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Effect of phonon coupling on the cooperative two-photon emission from two quantum dots
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We predict dominating cooperative two-photon emission from two quantum dots coupled with a single-mode
photonic crystal cavity. The cooperative two-photon emission occurs when excitons in two off-resonantly
coupled quantum dots decay simultaneously. The interaction with a common cavity field leads to cavity-induced
two-photon emission which is strongly inhibited by electron-phonon coupling. The interaction with a common
phonon bath produces phonon-induced two-photon emission which increases on increasing temperature. For
identical quantum dots, cavity-induced two-photon emission is negligible, but phonon-induced two-photon
emission could be large.
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I. INTRODUCTION

Cooperative emission by an ensemble of N identical two-
level atoms has been the subject of intense theoretical and
experimental research after the discovery of superradiance by
Dicke [1]. It has been shown that the initial state as a sym-
metric superposition of atomic states leads to superradiance,
whereas antisymmetric superpositions of atomic states get de-
coupled from the environment and radiate negligible intensity
[2]. Such interesting effects arise due to quantum interfer-
ence between different possible atomic transitions [3]. The
superradiant and subradiant behavior has also been observed
in the cooperative emission of two emitters [3,4] in a cavity.
Further, the concept of superradiance and subradiance has
been extended to the inhomogeneously broadened ensembles
such as densely spaced semiconductor quantum dots (QDs)
coupled to a microcavity [5].

Recently, there have been considerable interests in de-
veloping on-chip photonic circuits using QDs coupled with
photonic crystal microcavities and waveguides, particularly
for the purpose of scalable quantum information processing
[6]. Owing to strong electrons and holes confinement, QDs
have atomlike discrete energy levels and with current tech-
nology it is possible now to deterministically position a QD
at a desired position in photonic crystal microcavities with
very high accuracy [7]. Significant technological progress has
been made in realizing these systems, e.g., ultrahigh-quality
cavities [8] and ultralow-loss waveguides have been designed
[9]. Further, incoherent [10] as well as coherent excitation [11]
techniques, and strong-coupling regimes in QD-microcavity
coupled systems [7,12], have been realized. A two-photon
resonant transition in a single QD through biexciton cascaded
decay has been observed [13]. A Jaynes-Cummings ladder
[14], where more than one photon interaction with a single
two-level system becomes significant, has also been observed.
Clearly these developments have proved photonic systems as
a potential candidate for developing integrated photonic tech-
nology and scalable quantum information circuits. However,
most of these studies involve interaction of the single QD
with an electromagnetic field. In this paper, we consider co-
operative two-photon emission from two separated QDs. We

are particularly interested in cooperative two-photon emission
from two off-resonant QDs when the probabilities of single-
photon emissions could be very small. Dominating two-
photon emission occurs when two-photon resonant conditions
are satisfied. Under two-photon resonant conditions, possible
two-photon transitions become indistinguishable and inter-
fere constructively. The two-photon resonant condition can
be satisfied either for two unidentical QDs having different
dipole coupling constants and exciton transition frequencies
or for two identical QDs having the same dipole coupling
constants and exciton transition frequencies. We specifically
bring out the role of phonon coupling in cooperative two-
photon emission from two QDs. In semiconductor cavity
quantum electrodynamics, coupling with a phonon bath is
a unique phenomenon which is primarily responsible for
exciton dephasing [15]. Other important processes such as
off-resonant cavity-mode feeding [16,17], phonon-mediated
population inversion [18], and phonon-assisted biexciton gen-
eration [19] have also been observed. We notice that there
have been some interesting theoretical as well as experimental
results demonstrating coupling between two quantum dots
induced by a common interacting field [20]. In the system of
two QDs, interaction with a common phonon field also plays
a significant role and the phonon-mediated coupling between
two QDs has been recently observed [21].

Our paper is organized as follows. In Sec. II, we present
our model for resonant two-photon emission and a theo-
retical framework using recently developed master equation
techniques [17]. The population dynamics, probabilities for
photon emissions, and spectrum of the generated photons is
presented in Sec. III. Finally, we conclude in Sec. IV.

