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Electro-optical response of a current-carrying monolayer graphene is studied theoretically. Our calculation
takes into account full (diagonal and nondiagonal) conductivity tensor obtained from a particle-conserving out-
of-equilibrium distribution function of doped graphene. Our analytical and numerical results indicate that the
presence of a moderate dc current throughout a doped graphene channel induces large Kerr rotations within a
frequency range which can be tuned up to the midinfrared frequency range.
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I. INTRODUCTION

After a decade-long ubiquity of graphene, the electromag-
netic (EM) response of this one-atom-thick honeycomb crystal
of carbon atoms, in its current-carrying state, has only recently
become the focus of increasing attention [ 1-13]. Besides lattice
effects [14,15] that are negligible in the optical limit, graphene
is expected to exhibit an isotropic EM response. The presence
of anin-plane field of uniaxial strain [ 16—18] or a perpendicular
magnetic field [19-26], however, breaks this isotropy and turns
graphene into a birefringent optical medium.

Faraday rotations up to 6° have been achieved upon trans-
mission of linearly polarized THz radiation through graphene
under a perpendicularly applied magnetic field of B, =7 T
at temperatures of 5K [19] and 250 K [26]. Such large
magneto-optical rotations, however, mainly occur at frequen-
cies lying within the far-infrared (THz) band of EM spectrum,
i.e., 1 meV <7iw <80 meV [19]. In addition, magneto-optical
phenomena are not the most suitable tool to achieve optical
nonreciprocity (ONR) in integrated photonics mainly because
the undesirable impact of the magnetic field on the function-
ality of the nearby optical or electronic components cannot be
avoided in submicron scales [6,27-29].

The perpendicular static magnetic field also breaks the
time-reversal symmetry (TRS) of the nonlocal EM response
of graphene leading to the emergence of edge magnetoplas-
mons [30-32]. Additionally, it has recently been shown that
valley-selective population inversion in gapped Dirac materials
(GDMs) such as biased bilayer graphene or transition-metal
dichalcogenides (TMDs) [33—35] under optical pumping of
circularly polarized light yields a nonvanishing Berry flux,
thus leading to broken TRS and the emergence of chiral
(nonreciprocal) Berry plasmons (CBPs) [36,37].

The presence of dc current has been predicted to cause the
EM response of graphene to lose its invariance under (i) rota-
tion in the local (optical) limit [1,3,5-8] and (ii) time reversal
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(TR) in the nonlocal limit leading to different plasmonic group
velocities depending on the direction of the external dc current
[3,5-7,11]. In this work, we show (i) how the presence of direct
electric current in doped graphene breaks the rotational sym-
metry, (ii) how the resulting anisotropy leads to the emergence
of off-diagonal elements of the conductivity tensor, and (iii)
how such off-diagonal elements bring about electro-optical
phenomena such as Kerr/Faraday rotation within a frequency
range which can be tuned up to midinfrared via the application
of the gate and drain-source voltages.

This paper is structured as follows: Sec. II provides details
on the computation of the conductivity tensor of a driven &
electron gas and introduces the model to describe the nonequi-
librium (NE) occupation of a driven electron gas. In Sec. III,
we present analytic expressions for the optical conductivity of
current-carrying graphene and discuss the scattering of light
off current-carrying graphene. A summary, along with some
concluding remarks, is given in Sec. IV. Additional details are
delivered through five appendices.

II. EM RESPONSE OUT OF EQUILIBRIUM

In this section, we will outline the basic steps of our theory
by first defining the full response out of equilibrium. We will
then introduce the shifted Fermi disk model which we shall
use throughout this work.

A. Conductivity tensor of Dirac fermions

In response to an EM perturbation, of frequency w and
in-plane wave vector q = q,€, + g,€,, given by E(r,1)=
E(q. z, ) 199y~ the 7 electron gas in graphene
undergoes current density oscillations given by J(r,?)=
J(q, 0)8p (z)e!l4*+0y=e with § being the Dirac delta func-
tion. Such EM response can be described through the surface
conductivity tensor &(q, w) which is defined via J(q, )=
o(q, w) - E(q, 7=0, w). For an isotropic sample, the optical
conductivity tensor has a scalar nature, i.e., 5@ (g=0, w)=
0(0)(a))T, where TE €.&,+ ¢,&, denotes the dyadic unit tensor,
and 0% w) denotes the equilibrium-state optical conductivity
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that has been extensively studied in the literature [38—48]. In the
general case where no isotropy is assumed, the components of
the optical conductivity tensor of 7 electron gas o, z(q, w)=
é,-5(q, )- &; (where n,n=x, y) should be obtained from
the following summation over the first Brillouin zone (FBZ)
[39,47]:

