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Gratings of infinite wires make, perhaps, the simplest class of metasurfaces, which, however, are utilized
for a variety of different objectives in wave manipulation. Importantly, due to their analytical solvability, they
can be fully optimized in a fast and direct way. In this study, a lattice of periodically corrugated cylindrical
particles under oblique plane-wave excitation is considered and treated rigorously. Several cases of particle radii,
distances between two consecutive cylinders, and angles of illumination are examined; as a result, very high
selectivity of the metasurface response in terms of line-of-sight transmission and absorption is reported. That
abrupt change in the device output becomes even more dramatic in the parametric vicinity of the emergence of
new refractive orders, which makes the proposed metasurface exceptionally fitting for switching, filtering, and
sensing applications.
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I. INTRODUCTION

If metamaterials mimic exotic electromagnetic properties
not findable in nature, metasurfaces [1] emulate exotic bound-
ary conditions admitting general beam steering and field trans-
formation. Indeed, placing multiple similar objects across a
surface can change the characteristics (phase, amplitude, and
polarization) of the waves passing through it in an arbitrary
way [2]. These applications and functionalities cover a broad
range of operational wavelengths from microwaves to visible
[3] and may also concern nonelectromagnetic interactions like
acoustic [4] ones. Introducing phase discontinuities within the
thin parallelepiped volume of a metasurface separating two
media allowed the reformulation of the laws of reflection and
refraction by applying Fermat’s principle [5] and revealed un-
precedented opportunities for light manipulation with planar
photonics [6]. Highly efficient designs have been proposed,
including polarization converters with help from plasmonic
nanoslits [7] and lattices of dielectric elliptical nanoposts
that can control the wave phase with subwavelength spatial
resolution [8]. Furthermore, successful beam focusing has
been experimentally demonstrated by employing patterned
layers of silicon on quartz substrates [9], while nonplanar
gratings of nanoantennas can conceal three-dimensional ar-
bitrarily shaped objects by wrapping around them [10].
Reflections along multiple directions from metasurfaces can
also formulate multiport network analogs [11] with scattering
matrices corresponding to power splitters, isolating mirrors,
or other nonreciprocal devices.

Periodic gratings of cylinders make, perhaps, a less com-
plex class of electromagnetic metasurfaces since their con-
stituent elements are parallel rods of circular (or other) cross
section, which render the structure two-dimensional. How-
ever, despite their simplistic nature, metasurfaces of cylindri-
cal particles have been proven to be very effective for vari-
ous operations since they are the two-dimensional equivalent
of photonic crystals with their countless applications [12].

Highly directional emission from an aperture with periodic
metallic grooves has been observed [13], while gradient meta-
surfaces of alternating rectangular dielectric rods can support
perfect anomalous reflection of visible light [14]. Gratings
of parallel wires can also serve as ultraefficient absorbers
by engineering their particles to work like passive Huygens
sources [15] or leaky-mode waveguides [16]. Finally, lattices
of circular rods can give a greatly enhanced magnetic field
for magnetic resonance imaging applications [17], while non-
scattering arrays of corrugated cylinders can be constructed to
make perfect antenna radomes [18].

Apart from their multifunctionality, metasurfaces of par-
allel cylinders are, in most cases, analytically solvable using
either canonical expansions of wave equation solutions or
integral equation formulations [19]. In the case of particles
with a circular cross section, the problem has been extensively
studied for many decades in several ways. The followed
approaches include connecting the multiple-scattering ampli-
tude with that of an isolated element [20], implementing a
lattice sum technique [21], performing multipole/plane-wave
expansions [15,22], and applying a direct Neumann iteration
procedure [23]. Even when the cylinders have a noncircular
shape, rigorous treatment is still feasible with the use of
integral equation methodologies employing grids of triangular
elements [24] or entire-domain basis functions [14]. Having a
closed-form analytical solution utilizing the aforementioned
techniques is not only sophisticated but also very useful when
testing many different grating designs. Indeed, analytical
formulas can substantially lighten the computational burden
accompanying structural or textural optimization, compared
to running multiple full-wave simulations via commercial
packages.

In this work, we consider cylindrical particles periodically
corrugated along their axis, made of only two materials whose
proportion changes linearly with respect to radial dimension.
In fact, we use the concept of digital metamaterials [25] but in
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a configuration which avoids abrupt texture changes. In order
to render our problem analytically solvable and acquire all
the advantages described above, we employ effective-medium
approximation [26,27] and convert the corrugated rod into
an equivalent multilayered homogenized one [18]. In this
way, one can directly control the external electromagnetic
characteristics of the wires by adjusting the volume ratio of
the two materials. In order to acquire a strong transverse
polarizability for the homogenized particles [28,29], we select
that ratio accordingly. To this end, we consider multiple cylin-
ders, parallel to each other, in a metasurface layout which is
illuminated by an obliquely propagated plane wave. Under the
condition of electrically small cylinders, we perform a dipole
approximation of their response; such an assumption does not
affect the developed far field [15]. After rigorously summing
[30] that scattering field using every one of the rods, we
obtain explicit forms for the reflected and transmitted beams
of various refraction orders [31] produced by the grating.
In this sense, we can find design parameters for this sum-
mation that lead to lattice resonances, namely, constructive
or destructive interference from the response of the grating’s
cylinders [19].

