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Surface plasmons dominate the optical response of metal surfaces, and their nature is controlled by surface
geometry. Here we study metasurfaces containing singularities in the form of sharp edges and characterized by
three quantum numbers despite the two-dimensional nature of the surface. We explore the nature of the plasmonic
excitations, their ability to generate large concentrations of optical energy, and the transition from the discrete
excitation spectrum of a nonsingular surface to the continuous spectrum of a singular metasurface.
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I. INTRODUCTION

In a previous paper [1] we commented on the curious
mathematical structure of the spectra of singular surfaces
which are characterized by three quantum numbers despite the
two-dimensional nature of the surface. Transformation optics
[2,3] shows how the third dimension is hidden within the sin-
gularity [1]. This paper will explore in detail the nature of the
plasmonic excitations, their ability to generate large concen-
trations of optical energy, and the transition from the discrete
excitation spectrum of a nonsingular surface to the continuous
spectrum of a singular metasurface. Subwavelength metal
gratings couple external light into surface plasmons, effi-
ciently localizing the electromagnetic energy and finding ap-
plications in optical biosensing and photovoltaics [4-8]. These
can be used to control external radiation using metasurfaces
[9,10]. Here we consider a singular metasurface. Singularities
in plasmonic systems, such as sharp edges or touching points,
concentrate the electromagnetic fields even to subnanometric
volumes yielding huge energy densities [11-23].

Transformation optics takes advantage of the coordinate
invariance of Maxwell’s equations to give a prescription of
how the electromagnetic parameters ¢ and u change under
geometrical transformations. For the case of two-dimensional
conformal transformations, ¢ and u are left unchanged on the
plane, which can be exploited for solving complex plasmonics
problems by transforming them to a frame where geometry
is simpler [24]. This is particularly useful when considering
systems with singularities [21] as they give rise to divergences
that cannot be treated exactly with numerical methods.

In this paper we use transformation optics to derive an
analytical theory of the optical response of singular plasmonic
metasurfaces. In previous works we have applied this frame-
work to the study of metasurfaces with smooth shapes [25,26].
Here we use the conformal transformation introduced in
Ref. [1] for the design of singular metasurfaces and present an
analytical derivation to completely characterize their optical
properties. Other authors have used transformation optics to
design finite structures with continuous spectra [27] which
they achieve through singular values of ¢ and p. In contrast
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our paper exploits singularities in the structure: There are no
singularities in ¢ or u.

The text is structured as follows. First, in Sec. II we present
the conformal transformation that generates a metasurface
with grooves or wedges forming a sharp angle. The external
fields incident on the metasurface are considered in Sec. III.
Next, in Sec. IV we derive the analytical expressions for
the electromagnetic fields and absorption cross section in the
metasurface. We then introduce in Sec. V a flat surface model
from which we obtain an effective surface conductivity that
allows us to unambiguously determine the optical response
of the metasurface through its reflectivity. Finally, the results
for the singular metasurface at normal incidence are presented
in Sec. VI and for two cases which break the symmetry in
Sec. VII: a symmetric metasurface under oblique incidence
and an asymmetric metasurface.

II. CREATING A SINGULAR METASURFACE

We start by describing the transformations that result in the
singular metasurfaces shown in Fig. 1. Let us first consider
an array of metal slabs with periodicity along the vertical
direction and translational invariance along the horizontal
direction, placed in the slab frame (z; = x; + iy;). The period
of the array is d, the thickness of the slabs is d3, and we
take d| + d, to be the thickness of the dielectric region. An
exponential transformation maps the slab array into either
a wedge when d; + d, > d; [panel (a)] or a groove when
di + d> < ds [see panel (b)] in frame z,. Then an inverse
transformation is carried out to get the two-touching-circular
segments shown in the z3 frame. As a last step, a logarithmic
transformation is used to generate a surface with a periodic
set of sharp wedges/grooves (see the z4 frame): These are the
singular metasurfaces under consideration here.

On the basis of this series of transformations, a one-step
transformation from the slab frame to the metasurface frame
can be written as

T 1 L 0
=—Inl ——+ — ).
“E oM a1 T g

Here, T defines the size of the metasurface by fixing its
period, and a is chosen as 0.5 so that the singular point in
the metasurface frame is located on the y axis. As mentioned
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FIG. 1. A series of transformations to generate a singular metasurface with (a) concave shape (d; + d, > d3) and (b) convex shape (d; +
d, < d3). The different coordinate frames are labeled as z; with z; = x; + iy;. In the slab frame z,, the period of the slab array is d, d, + d»
is the thickness of the air region, and d5 is the thickness of each metal slab. This is successively transformed to a single wedge/groove (frame
27), two-touching-circular segments (frame z3), and finally a singular metasurface (frame z4). Note that the x axis and the y axis do not have

the same scale.

previously, d = d; + d> + d5 is the period in the slab frame,
and the choice of {d|, d», d3} determines the shape of the
metasurface. For d; + d, = d; the transformation generates a
flat surface, whereas d; + d, > (<)dj3 results in concave (con-
vex) singular metasurfaces formed by periodic sharp wedges
(grooves). In addition, setting d; = d, generates a metasurface
that is symmetric with respect to the horizontal axis.

In the following we detail our analytical derivations to
calculate the optical response of these singular metasurfaces.
Throughout the paper we take the metal to be gold with per-
mittivity approximated by the Drude model ¢ = 1 — w(ww—ir)
with plasma frequency w, = 8.95¢eV/Ai and damping I' =
65.8 meV/h [28].

III. TRANSFORMING THE SOURCE

The problem we set out to solve is that of a p-polarized
plane wave (magnetic field out of the plane H.) incident on
the singular metasurface as any more complex wave fronts
can be expressed as a superposition of plane waves. Since the
transformation not only transforms the geometry, but also the
form of the source, we have to derive the representation of
the source in the slab frame. For this purpose, we generate an
incident wave using a periodic array of magnetic current line
sources (“monopoles”) on the right-hand side of the metasur-
face frame as depicted in Fig. 2(b). Taking the sources to be
at infinity such that their near fields can be safely neglected
[29,30], their radiated field is a plane wave incident on the
surface. We assume that the period of the metasurface is much
less than the free space wavelength. When the incident wave
impinges on the singular surface, there will be reflected and
transmitted waves. These three sorts of waves all participate
in the excitation of surface plasmons at the singular surface.
In addition to the source currents, there needs to be a sink
at infinity to receive the reflected waves and another sink
at minus infinity to receive the transmitted waves. Then, the
source in the slab frame can be obtained by recognizing that:
(1) A magnetic current line is conserved under the transfor-
mation and, (ii) sources at 400 in the metasurface frame are

mapped to the point z; = ind, whereas sources at —oo in
the metasurface frame are mapped to z; = i(n + %)d (here
n is an integer). Hence, the monopole sources generating
the incident wave and the monopoles receiving the reflected
waves are located in the air region in the slab frame, whereas
the monopoles receiving the transmitted wave are placed in
the metal region [see Fig. 2(a)].

We start by writing the magnetic field of the incident,
reflected, and transmitted waves in the metasurface frame as

—ikoxXa+ikoyy.
— H()e oxXatikoyys

ref __ ikoyxa+ikoyy.
H — I‘H()e 0x X4 0,}4’

@

HU — lH()€7ik0Xx4+ik0"y4,

where H, is the wave amplitude, r and ¢ are reflection
and transmission coefficients, ko, = vk2 kgy, and ké)x =
Vekg — k-

In order to write the source field in the slab frame, we
transform Eq. (3) using the mapping Eq. (1) to obtain
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FIG. 2. Sketch showing the source field in both frames. In the
metasurface frame (b) the source is a plane wave incident on the
surface, which we take to be generated by an array of magnetic line
currents located at infinity. The source is mapped into an array of
magnetic line currents in the slab frame (a).
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The detailed derivation for these source representations is in-
cluded in Appendix A. In writing the above equations we have
assumed that the period of the metasurface is subwavelength
(T < |x4] < A). Also, we have written the fields as a Fourier
series, and we have identified a symmetric and an antisymmet-

ric component to the source with amplitudes a, = kg; Hy

(antisymmetric source) and a; = kZ‘T

Note that we define the symmetry of the modes by considering
the E, component in the slab frame: The antisymmetric
(symmetric) mode has odd (even) symmetry of E,(y). From
the above, we can write the source field in k space for the

J

kel

sgn(y)kx
ol lly /2]

— la; 7
sgn(y+4% )k:

(1 = Ma, e + (1+r)a

—t& e~ Ikxlly+(d/2)|
ka ‘kvl

Hz(kx) =

Here, b,, b_, ¢4, and c_ are the excited mode amplitudes,
which have to be determined from the boundary conditions.
This requires matching the tangent components of the fields
H, and E, at y=d,, y=—dy, and y = —(d + d3) [21],
and details are given in Appendix B.

