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Evidence of a structural quantum critical point in (CaxSr1−x )3Rh4Sn13 from a lattice dynamics study

Y. W. Cheung,1 Y. J. Hu,1 M. Imai,2 Y. Tanioku,2 H. Kanagawa,2 J. Murakawa,2 K. Moriyama,2 W. Zhang,1 K. T. Lai,1

K. Yoshimura,2 F. M. Grosche,3 K. Kaneko,4 S. Tsutsui,5 and Swee K. Goh1,6,*

1Department of Physics, The Chinese University of Hong Kong, Shatin, New Territories, Hong Kong, China
2Department of Chemistry, Graduate School of Science, Kyoto University, Kyoto 606-8502, Japan

3Cavendish Laboratory, University of Cambridge, J. J. Thomson Avenue, Cambridge CB3 0HE, United Kingdom
4Materials Sciences Research Center, Japan Atomic Energy Agency, Tokai, Naka, Ibaraki 319-1195, Japan

5Japan Synchrotron Radiation Research Institute (JASRI), SPring-8, Sayo, Hyogo 679-5198, Japan
6Shenzhen Research Institute, The Chinese University of Hong Kong, Shatin, New Territories, Hong Kong, China

(Received 27 March 2018; revised manuscript received 29 June 2018; published 4 October 2018)

Approaching a quantum critical point (QCP) has been an effective route to stabilize superconductivity. While
the role of magnetic QCPs has been extensively discussed, similar exploration of a structural QCP is scarce
due to the lack of suitable systems with a continuous structural transition that can be conveniently tuned to
0 K. Using inelastic x-ray scattering, we examine the phonon spectrum of the nonmagnetic quasiskutterudite
(CaxSr1−x )3Rh4Sn13, which represents a precious system to explore the interplay between structural instabilities
and superconductivity by tuning the Ca concentration x. We unambiguously detect the softening of phonon
modes around the M point on cooling towards the structural transition. Intriguingly, at x = 0.85, the soft mode
energy squared at the M point extrapolates to zero at (−5.7 ± 7.7) K, providing the first compelling microscopic
evidence of a structural QCP in (CaxSr1−x )3Rh4Sn13. The enhanced phonon density of states at low energy
provides the essential ingredient for realizing strong-coupling superconductivity near the structural QCP.

DOI: 10.1103/PhysRevB.98.161103

The emergence of superconductivity near a quantum crit-
ical point has inspired intensive research on the role of
quantum fluctuations on stabilizing new phases. While the
temperature-tuning parameter phase diagrams constructed for
a wide range of superconductors share qualitative similarity
[1–6], the pairing mechanism highly depends on the type of
the quantum critical point (QCP). The magnetic QCP, for
example, is generally believed to be related to the surrounding
unconventional superconducting state, where the pairing may
not be mediated by phonons [7,8]. To find out if quantum
fluctuations from other types of QCP can enhance super-
conductivity, the identification of QCPs associated with a
nonmagnetic transition—and the search of superconductivity
in the vicinity—is an important topic in correlated electron
research.

Approaching structural instabilities has been another
promising route to enhance superconductivity. This concept
has been applied to materials such as A15 compounds [9–11],
cuprates [12–14], perovskites [15], transition metal dichalco-
genides [16–21], and Ni- and Fe-based superconductors
[22–26]. However, contrary to the magnetic counterpart, clear
examples of a QCP resulting solely from a tunable structural
phase transition are rare, thereby hampering a systematic
study of structural quantum criticality and its influence on su-
perconductivity. Recently, the existence of the structural QCP
(SQCP) has been suggested in LaCu6−xAux [27] and ScF3

[28], although superconductivity has not been observed near
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the SQCP in the former compound, and the latter compound
is an insulator.