II. TWO QDS INTERACTING WITH A
SINGLE-MODE CAVITY

We consider two separated QDs embedded in a single-
mode photonic crystal cavity. The energy levels of the ith QD
are represented by |gi〉 and |ei〉, for i = 1, 2, corresponding
to the ground state and exciton state. The Hamiltonian in the
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rotating frame is given by

H = h̄δ1σ
+
1 σ−

1 + h̄δ2σ
+
2 σ−

2 + h̄g1(σ+
1 a + a†σ−

1 )

+ h̄g2(σ+
2 a + a†σ−

2 ) + Hph, (1)

where σ+
i = |ei〉〈gi |, σ−

i = |gi〉〈ei |, δi = ωi − ωc, ωc is fre-
quency of the cavity mode, ωi is the transition frequency
for the exciton energy level, gi is the coupling constant
for the ith QD, and a and a† are photon annihilation and
creation operators, respectively. The phonon bath and exci-
ton phonon interaction is included in Hph = h̄

∑
k ωkb

†
kbk +

λkσ
+
1 σ−

1 (bk + b
†
k ) + μkσ

+
2 σ−

2 (bk + b
†
k ), with bk (b†k ) as the

phonon annihilation (creation) operator for the kth mode. In
order to understand the influence of exciton-phonon interac-
tion we made a polaron transform. The transformed Hamil-
tonian H ′ = eP He−P with P = σ+

1 σ−
1

∑
k

λk

ωk
(bk − b

†
k ) +

σ+
2 σ−

2

∑
k

μk

ωk
(bk − b

†
k ), which is separated into a cavity-QD

system, with phonon bath and system-bath interaction as
H ′ = Hs + Hb + Hsb, where

Hs = h̄�1σ
+
1 σ−

1 + h̄�2σ
+
2 σ−

2 + 〈B〉Xg, (2)

Hb = h̄
∑

k

ωkb
†
kbk, (3)

Hsb = ξgXg + ξuXu, (4)

where the polaron shifts
∑

k λ2
k/ωk,

∑
k μ2

k/ωk are included
in the effective detunings �1 and �2. The system oper-
ators are given by Xg = h̄(g1σ

+
1 a + g2σ

+
2 a) + H.c., Xu =

ih̄(g1σ
+
1 a + g2σ

+
2 a) + H.c., and bath fluctuation operators

are ξg = 1
2 (B+ + B− − 2〈B〉) and ξu = 1

2i
(B+ − B−). The

phonon displacement operators are B± = exp[±∑
k

λk

ωk
(bk −

b
†
k )] = exp[±∑

k
μk

ωk
(bk − b

†
k )] with expectation value 〈B〉 =

〈B+〉 = 〈B−〉. We use a transformed Hamiltonian H ′ to de-
rive the polaron master equation for describing the dynam-
ics of the system. After making the Born-Markov approx-
imation, the master equation is derived in Lindblad form.
The Lindblad superoperator corresponding to an operator
Ô is defined as L[Ô]ρ = Ô†Ôρ − 2ÔρÔ† + ρÔ†Ô. The
spontaneous emission, cavity damping, and phonon-induced
dephasing are also included in the master equation. The final
form of the master equation in terms of the density matrix for
the cavity-QD coupled system ρs is written as [17]

ρ̇s = − i

h̄
[Hs, ρs] − Lphρs − κ

2
L[a]ρs

−
∑
i=1,2

γi

2
L[σ−

i ]ρs − γ ′
i

2
L[σ+

i σ−
i ]ρs, (5)

where κ, γi, γ ′
i are cavity leakage, spontaneous decay, de-

phasing rates, and

Lphρs = 1

h̄2

∫ ∞

0
dτ

∑
j=g,u

Gj (τ )