Once the excited field mode amplitudes have been deter-
mined [see Egs. (B2)—(B5)], the dispersion relation of surface
plasmons can be obtained by looking at the poles of these
coefficients. Neglecting the pole k, = 0 as it is a branch point
which corresponds to a localized virtual excitation rather than
SPPs [32,33], we concentrate on the plasmon pole. From the
amplitude of the antisymmetric mode [Egs. (B2) and (B3)],
we obtain

(e — 1)(e\kxl(d1+dz) _ elkxldz) + (e + 1)(elkx\d —1)=0. (7)

Whereas for the symmetric mode [Eqs. (B4) and (B5)] we
have

(e — 1)(e\kxl(d1+dz) _ elkxldz)

— e+ DE™" —1)=0. (8)

Figure 3 shows the calculated dispersion relations for the
singular wedge (a) and (c) and groove (b) and (d) metasur-
faces. For the general case, at an oblique incidence, both the

+ b+e—lkx\y + b_elksly,

+ c+e_|kx‘y + c,e”‘*‘y,

antisymmetric mode as

—lkx Iyl

(4

(1 , r)aa ‘kvl ’
t km —lkx|ly+(d/2)|

Kox kel 2

—dy <y <d,
Hza (kx) =
—dy+dy <y < —dy,
“
and for the symmetric mode as
H? (k)

e~ kxllyl
(1 + V)ClSSgn(k )sgn())\k |7
e~ Ikxlly+(d/2)|
sgn(y+9)lk:|”

—d, <y <d,

—tagsgn(k,) —dhy+dy <y < —d,

&)

in which the constant field components are ignored since
they do not contribute to the excitation of surface-plasmon
polaritons (SPPs). Finally, note that the source representation

. —lkxlyl . P .

includes terms ~ ¢ I I) , which is just the Fourier transforma-
tion of a Hankel function in the quasistatic limit [31]. Indeed,
a Hankel function is the source representation of a line current,

which further confirms our source representation.

IV. ELECTROMAGNETIC FIELDS AND ABSORPTION
CROSS SECTION

A. Surface-plasmon dispersion relation

Once we have the source fields, we can calculate the
excited field components. When a SPP mode (H, ~ e'**) on
the boundary between metal and air is excited, the total field
distribution in the slab frame can be written as

—d, <y <d,

(6)
—(dry+d3) <y < —dy.

(

symmetric and the antisymmetric bands can be excited as
shown in panels (a) and (b). On the other hand, at normal
incidence only the antisymmetric band is excited [panels (c)
and (d)]. It should be noted that the bands have lower and
upper cutoff frequencies different from O and w,. For the
wedge (groove) metasurface, the symmetric (antisymmetric)
band spans a frequency range of w.; < @ < wj,, whereas the
antisymmetric (symmetric band) spans w;, < @ < w.». Here,
w;p 1s the surface-plasmon frequency, and wc(1,2)’s are the
lower and upper cutoff frequencies, which were shown to

2m—6
bea)clzw,,,/2 and weo = w, ==

the wedge case of (d) +dr > d3), 6 = 27[‘1‘;’—‘12 and for the
groove case of (d; + d» < d3) [21]. The appearance of these
cutoffs is a result of plasmon hybridization in the infinite peri-
odic array of the slab frame [21]. Note that when analyzing
the dispersion relation, we have assumed a lossless metal,
whereas we use a finite damping for the rest of the paper.

In the following we focus on the groove singular meta-
surface for which the antisymmetric band excited at normal
incidence exists below w;, where the Drude model gives a
more accurate description of the metal.

, Where 6 =27 % d* for
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FIG. 3. Dispersion relations of surface plasmons in singular metasurfaces. (a) and (c) SPP dispersion relation in a wedge singular
metasurface at oblique (a) and normal incidence (c). The parameters are d; = 0.1d, d, = d, = (d — d3)/2. (b) and (d) SPP dispersion relation
in a groove singular metasurface at oblique (b) and normal incidence (d). The parameters are d; = 0.9d, d| = d, = (d — d5)/2.

B. Electric and magnetic fields in real space

Next, we calculate the electromagnetic fields in real space. We write the SPP mode field distribution by taking the Fourier
transform of the excited terms in the magnetic field given by Eq. (6),

o0
H.(x,y) = / H,(ky, y)e'**dk, = 2mi Res[H, (kx, y)e'" i, =, )
—00

where the residue theorem is applied at the plasmon pole k, = k. Also, from Eq. (6) we have H, (k,, y) = bye Iy 4 b_elksly
in the dielectric region and H.(ky, y) = c,e” %1V 4 c_e/k1¥ in the metal region. This yields the following field distribution in
the slab frame:
i2ra(Toe Vi 4 T_eVhd)eiknlrl  _g, <y < dy,
H.(x,y) = ( - kz? | (10)
i2na(A+e_ w4 A_e ﬁx})e’kl’X‘)", —dy +d3 <y < —ds,

where a stands for a(, ) for the antisymmetric/symmetric mode and |k, | has been written as f in the complex integration. All
the field coefficients (I'y, T'_, A+, and A_) are given in Appendix B [Eqgs. (B6)—-(B9)]. The electric field can be derived from
Maxwell’s equations using E, = o4,

we 3)
- 2man/kpe kaz"'(r VK _T_eVhayeiknlxl gy <y < d, 0
X, Y) = /—
T i (Ape Y5y — A_eVi)eiknldl _d) 4 dy < y < —dy
and E, = —i%—z

) i sgn(x) 8 (M e Vi + T_eViM)elbnldl - —dy <y < d), 1)
yX, ) = a _ 2y 2y i
isgn(x)%(AJre Koy 4 A_eVE?yelkoll gy 4 dy < y < —dy.

(

Once we have the fields in the slab frame, the fields in and bonding, respectively) together with the calculated phase
the metasurface frame can be calculated by mapping them and amplitude of the E, component along the singular surface
following the rules of transformation optics [2,3]. The ob- and a field plot for E,(x, y) and E,(x, y) in the metasurface
tained mode profile is plotted in Fig. 4 for the antisymmetric frame. It is clear that the phase oscillates very rapidly and
(a) and symmetric (b) modes at two frequencies of choice  the in-plane electric field diverges at the singularity. This can
below and above the surface-plasmon frequency. We show a be understood from the compression of an infinite dimension
sketch of the charge distribution for each mode (antibonding  hidden at the singular point [1], making the derivative of H,
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FIG. 4. Mode plot in the metasurface frame for (a) antisymmetric
mode at w = 0.6w,, and (b) symmetric mode at @ = 0.8w,. From
the left column to right column are as follows: charge distribution
(sketch), phase and amplitude along the singular surface, and field
distribution of E, and E, in the unit cell. The parameters are as
follows: d3 =0.9d, dy =d, = (d — d3)/2. In the color map, red
stands for positive values of the field magnitude, and blue stands for
negative ones.

with respect to x and y be infinite at the singularity. On the
other hand, due to its invariance, the magnetic field keeps a

J

47%a)? k. |*Imle]

finite value in all the frames shown in Fig. 1 and, in particular,
in the singular metasurface frame.

The presence of loss will attenuate the field in any real
system. In this case, the amplitude of the excited SPP wave
in the slab frame will be attenuated as it travels along the slab
and away from the sources. As was shown previously, there is
a critical angle of the groove/wedge where the enhancement
by compression and attenuation by loss are balanced [21]. The
electric field converges for 6 < 6., whereas it diverges oth-

erwise, where 6, = Im[ln(%)] for the lower band and 6, =

1
—Im[ln(;ﬁ )] for the upper band. The geometrical parameters
chosen in Fig. 4 [d3 = 0.9d, d| = d, = (d — d3)/2] yield an
angle at the singularity of 6 = 271% =0.2m. At
the frequencies of choice w = 0.6w, for the antisymmetric
mode and @ = 0.8w, for the symmetric one, the critical
angles are 6, = 0.03 and 6, = 0.04, respectively. Therefore,
the electric field at the singular point of both antisymmetric
and symmetric modes diverges despite the presence material

losses as shown in the right column of Fig. 4.

C. Energy dissipation by SPPs

Once the field distribution is obtained, we calculate the
energy dissipated by the excited SPP mode in the slab frame.
Dissipation is due to loss in the metal, so we calculate the
absorbed power as the following integral on the slab volume:

|A(u,s)+ |2

1
pys) =/ ~weolm[e]|E|*dx dy =
) slab 2

2
n [A,s)-I (e 2Rel/R e _

2Re[,/k2,]

wegple|?

