba SOC

HR = 3λR(σxsyτz − σysx ) +
√

3qyaλR(σxsx + σysyτz),
(6)

where qx and qy are momenta measured from K/K ′, vF is the
Fermi velocity, and σi , si , and τi are Pauli matrices for sub-
lattice, spin, and valley, respectively. Here, the basis is given
by {|τ ipB

x + pB
y 〉, |τ ipA

x + pA
y 〉}, with τ = ±1 corresponding

to the K/K ′ valleys.
Analytical results determined from Heff with AC boundary

conditions [63] show no gap opening due to μyBy because
this direction is (trivially) protected by reflection symmetry
R(y) = σxsy , which takes the role of the helicity operator
here. In turn, a Zeeman term in the x direction opens a
second-order gap in λR, scaling as [41]

�ac ≈ 3
√

3aλ2
R

λSOCh̄vF
μBBx ∼ 10−2μBBx. (7)

Both responses to μxBx and μyBy are in good agreement
with numerical observations and explain the results shown in
Fig. 2(d), where, for example, Bx = 10 T (μBBx ∼ 0.6 meV)
yields �ac ≈ 7 μeV. Remarkably, even after breaking all
symmetries, AC QSH edge states show gaps two orders
smaller than those at ZZ edges for in-plane fields.

Following a similar reasoning, μzBz together with HR

can also open a gap since both contributions break PHS.
Here, μzBz dominates the gap opening due to its nondiagonal
structure. Thus, we find comparable AC and ZZ gaps of
around a few meV for Bz = 10 T (�ac ∼ �zz, see Fig. 3).
Both �ac and �zz exhibit a Bz-linear dependence with slopes
of around 0.2 meV/T. This is the usual behavior expected also
for QSH insulators with strong Rashba SOC-like InAs/GaSb
QWs [5]. Next, we study signatures of �ac and �zz and

FIG. 3. Dispersions of (a) ZZ and (b) AC nanoribbons with
Nx/y = 100 lattice sites for Bz = 10 T. The insets in (a) and (b) show
the gaps �zz and �ac opened between the QSH states at finite Bz.

the topological nature of the QSH states in experimentally
accessible quantities.

How to detect the topological nature of the edge states.
In Fig. 4, we show the edge local density of states (LDOS)
computed from the TB model as a function of energy for
ZZ and AC nanoribbons. At B = 0, the linear dispersion of
the edge states gives rise to a flat LDOS. At finite B, a dip
corresponding to �ac or �zz arises in the edge LDOS, while
away from this gap, the edge LDOS is not significantly altered
even for B = 10 T. Depending on the broadening limited by
the parameters of the experimental setup, such as temperature
T , �ac and �zz can be resolved in LDOS measurements. With
�ac and �zz of a few meV, predicted at B = 10 T for ZZ (any
B) and AC ribbons (Bz), we expect that such gaps could be
measured experimentally. This is illustrated in Figs. 4(a) and
4(b), where we have chosen a broadening � = 50 μeV. Note
that the opening of the gap in Fig. 4(b) occurs away from
E = 0 due to Rashba SOC breaking PHS. Remarkably, for
AC QSH edge states we predict a tiny nonmeasurable gap of
7 μeV (≈80 mK) with Bx and no gap for By and consequently
a constant signal in the LDOS for both cases. Employing
scanning tunneling spectroscopy [6] to monitor the LDOS
for different B orientations, the distinct behavior of AC QSH
edge states could serve as a smoking gun to distinguish these
states from trivial Rashba edge states, such as those observed
in bismuth thin films [64]: For the latter, one would expect
a dip in the LDOS as a function of E, independent of the
orientation of B, whereas the LDOS of AC QSH edge states
exhibits different responses to in-plane B (flat LDOS) and
out-of-plane B (dip in LDOS).