) K,
onn(q, ) =4digy’a Y Litw+i09), ()
keFBZ
where 0, = 77 is the unit in terms of which the conductivity

data in this work will be presented, e denotes the elementary
electric charge, g, =2 is the spin degeneracy, y is the slope of
Dirac cones, and

ne[Ey] EXk, q)

Lk.g(w) = Z [E§+q]
=, BB —ho B, —B

with np[E] denoting the Fermi-Dirac (FD) distribution func-

tion
nelE] = 1+ exp 1 3
[ ] < kB]e ) ’ ( )

where kg, T,, and Ey respectively denote the Boltzmann
constant, the temperature, and the Fermi energy of the =«
electron gas. The function E; yields the energy eigenvalue
of the |k, s) eigenstate of the conduction (s =+1) or valence
(s =—1) band. In addition, Efﬁ(k, q) denotes the band overlap
integral corresponding to the intraband (s5 = +1) or interband
(s5 =—1) transitions.

The current-induced modification to the conductivity tensor
AT =5 — 5O is the quantity of interest here and is solely
determined by the eigenstates within a narrow neighborhood
of the Fermi energy. To focus on these “near-Fermi-level”
eigenstates, the summation over FBZ which yields A& should
be reduced into a polar integral around the Dirac point kp
via redefining the crystal momentum k to k 4k, where
k = k[&, cos O + &, sin 6].

The application of tight-binding (TB) model within the
Dirac cone approximation [49] yields Ef=syk (y=3%)
with 1~2.7 eV and a~0.142 nm being the nearest-neighbor
hopping amplitude and carbon-carbon bond length. Without
the negligible lattice effects [14], the TB model yields

Fyk, @) = (s, K|t [k +q,5) (5, k +qlwlk, s), (4

where 7, (n=x,y) denotes the 2x2 Pauli matrices
[38,50,51]. Within the Dirac cone approximation, El‘%(k, q)
is specifically given by [14,51]

)

F“(k q) = 1+ 55 cos [0k + Oiyqls 5)
2 F”y(k q) = 2Fsi(k q) = s5 sin [0k + Okiql. (6)

2 F“(k q) =1 — 55 cos [0k + Oiiql @)

In the absence of direct electric current, 5@ (w) can be
computed via plugging the FD distribution function with
Ey © ==+y./mny as its Fermi energy, denoted by n(o) [E], into
Eq. (1), with ny denoting the density of injected (E;O)> 0) or
depleted (Eg))< 0) electrons. The application of drain-source
voltage along graphene channel pushes the 7 electron gas out

of its equilibrium. As in Refs. [1], [5], and [7], in this work the
nonequilibrium (NE) conductivity is obtained via feeding the
NE distribution of the driven 7 electron gas into the expression
given by Eq. (2).

B. Shifted Fermi disk model

The NE distribution of current-carrying m electron gas
can, in principle, be obtained via solving the Boltzmann
transport equation (BTE) [52-54]. We instead employ the
phenomenological shifted Fermi disk (SFD) model [5,55-57]
which simulates the dc flux with a shift of the Fermi disk
Kqhire With respect to the Dirac point which can be related
to the external dc electric field Ey. via Kgi = —%fchdc
with 74, being the dc relaxation time. The SFD model is a
particle-conserving model, meaning that the size of the Fermi
disk and therefore the electron density n, are not affected by
Eq.. This model formulates the NE Fermi energy as follows

[5]:
Er(6, 64) = EQ[Bacosb + [1—p2sin>0] "], (8)

where B, = kgnift /kg)) < 1 is a dimensionless parameter ex-
pressing the shift of the Fermi disk kg in reciprocal space in
units of the Fermi wave vector kl(go) =|E ;O) |/y,and 6 = Ok —6y
with 6, being defined through

k% ifi A ~ .
B, = ﬁ = Bylé cos b, + &€, sin,]. )
F

The NE electronic occupation is then approximated by the FD
distribution function ng[E] fed with an NE Fermi energy of
Eg(6k, 6;). Thus, the drift VGlOCity, V; = (U / ksnite)Ksnite, reads
as (see Appendix A)