8_2 Re| /k]z,x](d2+d3)) ;

(e2Rels [i30d _ 2Rel /2 1(da+ds )

—2Re[ /12, ]

Im(k ]’ (13)

where the coefficients A, )+ stand for the antisymmetric and symmetric mode coefficients given in Eqs. (B7) and (BY). Using
Aq+ (Ag1) yields the power absorbed by the antisymmetric (symmetric) mode. Finally, the absorption cross section of the
structure can be obtained by normalizing to the input energy on the system in one period,
(a.b)
P
O,;gsss) — abs , (14)
! ’;—3H02T cos B

where 6;, is the incident angle of the plane wave and H, is the wave amplitude. Thus, we have for the antisymmetric mode,

2 2
ot = koT czos On 1k px| Izm[s] [Aat] (eZRe[ 12 1dr eZRe[,/k,z,x](dz-k—dg)
lel —2Re[,/k2,]
n |Aay (esze[, [i3.0dy _ ,~2Rel, /kf)x](d2+d3)) R (15)
2R€[ /kl%x] Im[kpx]
and for the symmetric one,
2 2 2
ol = koT sin® Oy |k x| I;n[S] [As] (eZRe[ /e d _ 2Rel klz,x](derdg)
2 cos O, le| ) Re[ /klzm]
2
[Ast 7 oRel /f51r _ 2Rl Byt 1 (16)

Im[k,,]

" 2Re[,/k2,]
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FIG. 5. Metasurface with blunt singularities. A periodic array of
truncated slabs (a) in the slab frame maps to a metasurface with blunt
singularities (b) in the metasurface frame.

D. Metasurface with blunt singularities: From a continuous to a
discrete spectrum

Any fabricated metasurface will not show a perfect sin-
gularity but a blunt one, so we now move on to treat blunt
singularities [34]. A metasurface with rounded singularities
maps into a truncated slab array (or truncated cavity array
for the groove geometry) as shown in Fig. 5. This has an
important consequence: When the slabs/cavities are not infi-

reflected at its terminals as depicted in Fig. 5(a), resulting in a
quantization of the SPP modes supported by the slab structure.
Hence, the continuous spectrum of a singular metasurface
turns into a discrete spectrum when the singularities are
blunt.

In order to calculate the field distribution and energy
dissipation in the truncated slab/cavity arrays we first need to
calculate the reflection coefficient of SPPs at the slab/cavity
terminal. For conciseness, in the following we will refer only
to the cavity array shown in Fig. 5(a), and we point out here
that the same derivation can be applied to the truncated slab
array. The radius of the rounded singularity in the metasurface
frame determines the length of the cavities in the slab frame
L as well as the exact shape of the terminal. In order to
calculate the reflection coefficient of the SPP modes at the
end of the cavity we assume that the terminal is a flat vertical
air/metal interface. Then we consider the field of the SPP
modes (H;") in the cavity —L/2 < x; < L/2 and the field
(H) in the region outside the cavity x; < —L/2 and x; >
L/2, and impose the continuity condition of the tangential
fields and the power flow at x; = L/2 [35,36]. This yields the

nite, the excited SPP modes traveling along the slab will be equations,
J
(I 4+rp)H? = HOlll (17)
(1- rs,,)E;I’ = E‘y’“‘, (18)
d] dl
/ 1 - rs*p)(l +rp)EV HPdy = / E;”‘*Hz"u‘dy, (19)
—(dr+d3) ’ —(dy+d3)

where H;” and E’ are given in Sec. IV B.

In the region outside the periodic cavity array we expand the magnetic field as a series of Bloch waves,

H = Z h(g)e', (20)

where g = n~ 5

e -
h(g) = Ef H"e™'®'dy =
—(d2+d3)

I +rg

™ and n is an integer. The coefficients h(g) can be expressed as

a4 ; 147
sp ,—igy sp
/ HPe '®dy = — 1@ 2D
(dr+d3)

where we have made use of Eq. (17) and we have named the integral in the last equality as /(g). On the other hand, we can

. out
i H
wee

derive the electric field in this region as E ;’“‘ =

Eout

. This yields

" e Z¢ eki — £2h()e’. @)
8

where we have used 4(g) o e’V ¢ki=2’x and ¢ should be replaced by 1 for the wedge system. Replacing the expression for h(g),

L+
EM = wz;:;z,/ o — 82 1(g)e'®. (23)

Eq. (21), in the above equation we obtain

Substituting the expressions for H" and E;f‘“ into Eq. (19) and after some algebra we arrive at

1 2. (Veks — g (@)

I —rg
= = G, 24)
d s sp*
lL+ry  weeod S tray B H dy
where we take ko = 0 in the quasistatic limit. From Eq. (24), we obtain the reflection coefficient as
1-G
= ———. 25
= 17G (25)
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Since in the quasistatic limit radiative loss is small, the amplitude of the reflection coefficient is |r,| A~ 1 [which is indeed
confirmed from our calculations using Eq. (25)]. Hence, we consider only the reflection phase r,, = ¢'? and write the field of

the SPP mode in the cavity of length L,

i2mwa(T e "l 4 T_elkolyy(eikolxl efik,;,vIX\+ikpr+i¢)+w

H.(x,y)=

i2ma(Ape koY 1 A_elkolYY(ikplxl o pmikplxlFikp Ltidy 1

—dy <y <d,
—dry+dy <y < —d,

1Fe

(26)

1IeikF‘L+i¢ 3

in which F stands for — for the antisymmetric source and + stands for for the symmetric source. From H; the electric field is

L and Ey(x, y) = —L 22

we 0y T we ox "

obtained using E, (x, y) =

Finally, the absorption cross section of the blunt singular metasurface is derived from the electric field following the same
procedure detailed in Sec. IV C. We have for the antisymmetric mode,

a koT cos 6;, |k,,x|2Im[e] 1

|Aa+|2

(ezRe[ [i21dy _ eZRe[‘/kﬁx](d2+d3))

abs — 2 |8|2 |1 _ eikl,,rL+i¢)|2

—2Re[ /2, ]

[Aq_]? —2Re[/R2,1ds _ ,—2Rel /K2, \(dr+d3) 1 — em2Imlkndl
+ = (¢ —¢ ) Im[k,,]
2Re[ /K2, ] P
B Ay N (e—i21m[ /12 \ds _e—iZIm[,/k]%x](d2+d3)) " Aoy N (eiZIm[ /2 \ds _eiZIm[,/k]%X](dz+d3))
i2Im[, /&2 ] —i2Im[, /K2 ]
Zeflm[kpij

Xm{Sin(Re[kpx]L + @) —sin(p)} |,

and for the symmetric one,

s kOT Sil’l2 ein |kpx|21m[8] 1 |As+|2

abs — 2 cos ein |8|2 |1 + eik,,er+i¢|2

—2Re[ /&2, ]

27

(e2 Rel /.1 _ 2 Re[«/kﬁx](dz-‘rdz))

2 —21Im[k,,|L *
+ L(e72Re[4/k%x]dz_€72Re[4 /k,zu](dz+d3)) l—e [kpx] B AT A o2 ML/ )dy _ ,—i2Iml, /kﬁx](d2+d3))
2Re[, [k}, ] Imlk.] i21m[ /12, ]
Ay A* . . 3 2 _Im[kp.r]L
b (R i) | 2 tsin(Re[k . ]L + ) — sin(¢)) 28)
/ Re[k ¢
—12Im[ k?)x] e[ px]

V. MODELING A SINGULAR METASURFACE WITH AN
EFFECTIVE SURFACE CONDUCTIVITY

The next step in our analytical treatment is to calculate
reflection off the singular metasurface. For this purpose,
we have developed an effective surface conductivity model.
The model is based on the assumption of subwavelength
periodicity and is illustrated in Fig. 6. If there is no SPP
mode excited on the metasurface, an incident wave will not
see it, and as a consequence the singular surface behaves
effectively as a flat surface (a). If on the other hand SPPs are
excited, energy will be dissipated at the metasurface, which
we model through an effective surface conductivity. Due to
their different charge distributions at the metasurface, the an-
tisymmetric SPP modes will induce an electric surface current
(b), whereas the symmetric SPP modes will induce a magnetic
surface current (c). Hence, we model the antisymmetric mode
with an effective electric conductivity o, = o, + io,; and
the symmetric mode with an effective magnetic conductivity
O = Opmr + 10

Let us first consider the antisymmetric mode. The effec-
tive electric surface current generated by the excited SPP
modes yields the discontinuity of the tangential magnetic
field, whereas the tangential electric field is continuous,

E™ 4 E° — B! =0, (29)

H' + H*' — H! = —0,E\*. (30)

Here, E;f’c is the local tangent electric field in the homog-

enized system which reads as EI° = L(EI® 4 EIf 4 E'T),

From the first of the above equations we have t = ’2’/—‘8(1 —-r),
Ox

SO we write

k
E™ = —(1 — r)—Hj,
wEé

0

3D

where we see that the amplitude of the antisymmetric mode
is o<1 —r. In fact, using the proportionality between ¢ and
1 — r for this mode, we find that the mode coefficients for
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(a)

€ 5
—>
b) g = Je
© poe . om

FIG. 6. Flat surface model: (a) When SPP is not excited, the
singular metasurface behaves as a flat surface; (b) when the antisym-
metric SPP mode is excited, the singular metasurface is modeled as
a flat surface with an electric surface conductivity o,; (c) when the
symmetric SPP mode is excited, the singular metasurface is modeled
as a flat surface with a magnetic surface conductivity o,,.

this mode can be rewritten as Ay = (1 —r)A/, and Ty =
(I — r)T, . where the primed coefficients are independent of

r and ¢. Detailed expressions for these normalized coefficients
are given in Appendix C.