The nonmagnetic quasiskutterudite superconductors
(CaxSr1−x )3Rh4Sn13 and (CaxSr1−x )3Ir4Sn13 have recently
been identified as promising systems for realizing a SQCP.
The end compound Sr3Rh4Sn13, with a space group of Pm3̄n

at room temperature [29], undergoes a second-order structural
transition to I 4̄3d at T ∗ = 138 K and a superconducting
transition at Tc = 4.2 K [30–34]. With an increasing Ca
fraction x, which introduces chemical pressure, T ∗ decreases
linearly and extrapolates to 0 K at x ≈ 0.9 [30,31,35], while
Tc takes a dome-shaped dependence with a maximum value
of 8.9 K. At x = 0.9, the coupling strength is found to be
dramatically enhanced (2�sc/kBTc = 6.36), and a distinct
linear-in-T resistivity was detected from Tc to ∼40 K,
accompanied by a 33% reduction of the Debye temperature
compared with �D = 244 K at x = 0 [30,31]. Therefore, the
phase diagram of (CaxSr1−x )3Rh4Sn13 is highly suggestive
of a SQCP, around which a broad superconducting dome is
located. (CaxSr1−x )3Ir4Sn13 shows a similar phase diagram,
except that the full suppression of T ∗ requires a physical
pressure of ≈18 kbar on Ca3Ir4Sn13 [36,37].

Nevertheless, microscopic evidence for the existence of
a SQCP has thus far been missing. The feature associated
with the structural transition in a range of experimental
probes is weakened when approaching the putative SQCP. In
(CaxSr1−x )3Rh4Sn13 with x = 0.75, which is still quite far
away from the SQCP, the structural transition can no longer
be identified in specific heat [31], and only a weak feature can
be discerned in electrical resistivity [30]. Indeed, for structural
transition in a metallic system, it seems to be a common
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FIG. 1. Room temperature IXS data showing intensity against
energy transfer for x = 1 at (a) Q = (6.50 6.50 1.00) and (b) (6.35
6.36 1.04). Data are shown by crosses with vertical error bars.
The black solid lines are the fits described in the Supplemental
Material [39]. (c) Dispersion relations showing the phonon modes
with energies lower than 8 meV for various calcium contents. For
x = 1, these are the modes displayed as dotted lines in (a) and (b).
The dotted lines in (c) are guides for eyes.

issue that it is difficult to identify the transition when tuning
towards the SQCP. Examples include Lu(Pt1−xPdx )2In [6]
and 2H -NbSe2 [38] which have structural transitions driven
by charge-density-wave instability. This would raise questions
on the nature of the lattice dynamics close to the SQCP.

In this Rapid Communication, we investigate the lattice
dynamics in (CaxSr1−x )3Rh4Sn13 with four calcium concen-
trations using inelastic x-ray scattering (IXS). We discover
that, at x = 0.85, the soft mode energy squared at the M point
extrapolates to zero at (−5.7 ± 7.7) K. Thus, the collapse of
an energy scale is detected, providing microscopic evidence
for the existence of a SQCP in this series. Our data offer a
natural explanation for the observation of low �D and the
strong-coupling superconductivity in the vicinity of x = 0.9.

Single crystals of (CaxSr1−x )3Rh4Sn13 were obtained by
the Sn flux method as described in Ref. [40]. IXS was per-
formed at BL35XU of SPring-8 in Japan. Further details of
the experimental setup and the analysis of the IXS spectra are
provided in the Supplemental Material [39].

To understand the evolution of the phonon modes, we
first examine Ca3Rh4Sn13 (x = 1) at 300 K. In Ca3Rh4Sn13,
the room temperature Pm3̄n cubic structure remains stable
down to the lowest temperature [30,31]. Hence, Ca3Rh4Sn13

at 300 K is far away from structural instability and the phonon
structure serves as an important benchmark. Figures 1(a) and
1(b) show representative constant-Q scans at Q = (6.50 6.50
1.00) and (6.35 6.36 1.04) for Ca3Rh4Sn13 at 300 K. As shown
in both figures, we successfully resolve the elastic peak and
four independent inelastic peaks below 15 meV. The inclusion
of the peaks coming from the anti-Stokes process improves
the reliability of the fit. The inelastic peaks thus resolved
are plotted as individual Lorentzian peaks, with the center
corresponding to phonon mode energies [39].
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FIG. 2. Constant-Q scans at the M point with temperatures above
the structural transition temperature in (a) x = 0 and (b) x = 0.75.
The blue dashed lines represent the soft phonon mode responsible
for the structural transition. For clarity, only the two peaks with the
lowest energies are shown.