2sgn[EY T
Va _ Mﬂd/ [1-B2sin%0]*cos’6do,  (10)
T 0

UF
with vp =y /h being referred to as Fermi velocity. Clearly, the
NE electronic occupation, and therefore the “linear” response
of the out-of-equilibrium system outlined in this work, contains
nonlinear terms in the external field E4.. In what follows,
we suppress this “nonlinearity” and are thus able to use the
standard linear-response Kubo formalism. In the low-current
limit, i.e., ;< 1, Eq. (10) yields v, = B,vr and therefore
a current density of J=pg,n,vg. Unlike the experimental
fashion in which the results would be reported in terms of
the pump current density or the drain-source voltage, the
numerical results in this work are presented in terms of the
parameter ;.

Within the framework of SFD model, the application of
drain-source voltage does not affect the energy dispersion
of 7 electrons, Ej, but leads to an anisotropic quasi-Fermi
energy Er(fk, 6;). In contrast, Refs. [58—61] and [7] adopted
an approach in which the NE distribution function is obtained
through feeding Eq. (3) with an isotropic Fermi level Eg
while the energy eigenstates are given by the ones of tilted
Dirac cones (TDCs) [62—-66] whose energy dispersion is given
by Etllt = E; — hv; - k. The electron density resulting from
this approach would be dependent on temperature and drift
velocity. Thus, for a given local drift velocity and temperature,
the Fermi level Er should be adjusted to obtain the desired
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local electron density. In the limit of v; < vp, the SFD and
TDC models yield the same result. However, these models are
not reliable within the large current regime, i.e., y; ~ vg, and
the BTE should be solved numerically [67].

III. OPTICAL RESPONSE
A. Analytic and semianalytic approximations
Applying the method introduced in Ref. [5] to the conduc-
tivity integral given by Eq. (1) yields the following dyadic
form for the optical conductivity tensor of the current-carrying
7 electron gas (see Appendix B):

§(g=0,0) = 01.(0) %% + or( @[T —%%]. (1)

where V; = v;/y; and the function opr(w) is referred to as
the longitudinal/transverse optical conductivity. At 7, =0 K,
0y=1,7(w) can be obtained from

ou(w)—zgvng/ KX (@, 0)[1+15 cos20)]d6, (12)

where g, =2 is the valley degeneracy, 6, (w) =0, (w)/0o,, and

L,T_:I:;“ The kernel functions Ki(a) 0) in Eq. (12) are
expressed in terms of the nonequilibrium Fermi wave vector
k.(0) =y~ '|E.(8,6,=0)| as follows:

r _ vV ke(0)
K. (0,0) :4ha)+iF’ (13)
K (. 0) = ln<2y k-(0) — [Fla)—i-il"]) (14)
- 2y kp(0) + [ho+iT]

where the role of I' is to take account of the disorder-induced
scattering of 7 electrons in a phenomenological manner [46].
The equilibrium-state optical conductivity of graphene at 7, =
0K [38,39], denoted here by 6 (w), can be recovered from
Eq. (12) in the B; — O limit,

ogo| 4yk? 27k —[hw+iT
5O (w)=i ggv AN s [hw+iT’] . (15
fiw+il 27k +[ho+iT]

The { =—1 term in Eq. (12) corresponds to the interband
optical conductivity whose intraband ({ =+1) counterpart is
characterized as the “Drude” term, i.e., o = 1D with the
coefficient D, that is referred to as the Drude welght [46,68],
being altered in the presence of dc current. Thus, within the
framework of SFD model, the longitudinal/transverse Drude
weight of a current-carrying 7 electron gas at 7, =0 K is given
by

DO 7 (9)
mﬁ——Uiam@ 6. (16)
T Jo
with D 0 [68].
For large drlft velocmes i.e., B4 — 1, we have
W_);[liﬂ = D—T—>2 a7

which is analogous to the case of black phosphorus in which
the anisotropic response can be largely attributed to the con-
siderable difference between the longitudinal and transverse

Drude weights [69]. The expansion of the Drude weight for
small drift current,

D 2 1
%:1—%[1¢§]+0(ﬁ3), (18)
indicates that the modification to the intraband optical con-
ductivity is negligible in the low-current (8; < 1) regime.
The logarithmic divergence of the interband term, on the
other hand, results in a pronounced modification within a
frequency window centered at |w| = 2vpké0), in agreement with
Pauli exclusion principle. At 7,=0K, the real part of the
low-frequency optical conductivity of driven & electron gas in
aclean sample of graphene, i.e., I' =0, is given by the following
closed-form expression:

gsgu

Rel[6p1(w)] = [19 F cos ¥ [sin ¥], (19)

with the angle ¢ being defined as (see Appendix C):