× [Xj (t ), Xj (t, τ )ρs (t )] + H.c., (6)

with Xj (t, τ ) = e−iHsτ/h̄Xj (t )eiHsτ/h̄, and the polaron Green
functions are given by Gg (τ ) = 〈B〉2{cosh[φ(τ )] − 1} and

Gu(τ ) = 〈B〉2 sinh[φ(τ )]. In this master equation system-
phonon interaction is included in the phonon correlation
function φ(τ ). The phonon bath is treated as a continuum
with spectral function J (ω) = αpω3 exp[−ω2/2ω2

b], where
the parameters αp and ωb are the electron-phonon coupling
and cutoff frequency, respectively. In our calculations we use
αp = 1.42×10−3g2

1 and ωb = 10g1, which gives 〈B〉 = 1.0,

0.90, 0.84, and 0.73 for T = 0 K, T = 5, 10, and 20 K,
respectively, values which match with recent experiments
[17,22]. The phonon correlation function is given by

φ(τ ) =
∫ ∞

0
dω

J (ω)

ω2

[
coth

(
h̄ω

2KbT

)
cos(ωτ ) − i sin(ωτ )

]
,

(7)

where Kb and T are the Boltzmann constant and the tempera-
ture of the phonon bath, respectively.

We are interested in two-photon cooperative emission from
two QDs; therefore we work in the condition where single-
photon transitions are suppressed from individual QDs, i.e.,
the coupling constants of the cavity field with QDs are much
smaller than their detunings (g1, g2 � �1, �2). Under such
conditions the master equation (5) can be further simplified,
using Hs = h̄�1σ

+
1 σ−

1 + h̄�2σ
+
2 σ−

2 and neglecting the terms
proportional to g1 and g2 in the expression of Xj (t, τ ).
The simplified form of the master equation provides a clear
picture of processes involved in the dynamics. Under such an
approximation the master equation (5) takes the form

ρ̇s = − i

h̄
[Heff , ρs] − κ

2
L[a]ρs

−
∑
i=1,2

(
γi

2
L[σ−

i ] + γ ′
i

2
L[σ+

i σ−
i ]

+ �−
i

2
L[σ+

i a] + �+
i

2
L[a†σ−

i ]

)
ρs

−
[
�−−

12

2
(σ+

1 aσ+
2 aρs − 2σ+

2 aρsσ
+
1 a + ρsσ

+
1 aσ+

2 a)

+ �++
12

2
(a†σ−

1 a†σ−
2 ρs−2a†σ−

2 ρsa
†σ−

1 +ρsa
†σ−

1 a†σ−
2 )

+ �−+
12

2
(σ+

1 aa†σ−
2 ρs − 2a†σ−

2 ρsσ
+
1 a + ρsσ

+
1 aa†σ−

2 )

+ �+−
12

2
(a†σ−

1 σ+
2 aρs − 2σ+

2 aρsa
†σ−

1 + ρsa
†σ−

1 σ+
2 a)

+ 1 ↔ 2

]
, (8)

where the first term corresponds to the effective dynamics
of the system when QDs are far off-resonant. The effective
Hamiltonian is given by

Heff = Hs + h̄
∑
i=1,2

(δ−
i a†σ−

i σ+
i a + δ+

i σ+
i aa†σ−

i )

− (ih̄�2phσ
−
1 σ−

2 a†2 + H.c.)

− (ih̄�+σ+
1 aa†σ−

2 + ih̄�−a†σ−
1 σ+

2 a + H.c.), (9)

where δ±
i are Stark shifts, the third term represents two-photon

processes, and the fourth term corresponds to excitation
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transfer processes from one QD to another. The expressions
for Stark shifts, two-photon transition couplings, and excita-
tion transfer couplings are given by

δ±
i = g2

i �
[∫ ∞

0
dτG+e±i�i τ

]
, (10)

�2ph = g1g2

2

∫ ∞

0
dτ (G− − G∗

−)(e−i�1τ + e−i�2τ ), (11)