With realistic choices of sizes and permittivities, we notice
that line-of-sight transmissivity, namely, the power carried by
the transmitted beam following Snell’s law, changes abruptly
when new refraction orders are about to emerge, regardless
of the input polarization. This sharp variation in the response
of the device renders it suitable to use as a photonic switch
or highly selective filter. We also examine the patterns of
the power channeled along unconventional directions when
anomalous reflection/transmission occurs, and we represent
the vectorial energy equilibrium in characteristic cases. Fi-
nally, we regard actual lossy media in the visible, and we re-
port almost perfect absorption for specific spatial distributions
of the particles, which are practically independent of their own
size. Such parametric sensitivity of absorption of our lattice
can be directly exploited in sensing and radar invisibility
systems.

II. MATHEMATICAL FORMULATION AND MODELING

A. Single cylindrical particle

The building block of our device is depicted in Fig. 1(a),
where the Cartesian (x, y, z) and cylindrical (r, ϕ, z) coor-
dinate systems are also defined. That cylindrical particle has
infinite length and a circular cross section of radius a and is
filled with a material with complex relative permittivity εmeta.
Its volume has been linearly corrugated with period h, so that
rotationally symmetric wedges of width (a − g) and height
(h − d ) are formed, which are filled with another material
of permittivity εdiel. The time dependence is considered to
be periodic e+jk0ct and is suppressed throughout the analysis,
where c is the speed of light and k0 = 2π/λ0 is the operating
wave number, all in vacuum.

The corrugation period h along axis z of our cylinder is
taken to be much smaller than the oscillating free-space wave-
length λ0; such a feature enables us to convert the structure
into an analytically solvable equivalent one, which remains
unaltered along the z axis. If, additionally, the excitation is z

FIG. 1. (a) Side view of a periodically corrugated cylindrical par-
ticle composed of two media with permittivities εmeta and εdiel. The
top view of the homogenized analog is given in the bottom right inset.
(b) Top view of the periodical array of the homogenized particles in
(a) excited by an oblique TE/TM plane wave with incidence angle
θ . (c) Variation of the effective permittivity Re[ε‖

1] of a homogenized
single particle’s external layer on the (Re[εdiel], Re[εmeta]) map while
keeping Re[ε⊥

1 ] = −1.

independent, we have the simplified decoupling of the fields
in the TE set (magnetic field parallel to the z axis, electric
field on the xy plane) and the TM set (electric field parallel
to the z axis, magnetic field on the xy plane). In particular,
the wave interaction of the corrugated cylinder would be al-
most identical to that of a two-dimensional (2D) multilayered
one with U concentric regions based on effective-medium
approximation [26,27] for the hollow cylindrical volumes
defined by (U − u)/U < r/a < (U − u + 1)/U , with u =
1, . . . , U . The index u increases from the external surface
(u = 1) to the core (u = U ), and each of the concentric layers
has the same thickness a/U . The effective permittivities of the
layer with index u are given by the well-known formulas [18]
ε⊥
u = εmetadu/h + εdiel(1 − du/h) (for the xy plane, TE po-

larization) and 1
ε

‖
u

= du/h

εmeta
+ 1−du/h

εdiel
(for the z axis, TM polar-

ization), provided that h � λ0 for homogenization purposes.
The auxiliary quantities du and ρu (outer surface radius) for
the uth cladding (u = 1, . . . , U ) of the multilayered analogs
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are

du

h
= d

h
+

(
1 − d

h

)
a − ρu

a − g
,

ρu

a
= U − u + 1

U
. (1)

After the homogenization process described above, the
field in the multilayered equivalent cylinder would have the
form of infinite sums of the Helmholtz canonical solutions
in the cylindrical coordinate system. Given the fact that the
rod in Fig. 1(a) would serve the role of a structural unit for a
more complex device, it is sensible to take it to be electrically
small, namely, with a radius a much smaller than the vacuum
wavelength λ0. Accordingly, we are permitted to describe the
field’s spatial variation across its volume by keeping only
the first two azimuthal orders [15] of the aforementioned
solution series (omnidirectional and dipole terms). Under this
approximation and regardless of the source feeding such a
particle, the z-directed field Gext = ẑGext (magnetic for TE
polarization and electric for TM polarization) in the external
layer u = 1 will be written as

Gext (r, ϕ) = C0
[
J0(k1r ) + F0H

(2)
0 (k1r )

]
+C1c

[
J1(k1r ) + F1cH

(2)
1 (k1r )

]
cos ϕ

+C1s

[
J1(k1r ) + F1sH

(2)
1 (k1r )

]
sin ϕ. (2)

The symbols Jp,H (2)
p are used for Bessel and (second-type)

Hankel functions of pth order, and k1 = k0
√

ε1 is the wave
number corresponding to the material of the external layer
of our particle (ε1 = ε⊥

1 for TE polarization and ε1 = ε
‖
1

for TM polarization). The complex constants (C0, C1c, C1s )
are arbitrary and are determined by the illuminating source
creating the background field.

