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Magnetic field induced quantum criticality and the Luttinger sum rule
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We show that when there is a sudden transition from a small to a large Fermi surface at a field-induced quantum
critical point—similar to what may have been observed in some heavy-fermion compounds—an additional term
has to be taken into account in the Luttinger-Friedel sum rule. We calculate this additional term for a local model
which has a field-induced quantum critical point (QCP) and show that it changes abruptly at the transition, such
that it satisfies a generalized Luttinger-Friedel sum rule on each side of the transition, and characterizes the two
Fermi-liquid phases separated by the QCP as a discrete (topological) index.
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I. INTRODUCTION

Quantum critical behavior has been induced in many
heavy-fermion compounds by reducing the critical tempera-
ture of a low-temperature phase transition to zero via tech-
niques such as pressure, alloying, or an applied magnetic
field [1,2]. The critical behavior of some of these compounds
has been understood in the framework of the Wilson renor-
malization group approach, when the quantum-mechanical
fluctuations as well as the thermal fluctuations of the order
parameter are taken into account [3,4]. For others, however,
where the fluctuations appear to be predominantly local, the
extended Wilson approach does not satisfactorily explain the
experimental results. There is as yet no fully comprehensive
theory of this type of critical behavior so it is a very active
area of research, both experimental and theoretical [5-7]. In
some heavy-fermion compounds, a sudden jump from a small-
volume to a large-volume Fermi surface may have occurred at
the field-induced transition [8—10]. As the Luttinger sum rule
relates the density of electrons in partially filled bands to the
volume of the Fermi surface, this change in volume indicates a
sudden change in the degree of localization of the f electrons.
This Fermi-surface volume change may also be viewed as
supporting the Kondo collapse scenario where the behavior
at the quantum critical point has been interpreted as arising
from a sudden disappearance of the states at the Fermi level
associated with a Kondo resonance or renormalized f band
[7,11]. To investigate this more fully, we first of all review the
steps in the derivation of the Luttinger theorem to assess the
implications of a system having electrons in partially filled
bands and Fermi surfaces with different volumes. We then
relate this behavior to that of a local model with a field-
induced quantum critical point which has a Kondo regime
with renormalized f states at the Fermi level.

We consider a system of noninteracting electrons in eigen-
states specified by the set of quantum numbers denoted by «
with single-particle energies E,. When two-body interaction
terms are included, the single-particle Green’s function G, (w)
can be written in the form
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where €, = E, — u is the single-particle excitation energy
relative to the chemical potential u and X, (w) is the proper
self-energy term. The expectation value for the total number
of electrons in the system, N, is then given by

= __Z / ]1m [IMG o (0wH)]dw, ()

where o™ = w +i8 (§ > 0) and we have taken u = 0. On re-
placing G, (w™) in the integrand by [1 — ) (0)]Go(0™) +
X (wT)Gy(w™), where the prime indicates a derivative with
respect to w, the first integral can be performed to give

+ X"
N = Z[— — — arctan ( 5+ /(0) )L_}m +Zla,
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and TR (w*) and ! (w™) are the real and imaginary parts of
Y, (), respectively.

Note that in deriving the general equation (2) no as-
sumptions of translational invariance or periodicity have been
made, so it applies to systems with impurities, including the
Friedel sum rule for the single-impurity Anderson model if it
is expressed in terms of the diagonalized one-electron states. It
also takes into account any partially filled localized or atomic
states.