FIG. 4. Edge LDOS of (a) ZZ and (b) AC nanoribbons with
Nx/y = 100 lattice sites close to E = 0 for zero and finite B. In-
sets (c) and (d) show the edge LDOS at B = 0 in a wider energy
window. We use a Lorentzian broadening � = 50 μeV in (a) and (b)
and � = 5 meV in (c) and (d).
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FIG. 5. Conductance G of a single AC edge as a function of the
Fermi energy EF for (a) Bz = 10 T and (b) Bx = 10 T with two
scalar or magnetic impurities present at the edge. (c) Dependence
of G on Bz for EF = 17 meV and two impurities. In all panels, the
impurities are separated by dimp = 100 nm from each other and have
a strength of Vimp = 10 eV Å each in (a) and (b) and Vimp = 5 eV Å
each in (c). (d) Schematic edge-state dispersion with �ac opened due
to finite B [see (a) and (b)] and schematic spin expectation values
〈s〉. Note that the actual values and directions of 〈s〉 depend on the
strengths of B and Rashba SOC.

If we focus on a larger energy window, the ZZ edge LDOS
also exhibits a clear asymmetry arising from the Rashba-split
valence bands. In addition, we can observe signatures of
the reduced (1D) dimensionality of the edge states: The van
Hove singularities result from bending the linear-dispersion
edge state into the continuum as shown in Fig. 4(c) [compare
Figs. 2(a) and 3(a)]. Moreover, we observe qualitative dif-
ferences comparing the LDOS for AC and ZZ edges. While
the AC edge LDOS increases for energies outside the bulk
band gap [Fig. 4(d)], the ZZ edge LDOS drops significantly
at these energies [Fig. 4(c)]. This behavior reflects the fact
that AC edge states do not immediately merge with the bulk
states at the band edges [compare Figs. 2(b) and 3(b)]. Hence,
measurements of the edge LDOS can also elucidate the nature
of the boundaries, even at B = 0. Indeed, our results for the
AC edge LDOS in Fig. 4(d) are qualitatively similar to the
LDOS observed experimentally [6].

Another quantity exhibiting signatures of �ac or �zz and
the spin polarization/helicity of the QSH edge states is the
magnetoconductance G in the ballistic regime, shown in
Fig. 5. Here, we compute G of a single AC edge at finite B via
the Fisher-Lee relation [41,65]. In the absence of impurities,
the conductance of a single AC edge is perfectly quantized at
e2/h inside the bulk gap for B = 0. This quantization remains

for finite B, even if scalar impurities are included [66]. The
conductance deviates from its quantized value only for the
energy window corresponding to the B-induced �ac, where
eventually G drops to zero [Figs. 5(a) and 5(b)]. Here, no
propagating states are available as illustrated in Fig. 5(d).
If both B and scalar impurities are present, we observe a
small reduction with respect to e2/h close to the gap opening
[Fig. 5(a)]. This small deviation reflects the fact that the
counterpropagating states are not perfectly spin polarized and
can thus scatter even at scalar impurities for a Fermi energy
EF around �ac at finite B. The suppression of G close to
the gap is also shown in Fig. 5(c), which monitors the Bz

dependence of G at fixed EF .
The presence of magnetic impurities significantly reduces

G, for both B = 0 and finite B, independent of the B
direction [dashed blue lines in Figs. 5(a)–5(c)]. Here, G

decays exponentially with the number of magnetic impuri-
ties [41]. Similar to HgTe QWs [33], G exhibits Fabry-Pérot-
type oscillations if multiple magnetic impurities are situated
at the edge [Figs. 5(a) and 5(b)]. The behavior of G due
to impurities, which could be measured in a two-terminal
setup, allows us to distinguish between QSH and trivial edge
states, since for the latter G would not be quantized, even at
B = 0.

Outlook. We study the hierarchy of topological protection
in general hexagonal QSH systems with PHS. We find a
generic topological crystalline protection arising from the
interplay of PHS and reflection symmetry along AC edges.
This topological protection manifests itself in gapless AC
edge states for any direction of B. In contrast, ZZ boundary
conditions break the reflection symmetry responsible for this
protection and give rise to more usual QSH edge states with
a finite gap opening for any direction of B. Remarkably, even
after breaking reflection and PHS, AC QSH states show a
suppressed gap, reminiscent of crystalline protection. This
special behavior of QSH edge states in B opens the possibility
for testing crystalline topological protection and spin helicity
in new candidates for QSH systems such as bismuthene,
antimonene, and arsenene on SiC. Further, our results have
potential applications in spintronics to manipulate/switch spin
currents and hybrid superconductor/honeycomb QSH sys-
tems, where manipulating the edge-state gap has important
consequences for the control of Majorana modes in Josephson
junctions [67].
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