In contrast, the proportionality constants (F0, F1c, F1s )
are specific and characteristic of the homogenized wire
since they reveal the analogy between r-dependent solu-
tions (Jp,H (2)

p ) within the external (u = 1) layer. It is ev-
ident that F0 = F1c = F1s = 0 if the cylinder is a homo-
geneous rod. These constants are found by imposing the
boundary conditions at the internal interfaces r = ρu for
u = 2, . . . , U of the multilayered cylinder. More specifically,
we obtain F0 = [

∏U
u=2 Tu(0)]21/[

∏U
u=2 Tu(0)]11 and F1c =

F1s = [
∏U

u=2 Tu(1)]21/[
∏U

u=2 Tu(1)]11, where Tu(p) is the
2 × 2 transfer matrix [32] from the uth layer to the (u − 1)th
layer (from the core to the external surface r = a) for the
assumed polarization (TE/TM), while p is the corresponding
azimuthal order [15]. The explicit expressions of the matrices
TT E

u (p) and TT M
u (p) are omitted for brevity.

B. Infinite metasurface

When one locates infinitely many of these particles par-
allel to the z axis with a constant distance 2b between
two neighboring ones along the y axis, one makes the
metasurface in Fig. 1(b). The response from every single
cylinder can be easily expressed in the corresponding local
coordinate system (rn, ϕn, z) centralized at the On axis of
each rod [n ∈ Z, as shown in Fig. 1(b)]. Given the fact
that such a grating is illuminated by an obliquely incident
plane wave of axial (z-polarized) field (magnetic for the TE
case and electric for the TM case) written as [33] Ginc =

e−jk0(x cos θ+y sin θ ) = ∑+∞
p=−∞ j−pJp(k0r )e−jp(ϕ−θ ), the scat-

tering field of the whole metasurface readily takes the form

Gscat =
+∞∑

n=−∞
e−2jk0bn sin θ

[
S0H

(2)
0 (k0rn)

+ S1cH
(2)
1 (k0rn) cos ϕn + S1sH

(2)
1 (k0rn) sin ϕn

]
. (3)

We note that (3) is a function of all the local cylindrical
coordinates (rn, ϕn, n ∈ Z) and written under the assumption
of dipole approximation. Indeed, due the infinite size of the
structure and the infinite wave front of the excitation, the
scattering from the arbitrary nth particle will be spatially
identical to that of any other particle with a phase difference
e−2jk0bn sin θ dictated by its position On around axis (x, y) =
(0, 2bn). Therefore, the coefficients (S0, S1c, S1s ) are not
functions of n and describe the interaction of the central
(n = 0) wire with the impressed field.

By employing the addition theorem for circular cylindrical
waves [30], we can find a formula for the scattering field
expressed in the global cylindrical coordinate system (r, ϕ, z),
associated with the central particle:

Gscat (r, ϕ) = (S0�0 − S1s�1)J0(k0r ) + S0H
(2)
0 (k0r )

+ S1c

[
(�0 + �2)J1(k0r ) + H

(2)
1 (k0r )

]
cos ϕ

+
{

[2S0�1 + S1s (�0 − �2)]J1(k0r )
+S1sH

(2)
1 (k0r )

}
sin ϕ.

(4)

The symbols �0,�1,�2 are used for infinite sums involving
Hankel functions of the respective order. The derivation of
(4) and the numerical evaluation of these series are described
in the Appendix. To this end, it is sufficient to impose
the necessary boundary conditions on the n = 0 cylinder at
r = a since the rest of the particles interact trivially differ-
ently from the central one (due to the aforementioned phase
difference). Indeed, we have only six complex unknowns
(C0, C1c, C1s , S0, S1c, S1s ) and two boundary conditions at
r = a: (i) the Dirichlet condition, Ginc + Gscat = Gext, and
(ii) the Neumann condition, ∂Ginc

∂r
+ ∂Gscat

∂r
= 1

ε⊥
1

∂Gext
∂r

for TE

polarization and ∂Ginc
∂r

+ ∂Gscat
∂r

= ∂Gext
∂r

for TM polarization.
Note that all the unknowns are uniquely determined since each
boundary condition will contribute three scalar equations (one
omni-directional, another proportional to cos ϕ, and the last
proportional to sin ϕ). It should be stressed that the dipole
approximation is also performed in the incident wave since
a small particle cannot “feel” a substantial azimuthal change
of the background field.

After finding the coefficients S0, S1c, S1s , the scattering
field can be written in the global Cartesian coordinate system
by employing the Poisson summation formula [34]:

Gscat (x, y) = e−jk0y sin θ

+∞∑
m=−∞

e−jmπy/b e−κm|x|/b

κm

×
[
jS0 + jκmS1c sgn(x) − S1s (mπ + k0b sin θ )

k0b

]
, (5)
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where κm =
√

(mπ + k0b sin θ )2 − (k0b)2. The derivation of
(5) is described in the Appendix.