Luttinger [12] showed, within perturbation theory, that the
imaginary part of the self-energy at the Fermi level vanishes,

e., [Eé 0] s—o+ = 0, due to phase-space restrictions on
scattering processes. If this condition holds and ZX(0) is
finite, which we denote as condition (i), then we can simplify
Eq. (3) and rewrite it in the form

N=Y [1-0(ca+Z5O)]+ ) L. Q)

We will refer to this equation as a generalized Luttinger-
Friedel sum rule (GLFSR).

where
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Condition (i) is required to be able to define a Fermi
surface. If the one-electron states correspond to Bloch states
in a lattice with periodic boundary conditions so that the index
o denotes a wave vector k and band index n and a spin index
o, then if (i) holds, a Fermi surface can be defined as the locus
of points kg, which satisfies

€nke + Zpp, (0) = 0. (©6)

In this case Eq. (5) becomes

N=Y[1-0(ko +Z,O)]+ > koo (D
k,o

k,o

The Luttinger sum rule relating the total number of electrons
in partially filled bands to the sum of the volumes of the
spin-up and spin-down Fermi surfaces follows if the Luttinger
integral » y  Ixo = 0.

If there is a change in the volume of the Fermi surface at
a transition yet no change in the total number of electrons
in the states contributing to the sum rule, it follows that the
term ), , Ik, cannot be zero through the transition. We will
exploit the consequences of this observation for a particular
model later in this paper.

The relation in Eq. (5) can be given an interpretation in
terms of quasiparticles if £X(w) has a finite derivative with
respect to w at w = 0 and the derivative aﬁé(a)) /0w is zero
evaluated at w = 0, which we denote as condition (ii). The
excitation energy of a quasiparticle €, can be defined as &, =
Zo(€q + EO’f (0)), where z,(<1) is the quasiparticle weight
given by

axR
) .
w=0

-1
=1
% |: dw

If conditions (i) and (ii) are satisfied one can define a total
quasiparticle density of states p(w) via

pl@) =) 8w —&). ©)

Note that the quasiparticle density of states is different
from the quasiparticle contribution to the spectral density of
Za G4 (w). In terms of the quasiparticles Eq. (5) takes the
form

N=>1-0C)+) I (10)

which sums over the number of occupied free quasiparticle
states. Equivalently, the first term of the right-hand side can
be expressed as an integral over the free quasiparticle density
of states p(w) up to the Fermi level,

0
N=/ p@)dw + Y I. an

The existence of long-lived quasiparticle excitations in the
neighborhood of the Fermi level is one of the basic assump-
tions in the phenomenological Fermi-liquid theory of Landau,
and the microscopic theory provides a criterion for such
excitations to exist. For a Fermi liquid a further condition is
usually invoked that the one-electron excitations of the inter-
acting system are adiabatically connected to those of the

noninteracting system, which we denote as condition (iii). The
proof of the Luttinger sum rule, that ) ", I, = 0, as given by
Luttinger and Ward [13], requires this third condition (iii) to
hold, and adiabatic continuity would appear to be a general
requirement in an alternative nonperturbative derivation for
a Fermi liquid [14]. However, it is possible for quasiparticle
excitations to exist at the Fermi level in a phase in which
condition (iii) does not hold, and we have given an example
in earlier work [14]. Here we consider a local system which,
though not directly applicable as a model of heavy-fermion
compounds, has a field-induced quantum critical point and
has a sum rule that mirrors the change in volume of the Fermi
surface, as may have been observed in some heavy-fermion
compounds.

II. MODEL

The model we consider is a version of the two-impurity
Anderson model in the presence of a magnetic field. The
Hamiltonian for this model takes the form H =) ,_, , H; +
‘H 2, where H; corresponds to an individual Anderson impu-
rity model with channel index i,

f T
Hi = E €fiotigtio+ E €k,iCh i oChic
o k,o

x Z(Vk,if;gck,i.a +He)+Ungigngiy, (12)
k,o

where fiTa, fi.c are creation and annihilation operators for an
electron at the impurity site in channel i and spin component
o =1, |, and energy level €;; ; =€;; — ho, where h =
gupH/2, H isalocal magnetic field, g is the g factor, and g
the Bohr magneton. The creation and annihilation operators

c;i’a, cr.i.o are for partial wave conduction electrons with
energy € ; in channel i, each with a bandwidth 2D with D =
1. With the assumption of a flat wide conduction band the
hybridization factor, A;(w) = 7 )", [Vi; [28(w — €k.i ), can be
taken as constant independent of w. For the interimpurity
interaction Hamiltonian 7, we take into account an antifer-
romagnetic exchange term J and a direct interaction U},