0 o) < -,
o, 3 y 3

¥ = { arccos [%] o_< o] € oy, (20)
i @ > &y,

where @ = ho/|EL| and @&, = 2(1 & B,). What is given by
Egs. (19)—(20) has a similar form to the one discussed in
Ref. [7] wherein the choice of the NE distribution function
obtained from the TDC results in an upper bound of the
modification frequency range given by a)TDC =TS (V ) which
diverges in the y; — vp limit.

B. Optical-absorption spectra of current-carrying graphene

The absorption spectrum of current-carrying graphene,
similar to the equilibrium-state measurements in Refs. [42]
and [46], may provide evidence on the modification given by
Eq. (19). The absorption of a normally incident EM plane wave
by an anisotropic two-dimensional electron gas, sandwiched
in between two dielectrics, A, is formulated as follows (see
Appendix D):

Re[61] cos’¢ + Re[r] sin’g
[ [& . [&2
8_’{[ i uzé ]
with o = 4ﬂ;m €0, ¢, ¢ =6 — 6, and ¢’ (1) being the
fine-structure constant, the permittivity of vacuum the phase
velocity of light in vacuum, the angle between the polarization
of the normally incident EM wave and the drift velocity,
and the relative permittivity (permeability) of the jth optical
medium. The expression given by Eq. (21) describes the case in

which the transmitted (reflected) EM wave propagates through
medium 2 (1) (see Fig. 1).

A=4n«a

+ 0@, (@21

C. Current-induced Kerr and Faraday rotations

Aside from its impact on the absorption spectra, the direct
electric current converts the linear polarization of the incident
(i) EM wave into elliptic for the reflected (r) and transmitted (7)
EM waves [1]. The polarization angle of the r wave (t wave),
denoted here by 6/ (67), is defined as the angle between the
x axis and the major axis of the ellipse that is being traced out
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FIG. 1. The absorption spectra of a suspended (i.e., &} , =} , =
1) current-carrying graphene sample at 7, =0K as simulated by the
SFD model for the two cases wherein the polarization of the normally
incident EM wave is (a) parallel and (b) perpendicular to the drift
velocity. The curves labeled “Numeric” are generated via plugging
the output of Eq. (12) into the Fresnel’s coefficients, while their
“Analytic” counterparts are the product of Egs. (19)-(21).

by the tip of the electric-field vector of the r wave (¢ wave).
Due to the current-induced birefringence, the polarization of
the r wave (¢t wave) gets rotated with respect to that of the i
wave: a phenomenon known as Kerr (Faraday) rotation that
is quantitatively described via defining the Kerr (Faraday)
rotation angle as Ox =6/ — 6 (0p =6 —6"). The Kerr rotation
angle is given by (see Appendix E)

tan [2£7 ] cos ¥, — tan [26/]

2 =
tan [26] 1 + tan [26; ] tan [2&} ] cos v’

(22)
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FIG. 2. The Kerr rotation data obtained from Egs. (12) and (22)
for a current-carrying  electron gas at 7, =0 K being contained by a
disordered (I' =5 meV) sample of (a) suspended and (b) on-substrate
graphene. Both panels present the maximal Kerr data corresponding
to the geometry wherein the polarization of the normally incident EM
wave makes an angle of ¢ = 6 — 6,=45° with the drift velocity
v;. The Kerr rotations in the upper/lower panel are reported in
degrees/minutes.

where ¥, = arg(®*) and tan & = Il tan 67 with ry, and ry,

N
Tyy [Fxxl

being the Fresnel reflection coefficients,

4 ,/i — T 0
vV 1 LM
Fxx(yy) =~ — .
1 2 "‘
— — T O]
Ve TVe T L(T)

In addition, the Faraday rotation angle 6 can be obtained
via replacing the Fresnel reflection coefficients r,,, (n = x, y)
in Eq. (22) with the Fresnel transmission coefficients #,, =
1 4+ r,, (see Appendix E). As presented in Fig. 2(a), large
Kerr rotation angles (6g~10°) can be achieved with sus-
pended graphene. The extremely small reflectance (R ~ 10™4),
however, hinders the observation of such large Kerr rotation