If we are interested in the electromagnetic response far
from the structure (x → ±∞), we will take into account only
the refraction orders m ∈ Z belonging to the set M defined
by the double inequality [14,19]:

−
⌊

2b

λ0
(1 + sin θ )

⌋
� m �

⌊
2b

λ0
(1 − sin θ )

⌋
, (6)

for which κm is purely imaginary. Obviously, if 2b
λ0

< 1
1+| sin θ | ,

only Snell’s transmission and reflection are supported by our
metasurface. The scattered far field of the grating towards
the right (x > 0) and left (x < 0) sides can be evaluated
directly from (5). To the (always present) ordinary (m =
0) transmitted order, one should add [15] the background
incident field Ginc(x, y). In this sense, the transmission Tm

and reflection Rm coefficients are determined; thus, the trans-
mitted z-polarized field (TE/TM) is written as Gtran(x, y) =∑

m∈M Tme−jk0(x cos θm+y sin θm ), while the reflected one reads
Gref (x, y) = ∑

m∈M Rme−jk0(−x cos θm+y sin θm ). The common
angle of propagation (measured from the horizontal x axis)
of the transmitted (traveling towards x > 0) and the reflected
(towards x < 0) waves of order m is given by

θm = arcsin

(
sin θ + mπ

k0b

)
. (7)

If θm < 0 when θ > 0 for a specific m ∈ M, that order
of refraction is called anomalous; namely, the developed
transmitted/reflected rays propagate towards the same region
of space in which the metasurface is excited (y < 0 half
space). For m = 0, (7) yields a trivial result: θ0 = θ (Snell’s
transmission/reflection).

C. Transverse external permittivity

Returning to the single-particle configuration in Fig. 1(a),
the periodical corrugations along its axis offer significant
design advantages since numerous alternative structures can
be obtained with the sole use of two media [25]: (εmeta, εdiel ).
Indeed, by choosing the two permittivity functions to be as
distinct as possible, namely, the first one having Re[εmeta] < 1
(the subscript stands for either metal or metamaterial) and
the second one having Re[εdiel] > 1 (the subscript stands
for common dielectric), a number of interesting and diverse
responses can be recorded. The structure of Fig. 1(a) pos-
sesses two additional merits: (i) The designer can engineer
the external (or any other) equivalent permittivity by varying
the inclination of corrugations. (ii) The linear change in the
effective permittivity makes the material transition smooth
and encourages interplay between fields within the effective
cylindrical multilayers and the incident illumination.

In this work, we choose to give the effective permittivity
of the external layer ε⊥

1 (for TE waves), a specific value
dictated by the dipole moment of an elongated cylindrical
wire. In particular, it is well known that for the case of a
homogeneous infinite rod [28,29], the transverse polarizabil-
ity behaves as α⊥ ∼ ε⊥−1

ε⊥+1 , while the longitudinal one is just
proportional to the permittivity contrast: α‖ ∼ (ε‖ − 1). That
singularity (maximization in practice) in α⊥ means that a

choice Re[ε⊥
1 ] = −1 will make the cylinder interact strongly

with the excitation through its outer surface. Such a resonance
happens due to the metallic nature of this surface and is
commonly called a localized surface plasmon [35,36]. The
permittivity for which this effect occurs, changes with respect
to the particle’s shape; for example, spheres made of metals
or metal-dielectric mixtures have plasmonic resonance at the
operational frequency where ε = −2.

A typical variation of the (real part of) external equivalent
permittivity ε

‖
1 for the other (TM) polarization with respect

to the real dielectric constants of the two media while the TE
resonant condition holds, is shown in Fig. 1(c). First of all, the
equality Re[ε⊥

1 ] = −1 is possible only when Re[εmeta] < −1;
the infeasible material combinations are labeled the “forbid-
den region.” In addition, a large change in the value of Re[ε‖

1]
is recorded in the vicinity of the line Re[εmeta] + Re[εdiel] =
−1, which becomes more rapid for more negative Re[εmeta]
and less lossy designs (unbounded ε

‖
1 in the lossless scenario).

From Fig. 1(c), it is clear that while keeping Re[ε⊥
1 ] = −1,

the equivalent external permittivity Re[ε‖
1] can cover a wide

range of values, and thus, we expect the responses for the two
polarizations to be quite different.

III. NUMERICAL RESULTS AND DISCUSSION

A. Input parameters and output quantities

In the following numerical examples, we always obey
the condition Re[ε⊥

1 ] = −1. Furthermore, we avoid chang-
ing the properties of the two media in order to understand
what utilities are possible for a specific set of permittivities.
Therefore, we keep them constant and equal to values that
can be found easily at optical frequencies: εmeta

∼= −2 and
εdiel

∼= 3. The electrical size of the cylinders a/λ0 is kept
moderate since they are playing the role of particles in the
metasurface. The radius g of the core filled with εmeta has been
selected to be much smaller than the radius a of the particles
in order to guarantee smoother texture transitions (g = 0.2a).
When it comes to the number of equivalent layers U , it is
chosen to be sufficiently large for the results to converge.