�± = g1g2

2

∫ ∞

0
dτ (G+e±i�2τ − G∗

+e∓i�1τ ), (12)

with G± = 〈B〉2(e±φ(τ ) − 1). The phonon-induced cavity-
mode feeding rates �±

i , two-photon emission and absorption
rates �++

ij and �−−
ij , and the excitation transfer rates �±∓

ij are
given by

�±
i = g2

i

∫ ∞

0
dτ (G+e±i�i τ + G∗

+e∓i�i τ ), (13)

�++
ij = gigj

∫ ∞

0
dτ (G−ei�j τ + G∗

−ei�i τ ), (14)

�−−
ij = gigj

∫ ∞

0
dτ (G−e−i�j τ + G∗

−e−i�i τ ), (15)

�+−
ij = gigj

∫ ∞

0
dτ (G+e−i�j τ + G∗

+ei�i τ ), (16)

�−+
ij = gigj

∫ ∞

0
dτ (G+ei�j τ + G∗

+e−i�i τ ). (17)

We solve master equation (5) numerically using a quantum
optics tool box [23]. In the case when QDs are far off-
resonant, the numerical results by using approximated master
equation (8) and the results obtained after integration of
master equation (5) match perfectly. We relegate the details
to the Appendix.

III. RESULTS AND DISCUSSION

For dominating two-photon cooperative emission, we con-
sider QDs are off-resonantly coupled with a cavity mode.
Initially both QDs are in exciton states and there is no
photon in the cavity mode, i.e., the initial state of the
system is |e1, e2, 0〉. In Figs. 1–4, we fix the detuning
of one QD, say �1, and scan the detuning of the other
QD for two-photon resonant emission. For subplots (a),
(b), (c), and (d), we consider no coupling with a phonon
bath, coupling with a phonon bath at T = 5 K, coupling
with a phonon bath at T = 10 K, and coupling with a
phonon bath at T = 20 K, respectively. We plot photon
emission probabilities from state |g1, e2, 1〉, |e1, g2, 1〉, and
|g1, g2, 2〉, given by P = κ

∫ ∞
0 dt〈g1, e2, 1|ρs (t )|g1, e2, 1〉,

Q = κ
∫ ∞

0 dt〈e1, g2, 1|ρs (t )|e1, g2, 1〉, and R = 2κ
∫ ∞

0 dt

〈g1, g2, 2|ρs (t )|g1, g2, 2〉, respectively. It is clear that even
g1 and �1 are fixed, and the probabilities P and R also
depend on �2, which demonstrates that QDs get coupled
after interaction with a common cavity field and phonon bath.
Further, for small spontaneous decay rates P + Q + R > 0.8
for |�2| � 5g1. In Figs. 1 and 2, we consider that the QDs
are placed in the cavity such that they have different dipole
coupling constants g1 �= g2. In Fig. 1(a), when there is no
coupling with the phonon bath and the detuning for the first
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FIG. 1. The probabilities of photon emission, P from state
|g1, e2, 1〉 (red line), Q from state |e1, g2, 1〉 (blue line), R from
state |g1, g2, 2〉 (black line). The parameters are g2 = 2g1, �1 =
−5g1〈B〉, κ = 0.1g1, γ1 = γ2 = γ ′

1 = γ ′
2 = 0.01g1.

QD is fixed for negative value �1 = −5g1〈B〉, the probabil-
ity P remains small and the probability Q becomes maxi-
mum for �2 = 0. The probability Q shows a dip, whereas
the probability R shows cavity-induced two-photon reso-
nance for �1 + �2 + 2g2