(23)
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FIG. 3. Faraday rotation data with the same descriptions as those
provided for Fig. 2.

angles. Nonetheless, a small enough difference between the
permittivities of the surrounding dielectrics is expected to yield
large Kerr rotation while the increased reflectance allows for
measurements. On the other hand, Fig. 2(b) presents small
Kerr rotation angles ¢ ~0.1° for the case of graphene lying
on a hexagonal boron nitride (hBN) [70-72] substrate, while
the reflectance is large (R~ 10%). This indicates the high
sensitivity of the Kerr rotation to the choice of the top and
bottom dielectrics. However, as presented in Fig. 3, the Faraday
rotation does not exhibit such sensitivity.

As shown in Fig. 3, the Faraday rotation achieved through
a single transmission is small; however, different experimental
techniques could be implemented to obtain larger rotation
angles through multiple transmissions. Our calculations in-
dicate that a configuration in which graphene is sandwiched
in between hBN dielectrics, i.e., &} ,=5u,=>5, yields a
minimum transmittance of 99% which allows for trading off
the total transmittance for a larger Faraday angle.

The disorder-induced scattering of m electrons, the Joule
heating of the current-carrying sample [73-76], and the elec-
tron density fluctuation [71,77,78] in the area under the probe
EM beam are the major factors which cause the smoothing of
the logarithmic divergence of the interband optical conductiv-
ity, and therefore, hinder the observation of the electro-optical
Kerr/Faraday rotations discussed here. The high precision of
107 rad with which the Kerr rotations were measured in
Ref. [79] suggests that the rotations reported here, though
as tiny as 1~ 291x 1079 rad, are measurable. Since large
amounts of dc current are expected to cause the longitudinal
and transverse Drude weights to be considerably different,
even for the case of identical surrounding dielectrics, the
low-frequency electro-optical Kerr/Faraday rotations cannot
be neglected out of the low-current regime.

IV. CONCLUSIONS

We theoretically discussed the nonequilibrium (NE) re-
sponse of a monolayer graphene that carries a dc current. Our
analytical and numerical calculation results indicate that a dc
current-carrying monolayer graphene can exhibit larger Kerr
rotations. For this calculation, we employ the phenomeno-
logical shifted Fermi disk (SFD) model. Future works may
study the NE response of current-carrying graphene via feeding
the conductivity integral [Eq. (1)] with the NE electronic
occupation obtained from numerical BTE solvers.

Discussing the optical response, we find that local mea-
surements of the Kerr/Faraday rotation angle or absorbance,
within a tunable frequency window, can be exploited to
determine the current density distribution throughout the whole
channel. More specifically, this can be achieved through
generating 2D Kerr maps of the current-carrying channel, as
in Ref. [79], and then converting the Kerr maps into current
maps.

The numerical estimates presented in this work are specific
to 7 =0 K and are based on the SFD model, and therefore,
are valid within the low-current regime. Nonetheless, the
electro-optical phenomena discussed here are expected to
be observable within the high-current regime, i.e., V; ~ vF,
provided that the tilt of the Fermi “level” induced by the
drain-source voltage is larger than the thermal fluctuations,
i.e., Yk > ksT,. In this case, the experimental measure-
ments are expected to be in qualitative agreement with this
work, but require a more realistic modeling to be numerically
reproduced.
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APPENDIX A: DRIFT VELOCITY WITHIN THE
FRAMEWORK OF THE SFD MODEL

The following summation defines the drift velocity:

W= 00 Y mlEMK).

¢ Kerpz s=%

(AD)

where N, is the number of the electrons brought into (£ 20) >0)
or taken out (Eﬁo) < 0) of graphene via doping, and v;; (k) is the
semiclassically defined group velocity corresponding to the
eigenstate |k, s) given by

1
v (k) = ngEs(k). (A2)

The only contribution to the summation in Eq. (A1) is usually
made by the eigenstates near the Dirac points, thus the linear
energy dispersion E (k) = syk should be sufficient. As a
result, the group velocity reads as

Vi) = s T[E, cosfh+ &, sinb] =svk, (A3

and, the definition given by Eq. (A1) evolves into
: son E(O) 2w . kr(0x.0a)
B ek L] 2 ]/ kd@k/ kdk. (A4)
VUp (2m) ng 0 0
Since ny; = [kgo)]2 /7, the preceding integral becomes
v _ sgn[E] /2" [EF(ek,ed)
o L ED

Uy 2
Plugging the expression given by Eq. (8) into Eq. (AS) is the
last step in obtaining what is presented by Eq. (10) (see Fig. 4).