As far as the power of each of the refracted waves is con-
cerned, it is meaningful only along the normal-to-metasurface
x direction since the incident field dictates the y variation and
the corresponding power flow. For this reason, we define the
power carried by the transmitted and reflected modes of order
m (as a fraction of the unitary incident power) through the
following respective normalized quantities:

P tran
m = |Tm|2 cos θm

cos θ
, P ref

m = |Rm|2 cos θm

cos θ
, (8)

which are the basic observables of our study. Since we
have multiple directions of propagating waves, the energy
conservation is written in the form

∑
m∈M(P tran

m + P ref
m ) = 1,

expressing the power exchange only along the x axis [14,31].
One of the major approximations of the present work is

that we keep only the first two terms of the azimuthal varia-
tion in the corresponding canonical field expansions. Such a
reduction, surprisingly, affects only the near-field distribution
around and into the cylinders instead of the metasurface
behavior in the far region (transmitted and reflected rays).
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FIG. 2. The power carried by Snell’s transmission P tran
0 = |T0|2

in a contour plot with respect to the angle of incidence θ and the half
period of the metasurface divided by the free-space wavelength b/λ0

for (a) TE polarization and (b) TM polarization. Plot parameters:
εmeta = −2, εdiel = 3, a = 0.2λ0, g = 0.2a.

Indeed, due to periodicity, highly oscillating azimuthal har-
monics ejpϕ for p > 1 have a null average contribution in the
far-field response of the entire device [15]. In our numerical
examples, we verify energy conservation up to the third
decimal digit for every single case of lossless design. This
is a strong indication that neither the bipolar approximation
adopted in (2)–(5) nor the homogenization described by (1)
affects the validity of the far-field results. When losses are
considered, our observable is no longer the power carried
by the modes but the electromagnetic absorption A = 1 −∑

m∈M(P tran
m + P ref

m ) for each polarization; such a normalized
quantity gives the percentage of the unitary input power which
gets absorbed within the grating. It should be mentioned
that in the following numerical results all the represented
quantities concern the far region and thus do not contain
approximation errors (unlike the near fields, which are not
computed or shown). Even absorption A, which takes place
in the volume of the particles, is defined in terms of far-field
transmitted P tran

m and reflected P ref
m power.

As far as the fabrication of the described metasurface
structure is concerned, one can mimic the technique employed
in a similar setup [18]. Suitably corrugated metallic wires can
be embedded in transparent dielectrics and can be placed next
to each other with help from a three-dimensionally printed
plastic array by using stereolithography. Furthermore, since
the characteristics of the equivalent concentric particles have
been obtained (Sec. II A), construction methods of z-invariant
parallel rods [37] are suitable; alternatively, emulating effec-
tive corrugations around the metallic cores through conformal
films [38], is also possible.

B. Line-of-sight transmission

Let us consider a metasurface composed of particles with
moderate but non-negligible size (a = 0.2λ0) and the speci-
fications mentioned in Sec. III A. In this section, our aim is
to investigate the response variation for most metasurfaces
comprising such cylinders at a fixed operating wavelength
λ0. In Fig. 2, we show the line-of-sight transmitted power,
namely, the power P tran

0 = |T0|2 carried by Snell’s (m = 0)
transmission, in a contour plot as a function of the incidence
angle θ and the grating’s electrical half period b/λ0 for both
polarizations. Combinations of θ and b/λ0 which, according
to the equalities of (6), signify the appearance of a new

FIG. 3. The power carried by Snell’s transmission P tran
0 = |T0|2

for TE polarization of Fig. 2(a) as a function of operating wavelength
λ0/λref for (a) various incidence angles θ (a = 0.2λref = 0.5b) and
(b) various metasurface spatial half periods b/λref (a = 0.2λref , θ =
30◦).

refraction order m are shown in Fig. 2 by white lines (solid for
negative orders, dashed for the only positive one: m = 1). The
monotonicity of these loci on the (θ, b/λ0) map is determined
by their signs, which means that lines of opposite-sign m can
cross each other, indicating the simultaneous emergence of
two additional refraction orders.

In Fig. 2(a), where TE excitation is considered, we notice
that P tran

0 gets sharply maximized (by taking almost 100%
values) close to the boundary of the m = −1 order; once the
metasurface becomes sparse enough to support anomalous
refraction (m = −1), P tran

0 vanishes. Indeed, once a new re-
fraction order gets triggered, it directly absorbs a lot of energy
previously carried by Snell’s transmission. We also note that
line-of-sight transmissivity exhibits secondary maxima in be-
tween two loci of consecutive anomalous orders. Furthermore,
the critical b/λ0 for which maximum P tran

0 is observed, is not
very sensitive to incidence angle changes, giving an almost
horizontal, thin, and lengthy “plateau” of large |T0|2 values
in the map in Fig. 2(a). In Fig. 2(b), where TM waves are
examined, P tran

0 is enhanced (with magnitudes close to 100%
of the unitary incident power) at the intersection points of two
loci corresponding to opposite-sign m. Similar to the TE case,
the power carried by the line-of-sight transmission feeds the
two pairs of freshly developed refractive waves.