1/�1 + 2g2
2/�2 ≈ 0 [24], for g2 =

2g1 and κ = 0.1g1, �2 = 2.65g1〈B〉. Further, small values
of cavity damping are necessary in order to achieve two-
photon processes. The appearance of two-photon resonance
in R is a consequence of constructive interference between
two-photon transitions |e1, e2, 0〉 → |e1, g2, 1〉 → |g1, g2, 2〉
and |e1, e2, 0〉 → |g1, e2, 1〉 → |g1, g2, 2〉 [24]. The cavity-
induced two-photon resonance satisfies energy conservation
�1 + �2 ≈ 0 when we include Stark shifts. In Fig. 1(b),
we include coupling with a phonon bath at T = 5 K. The
coupling with phonon reduces the interference between two
possible photon transitions and thus reduces the probabil-
ity R at cavity-induced two-photon resonance. When QDs
are far off-resonant the phonon-induced cavity-mode feed-
ing enhances single-photon processes and thus P and Q

increase. The probability P when the photon is leaked from
state |g1, e2, 1〉 and the probability Q when the photon is
leaked from state |e1, g2, 1〉 complement each other. When
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FIG. 2. The probabilities of photon emission, P from state
|g1, e2, 1〉 (red line), Q from state |e1, g2, 1〉 (blue line), R from state
|g1, g2, 2〉 (black line). The parameters are the same as in Fig. 1,
except �1 = 5g1〈B〉.
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FIG. 3. The probabilities of photon emission, P from state
|g1, e2, 1〉 (red line), Q from state |e1, g2, 1〉 (blue line), R from state
|g1, g2, 2〉 (black line). The parameters are g2 = g1, �1 = − 5g1〈B〉,
κ = 0.1g1, γ1 = γ2 = γ ′

1 = γ ′
2 = 0.01g1.

probability P increases, Q decreases and vice versa. When
excitons do not decay through single-photon processes, i.e.,
the photon does not emit from state |e1, g2, 1〉 or |g1, e2, 1〉,
two photons are generated in cavity mode and the state of the
system is given by |g1, g2, 2〉. Therefore, when R increases
P and Q decrease. In Figs. 1(c) and 1(d), when the tem-
perature of the phonon bath increases, two-photon processes
increase, leading to larger probability R for all values of
�2. The coupling with the phonon bath also open up new
phonon-induced two-photon resonance. We find, using master
equation (8), that the terms corresponding to �+−

ij and �−+
ij

are responsible for phonon-induced two-photon resonance.
These terms correspond to exciton transfer, which dominate
when QDs are equally detuned. In the presence of interac-
tion Hs , the effective detunings include Stark shifts. Thus
phonon-induced two-photon resonance occurs when �1 +
2g2

1/�1 ≈ �2 + 2g2
2/�2. In this case the two-photon tran-

sitions e1, e2, 0〉 → |e1, g2, 1〉 → |g1, g2, 2〉 and e1, e2, 0〉 →
|g1, e2, 1〉 → |g1, g2, 2〉 become indistinguishable and inter-
fere constructively again.

In Fig. 2, we fix the detuning of the first QD to
positive value �1 = 5g1〈B〉. In this case the cavity-
induced two-photon resonance appears for �2 = −2.6g1〈B〉
[see Fig. 2(a)]. The probabilities P, Q, and R have the
same values as in Fig. 1(a) but for negative values of �2.
In Fig. 2(b), when coupling with the phonon bath at T =
5 K is introduced, a prominent phonon-induced two-photon
resonance appears for �1 + 2g2

1/�1 ≈ �2 + 2g2
2/�2. The

cavity-induced two-photon resonance which appears without
coupling with the phonon bath disappears. The probabilities
corresponding to single-photon processes P and Q increase
when QDs are far off-resonant. The phonon interaction is
asymmetric for positive and negative values of detunings. The
asymmetric behavior of phonon interaction has been observed
in QD-cavity systems [17,22] earlier. In Figs. 2(c) and 2(d),
when the phonon bath temperature is increased from T =
10 K to T = 20 K, two-photon processes become larger for
all values of �2 except at resonance. At two-photon resonance
the probability R decreases slightly as P and Q increase
slightly around resonance.
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FIG. 4. The probabilities of photon emission, P from state
|g1, e2, 1〉 (red line), Q from state |e1, g2, 1〉 (blue line), R from state
|g1, g2, 2〉 (black line). The parameters are the same as in Fig. 3,
except �1 = 5g1〈B〉.