2
} k dox. (A5)

1 T N T N T N T N T ]
0.8 R
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FIG. 4. Surface current density simulated by the SFD model
[obtained from Eq. (10)] for the whole range of the shift parameter, i.e.,
0 < B4 < 1. The order of magnitude of the simulated current density
is in agreement with other numerical simulations [61,67,80] as well
as the experimental data [80—83] within the low-current regime.

APPENDIX B: SEMIANALYTIC EXPRESSION FOR THE
OPTICAL CONDUCTIVITY OF CURRENT-CARRYING =
ELECTRON GAS AT 7, =0K

The interband (ss5 = —1) optical (g =0) conductivity given
by the single-valley (g, =2) form of Eq. (1) can be arranged
into the following dimensionless expression [5]:

‘ 2:8 2w
Sé?g’r(w) =65 (w) + ig‘/ Ay a(w, 6) dbk,
0

ot (BD)

with 6, = 0" /[¢? / (411)] denoting the dimensionless inter-
band optical conductivity of the & electron gas in graphene at
T,=0K and A, 7(w, 6x) defined through

2|E 6k, 0| —ha'
|E Ok, 04)] w)7 (B2)
2|E;(6k, 04)|+ha'

Apa(@, Ok) = F, 5(0) 1n<

where o’ = w + i0* and Ef;%(@k) denotes the optical limit (g =
0) of the expressions presented by Egs. (5)-(7):

2 F5(6) = 1+ 55 cos [26k], (B3)
2F5(6) = 1 — 55 cos [264]. (B5)

On the other hand, at 7, =0K, the intraband (ss =+-1) optical
(¢ =0) conductivity given by the single-valley (g, =2) form
of Eq. (1) can be expressed as follows [39]:

~ intra I 8s8v 7 +
G () = i E5 00| Ex (6. 0)] by
0

i B6
i w2he! .

The last step is to take the dependence on 6,; out of the integrals
in Egs. (B1) and (B6) through changing the integration variable
into 6 = 6k — 6,. As aresult, the sin 6; and cos 6,; multipliers
emerging from ang(ek) can be moved out of the integral. Of
course, the terms in the conductivity integrals corresponding
to the band overlap of sin (20) vanish. Moreover, the f(0) =
f(—6) symmetry exhibited by the integrands for 0 <0 < 7
allows us to reduce the range of integration. Rewriting the
final result in terms of drift velocity leads us to the expressions
presented by Eqgs. (11)-(14).

APPENDIX C: ANALYTIC EXPRESSION FOR THE REAL
PART OF THE OPTICAL CONDUCTIVITY OF
CURRENT-CARRYING 7 ELECTRON GAS AT 7, =0K

The real part of the intraband optical conductivity given by
Eq. (12) of a clean (I' =0) sample of graphene reduces to the
Dirac delta function, §,(w), i.e.,

lim Re[6,""™(0)] = 7 D, 8,(w), (C1

which means the optical conductivity of a clean sample of
graphene is merely due to the interband transitions. For brevity,
we define the function M (w, 8) to be

2y kp(0) — [hw+il"]
2y k. (8) + [ho+iT]

Combining the identities given by Im[ln (z)]=arg(z) and
arg(—r)=—m O[r] (where 0, z, and r respectively denote the

MY (w,0) = (€2
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Heaviside step function, a complex number, and a real number)
yields

lim Im[In(M"(w, )] = —7 O[h|w| — 2y k.(0)].  (C3)

Applying the preceding relation to the real part of the interband
optical conductivity given by Eq. (12) returns a simplified
expression in the clean-sample limit:

[1Fcos (260)]d0O,

RefoLm(@)] = S8 / (C4)

47 9
where the angle 0 < ¢ < 7, as described by Eq. (20), can
be obtained through searching for the solutions of 2| E,(7r —
¥, 0)] =h|w|. Evaluating the integral in Eq. (C4) is the last step
to the expression given by Eq. (19).