In Fig. 3, we examine the TE case of Fig. 2(a) and represent
the line-of-sight transmission as a function of the operational
wavelength λ0/λref (λref is a constant reference wavelength
dictated by the application). In Fig. 3(a), we consider various
incidence angles θ and observe multiple peaks within a short
range of operating frequencies [demonstrating the θ insen-
sitivity mentioned in Fig. 2(a)]. The most important feature
is that a small shift in λ0 can lead to a dramatic increase
of |T0|2 (from almost 0% to 100%), revealing extremely
high selectivity in the frequency response of our device. In
Fig. 3(b), we are referring again to the plateau in Fig. 2(a) and
considering several distances b. As in Fig. 3(a), we observe
sharp maxima in P tran

0 but at very different wavelengths λ0,
which means that, by tuning b, one can reach maximal line-
of-sight transmissivity for the desired frequencies. This in-
teresting frequency-selective behavior gives evidence that our
metasurface can be used for switching and filtering purposes.

In Fig. 4, we perform the same considerations as in Fig. 3,
with the same λref , but for the TM waves [of Fig. 2(b)]. In
Fig. 4(a), we notice that the influence of the angle θ is similar
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FIG. 4. The same as Fig. 3 but for TM polarization of Fig. 2(b)
as a function of λ0/λref for (a) various θ (a = 0.2λref = 0.5b) and (b)
various b/λref (a = 0.2λref , θ = 20◦).

to that of Fig. 3(a), enabling the grating to act as a selector
of operational frequency. However, the maxima appear at a
different band [note that the metasurfaces of Figs. 3(a) and
4(a) are identical] and are weaker, once our incident plane
wave gets more oblique. For a specific wavelength λ0, the
dissimilar way that the device treats TE and TM waves renders
it suitable as a polarization separator. In Fig. 4(b), where
various spatial periods are considered, we observe two peaks
of |T0|2 [corresponding to the local maxima of Fig. 2(b)]
instead of the single one in Fig. 3(b) for the same size, 2λref ,
of the wavelength band. It should finally be stressed that in
the TM polarization the peaks look locally sharper, but the
minimum-to-maximum range of the curves is much shorter
than the corresponding one in Fig. 3 (TE polarization).

C. Anomalous refraction

In contrast to planar homogeneous layers, excitation of
periodic gratings is usually accompanied by development of
waves traveling in directions not predicted by Snell’s law. This
anomalous refraction is the major factor affecting the line-
of-sight transmission apart from ordinary (m = 0) reflection
|R0|2. Therefore, it is worth examining the variation of power
P

tran/ref
m by fields of anomalous refraction order m. Let us

confine our research to TE polarization (in particular, the cases
considered in Fig. 3), where particles are expected to respond
more vividly (since ε⊥ = −1).

In Fig. 5(a), we represent the power carried by the de-
veloped transmitted (solid lines) and reflected (dashed lines)
waves as functions of λref/λ0, which is proportional to the
operational frequency [Fig. 3(a) for θ = 40◦]. It is easy to
observe the frequencies beyond which each refraction order
is activated, and in most cases, the corresponding power
takes substantial (or even maximal) values. This feature also
affects the behavior of already developed waves according
to the inevitable energy equilibrium. For example, one can
observe the sharp peak of m = −1 anomalous transmission
once m = −2 refraction emerges, at the expense of Snell’s
(line-of-sight) transmission. Three distinct frequencies with
interesting power distributions are indicated with markers of
different colors and placed on the corresponding curves. In
Fig. 5(b), we schematically show with arrows the directions
and the squared magnitudes of propagating waves for these
three characteristic frequencies using the respective colors.
Note that conservation of energy may be visually violated
since |Tm|2, |Rm|2, according to (8), can be smaller or larger

FIG. 5. (a) The power P tran/ref
m carried by various transmission

(solid lines) and reflection (dashed lines) orders m as a function of the
operational frequency λref/λ0 for the case of Fig. 3(a) with θ = 40◦.
(b) Schematic of the squared magnitudes and directions of waves for
the wavelengths marked in (a). (c) The same as (a), but for the case of
Fig. 3(b) with b = 0.6λ0. (d) The same as (b), but for the wavelengths
marked in (c).

than P tran
m , P ref

m . The incidence direction and ordinary re-
flection angles are represented by black dashed lines. We
directly notice almost 100% line-of-sight transmissivity at
λ0

∼= 1.43λref , as shown in Fig. 3(a). Furthermore, we note
the anomalous reflection at λ0

∼= 1.18λref , while a typical
scattering of power along six different directions is recorded
at λ0

∼= 0.64λref . In Fig. 5(c), we repeat our computations for
the metasurface in Fig. 3(b) with b = 0.6λref . The substantial
anomalous reflection sending a major part of the power back
to the source at λ0

∼= λref deserves special mention. Again,
three characteristic cases are marked, and the corresponding
propagation directions are presented in Fig. 5(d).