In Figs. 3 and 4, we consider both QDs have the same
dipole couplings, g1 = g2. In this case cavity-induced two-
photon transitions remain negligible [24] and single-photon
transitions dominate, when we do not consider coupling
with the phonon bath as shown in Figs. 3(a) and 4(a). In
fact, for g1 = g2, the two possible two-photon transitions
interfere destructively, making the probability of generating
state |g1, g2, 2〉 negligible. In Fig. 3, we fix detuning of
the first QD to negative value �1 = −5g1〈B〉. When we
consider electron-phonon coupling at temperature T = 5 K,
two-photon processes increase in Fig. 3(b). For positive values
of �2 two-photon processes are larger than for negative values
of �2. Further, two tiny peaks appear for �2 = ±�1. The
peak at �2 = �1 corresponds to phonon-induced two-photon
resonance, and the peak at �2 = −�1 corresponds to cavity-
induced two-photon resonance as the interference conditions
change after coupling with the phonon bath. In Figs. 3(c)
and 3(d), two-photon processes become more dominating,
leading to larger values of R and smaller values of P and
Q. At T = 20 K, two-photon processes dominate for positive
values of �2, with a dominating resonance for negative value
at �2 = �1. In Fig. 4, we fix �1 = 5g1〈B〉. In Fig. 4(b),
when electron-phonon coupling at 5 K is considered, the two-
photon processes increase and dominate over single-photon
processes, leading to larger values of R than P and Q for
positive �2. On increasing the temperature, in Figs. 4(c) and
4(d), the two-photon processes become larger and single-
photon processes decrease. A dominating phonon-induced
two-photon resonance appears at �2 = �1.

In Figs. 1(a) and 2(a), for g1 �= g2 and T = 0 K, cavity-
mediated two-photon interaction is significant and phonon
interaction is absent. When �1 is fixed to a negative (positive)
value in Fig. 1(a) [Fig. 2(a)], two-photon resonance occurs
for positive (negative) values of �2. Further, in Figs. 3(a)
and 4(a), for g1 = g2 and T = 0 K, cavity-mediated and
phonon-mediated two-photon interactions are negligible and
the probabilities P, Q, and R are almost symmetric. However
at higher temperatures, phonon-mediated two-photon reso-
nance occurs when �1 and �2 are of the same sign. Further,
the phonon-induced cavity-mode feeding process followed by
emission of the phonon for positive detunings is stronger than
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FIG. 5. The density matrix element ρee(t ) =
〈e1, e2, 0|ρs (t )|e1, e2, 0〉 (blue line), and the probabilities of
photon emission, P (t ) from state |g1, e2, 1〉 (cyan line), Q(t ) from
state |e1, g2, 1〉 (black line), R(t ) from state |g1, g2, 2〉 (green
line), and R′(t ) from state |g1, g2, 1〉 (red line) for T = 10 K.
The parameters are in (a) the same as in Fig. 1(c) at two-photon
resonance for �2 = 2.6g1〈B〉, in (b) the same as in Fig. 2(c) with
�2 = 2.4g1〈B〉 corresponding to two-photon resonance, and in (c)
and (d) the same as in Figs. 3(c) and 4(c), respectively, at two-photon
resonance for �2 = �1.

the cavity-mode feeding process, followed by absorption of
the phonon for negative detunings [17,22]. Therefore, when
�1 is fixed to a positive or negative value, the probabilities
P, Q, and R become asymmetric along positive and negative
values of �2.