The complex unit cell, with 40 atoms in each structural
unit, gives a large number of phonon branches. We find that
the peaks contributed by phonons with energy higher than
∼8 meV highly overlap in energy space within our resolution.
However, the main purpose here is to track the evolution of
low-energy excitations, and hence a complete resolution of
high energy modes is beyond the scope of the present study.
By plotting the energies of the two peaks with lowest energies
along the �-M direction, as shown in Fig. 1(c), we identify
them as two optical branches. After overlaying the dispersions
at 300 K for x = 0.75 and x = 0.5 (C1) on the same graph,
it is immediately clear that they all share the same optical
branches below 8 meV, indicating that these branches are not
sensitive to chemical pressure. In the constant-Q scans near
�, x = 0.75 and x = 0.5 (C1) show extra but weak intensities
at low energy transfer, which can be attributed to acoustic
branches.

Next, we investigate the lattice dynamics on approach-
ing structural instabilities. Previous density functional theory
calculations for Sr3Rh4Sn13 and Sr3Ir4Sn13 [30,41] suggest
that the phonon instability is located at the M point. Subse-
quently, softening of the phonon mode at M was observed
by inelastic neutron scattering in Ca3Ir4Sn13 [42]. In light of
these results, we conduct a series of IXS measurements on
(CaxSr1−x )3Rh4Sn13 with four calcium contents to probe the
phonon structure at M. Figure 2 shows the resultant spectra in
x = 0 and 0.75. Similar data for x = 0.5 (C2) and x = 0.85
can be found in the Supplemental Material [39]. Due to the
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FIG. 3. Intensity of the superlattice reflection and energy squared
of the soft mode against temperature in (a),(b) x = 0; (c),(d) x = 0.5;
(e),(f) x = 0.75; (g),(h) x = 0.85. Two x = 0.5 crystals (C1 and C2)
were measured, showing a small difference, which can be attributed
to a slight variation in the actual calcium content. For (b),(d),(f),
and (h), closed symbols are extracted by fitting the IXS spectra
with Eq. (S1); open symbols are determined by fitting the dispersion
relations with Eq. (1). The dotted lines are the linear fit of the data,
and the vertical dashed lines mark the T ∗. (i) Phase diagram of
(CaxSr1−x )3Rh4Sn13. The polygons represent T ∗ obtained from IXS
data, defined as the temperature where the energy squared of the soft
mode extrapolated to 0 K. Small circles and crosses are data from
specific heat and electrical resistivity in Ref. [31,30], respectively.

presence of the elastic peak, the peak contributed by the soft
mode may be masked near zero energy. With this in mind, we
performed measurements covering a wide temperature range.
From the decomposition of the total intensity, we can recog-
nize a peak, plotted using green dotted lines, at ∼5 meV in all
spectra. Therefore, this peak is not sensitive to temperature,
despite the fact that the temperature has been varied by a large
amount. In fact, this is the same peak that already exists far
away from structural instabilities, as discussed above.

Close inspection of the spectra in Fig. 2 reveals the ex-
istence of another low-energy excitation, represented by the
peak in the blue dashed line. In x = 0.75, for instance, this
mode has an energy of 3.0 meV at 130 K, as indicated by
the vertical arrow. With cooling, the mode energy decreases
rapidly and reaches 1.2 meV at 35 K. This is in stark contrast
to the peak in the green dotted line, which exhibits no tem-
perature dependence. For x = 0.75, it has been established
via electrical resistivity that T ∗ ≈ 28 K [30]. Therefore, the
softening of this mode on cooling confirms its relevance to
structural transition.

The energy squared of this soft mode (E2
soft) in x = 0.75

is plotted against temperature in Fig. 3(f), along with similar
data obtained in x = 0, 0.5 and 0.85 [see Figs. 3(b), 3(d)
and 3(h)]. The lowest energy mode for each composition,
denoted by open symbols, is determined by the analysis of
the corresponding dispersion relation along � − M − � as
discussed below, so that complications due to the presence of
the elastic peak can be eliminated. From Figs. 3(b), 3(d) 3(f),
and 3(h), we conclude that E2

soft ∝ T for all compositions.