D. Absorption

In all the previous examples, we considered lossless media
(Im[εmeta] = Im[εdiel] = 0). When losses are present (which
is inevitable, especially for εmeta), our metasurface absorbs
part of the incoming energy, a feature not always unwanted.
Indeed, thin planar absorbers [39] are extremely useful com-
ponents in a large number of electromagnetic devices, includ-
ing switching absorbers/reflectors [40], sensors plates, and
polarization tuning gratings. In this section, we will present
maximally absorbing designs of Fig. 1 by employing actual
lossy media. In other words, we do not optimize the losses
of the materials, that is, search for maximum absorption A

between two extrema of zero and infinite losses (giving A =
0). We instead adjust our structure to already existing and
realistic textures, so that very high absorbance is achieved.
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FIG. 6. (a) Absorbed power A in a contour plot with respect
to the distance ratios a/b and b/λ0 (λ0 = 500 nm, θ = 45◦).
(b) Absorbed power A in contour plot with respect to wavelength
λ0 and incidence θ . (c) Absorbed power A as a function of θ

(a ∼= 0.15λ0) for various homogeneous slab configurations and our
metasurface. Particles are made of gold and lossy aluminum oxide.

Let us consider two media: gold for εmeta and aluminum
oxide with fixed engineered losses (Im[εdiel] = −0.9) for εdiel

employed around λ0
∼= 500 nm (green light). The ratio d/h

from Fig. 1(a) is chosen so that Re[ε⊥
1 ] = −1, as described in

Sec. II C, and TE waves are considered (as in Fig. 5).
In Fig. 6(a), we represent the absorption A in a contour plot

as a function of the normalized radius of the particles a/b and
the electrical half period b/λ0 of the metasurface. We directly
observe a series of sharp maxima (reaching 100%) with
respect to b/λ0, occurring all at the same b ∼= λ0

2+√
2
, which,

according to (6), corresponds to the appearance of the m =
−1 refraction order (for θ = 45◦). The same region of the
map (a/b, b/λ0) gives maximum line-of-sight transmission
P tran

0 = |T0|2 for the analogous lossless designs (Im[εmeta] =
Im[εdiel] = 0). Weaker local maxima are noted at distances
b, triggering a new refraction order. It is also remarked that
similar behavior is exhibited (obviously at different b) for
alternative choices of the incidence angle θ .

In Fig. 6(b), we consider a structure corresponding to a
point on the distance map (a/b, b/λ0) in Fig. 6(a) which
exhibits substantial absorption of incoming power. We test it
for various incidence angles θ of TE fields and operational
wavelengths λ0 by taking into account the material dispersion
[41]. We observe that the maximum absorption pattern coin-
cides with the locus associated with the m = −1 refraction
order (indicated by a solid while line), in accordance with the
conclusions of Fig. 6(a) and the variations of Fig. 2. Once we
change λ0 or θ to excite our metasurface with waves different
from them dictated by the aforementioned line, we experience
a drop in the absorption which is naturally more rapid once
we are far from the selected operation point (λ0 = 500 nm,
θ = 45◦).

The advantage of our structure in terms of TE absorption is
finally demonstrated in Fig. 6(c), where absorbance A of the
metasurface of Fig. 1(b) is compared with that of various uni-
form slabs with the same size 2a for all incidence angles. We
use the same media (gold and lossy aluminum oxide) operated
at the same wavelength λ0 = 500 nm as in Fig. 6(a), while the
cylinder radius takes a rather typical value: a ∼= 0.15λ0. For
each angle θ we optimized the distance b defining our grating
in terms of maximum A. Naturally, homogeneous layers of
thickness 2a filled with the constituent materials of our par-
ticles do a much worse job for all directions of illumination.
What is, however, remarkable is that our metasurface using
the same particles and simply rearranging them accordingly
can beat the highest absorbing uniform layer (fully optimized
with respect to (Re[ε], Im[ε]) at each θ ) for a wide range of
incidence directions: 35◦ < θ < 55◦. Note that, since every
possible complex ε of the passive medium (with Im[ε] < 0)
has been checked, the upper limit for absorption by homo-
geneous structures concerns also all layers thinner than our
metasurface uniform layers (thicknesses between 0 and 2a).

IV. CONCLUDING REMARKS

A family of metasurfaces comprising periodically corru-
gated parallel rods consisting of two media was considered.
Such a class of particles offers the possibility of controlling
the electromagnetic characteristics of their external surface
while keeping a smooth textural transition. We converted the
configuration to an equivalent multilayered one (with the use
of an effective-medium approximation), which is analytically
solvable. Sharp changes in the transmissivity and the ab-
sorbance of the device were reported when it was operated
in the regime of triggering a new refraction order. Such
intriguing effects can be directly attributed to the lattice reso-
nances, namely, the constructive or destructive interference of
scattering from consecutive particles.