In Fig. 5, we show evolution of the system after including
electron-phonon interaction at T = 10 K. We plot the
probability when both QDs are in the excited state ρee(t ) =
〈e1, e2, 0|ρs (t )|e1, e2, 0〉, single-photon emission probabilities
P (t ) = κ

∫ t

0 dτ 〈g1, e2, 1|ρs (τ )|g1, e2, 1〉, Q(t ) = κ
∫ t

0 dτ

〈e1, g2, 1|ρs (τ )|e1, g2, 1〉, and R(t ) = 2κ
∫ t

0 dτ 〈g1, g2, 2|
ρs (τ )|g1, g2, 2〉. We also plot the probability R′(t ) =
κ

∫ t

0 dτ 〈g1, g2, 1|ρs (τ )|g1, g2, 1〉, when a photon is leaked
from state |g1, g2, 1〉. For smaller values of spontaneous
decay rate we find that R′(t ) = P (t ) + Q(t ) + R(t ).
First there is sharp rise in R′(t ) when the population in
|g1, g2, 1〉 increases due to single-photon leakage from
|g1, g2, 2〉, and then there is slow exponential growth to its
maximum value when the transitions |e1, g2, 0〉 → |g1, g2, 1〉
and |g1, e2, 0〉 → |g1, g2, 1〉 take place. The probability
ρee follows rapid oscillations, and for smaller values of
cavity damping, the average value decays exponentially.
Figure 5(a) is obtained using the parameters of Fig. 1(c) and
�2 = 2.6g1〈B〉, corresponding to the small cavity-induced
two-photon resonance peak. In this case the value of R(t )
remains smaller than Q(t ), as the cavity-induced two-photon
emission is smaller due to phonon interaction. In Fig. 5(b)
we use the parameters of Fig. 2(c) and the value of �2

corresponding to two-photon resonance at �2 = 2.4g1〈B〉.
The probability R is larger than the probabilities P and
Q, which shows that the phonon-induced cooperative
two-photon transition from state |e1, e2, 0〉 dominates over
individual single-photon transitions. Figures 2(c) and 2(d)
are plotted for the parameters used in Figs. 3(c) and
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FIG. 6. The spectrum of photons emitted from the cavity mode
for parameters the same as in Fig. 6 but for T = 0, 5, 10, and 20 K.

4(c), respectively, and for �2 = �1 corresponding to
phonon-induced two-photon resonance. We notice that
for far off-resonant and equally detuned excitons, cooperative
two-photon decay is dominating. Further, we find that
cooperative decay is more pronounced for positive detuning
�1 = �2 = 5g1〈B〉 [see Fig. 5(d)] than for negative detuning
[see Fig. 5(c)]. Also, in Figs. 5(a) and 5(b), the oscillations in
ρee(t ) are more pronounced than in 5(c) and 5(d) because of
stronger cavity interaction which results from larger values of
g2 and smaller values of |�2|.