Hip=2JSs1-Spo+ Uz an,l,anf,Z,a’- (13)

o,0’

The Kondo version of the two-impurity model has a long
history and was originally put forward to study the compe-
tition between the Kondo effect and the intersite Ruderman-
Kittel-Kasuya-Yosida (RKKY) interaction in heavy-fermion
systems. It was in this context that it was shown to have T =
0 phase transition [15]. Studies based on the two-impurity
Anderson model in the absence of a magnetic field have re-
vealed a discontinuous change in spectral density at the Fermi
level at the transition [16]. Other studies have shown that the
transition is very robust, occurring away from particle-hole
symmetry [17] and even away from the Kondo regime with
U, = U, = U, =0 [14,18]. The basic picture that emerges
is that as the intersite interaction J is increased from J = 0,
where the sites are Kondo screened in the case of large U,
a new universal low-energy scale T* is induced such that on
the approach to the transition at J = J., T* — 0.For J > J,,
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FIG. 1. Aplotofh./J, where h, is critical field to induce a tran-
sition, as a function of the interaction parameter J for a particle-hole
symmetric model with U/mA =5, J. =2.8272 x 1073, and for
an asymmetric model with €,/mA = —0.659,U/nA =05, J. =
5.4220 x 10~3(dashed line).

the screening is then predominantly due to the existence of
an induced local singlet state, which we will refer to as a
localized dimer singlet (LDS) state to distinguish it from
the singlet state associated with the Kondo resonance in the
regime J < J.. The LDS state can equally well be interpreted
as a resonant valence bond (RVB) state.

To demonstrate the field-induced transition we consider
the model with identical impurities and baths, so we drop
the index i, in the presence of a local magnetic field H. We
consider a case first of all with particle-hole symmetry and
parameters U/mA =5 (ey = —U/2) and w A = 0.01 (this
value will be taken in all calculations), where J. is 2.8272 x
1073. In the absence of a magnetic field and J < J,, there
is a Kondo resonance at the Fermi level with a spectral den-
sity ps(0) = 1/ A. In the LDS phase for J > J., however,
the Kondo resonance disappears, leaving a pseudogap with
p7(0) =0, reflecting the fact that it costs a finite energy to
remove an f electron and break apart the LDS state. (This can
be interpreted as the binding energy of the LDS state.) This
situation can be reversed if we start in the phase with J > J,
and introduce a magnetic field, as an increase in the field leads
to a decrease in the energy gain from the LDS formation. At
a critical value h = h,, there is an unstable non-Fermi-liquid
fixed point such that for # > A, the system reverts to a phase
with the states at the Fermi level associated with the Kondo
resonances fully restored, but now polarized by the magnetic
field. The greater the value of J/J., the larger the field field
required to induce this transition, as can be seen in Fig. 1,
where we give a plot of ./J as a function of J/J,.. As similar
transition occurs in the case we consider away from particle-
hole symmetry with parameters ey /m A = —0.659, U/m A =
0.5, J. = 5.4220 x 1073, and the critical field .. for this case
is also shown in Fig. 1. The only qualitative difference with
the particle-hole symmetric case is that for J > J., in the
absence of a magnetic field, there is some residual f spectral
weight at the Fermi level, as we will show later.
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FIG. 2. A plot of the quasiparticle weight factors, z, = AT /A
and z, = A 1/A, as a function of the magnetic field 4/h. in
the region of the transition for the parameter set €;/mA =
—0.659, U/ A = 0.5, J, = 5.4420 x 1073, J = 5.8482 x 1073,
where A./m A = 0.207951 59.