It should be stressed that the proposed designs are not
fully optimized; several conventional parametric choices have
been made. Therefore, there is a significant margin for further
calibration by greatly varying the rest of the size and texture
features or by demanding different constituent properties for
the external surface of the particles. Given the fact that our
design supports analytical solutions and semianalytical ap-
proximations, there is no need for extensive cumbersome full-
wave simulations via commercial software for such a global
optimization. Therefore, the technique and the assumptions of
the present work can be easily expanded to give more general
and improved metasurfaces, revealing even more fascinating
modes of operation at low computational cost.
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APPENDIX: FORMULAS AND
COMMENTS ON DERIVATIONS

1. Derivation of formula (4) from formula (3)

The addition theorem for cylindrical coordinates of a par-
allel (common) z axis [30] connects the eigenfunctions of
the cylindrical Helmholtz equation in one coordinate system

(rn, ϕn) to the other (r, ϕ). In particular, if the angle of the
origin On of the local system in terms of the global one
equals ±π/2 (in proportion to the sign of n), the addition
theorem gives (apparently for n �= 0 because the n = 0 local
coordinate system of the central cylinder coincides with the
global one)

H
(2)
0 (k0rn) =

+∞∑
p=−∞

H (2)
p (2k0b|n|)Jp(k0r )jp[L+

p cos(pϕ) − j sgn(n)L−
p sin(pϕ)], (A1)

H
(2)
1 (k0rn) cos ϕn =

+∞∑
p=−∞

H
(2)
p−1(2k0b|n|)Jp(k0r )jp[−jL+

p−1 cos(pϕ) − sgn(n)L−
p−1 sin(pϕ)], (A2)

H
(2)
1 (k0rn) sin ϕn =

+∞∑
p=−∞

H
(2)
p−1(2k0b|n|)Jp(k0r )jp[sgn(n)L−

p−1 cos(pϕ) − jL+
p−1 sin(pϕ)], (A3)

where L±
p = 1±(−1)p

2 .

By keeping from the sums (A1), (A2), and (A3) only the
first two orders p = 0,±1 and by acting with the operator
J {�} = ∑+∞

n=−∞{�} of (3) only to n-dependent quantities (not
those solely dependent on global r and ϕ), we obtain (4). The
sums �0,�1,�2 are defined as

�0 =
+∞∑

n=−∞

′
e−2jk0bn sin θH

(2)
0 (2k0b|n|), (A4)

�1 =
+∞∑

n=−∞

′
e−2jk0bn sin θH

(2)
1 (2k0b|n|) sgn(n), (A5)

�2 =
+∞∑

n=−∞

′
e−2jk0bn sin θH

(2)
2 (2k0b|n|), (A6)

where the primed sums exclude the term n = 0.

2. Numerical evaluation of series (A4), (A5), and (A6)

The series �0,�1,�2 of (A4), (A5), and (A6) respectively
are very slowly convergent with a general term behaving like
O(e−2jk0b(|n|+n sin θ )/

√|n|) for |n| → +∞. Therefore, directly
evaluating them is not efficient. To overcome such a compu-
tational snag, we exploit the analytical formula [42]

+∞∑
n=1

e−2jk0b(|n|+n sin θ )

√|n| = Li 1
2
(e−2jk0b(1+sin θ ) ), (A7)

where Liv is the polylogarithm function of order v. In par-
ticular, we subtract the asymptotic general terms from the
corresponding series (A4), (A5), and (A6), and we simultane-
ously add the aforementioned equivalent analytical result. The
remaining sum converges much faster since the higher-order
terms of the difference vanish rapidly.

3. Derivation of formula (5) from formula (3)

By applying laws of cosines and sines in the triangle with
vertices: the global origin O, the local origin On (centralized
at the nth cylinder), and the observation point (x, y), we

readily find

cos ϕn = x√
x2 + (y − 2bn)2

, (A8)

sin ϕn = y − 2bn√
x2 + (y − 2bn)2

. (A9)

Given the fact that rn = rn(x, y) =
√

x2 + (y − 2bn)2, we
can write the scattering field of (3) as follows:

Gscat = S0Q − S1cQx + S1sQy

k0
, (A10)

where the subscripts x, y correspond to partial derivatives of
the function Q = Q(x, y), which is defined as a series,

Q =
+∞∑

n=−∞
e−2jk0bn sin θH

(2)
0 (k0rn(x, y)). (A11)

The function Q can be transformed with using the Poisson
summation formula [34] and the following integral represen-
tation of the Hankel function [34]:

H
(2)
0 (k0

√
(x − X)2 + (y − Y )2)

= j

π

∫ +∞

−∞

e−jβ(y−Y )−|x−X|
√

β2−k2
0√

β2 − k2
0

dβ. (A12)

More specifically,

Q = je−jk0y sin θ

+∞∑
m=−∞

e−κm|x|/b−jmπy/b

κm

, (A13)

where κm =
√

(mπ + k0b sin θ )2 − (k0b)2. If one substitutes
(A13) in (A10), one obtains (5).
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