In Fig. 6 we present a calculated cavity-mode spec-
trum S(ω) = ∫ ∞

0 dt
∫ ∞

0 dτa†(t )a(t + τ ) exp iωτ . The two
time correlation a†(t )a(t + τ ) is calculated using quantum
regression theorem. We use similar parameters as in Fig. 5 at
different phonon bath temperatures. In order to accommodate
four subplots for T = 0, 5, 10, and 20 K, we normalize
the maximum peak height to 1 by dividing all values with
maximum value. The emitted spectrum can be understood
using a dressed state picture of different excitation (number
of excitons in QDs and number of photons in cavity mode)
manifolds. The dressed state of two excitation manifold decay
to dressed states of one excitation manifold and the dressed
states of one excitation manifold decay to |g1, g2, 0〉. There
are four dressed states in the two excitation manifold which
are superpositions of |e1, e2, 0〉, |g1, e2, 1〉, e1, g2, 1〉, and
|g1, g2, 2〉. There are three dressed states in the one excitation
manifold which are superpositions of |e1, g2, 0〉, |g1, e2, 0〉,
and |g1, g2, 1〉. For g1, g2 � �1, �2, these dressed states are
almost identical to the states of the composite system. There-
fore, in principle there could be 15 peaks in the emission spec-
tra, 12 from two excitation states and three peaks from single
excitation states. However, for the parameter used in Fig. 6,
only a few dominating peaks appear in the emission spectra.
In Fig. 6(a) three narrower peaks appear from one excita-
tion states, two centered around ω − ωc = �1, ω − ωc = �2,
and one centered around the cavity frequency (the middle
peak among three overlapping peaks). The emitted spectrum
from two excitation states contains emission from |g1, g2, 2〉
(broader right-hand side peak among the overlapping three
peaks around the cavity frequency) and emission from in-
dividual QDs. The QDs are coupled with the cavity mode
under the strong-coupling regime, and therefore the spectrum
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of emitted photons from an individual QD has a doublet cor-
responding to an excitonlike and cavitylike frequency [7,25].
Two excitonlike peaks overlap with one excitation peak at
ω − ωc ≈ �1, ω − ωc ≈ �2. Further, for far off-resonant QD
the emission close to the cavity mode remains smaller. Two
cavitylike peaks appear on either side of ω − ωc, one along the
negative side is a left-hand side peak among three overlapping
peaks around cavity frequency, and the other on the positive
side is not clearly visible. When the temperature of the phonon
bath is raised the cavity-mode feeding increases, leading to
a decrease in emission around exciton frequencies, and the
emission around the cavity frequency increases. As a result,
emission from both single-photon processes and cooperative
two-photon processes appear around the cavity-mode fre-
quency. In Figs. 6(b)–6(d), the cavity-induced two-photon
processes are weak, and the emission is mainly from individ-
ual QDs for T = 0 K. Therefore, we get negligible emission
around cavity frequency at T = 0 K. In Figs. 6(c) and 6(d),
when QDs have the same coupling constants and detunings,
in the spectrum emitted from one excitation states two peaks
at ω − ωc ≈ �1, �2 overlap for T = 0 K. Two additional
peaks from two excitation states, one at ω − ωc = �1 = �2

and another at cavity frequency, appear when the QDs emit
in the presence of one photon in cavity mode. When the
temperature is raised the emission around the cavity frequency
dominates due to the increase in cavity-mode feeding and
phonon-induced two-photon processes.

IV. CONCLUSIONS

We have predicted dominating two-photon emission from
two off-resonantly coupled QDs in a photonic crystal cav-
ity. We have found that when electron-phonon coupling is
negligible, a cavity-induced two-photon transition could be
dominating over single-photon transition if QDs are placed
in the cavity such that their dipole coupling constant with
cavity mode are not equal (g1 �= g2) and their exciton tran-
sition frequencies satisfy the resonant condition �1 + �2 +
2g2

1/�1 + 2g2
2/�2 ≈ 0. For QDs having the same dipole cou-

pling constants (g1 = g2), cavity-induced two-photon transi-
tions are negligible. In the presence of electron-phonon cou-
pling, the cavity-induced two-photon transitions are strongly
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FIG. 7. The probabilities of photon emission, P from state
|g1, e2, 1〉 (red line), Q from state |e1, g2, 1〉 (blue line), R from
state |g1, g2, 2〉 (black line) using master equation (8). In (a) the
parameters are the same as in Fig. 1(c), in (b) the parameters are the
same as in Fig. 2(c), in (c) the parameters are the same as in Fig. 3(c),
and in (d) the parameters are the same as in Fig. 4(c).

inhibited. However, phonon-induced two-photon transitions
start dominating with a resonance for �1 + 2g2

1/�1 ≈ �2 +
2g2

2/�2. On increasing temperature from 5 to 20 K, phonon-
induced two-photon transitions increase, and for the red-
detuned cavity-mode phonon-induced two-photon transitions
start dominating at lower temperature than for the blue-
detuned cavity mode. Our results can be used for realization of
photonic systems when two or more QDs are integrated with
the microcavity or waveguide.
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APPENDIX: RESULTS OBTAINED USING SIMPLIFIED
MASTER EQUATION (8)

In order to check the validity of the simplified master equa-
tion (8), we have plotted single-photon emission probabilities
after integration of simplified master equation (8) using the
same parameters of Figs. 1(c), 2(c) 3(c), and 4(c) in Fig. 7.
The obtained results are a good match with all the features
observed in Figs. 1–4.
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