III. RESULTS, DISCUSSIONS AND CONCLUSIONS

To understand this transition in more detail, we calculate
the renormalized parameters characterizing the low-energy
excitations as a function of the magnetic field. We can then see
how these parameters vary with # and follow their behavior as
we cross the transition. We define a renormalized energy level
&/, and resonance width A, via

gf,(r = Zo’(ef,a + EG(O))s Aa = z5A,, (14)

where ¥, (w) is the self-energy for an individual impurity
zero-temperature causal Green’s function G r, (@) given by

1
w— €55 +iAsgn(@) — T, (w)’

Go(w)= 5)

and z, = (1 — 3T, (w)/dw), .

These renormalized parameters can be deduced from
the numerical renormalization group (NRG) excitations
in the neighborhood of the low-energy fixed point [19].
The parameter that reflects the loss of quasiparticles as
the transition is approached is the quasiparticle weight
factor z, = A, /A. This is plotted in Fig. 2 for both spin
types as a function of i/h, for a particle-hole asymmetric
model with the parameter set €7/m A = —0.659, U/ A =
0.5, J, =5.4220 x 1073, J = 5.8482 x 1073, where
he/mrA =0.20795159, showing that the quasiparticles
disappear as the non-Fermi-liquid fixed point is approached
h — h.. Though all the quasiparticle parameters tend
to zero as h — h., their ratios remain finite. The ratio
€ro/m A, however, has different limiting values on the two
sides of the transition, as can be seen in the plot in Fig. 3
for the same parameter set, and corresponds to a phase
shift of 7 /2. The discontinuity in &y, /TL’AG arises from a
discontinuity in the self-energy term X, (0) in Eq. (14). It has
also been confirmed from a direct NRG calculation of X, (w).

104419-3



NISHIKAWA, CURTIN, HEWSON, AND CROW

PHYSICAL REVIEW B 98, 104419 (2018)

25

2t &, /TA” |

0 0.5 1 15 2 2.5
h/h,
FIG.3. A plot of the ratios &;./A, (&;4/A;) and

€_/A_ (¢;,/A)) as a function of the magnetic field h/h,
for the parameter set given in Fig. 2.

This discontinuity has consequences for the sum rule giving
the occupation numbers for the impurity levels.

The generalized Luttinger-Friedel sum rule for each spin
component, in terms of renormalized parameters, takes the
form

Nfg = % - %arctan (X—:) + 1o, (16)
where n;, is the occupation number for the local level
with spin o on each impurity. We denote the value of this
expression with /5, = 0 by 7if, . The value of ny, can be
calculated from a direct NRG calculation or indirectly from
an integration over the spectral density p,, (w) of the Green’s
function G, (w), and /i s, from the renormalized parameters.
Results for n ¢, as a function of & are shown in Fig. 4 together
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FIG. 4. A plot of the spin-up and spin-down local occupation
values ns and ny_ from a direct calculation as a function of the
magnetic field & for the parameter set of Fig. 2. Also shown are the
values of 714 and 7is_ and the corresponding values shifted by +%
forh < h,.
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FIG. 5. A plot of the spin-up and spin-down local spectral densi-
ties, ps+ and ps_, as a function of the magnetic field i/ h, for the
asymmetric parameter set of Fig. 2, showing the sudden increase at
the quantum critical point as 4 increases through /..

with the corresponding results for 7if,. For h > h. there is
complete agreement between 7 7, and 7i 7., as expected from
the standard Friedel sum rule. For & < h, we find I, =

1
7>
so the shifted value, 7i 7, + %, is compared with 7i s, in this
range. What is clear is that the particle occupation number is
continuous through the transition, whereas 7i s, is not. Note
that in the situation with €y + U/2 > 0, I, has the opposite
sign if the arctan is evaluated over the same branch. Asji s, =
nfe — % in the range with a LDS, we can interpret 7i s, as the
contribution from the residual quasiparticles that remain for
h < h.. Further evidence backing this interpretation can be
seen by looking at the value of the local spectral density at the