Similarly, for the symmetric mode we have an effective
magnetic surface current which yields

EV 4+ EY' — E} = —0,, H", (32)

H + H — H! =0, (33)

where the local tangent magnetic field in the homogenized
system is HZloc = %(HZlnC + HZref + H!™). In this case we have
t=1+r,so

H = (1 +r)Hy, (34)

and the amplitude of the symmetric mode is « 1 + ». Normal-
ized mode coefficients can be defined in this case by writing
Ay = (1 +r)A,, and Ty = (1 4+ )T, . We give detailed
expressions in Appendix C.

From the above derivation it is clear that the antisymmetric
mode amplitude is proportional to the local electric-field E]y"C
whereas the symmetric mode amplitude is proportional to
the local magnetic-field Hg"c. This justifies the introduction
of two kinds of surface conductivities, electric and magnetic
ones, in our model in order to mimic energy dissipation
by the excited SPP wave. With this, the complex singular
metasurface has been simplified as an easy boundary value
problem. The reflection coefficient of the singular metasurface
can be written straightforwardly as

J
—4¢e0,, + 40825 cos Oinv e — sin® 6y, — 6,0, Zov € — Sin’ Oy, + £0,0,, Zo cOS O, — 4Zo & — sin? 6y, + 4e Z, cos b,

4£0,, + 40,22 cos Ginv/e — sin® Oy + 0,0, Zoy/ & — sin® Oy, + £0,0,, Z €08 iy + 4Zo/ & — sin® 6, + 4e Zg cos i ’

where 6, is the angle of incidence and Z, = /’;—é’ is the

impedance of free space. Note that for o,y = 0, Eq. (35)
reduces to the reflection coefficient for a flat surface.

The problem then reduces to finding the effective con-
ductivities. We first derive their real parts by using energy
conservation as this is the term that takes away energy. The
energy absorbed in the metasurface oy P must equal energy
dissipated by the excited SPP, so we write for the symmetric
and antisymmetric modes,

1 loc |2
Eaer|EyOL| T = Uaabsl)il’lca
(36)
Lo [HPT = o3, P,
2Ymr z — Ogpstincs

where Py, = %ZOHOZT cos 6;,. By substituting the expres-
sion of the local tangent fields, Eqs. (31) and (34), we
arrive at

2.2 a
w s o
Oor = — 0 %Zocos Bin,s
kg, 11 —r]
o
— ____abs X
Opr = T +r|ZZO cos G,. 37

(35)

(

Now, noting that, for the antisymmetric mode ¢ = kk",i( 1—-
0x

r), we have that o, o< |1 — r|? (see Appendix C for detailed
derivations) and we can eliminate the reflection coefficient in
the equation for o,,. Similarly, for the symmetric mode we
have t = 147,50 0y, o< |1 + r|?, and we can also eliminate
the reflection coefficient in the equation for o,,,. We can then
write

a

abs a
Oer = = O,ps0¢05
ZO abs

’

s’ 2 s’ : 2
Opmr = O Zo SIN” Oy = 04,00 SIN° Oip, (38)

where 0.0 = Z, Vand 0,,0 = Z are the free space electric and
magnetic conductivities and we have introduced the intrinsic
absorption cross sections (denoted with primes), which do not
depend on the incident angle. Hence, the real parts of the
effective electric and magnetic conductivities are given by the
intrinsic absorption cross sections of the antisymmetric and
symmetric modes, respectively. These read as

’ 2
|A(a,s)+|

—2Re[ /&2, ]

% (e2Re[,/k§X]d2 _ €2Re[‘/k},x](d2+d3)

(a,s) __ ]ﬂ Ikpx|21m[8]
abs 2 |£|2
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/ 2
N | Afas)-| (e 2ReV/RRI _ o 2ReL /R N

2Re[,/k2,]

1
X —, 39
Im[k ] (39)
where all the normalized excited field coefficients are given in

Appendix C.

Equations (39) and (40) determine the real parts of the elec-
tric and magnetic conductivities unambiguously. That is, o,
and o,,, are just functions of the frequency and independent of
r and ¢. Furthermore, it should be noted that the electric and
magnetic conductivities are defined in the frequency ranges
where the antisymmetric and symmetric modes are supported,
respectively. For a symmetric metasurface, the symmetric and
antisymmetric modes exist over different frequency ranges as
we discussed in Sec. IV A. Specifically, we may write for the
electric conductivity,

7
0% 0.0, W <O < Wy,
o, = abs~el> 14 40
er {O, other, (40)

where w.; < w < wy, corresponds to the frequency range
when the antisymmetric mode is excited. Likewise, for the
magnetic conductivity we have

’ . 2
o = OabsOm0 SIN“ By, 5y < @ < W2, 1)
mr
0, other,

where ws, < w < w., corresponds to the frequency range
when the symmetric mode is excited.

Finally, in order to fully determine the conductivities, we
also need their imaginary parts. These can be obtained through
Kramers-Kronig relations as the conductivity must satisfy
causality [37,38]. The imaginary part is thus calculated using

1 * g s
O(e.m)i = __P/ —(e,m)r( )dS
—0o0

b/ S —w

1 o0 da(e m)r(s)
—P | Ins—o|—"" 0s.  (42)
T oo ds

Using the above equation the complex surface conductivities
are fully determined, and the reflection coefficient is finally
obtained by substituting o, and o, into Eq. (35). Furthermore,
we note that Egs. (39) and (42) also hold for the metasurface

with blunt singularities with the appropriate expressions for

(a,by
Oabs

. These are given in Appendix D.
VI. REFLECTION SPECTRUM OF THE SINGULAR
METASURFACE

Using the analytical framework presented in the previous
sections, we now discuss the spectrum of a singular groove
metasurface of period 7 = 10 nm. The metasurface is defined
with the parameters d3 = 0.9d, d| = d, = (d — d3)/2 such
that it is symmetric with respect to y = 0. We first consider
a normally incident plane wave as a source such that only
the antisymmetric band is excited. Correspondingly, in this
scenario the metasurface is modeled by only an effective
electric conductivity. The calculated conductivity is presented
in Fig. 7(a). Its real part, shown as a solid blue line, is nonzero
only within the antisymmetric band (between w.; and w;,)

s
E’ g§‘~\ /s
~ ,
-01 \‘ /, Oor
=02 ‘\// """ Oei
0.2 0.4 0.6 0.8 1.0
wlwp
(b) 1.0 —————a===—========r=
0.8 \J 5
~ 0.6f
= -
— 04 << k
) Metasurface
0.2 4
----- Flat surface
0.0 . : : .
0.2 0.4 0.6 0.8 1.0

wlwp

FIG. 7. Continuous spectrum of a singular metasurface at normal
incidence. (a) Effective electric surface conductivity: real (solid
blue line) and imaginary (dashed red line) parts. (b) Reflectivity
of the metasurface (blue solid line) and of a flat surface with the
same permittivity (red dashed line). The parameters taken are 7 =
10nm, d3 =0.9d, d\ =d, = (d — d3)/2.

as given by Eq. (40). Outside the band, no SPPs are excited,
so the real part of electric surface conductivity is zero, and
the metasurface acts effectively as a flat surface without a
surface current. The imaginary part of the conductivity is
plotted as a dashed red line. In this case, o,; is nonzero also
outside the band, where o,, = 0. This is necessary to satisfy
Kramers-Kronig relations and represents a phase shift of the
reflected wave at the metasurface.

From the effective conductivity we obtain the reflection
coefficient, and we plot the reflectivity (|7|?) in panel (b).
The solid blue line corresponds to the calculated reflectivity
of the singular metasurface, and the red dashed line corre-
sponds to the reflectivity of a flat metal surface calculated
from Fresnel coefficients. It is clear that outside of the SPP
band the optical response of the singular metasurface is the
same as that of a flat surface. On the other hand, between
w1 and wy, the reflectivity presents a continuous spectrum
where the reflectivity is smaller than 1. This corresponds to
the excitation of the antisymmetric SPP band. Note that we
only present analytical results here as full wave simulations
using commercial software cannot calculate the spectrum of
an exactly singular metasurface because the electric field
diverges at the singularity.

Next we explore the dependence of the normal incidence
reflectivity spectrum on the sharpness of the singularity.
Figure 8 shows the amplitude and phase of reflection as
a function of frequency and of the singularity angle 6 =
Zn@. In the amplitude plot, the blue region corresponds
to lower values of reflectivity where the antisymmetric SPP
mode is excited below wy,. The low reflectivity band is broad
for small angles, and it becomes narrower as 6 gets closer to
180°. The reason for this is that the cutoff frequency for this
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FIG. 8. Amplitude and phase of reflection as a function of frequency w and angle of the singular grooves 6 for a singular metasurface of

period 7 = 10 nm.

band w.; = wp\/g approaches w;, = i”/—% On the other hand,
we can see that the maximum reflection is reached at a finite
angle of ~30°. The obtained reflected phase in Fig. 8 is very
close to that corresponding to a flat surface.