APPENDIX D: OPTICAL ABSORPTION OF AN
ANISOTROPIC TWO-DIMENSIONAL ELECTRON GAS

The flux of EM energy associated with each of the normally
incident (i), reflected (r), and transmitted (#) plane waves
is given by their respective time-averaged Poynting vectors
(Ey—i.., is the amplitude of the w wave):

S =3\ [E; -E; &, (D1
1
1 180 = =
< r) =+= £150 [Er : E:k]éz’ (D2)
2\ wiko
1 [ &eo = —=x..
(S;) = _5 Mf: (E; - E, Jé.. (D3)
2M0

If the Cartesian coordinate system is positioned so that the x
axis is aligned with the drift velocity, i.e., v; =v;€,, Eq. (11)
yields a diagonal optical conductivity tensor and, in conse-
quence, the off-diagonal Fresnel reflection coefficients vanish,
i.e., ryy =ry,=0. In this case, the amplitude vector of the r
and ¢t waves can be expressed in terms of the amplitude and
polarization angle of the i wave:

E, = [Eil{ruccos6] & +rysin0/ &}, (D4

E = [E;|{t:x cos0] & + t,,sin6] &,}. (D5)

Plugging the preceding amplitude vectors into Egs. (D2) and
(D3), followed by feeding the output into the definitions of
reflectance R and transmittance 7 yields

WSOl _ [  pe2nr oy 22
T= = {|t“| cos”0;” + |t,y|” sin”6, } (D6)

[(Si)] el uh
_|(S,)|_ 2 n0o29P 2 . 2.p
R= gy =1rel cos0r + Iy Psin6. - (D7)

The fraction of the incident EM flux dissipated into the electri-
cally conductive interface is then referred to as the absorbance
and quantified by A=1 — (R+T). Plugging the Fresnel re-
flection (transmission) coefficients which are (implicitly) given
by Eq. (23) into the definition of optical absorbance A yields
the expression given by Eq. (21), if only the terms that are
proportional to « are retained. Also, the substitution of ¢ =

o>

w=t (transmitted) \
w=r(reflected) 7\\

o

B

&

B

FIG. 5. Tllustration of the ellipse being traced out by the tip of the
electric-field vector of the 7 or r waves at an arbitrary z = z, plane.
For a general 9/, the ellipses corresponding to each of the ¢ and r
waves are not identical.

67 — 6, for 6 recovers the formalism for a general direction

of the drift velocity given by ¥; = &, cos 6, + &, sin 6.

APPENDIX E: DERIVATION OF THE KERR AND
FARADAY ROTATION ANGLES

The electric field corresponding to the w wave (w =r,t)
at the z =0 plane (where the graphene sheet is located) can be
formally expressed as follows:

E,(z=0,1) = |EI,)|Re|:ei“”Zeia3» cos &" e] (E1)

n=x,y

where o)) = arg(Ew -€,) and cos§) = |Ew -€, |/|Ew| (cos &y =
sin &;). The magnitude of the electric-field vector of the w wave
at z=0is then given by

12
|E(z=0,t)|=|Ew||:Z[cos(wt—ag)cosélﬁ]z] . (E2)

n=x,y

As it can be seen from the geometrical details presented in
Fig. 5, the polarization angle of the w wave is the angle
between the x axis and the electric-field vector of the w wave
when the magnitude is maximal. Setting the time derivative of
|E(z=0, t)| equal to zero,

d|E(z=0,1
[ Iz >|] o, )
dt =ty
yields the condition for the maximal time ¢ =1,
> sin [2(wto— )] cos’l, = 0, (E4)
n=x,y

which leads us to the following relation:

_sin [wto — o ] cos [wro — o |

Y

28X
tan’s, = sin [a)to — a,,;] cos [a)to — a,’,;] '

(E5)
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On the other hand, the polarization angle of the w wave can be
expressed using the Jones form given by Eq. (E1),

cos [wty — a3y | cos &y

tan0) = - , (E6)
cos [a)to — (xﬁ)] cos&r
which can be recast into the following form:
1 — tan?& | tan [2&7
tan [20)] = [ ] tan 26, ] (E7)

cos[wip—ay] 2 cos [wtg—ary]
—— % —tan“g, oo
cos [ty —atiy ] cos [wtg—a ]

Plugging the expression for tan’£} given by Eq. (E5) into

Eq. (E7) together with the application of a number of simple
trigonometric identities yields the final relation,

tan [267] = tan [2&;) ] cos [}, — &) |, (E8)

whose insertion into the following trigonometric identity:

tan [26,] — tan [26/]
2(67 —67)] = ,

(E9)

yields the relation given by Eq. (22). Also, feeding the expres-
sion for the amplitude vector of the r wave given by Eq. (D4)
into the definition of ¢ and & yields

|Er'éy| _ |ryy|t

tanf' = —/— = an 6’
TOE, 8] Irad '

S R Er'éx _ rx_x
Y=o, —a; =arg| =—— = arg .
Er'ey Tyy

The expressions for tan; and i, can be obtained simply
through substituting the Fresnel transmission coefficients for
the reflection coefficients in Egs. (E10) and (E11).