The proportionality factor, which determines how rapidly the
relevant phonon mode softens, is not a strong function of
x. The temperature at which E2

soft extrapolates to zero is
defined as T ∗. The values of T ∗ obtained are plotted against
the nominal calcium concentration in Fig. 3(i), showing
an excellent agreement with the phase diagram constructed
earlier using resistivity [30] and specific heat [31] data. In
x = 0, we additionally confirmed the recovery of the soft
mode below T ∗: The soft mode hardens again and reaches
2.4 meV at 70 K, which is ∼60 K below T ∗, as shown
in the Supplemental Material [39]. These results are fully
consistent with the expectation from the Landau theory for a
second-order structural transition where E2

soft plays the role of
the inverse susceptibility [43] and confirm that the transition
is driven by this particular phonon mode. Intriguingly, for
x = 0.85, E2

soft extrapolates to zero at (−5.7 ± 7.7) K, thereby
establishing this composition to be at, or very close to, the
SQCP. Thus, our IXS data provide compelling microscopic
evidence for the existence of a SQCP in the phase diagram of
(CaxSr1−x )3Rh4Sn13.

For all samples studied, we additionally performed x-ray
diffraction measurements at M to probe the superlattice in-
tensity using the same spectrometer. The temperature depen-
dence of the superlattice intensity at M is shown in Figs. 3(a),
3(c) 3(e), and 3(g). A rapid growth of the superlattice intensity
occurs near T ∗, where E2

soft → 0. This reinforces the view
that the phonon mode softening is intimately linked to the
structural transition. In x = 0.75, the superlattice intensity
begins to grow at ∼30 K, which is slightly higher than T ∗
determined from the analysis of E2

soft (T ) of the soft mode.
However, the superlattice intensity is weak in x = 0.75 and
the growth is rather slow. Further studies with a diffractometer
(instead of a spectrometer) is highly desirable. In x = 0.85,
we did not detect the growth of the superlattice intensity down
to 7 K, the base temperature of our setup, again consistent with
the measured E2

soft (T ).
In order to understand how structural instabilities affect the

low energy excitations, we examine the phonon modes around
the M point. As the intensity of the modes around M is weak
compared with the higher energy modes, we have performed
IXS measurements at Q = (6 + h 6 + h 1) and (6 + h 7 − h

1), where h = 0.5 corresponds to the M point. Representa-
tive IXS spectra can be found in the Supplemental Material
[39]. IXS scans in (6 + h 6 + h 1) and (6 + h 7 − h 1)
will predominantly measure modes with a longitudinal and
transverse component, respectively. Figures 4(a) and 4(b)
show the dispersion of x = 0 and x = 0.85 around M, respec-
tively, each at two chosen temperatures above T ∗. Similar data
for x = 0.5 (C2) and x = 0.75 are shown in Supplemental
Material [39]. Observation of soft modes confirms the exis-
tence of lattice instability at M. The softening of the phonon
modes is broadly distributed in momentum space, in contrast
to a sharp Kohn anomaly caused by Fermi surface nesting
in low-dimensional charge-density-wave systems [44]. The
dispersion relations above T ∗ can be fitted by

E(q ′) =
√

c2q ′2 + �2, (1)

where q ′ is the wave vector measured from M and � is the
energy of the soft mode at M. As there is no significant

161103-3



Y. W. CHEUNG et al. PHYSICAL REVIEW B 98, 161103(R) (2018)

3.5

3.0

2.5

2.0

1.5

1.0

0.5

0.0

E
ne

rg
y 

(m
eV

)

0.70.50.3

h

x = 0 
(T* = 129 K)

M

210 K

150 K

0.70.50.3

h

x = 0.85
(T* ~ 0 K)

M

 60 K

 25 K

(a) (b)

FIG. 4. The dispersion relations in (a) x = 0, and (b) x = 0.85
measured around Q = (6.5 6.5 1). Closed and open symbols repre-
sent data at Q = (6 + h 6 + h 1) and (6 + h 7 − h 1), respectively.
The dispersion relations are analyzed using Eq. (1).

difference between the two dispersions in both directions, data
in both directions are fitted by a single curve. The fitted values
of �2 for the lower temperature branches are shown as open
symbols in Figs. 3(b), 3(d) 3(f), and 3(h).