(a) 7T

~

(b)

Oel0eg

0.2 0.4 0.8 1.0

1.0
(c) R
0.8}
o 0.6}
= 0.4} ]
Analytical
0.2 ]
Comsol
0.0 . . . .
0.2 0.4 0.6 0.8 1.0
wlwp

FIG. 9. A blunt singular metasurface at normal incidence, show-
ing a discrete rather than a continuous spectrum. (a) Phase picked up
by SPPs at the terminal of the truncated cavity. (b) Effective electric
surface conductivity, real (solid blue line) and imaginary (red dashed
line) parts. (c) Reflectivity: analytical (solid blue line) and numerical
(red dashed line). The metasurface parameters are the same as in
Fig. 7, and the truncation length is L = d.

As discussed previously, real singular metasurfaces will
present blunt singularities, which result in a discrete rather
than a continuous spectrum. Figure 9 presents results for a
metasurface with the same parameters as in Fig. 7 but with
blunt singularities. Panel (a) shows the phase ¢ acquired

-0.2 . . . ‘\,___.»’
0.2 0.4 0.6 0.8 1.0
wlwy,
(c) 1.0 e
0.8
~ 0.6f
= 0.4} k
% / Metasurface
02p B L Flat surface
0.0 . : . .
0.2 0.4 0.6 0.8 1.0
wlwp

FIG. 10. Continuous spectrum of the singular metasurface at
oblique incidence (6, = 0.47). (a) and (b) Effective electric (mag-
netic) surface conductivity: real (solid blue line) and imaginary
(dashed red line) parts. (c) Reflectivity of the metasurface (blue solid
line) and of a flat surface with the same permittivity (red dashed line).
The parameters for the metasurface are the same as in Fig. 7.
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FIG. 11. A blunt singular metasurface at oblique incidence, showing a discrete rather than a continuous spectrum. (a) Phase picked up
by the SPPs at the terminal of the truncated cavity of length L = d. (b) and (c) Effective electric (magnetic) surface conductivity, real (solid
blue line) and imaginary (red dashed line) parts. (c) Reflectivity: analytical (solid blue line) and numerical (red dashed line). The metasurface

parameters are the same as in Fig. 10.

by SPPs reflected off the blunt edge, which we calculate in
the slab frame for SPPs reflecting at the truncated end of
the cavity. From the calculated reflection phase we obtain
the electric surface conductivity through Egs. (40), which is
plotted in panel (b). For frequencies within the antisymmet-
ric band, the conductivity develops resonances which result
from the quantization of SPP modes in the periodic array
of finite cavities. Then, using Eq. (35), we calculate the
corresponding reflectivity [see panel (c), solid blue line].
The reflectivity presents a discrete set of peaks, in contrast to
the continuous spectrum of the singular metasurface. We also
present the reflectivity obtained from full wave simulations
(using the commercial finite element method solver COMSOL
MULTIPHYSICS) as a red dashed line, which shows excellent
agreement with the analytical one. This confirms the validity
of our analytical modeling. In the simulations, the reflectivity
of the metasurface with blunt singularity was calculated by
simulating one period of the metasurface and using periodic
boundary conditions. The surface was generated in MATLAB
by mapping the coordinates of a finite slab array (of the
same length as used in the analytical calculations) through
Eq. (1) and imported in COMSOL. A port was used to send
a plane wave, and reflectivity was obtained from the resulting
S parameters.

VII. BREAKING THE SYMMETRY

In Sec. VI we have considered a symmetric metasurface
illuminated with a normally incident plane wave such that
the antisymmetric band is excited below the surface-plasmon
frequency whereas the symmetric band (above wy),) is dark.
In this section we discuss how both bands can be excited by
breaking the symmetry. Two ways for breaking the symmetry
will be considered. First, we study a symmetric metasurface

under oblique incidence such that the source breaks the sym-
metry and both bands can be excited. Second, we consider
an asymmetric metasurface. Different from the first case, an
asymmetry in the geometry mixes the antisymmetric and sym-
metric modes so that they become coupled with each other.

A. Symmetric metasurface under oblique incidence

When the incident field is coming at an oblique angle of
incidence, the source is no longer symmetric with respect to
the y = 0 plane. As a consequence, the dark mode becomes
bright, and both the antisymmetric and the symmetric bands
are excited. The results obtained with our analytical model
for the singular metasurface studied above but under oblique
incidence (incident angle 6;, = 0.47) are shown in Fig. 10.
Since both antisymmetric and symmetric modes are excited,
there will be both an electric surface conductivity o, and a
magnetic surface conductivity o,,. As discussed above, for
the groove metasurface the lower band (w.; < @ < wy)) is the
antisymmetric mode, and its energy dissipation is modeled as
a complex electric surface conductivity o,, which is shown
in panel (a). Since the conductivity only depends on the
intrinsic absorption cross section of SPPs and not on the
incidence angle, it is the same as for the normal incidence
case considered above. On the other hand, the upper band
is the symmetric mode (w;, < @ < w,2), which is equivalent
to a magnetic surface conductivity o,,, shown in panel (b).
Finally, panel (c) shows the metasurface reflectivity at oblique
incidence. Different from Fig. 7 where only the lower band
is excited, we see how under oblique incidence there are
two continuous bands corresponding to the excitation of the
antisymmetric and symmetric modes.

We next consider the metasurface with blunt singularities
under oblique incidence. In this case we first need to calculate
the phase picked up by the SPP modes on reflection at
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FIG. 12. Asymmetric singular metasurface at normal incidence.
(a) Effective electric surface conductivity: real (solid blue line) and
imaginary (dashed red line) parts. (b) Reflectivity of the metasurface
(blue solid line) and of a flat surface with the same permittivity (red
dashed line). The parameters used are 7 = 10 nm, d; = 0.9d, d, =
a(d — d3), and d; = (1 — a)(d — d3) where the asymmetry factor «
is chosen as 0.7.

the truncated end in the slab frame. Since both the lower
and the upper bands are now excited, we calculate ¢ not
only for the antisymmetric mode (the same as for normal
incidence), but also for the symmetric mode. The SPP phase
is shown in Fig. 11(a), which ranges from the lower cutoff
frequency w.; to the higher cutoff frequency wc, and w,
clearly separates the two bands. Panels (b) and (c) present
the calculated effective electric and magnetic conductivities,
respectively, where the quantized modes in the truncated slab
yield a discrete spectrum. Finally, we obtain the reflectivity
of the metasurface, which is shown in panel (d) as a blue
solid line together with results from full wave simulations (red
dashed line).

B. Asymmetric metasurface

We now turn to discussing metasurfaces which are not
symmetric with respect to y =0 as the one sketched in
Fig. 12. This asymmetric metasurface can be generated from
the slab array by choosing d; # d, and, in contrast to the
symmetric metasurface, it supports modes that cannot be
classified as symmetric and antisymmetric. In order to treat
this case, we proceed in exactly the same way as for the
symmetric metasurface and derive the mode coefficients given
in Appendix E. The calculated conductivity and reflectivity
spectra for a metasurface of the same period as considered
previously are shown in Fig. 12. Under normal incidence,
the asymmetric metasurface can be modeled with an electric
conductivity [see panel (a)], whereas o,,, = 0. However, as a
difference with the symmetric metasurface, in this case o,
is nonzero both for the lower and the upper bands. As a

0.4 0.5 0.6 0.7 0.8 0.9

wlwp

0.2 0.4 0.6 0.8 1.0

wlwp
(c) 1.0 .
0.8¢
~ 0.6f
= 04 D ]
( < Analytical
0.2t ) ]
1 { ----- Comsol
0.0 . . . .
0.2 0.4 0.6 0.8 1.0
wlw),

FIG. 13. Spectrum of a blunt asymmetric singular metasurface
at normal incidence. (a) Acquired phase by the SPP mode at the
terminal of the truncated cavity. (b) Effective surface conductivity:
real (solid blue line) and imaginary (dashed red line) parts. (c)
Reflectivity: analytical (solid blue line) vs numerical (dashed red
line). The metasurface parameters are the same as in Fig. 12, and
the truncation length is L = d.

consequence, the calculated reflectivity spectrum (b) shows
two continuous bands below and above the surface plasmon
frequency, corresponding to the excitation of both the lower
and the upper bands. It is interesting to note that the reflec-
tivity of the antisymmetric metasurface below wy, is very
similar to that of the symmetric metasurface especially for
low frequencies. The reason for this is that the reflectivity is
mainly determined by the singularity and the groove angle is
the same in both cases.