Fermi level, p,,(0), which is given by
0) = 1 A a7

Pref)=TA 6%0 + A2

in terms of renormalized parameters. The values of py,(0)
for the up and down spins, o = +(1), —({), are shown in
Fig. 5 as a function of & through the transition. As the field
value & is reduced from above h. to below h. there is a
sudden loss of spectral weight at the transition. This is just
what is expected as a LDS is formed, localizing % of an
electron of each spin type. As this does not account for all
the f electrons, there are still some nonlocalized quasiparticle
states at the Fermi level corresponding to the residual f
electrons. This Fermi-liquid state (h < h.), which has well-
defined quasiparticles but does not satisfy the usual sum rule
due to the Luttinger integral contribution, corresponds to what
in a Kondo lattice model has been described as a fractionalized
Fermi liquid [20]. It is also similar to the phenomenological
duality model proposed for some heavy-fermion systems [21]
as well as for the interpretation of the magnetism in some 3d
transition metals [22]. The transition as the field % is increased
through 4. can therefore be interpreted as a transition from a
fractionalized to a normal Fermi liquid. Recently a fermionic
and bosonic dimer model for a fractionalized Fermi liquid has
been put forward to describe the pseudogap phase of cuprate

104419-4



MAGNETIC FIELD INDUCED QUANTUM CRITICALITY ...

PHYSICAL REVIEW B 98, 104419 (2018)

100
| F\
80

70F
60
50F
40
30}
20}
10}
0

pr-(0)

pf+ (0)

0 0.5 1 1.5 2
h/h,

FIG. 6. A plot of the spin-up and spin-down local spectral den-
sities, ps4+ and py_(ps+ = ps—), as a function of the magnetic
field i/ h,. for the particle-hole symmetric parameter set, U/r A =
5,J =3.0354436 x 107°, J, = 2.8272 x 10~ showing the sud-
den increase at the quantum critical point as / increases through ..

superconductors [23] and to explain the observed quantum
oscillations [24].

It is interesting to examine the case at particle-hole sym-
metry, where for J > J. and h =0, there are no quasi-
particle states and the local spectral density at the Fermi
level is zero. In Fig. 6 the results for p;,(0) for the
case with U/mrA =5,J =3.0354436 x 1075, and J, =
2.8272 x 107> are shown across the transition. Though
Pfs(0) =0 for h = 0, for finite & < h. there are some non-

localized quasiparticle states induced, giving small but finite
values of pr,(0) in this regime. The quasiparticle contribu-
tion, however, only becomes significant with the sudden jump
in ps,,(0) at the transition, which then slowly decreases with
increasing £ as the spin-up and spin-down Kondo resonances
move away from the Fermi level.

There is a correspondence of these results with what may
have occurred in some heavy-fermion compounds [9,10] at the
field-induced transition; the sudden change in the number of
quasiparticle states at the Fermi level and the corresponding
increase in the volume of the Fermi surface are in line with
that expected from the generalized Luttinger-Friedel sum rule.
(There is a difference in that the phase with & < h. has
features which have led to it being identified as a non-Fermi
liquid [8].) While in the impurity case it is a Fermi liquid
for finite 4 and T = 0, it does have finite-temperature non-
Fermi-liquid terms in the vicinity of the fixed point at & = k..
There are as yet no exact results for a lattice model of these
materials. However, a recent study based on a large- N mean-
field Hamiltonian does indicate a suppression by the magnetic
field of the RKKY coupling relative to the Kondo coupling,
leading to a transition from a fractionalized Fermi liquid to a
heavy Fermi liquid with Kondo correlations [25]. If one can
understand what happens to the Luttinger sum rule in passing
through a field-dependent quantum critical point in the model
we have studied, then this can provide a guide to what can
happen in more complicated models.
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