In x = 0, which is far from the SQCP, the soft phonon
mode has significantly hardened by the time superconduc-
tivity sets in [39]. Therefore, 2�sc/kBTc and �C/γTc both
take the BCS weak coupling values, and Tc is lower. At
the SQCP, the soft mode at M only softens near the zero
temperature, thereby contributing to the large ∼T 3 specific
heat at low temperatures, strong-coupling superconductivity,
and a higher Tc [31]. Furthermore, the observed linear-in-T
resistivity [30] can be naturally interpreted as the result of
scattering off the low-lying phonon modes. To investigate
the role of the ∼5 meV branch mentioned earlier, we also
track this particular branch below T ∗ for x = 0 [39]. This
branch exists below T ∗ as well, and it is still temperature
insensitive. Hence, this branch appears to be very robust
across a wide temperature and composition range, and it is
not relevant to the structural transition or the enhancement
of superconductivity upon Ca tuning. Thus, strong-coupling
superconductivity and structural transition are driven by the
same soft phonon mode in (CaxSr1−x )3Rh4Sn13.

Recently, strong-coupling superconductivity and linear-
in-T resistivity were also reported in Bi-III, which has an
incommensurate host-guest structure, accompanied by “built-
in” phason modes [45]. Thus, Bi-III and (CaxSr1−x )3Rh4Sn13

share an important similarity in that both systems feature
a large phonon density of states at low energy that facili-
tates the formation of strong-coupling superconductivity, de-
spite the different mechanisms of generating these low-lying
modes.

The IXS data reported here provide key spectroscopic
evidence for the collapse of an energy scale when the second-
order phase transition temperature is tuned to 0 K. Therefore,
(CaxSr1−x )3Rh4Sn13 provides another example in which the

principle of quantum criticality can guide the search of super-
conductivity or the optimization of superconducting proper-
ties. Note that quantum critical behavior associated with struc-
tural transition has also been studied in ferroelectric materials
[46,47] which are insulators and have net dipole moment
given by the softening of a zone-center mode. In SrTiO3−δ ,
oxygen vacancies introduce charge carriers and induce su-
perconductivity for small δ. Through the substitution of Sr
by Ca, a ferroelectriclike quantum phase transition would
take place at finite δ, where superconductivity is enhanced
[48]. Therefore, Sr1−xCaxTiO3−δ emerges as an important
paradigm to explore the interplay between the ferroelectri-
clike structural distortion and superconductivity. It would be
interesting to follow the lattice dynamics of Sr1−xCaxTiO3−δ

across the quantum phase transition and compare the resultant
phonon structure with the present study. In addition to super-
conductivity, it is important to point out that other interesting
phenomena have been observed when one looks closer to the
zero temperature instability. For instance, near a ferromag-
netic quantum phase transition, the character of the phase
transition is often discontinuous, raising the hotly debated
question if a ferromagnetic QCP can ever be realized [49].
With the notion of structural quantum criticality established
in (CaxSr1−x )3Rh4Sn13, further explorations in the vicinity of
the SQCP are highly desirable.

In summary, we have probed the lattice dynamics in
(CaxSr1−x )3Rh4Sn13 with IXS measurements. Far away from
structural instabilities, there are low-lying phonon branches
with weak dispersion at ∼5–8 meV with no obvious depen-
dence on temperature and chemical pressure. However, our
data reveal another phonon branch which is more dispersive
and exhibits strong dependence on temperature and chemical
pressure. In particular, in x = 0, 0.5, and 0.75, we found that
the soft phonon mode at M can be completely softened close
to the temperature where the superlattice intensity begins to
grow, signifying its relevance to structural instabilities. For
x = 0.85, the energy squared of this phonon mode extrapo-
lates to zero at (−5.7 ± 7.7) K, indicating that the compo-
sition is located very close to or at the SQCP. The analysis
of the dispersion relation around M reveals the existence of
low-lying phonon modes, which offers a natural explanation
for the low Debye temperature, the maximized Tc, as well
as the enhanced electron-phonon coupling strength near the
SQCP. Therefore, (CaxSr1−x )3Rh4Sn13 is a rare quantum
critical system in which manifestations of phonon softening
on electronic, thermal, and superconducting properties can be
investigated systematically.
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