Finally, we also present results for an asymmetric meta-
surface with blunt singularities in Fig. 13. Again, when the
singularities are not perfect the continuous spectrum of the
singular metasurface turns into a discrete spectrum. As before,
we first calculate the phase acquired by the SPPs in the
truncated array in the slab frame [given in panel (a)], and from
¢ we calculate the effective electrical surface conductivity (b),
which has a nonzero real part both for the lower and for the
upper bands in this case. With this we obtain the reflectivity,
which we plot in panel (c) as a solid blue line. The good
agreement with results from full wave simulations, shown as
a red dashed line, confirms our analytical modeling.
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VIII. CONCLUSIONS have also discussed how under normal incidence only the
antisymmetric band is excited, which lies below the surface-
plasmon frequency for the case of grooves (above for wedges).
Breaking the symmetry with an incident wave at an oblique
angle allows for the excitation of the symmetric band above
the surface-plasmon frequency (below for wedges). Finally,
we have also discussed how both bands are excited at normal
incidence in asymmetric metasurfaces.

For metasurfaces with blunt singularities we have been
able to compare our analytical results with full wave elec-
trodynamic simulations, showing that they are in excellent
agreement. At the same time, our analytical treatment gives
a great physical insight in terms of singularities and allows
for an easy optimization of the metasurface shape for a given

purpose.

In this paper we have presented an analytical theory to
study the optical response of singular plasmonic metasurfaces.
By means of transformation optics, we have shown that sub-
wavelength metasurfaces with singular grooves (or wedges)
are spectrally equivalent to a more symmetric system, a
simple periodic array of metal slabs. This has allowed us to
obtain analytical expressions for the dispersion relation of
SPP modes in the metasurface as well as for the absorption
cross section. Then, by introducing a flat surface model we
have derived effective surface conductivities to model energy
dissipation by the SPPs, which has enabled us to derive an-
alytical expressions for the metasurface reflectivity. We have
shown how singular plasmonic metasurfaces have continuous
spectra with a reduced reflectivity over a broad range of
frequencies. On the other hand, realistic metasurfaces will
not have perfect singularities first due to the difficulties in ACKNOWLEDGMENTS
nanofabricating sharp angles and ultimately to nonlocality. We We are grateful for fruitful discussions with Y. Luo. This
have shown how blunt singularities have a striking effectinthe  \ork was supported by the Gordon and Betty Moore Foun-
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APPENDIX A: SOURCE FIELDS IN THE TRANSFORMED SPACE

Here we present the derivation of the incident, reflected, and transmitted waves in the slab frame. Starting from plane waves in
the metasurface frame, Eq. (3), we apply the transformation Eq. (1) and write the source fields in the slab geometry. We assume
that the metasurface is subwavelength and that the spatial region of interest satisfies 7 << |x4| < A. Under this assumption, the
transformation reduces to

~_ L (5 ) (A1)
R e A
for the incident and reflected waves on the right-hand side of the singular surface (T < x4 < ). For the transmitted wave on
the left side of the singular surface we have 7' <« —x4 < A and

~ Ll (2 =i (A2)
“x o Ma\BE )

— Hoe_ikovx [(za+25)/2+ikoy (za—23)/ (2D)]

Then, the incident wave can be written as
Hinc — Hoe_iku"‘x4+ik0’y4

— Hoe{[(_ikox +koy)/2)za+[(—ikor—koy)/2)25}

N —ikoy +k0‘ —l'k()x—k()y T T,
NHOexp|: Tznl <d ) exp —Tznln<dzl)

ikoy — koy T ikox +koy T T
~ H| 14+ 2 R 1 IR MY
0[ L n(d )]+ 2 on n(dzl)

lk()x kOy T ys lk()x + k()}
~ H, | (— ) Hox T Foy 1( )
0[ e L) A S P
kOx T\2 ko,T Z*
= H (_) 2 7 n( 2L
0{ [ d 'Z”}Jr ar '\ 7z
Tk koo T kooT . (2F
= Hol 14+ i 20 (E) 4 i g0 (g, 2y + 2l (&
2 d T 4 21

[} |kx| 4 —00 Sgn(yl )kx

[} e~ tkelivil 00 ekl
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where we have used

ol
In(zP) = / e kg, (A4)
—00 |kx|
and
" % olklnl
m(z—‘) = / £ kg, (AS)
o) = ] sk

The reflected wave can be easily obtained by replacing ko, with —k,,

Href rH elk()XX4+lko‘)4

.kOXT
:}"HO l_l ln
2

ko T [ —lkellyil koo T [0 e llnl
(%) +i5 / ek, / ‘ et i,
d 4m —00 |kx| 4 —00 Sgn(yl)kx
koeT . /70 o pmlkdinil % e telnl
— rHy|1—i ln<—) - / rag, ek g, 4 / rag——— ek g (A6)
2 d —00 |kx| —00 Sgn(yl)kx

For the transmitted wave, k,, = ,/ek¢ — kZ,, and we have

Htra — tH()e_ik(,J"'xA"_ikOyyA
Z

24+zy . 24—
=tH ik, koy
Oexp< I > =+ tkoy 2 )

2 2 4

ko, + K ik, — k a\*
MHOeXp{lmTw " [ (Zlﬂ_)“exr’{ — 711 [d(z1+’5> “
ikoy —koy T ik, + koy +k0} T d\*
—_1 “ . x InlE d
2 n[ (ZIJ” )“{ ek PACREE)
ik/ _kO lk/ +k0 d *
~ tH, 1_M In ¢ Hox TRy 14 d
0 > . [ (Zl-l—l )} o n[ <Z1+,2) “
T [mvel o df ] kT, (G@i+ig)
—tHyl 1 —i- % — P | 2
0 l4n n|:(d> zl+12‘:| in n((z;—i—i%)
k/ T k/ T d 2 k T +i *
=1Hy{l—i—2 1H(z)—i B n| |z +iz A T (Zl 12)
2 4n (Zl-i-i%)

2 d 4
k' T T kK- T [ e~ lklyi+@d/2) kooT [ e lklln+@/2)l
— tH()|:1 — iLln(—) +i 0Ox / ethxldkx _ Roy / e'k‘xldkx:|
—00

—ik, +k —ik, — ko,
=tHoeXp< 10x+ 0yZ4+ le O,Z*>

~tHpyl —

2 \d A Ik, | A Jooo sgn(yi + §)ks
k T 00 k! —lkellyi+d/2)| o8] —lkellyi+d/2l

—tHy| 1 —i-% ln<z) —/ tﬂaae—el"xxldkx—/ R —— (A7)
2r \d —0o Kox Ik | oo sgn(yr + $)ke

APPENDIX B: CALCULATION OF THE SPP MODE COEFFICIENTS

In order to calculate the mode coefficients of the excited SPPs, we apply the boundary conditions in the slab frame. Hence,
we match the tangential field components H, and E, at the boundaries y = d;, y = —d,, y = —(d, + d3) [21]. In the matrix
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form, the equations system reads as

oIkl o~ lelds _elkilda okl b
+
oMkl elkelds ekl otk | [
_ Jkxldy —lkxldy -
lebds —Jk fetide e ke et
|k, | kel — |k |/l _ kg lefil@tds) [ky e~ x 12 +43) c_
X X & &
ekl i) olkxldy it
A kx| kx ky
ol ldy e lldady=@) / - lkxldy o~ lkxlldy +d3—(d/2))
- *Il‘c )\ll as(1 —r)+ o lhxll=dy +d/2)] aak -t Y —|ky|d: as(1+7r)+ e Sl arapy |9t
e~ i@ - Ox —sgn(k, )e™ "% —sgn(ky )—
“lky|d —lkx ldy+d3—(d/2)] k. \d lkx lidy +d3—(d/2))
ekl el —sgn(k, e~ kld —sgn(ky, ) —————
(B1)

where the Bloch wave condition has been used because of the periodicity of the slab array. Since the system of equations is
linear, the response functions » and ¢ can be decomposed into antisymmetric and symmetric components. For the antisymmetric
excitation (a, # 0, a, = 0), we have

(e — el g 41
ba+ = aq(1 —r)
ko |[(e — D)(elklrd) — elkildy) (g + 1)(elkd — 1)]

2e1/Dlk:ld K,
— o1, B2
ke[ — D(eRI@HE — ki) (¢ 1 Dk — )] “ ko B2

(e — el 4 g 41

P = Tl = D@ — oy £ (e + Derid — et ")
2e1/2)lk:ld k(/)x
" Thell(e — D(@RT@HE) — ) 1 (e + D — D] ko,
2¢
0 = il — D@ — ki) + (6 + Dier — Do 77
el — 1)l — (¢ 4 1)] Ko
T Tl = (R — el £ (e + D(el — D] ko,
2gelk:ld
0 = e = D@ — eid) + (o + e — e 77
1/2)|ky|d 2|k |d.
ek (e — ekl _ (g 4 1)] kOxt B3)

Ik (e — D)(elkeldrtd) — elklds) 4 (g 4 T)(elkxld — 1)] “ kox
On the other hand, the symmetric excitation (a, = 0, ay; # 0) gives
(e — Delblds — (g + 1)
e[ — D(ele ) — glhld) — (¢ 4 )(eld — 1)]
2e(1/2lkld
Tl — D(@R @) — o) — (e + D@ — D))
e —Delld — (g 41
P = e - 1>(e'kx(\<d1+dz>) = e‘kx'dﬂ( —+<e )+ Dy =y ka1
2e1/2)lk:ld
kell(e — DIt — elklds) — (g 4 T)(elld — 1))
2¢

bs+ =

sgn(ky)as(1 +r)

sgn(ky)ast, (B4)

sgn(ky)ast,

ST T = D(ekl@td) — glhilds) — (g + 1)(elld — 1)] sentas(d+r)
e MM (e — 1)e2blhl 4 (e + 1))
T TlGe = DT — o) — (e + el — D £ 6
|kx|d
o = 2ee sgn(koas(1+ 1)

e |[(e — D)(elkldird) — glkiddy — (g + 1)(elld — 1)]
eIl [ (g — 1)eXehel 4 (e + 1))
* kell(e — D(eRI@ TR — glilds) — (o + 1)(eleld = 1))

sgn(ky )agt. (BS)
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Then, the field amplitude in real space is obtained through a Fourier transformation of the field in k space as discussed in the
main text. Here we give the mode coefficients of the fields in real space. For the antisymmetric mode, we have

(e — DeVin® 4o 41

r,, = (1—r)
kpe{ (e = D[(d) + do)eVs4F®) — gy oV/Beb] 4 (e 4 1)dev/ i)
201/ /K3d k.
B SR (d+d NGX, Ji2d kﬁt’ (B6)
kpe{(e = D[(d1 + dp)eV TR — gye Vit ] 1 (¢ 4 DdeV e} Kox
ro- (e — DeVind f e+ 1 d—r
kpe{ (e = D[(d1 + d)eVOHE) — gieVFib] 4 (e + 1deV' i)
201/D/Bd K
— —f,
kpi{ (e = D[(dr + dp)eV ) _ gioV/id] 1 (¢ 4 DdeV/" 1) Kox
A 2 (-
a+ = -r
kpe{ (e = D[(d) + da)eV5DF®) — 4o/ 5eb] 4 (e 4 1)dev/ i)
. eIV (6 — 1eVEr® — (e 4-1)] Ko |
ke[ (6 = D[(dy + d)eVFr @t ®) _ o] 1 (6 4 1)dev/55u ) kor
2eeVind
Aa- = S (dy+d NG i2.d d=r
kpe{(e = D[(d) + dp)eV* D+ — gyeV i ®] 4 (e + 1)deV* )
+ V(e = DV — (e + 1) Ko, (B7)
kpe{ (& = D[(d) + do)eVE@FE) _ goV/5ous] 4 (5 4 1)deV/ 554} Ko
Whereas for the symmetric mode,
- (e — l)evkﬁxds —(e+1) sgn(k,, )sgn(x)(1 + r)
s+ — px
kpe[(€ = D[(dy + do)eV s FR) — gioV!oeh] — (& 4 1)deV i)
201/D/Rd
+ sgn (k. )sgn(x)r, (BS)
kpe{(e = D[(dh + d)eVS5: ) — 4oVt ] — (e 4 1)dev/5)
r ¢ = DVt — e+ D (kpr)sen(x)(1 + 1)
o = — sgn(kpy)sgn(x r
kpe (e — D[(d + do)eV s HR) _ gioV/kieB] — (e 4 1)deV i)
26(1/2) klzud
_ sgn(k,y)sgn(x)t,
ke (e = D[(d1 + do)eV/ T4 — iVt ] — (o + D)
2¢
Agy = — sgn(k,,)sgn(x)(l +r)
kpe (e — D[(dy + do)eV 5 FR) — gieVieB] — (6 + 1)deV i)
e VDVEA (e — 1P EVEx (¢ 4 1)]
+ . (dy+d 2.d 2.d sgn(kp.)sgn(x)r,
x1(& — 1+ dy)eV —dzeV T — (e + eV rx
kpe {(6 — D[(dy + dy)eV 5@+ _ g oN/55d5] — (6 4 1)de/ i)
A 2ee (kpr)sgn(x)(1 +7)
s— = sgn(kpy )sgn(x +r
kpe[(€ = D[(dy + do)eV e @FR) — gioVkoet] — (6 4 1)deV i)
(1/2)/k2.d 2ds K2,
e (e —1e w(e+1
- [( ) ( )] sgn(k,,)sgn(x)t. (B9)

ke {6 = D[y + dy)eV/F @) — gy V/Bb] — (e 4 1ydev/Fd )
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APPENDIX C: NORMALIZED MODE AMPLITUDES

In the flat surface model introduced in the main text, we have that the mode coefficients (I'¢ s)+, A(a,5)+) are proportional to
1 — r for the antisymmetric mode and to 1 4 r for the symmetric mode such that normalized coefficients can be defined which

do not depend on r or 7, denoted as | I VR
For the antisymmetric mode, we have

(e — eVt g 41

[
T e = DI+ eV e ] 1 (e eV )
26(1/2) kf,xd
B kpe{(e = D[(d + do)eVF @) _ oK) g (6 4 1)devRin) :
o (8—1)e“/gd3+8+1
T ke = D[+ d)eVE DT _ g o] 1 (6 4 1)deV )
26(1/2)@d
- kpe{ (& = D[(d) + do)eVB@F8) _ gon/5ou] 4 (5 4 1)deV/5:4) )
A:z+ = =
ke [ = D[(d1 + do)eV/ 5@ _ g eV] (e 4 Ddev/)
N e VAVEAl (e — 1 Y2V _ (g 4 )] .
Kyl (e = D[(d1 + eV T _ Vb 4 (o 4 VT
N ZSEﬁd

kpa {(e = D[(d) + dp)eV5 @) — 4oV ] 4 (6 + DdeV )

N e<1/2>ﬁd[(8 eV _ o 4 1]
E.
e [ = D[ + do)eV/ 5 — gso V5] 4 (e 4 DydeV/5 )

Similarly, for the symmetric mode, we have

r (e — DeVi® — (s 4 1) et
- sgn(kpy )sgn(x
" kp)c{(g - 1)[(d1 + dz)e‘/@(dﬁdﬂ — d3e\/k_12wd3] —(e+ l)de\/@d}

202\ /Rrd
kpe{(€ = D[(d) + do)eV i @H) _ gio/5ieh] — (6 4 1)deV i)
(e — DeVird — (g 4+ 1)

. =- sgn(kpy )sgn(x)
ko {(6 = D[(d1 + dp)eV/5te) _ qon/Boets] (6 4 1)deVk5)

_I_

Sgn(kpx )sgn(x),

2 1/D/K2d

B sgn(kpy)sgn(x),
kpe {6 = D[(d) + da)eV55: @48 _ g on/Bc] — (g 4 1)deV )
2
A, =— —— € — — sgn(kpy)sgn(x)
kpe{ (e — D[(d + do)eVF @) _ oK) — (6 4 1)dev/Rin)
+ e (G Db 4 (2 + D] sgn(k,y)sgn(x)
X X k)
kpe{(e = D[ + dye/5 0+ — den/5t] — (e + et}
Al 2ec /i (kpn)sgn(x)
s— = sgn(k . )sgn(x
kpx{(8 _ 1)[(d1 —i—dz)eﬁ(‘i‘*‘h)] — dse k2.dy (e + l)de“/ad}

e VIVEA (e — 1 eVE 4 (6 + 1)] (kpx)sgn(x)
_ 5 2 Sgn px Sgn x ’
kpe{(6 = D[(d1 + do)eV 5@+ _ e V5] — (6 4 1)deV5:4)
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APPENDIX D: INTRINSIC ABSORPTION CROSS SECTION FOR METASURFACES WITH BLUNT SINGULARITIES

Here we give expressions for the intrinsic absorption cross section of a metasurface with blunt singularities. For the
antisymmetric mode,

2 2
o — koT |kpx|"Im[e] 1 |AG,] PRI 2Rel /k,z)X](d2+d3))
abs — i i
B P 1 — gk Ltio2 >
N *\arep
rop2 _ —2Imik, L PN
N [A,_I (e 2Rl [ _ ,~2Rel, /kﬁx](dz-&-dg)) l—e o AG A (el [y _ iz In /k,%x](dz+d3>)

Im[k ] iZIm[ /kf,x]

2e—Im[kpX]L

2Re[ [k, ]

’ 3
N Ay A i2Iml/R)dy _ iz Iml, /k%x](derdg))

————{sin[[k,]L + ¢] — sin(¢)} |. (D1)
—i21m[ /&, ] Relkps]
For the symmetric mode,
oS — koT |k px |*Im[e] 1 |AL, 17 2Rl 1d _ eZRe[,/k,z,x](dz-k—d,;))
abs ) |8|2 |]+eikpr+i¢|2 —ZRC[\/kT]
px
|AL_I? ; ; 1 — g~ 2ImlkplL AZ A : ; . ;
+ 5— e72Re[\/a]d2_872Re[\/m](dz+d3)) _ st e*l2lm[ﬁ]dz_e*lZIm[«/kpX](derdz))
Im[k,, .
2Re[,/k2,] m[kpx] i2Im[, /K2, ]
A AF - il [ 2~ Imlkp L
+ e (YIS — PRI | {sin(Relkp )L + ¢) —sin(@)} |. (D2)
—i21m[ /&2, ] elkp:]

APPENDIX E: COEFFICIENTS FOR THE ASYMMETRIC METASURFACE

Following the same procedure as the calculation for the symmetric metasurface, we obtain all the coefficients for the
asymmetric metasurface (by+, Cax, Lax, Ags, Al 1). They are listed below

b —4gelklditditds) _ (2 _ 1)e2lkcllditds) 4 (g2 _ [)e2ilkel 4 (g — 1)2 (=2l 4 (g + 1)2 |
at = ke |[(8 = D)2(ek:ldi+d) — odslkil Y2 — (g 4 [)2(edlkel — 1)2] (1 =ra,

26(1/2)Ik,|(d17d2+d3)[(8 + 1)e\kx|d1+2dz+d3) — (s — l)elkx\lerdz) + (e — 1)e|k1|(d1+d3) —(e+ 1)ed2\k,x|]
|k |[(e — ])2(e|k.v\(dl+d2) — eBlk)2 — (g 4 1)2(edlk] — 1)?]

eta,,

b —dgethsllditditds) _ (g2 _ 1)p2lkellatds) 4 (g2 _ )2kl 4 (o — 1)2(—e2BIK]) 4 (g 4 1)? .
a ke |[(g = D2(ekslditd) — odslkil Y2 — (g 4 [)2(edlkel — 1)2] (I =r)aq

Ze*(l/Z)Ikx\[d1*3(d2+d3)][(8 _ 1)(_e|kx\(d1+drd3)) +(e+ 1)(e2d1\kx| _ e\kxl(drdrdz)) +e—1]
ke |[(e — 1)2(elkelditd2) — odilkil)2 — (g 4 1)2(edlkxl — 1)2] Veta, (ED
D2kl [ (g — [)elkilitditds) _ (g 4 [)plkil(i+3dtds) 4 (g _ 1)p2kil(ditdr) 4 (g 4 1)ezdz|kx|](1 e

Cat = ke |[(e — 1)2(ell@+d) — edslke )2 — (g 4 1)2(edkel — 1)2]
e~ DIkl +3da-4ds) [ (g2 _ 1) lke |31 +2d2-+d3) 4 g plkel(di+2dr+d3) (g ] Y22 e H3da kx| (g2 1 )glkel(di+d3) _ (g g ] 2ehlkel]
ko |[(e—1)2(elkel@i+d2) _edslkely2 (g4 1)2(edlkel —1)2]

etay,,

28e|kx|(d2+d3)[_(8 + l)elkx|(2d1+dz+d3) + (e — l)elkxl(dl"l'de) +(e+ l)edl‘k,\| — (e — ])elk.v\(d2+d3)]

Cam = lky|[(e — 1)2(elkel(@iFd2) — pdilkil)2 — (g 4 1)2(edlksl — 1)2] (I =ra,

e*(1/2)\kx|[d1*3(d2+d3)l[(8_1)26|kx\(3d1+d2*d3)_(8 4 1)26|kr|(d17d27d3)_(82_1)62|kx‘(dl+d2) 4 4ee2dilkid 4 82—1]
|kx|[(g—1)2(e\kx|(d1+d2)_ed3\kk|)2_(8 + 1)2(ed\kxl_1)2]

\/Etaa s
(E2)

+
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—4geV/Kplditdtdy _ (2 _ 2V (02 )2V (o — 12 (= 2OVER) 4 (e + 1)
kpe 208 — 12 (Vi) _ oK) [(d) 4 dy)eVRo@H ) _ /K] — 2 (s 4 12 (V554 — 1)deV* )

Loy = 1—r)
28(1/2)‘/](%‘(0['_d2+d3)[(8 + l)e./kf,x(d1+2dz+d3) — (e — l)e«/kﬁx@dﬁdz) + (e — l)e'\/k%x(dl"rd}) —(e+ 1)ed2\/k]21x]

_l’_
epe {202 — 12 (V54 _ o) [(d) 4 d)eV ) gy oNKns] — (e 4 192 (V5! — 1)de/nd)

et,

. _486,/k[2,'x(d1+d2+d3) _ (82 _ l)eza/kix(derdj,) + (82 _ l)ezdz,/kgx + (8 _ 1)2( _ ezd:;,/k%”) + (8 + 1)2

- : (1—r)
e {206 — 12 (V) _ NN [(dy 4 dy)e V5o @) _ o VK ] — 2(e 4 12(eV55 — 1)deV/Rix)

26_(1/2)‘/k%"[d'_3(d2+d3)]{(8 _ 1)[ —e kf,x(d1+dz—d3)] + (e + 1)[62d1«/k§k —e k2 (di —dz—ds)] +e— 1}

_l’_
kpe {2 — 12[eV5 79 _ o VBus][(dy + dy)eV/ ) — gieV/ots] — (e + 12 (eV55 — 1)deV i)

Vet,

(E3)

N 26 2V (e — 1)V — (¢ 4 D)eV/Frldit¥td) | (o 1)2V/Bditd) | (o 1)) (
at = 5 >
kpe {28 — 12 (eVE it _ oK) [(dy 4 dy)eV e ) _ ikt ] — 2(e 4 1)2(eV ! — 1)deV* )

1—r)

e~ (1/2) k%x(d+2d2)[_(82_1)eA/kf,X(Sd1+2d2+d3)+4gea/klz,_r(d1+2dz+d3)+(8_1)264/k,z,x(2d1+3dz)+(82_l)e k%x(d1+d3)_(8+l)2e kf,xdz]

kpc{2(e—1)(e ks (i) _ gy "%””’3) [(di+d>)eV Kpe (i) _ g o k%"d3]—2(8+1)2 (eV Kpad _ 1)de klz’xd}

Vet,

2eeV Kot b _ (g4 1)V ki Clititd) g (o _ e/ K20 (o )oK (g — 1)en/Fp(dtdn)]
- kpx{2(8 _ l)z(eﬂ/k,%x(dﬁdz) _ e‘/klz’-‘d3)[(d1+d2)e‘/klz’x(d'+d2) _ d3e‘/k§*d3] . 2(8—}-1)2(6‘ fi2.d _ l)de kl%xd}

(I—r)

e_(l/z)“/kg"[dl_3(d2+d3>][(8—1)26“/k%”@dl+d2_d3)—(8+1)26“/k%x(d1_d2_d3)—(82—1)62“/k’2’“(d1+d2)+48€2d1Vk%"+82—1]

+
kp {206 — 12 (e 50 _ oK) [(dy 4y eV e TR e KB ] 2 (e 1)2 (e 1! — 1) deV i)

et,

(E4)

Ao Do 2 /kﬁx[_(g _ 1)6,/k,2,,d — (e41)er /kf,x(d1+3d2+d3)+(8 — 1)es /k%x(d1+d2)+(8+1)62d2,/kﬁx]
kpe {206 — 12 (V558 _ oK) [(dy 4y )V e FR) — gye K5t ] — 2(e4-1)2 (eVSird — 1)deV i)

a+

N e (1/2)5 /kgx(awzafz)[_(82_1)64/k,%x(3all+2alz+d3)_’_4884/k},X(dl+2dz+ar3)_'_(8_1)ze4 /k%x(2d1+3d2)+(82_1)84 /k%x(dl+d3)_(£+1)2e4/k,%xdz]
K {206 —1)2 (¥ ko4 _oN ko) [(dy Ay eV }e 1) — s e/ Koets ] -2 (g4 1)2 (Vx4 1) de v/ Fied )

9

, 2geV k,z,x(d2+d3)[_(8+1)e\/k,z,,x(2d1+d2+d3)+(8 _ 1)ex/k%x(dl+2d2)+(8+l)edl\/k%; — (e — 1)6\/k,2,,x(d2+d3)]
A

- = kpx{z(s _ 1)2(6ﬁ(d1+d2) _ eﬁd3)[(dl+d2)eﬁ(d1+dz) _ d3eﬁd3] _ 2(8+1)2(6“/Ed _ l)deﬁd}

e*(1/2)«/k?u[dlf3(d2+d3)]{(8_1)264/k,z,x(3d1+d2*d3)_(8+1)2e«/kﬁx(d1*dz*d3)_(82_l)eza/kix(d1+d2)+4ge2dl«/k§x+82_1}
k{206 —1)2 (e A0 _ oK) [(dy 4y eV e TR oK B ] 2 (e 1)2 (e 1! 1) deV i)

+

(E5)
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