(E10)

(E11)

[1] M. V. Strikha and F. T. Vasko, Phys. Rev. B 81, 115413 (2010).
[2] J. Kim, S. C. Lim, S. J. Chae, I. Maeng, Y. Choi, S. Cha, Y. H.
Lee, and H. Choi, Sci. Rep. 3, 2663 (2013).
[3] C. X. Zhao, W. Xu, H. M. Dong, and F. M. Peeters, Phys. Rev.
B 89, 195447 (2014).
[4] J. L. Cheng, N. Vermeulen, and J. E. Sipe, Opt. Express 22,
15868 (2014).
[5] M. Sabbaghi, H.-W. Lee, T. Stauber, and K. S. Kim, Phys. Rev.
B 92, 195429 (2015).
[6] D. S. Borgnia, T. V. Phan, and L. S. Levitov, arXiv:1512.09044.
[7] B. V. Duppen, A. Tomadin, A. N. Grigorenko, and M. Polini,
2D Mater. 3, 015011 (2016).
[8] S. A. Mikhailov, N. A. Savostianova, and A. S. Moskalenko,
Phys. Rev. B 94, 035439 (2016).
[9] T. A. Morgado and M. G. Silveirinha, Phys. Rev. Lett. 119,
133901 (2017).
[10] V. A. Margulis, E. E. Muryumin, and E. A. Gaiduk, J. Opt. 19,
065505 (2017).
[11] T. Wenger, G. Viola, J. Kinaret, M. Fogelstrom, and P. Tassin,
Phys. Rev. B 97, 085419 (2018).
[12] N. A. Savostianovaand S. A. Mikhailov, Phys. Rev. B 97, 165424
(2018).
[13] T. A. Morgado and M. G. Silveirinha, arXiv:1711.08367
[physics.optics].
[14] T. Stauber and G. G6émez-Santos, Phys. Rev. B 82, 155412
(2010).
[15] G. Gémez-Santos and T. Stauber, Phys. Rev. Lett. 106, 045504
(2011).
[16] F. M. D. Pellegrino, G. G. N. Angilella, and R. Pucci, Phys. Rev.
B 81, 035411 (2010).
[17] E. M. D. Pellegrino, G. G. N. Angilella, and R. Pucci, Phys. Rev.
B 84, 195407 (2011).
[18] J. C. Martinez, M. B. A. Jalil, and S. G. Tan, Opt. Lett. 37, 3237
(2012).
[19] L. Crassee, J. Levallois, A. L. Walter, M. Ostler, A. Bostwick, E.
Rotenberg, T. Seyller, D. van der Marel, and A. B. Kuzmenko,
Nat. Phys. 7, 48 (2010).
[20] 1. Fialkovsky and D. Vassilevich, Eur. Phys. J. B 85, 384 (2012).
[21] R. Shimano, G. Yumoto, J. Y. Yoo, R. Matsunaga, S. Tanabe,
H. Hibino, T. Morimoto, and H. Aoki, Nat. Commun. 4, 1841
(2013).

[22] Y. Zhou, X. Xu, H. Fan, Z. Ren, X. Chen, and J. Bai, J. Phys.
Soc. Jpn. 82, 074717 (2013).

[23] C. T. Ellis, A. V. Stier, M.-H. Kim, J. G. Tischler, E. R. Glaser,
R. L. Myers-Ward, J. L. Tedesco, C. R. Eddy, D. K. Gaskill, and
J. Cerne, Sci. Rep. 3, 3143 (2013).

[24] L. Falkovsky, Photonics 2, 13 (2015).

[25] R. Coté, M. Barrette, and E. Bouffard, Phys. Rev. B 92, 125426
(2015).

[26] J.-M. Poumirol, P. Q. Liu, T. M. Slipchenko, A. Y. Nikitin, L.
Martin-Moreno, J. Faist, and A. B. Kuzmenko, Nat. Commun.
8, 14626 (2017).

[27] S. Manipatruni, J. T. Robinson, and M. Lipson, Phys. Rev. Lett.
102, 213903 (2009).

[28] A. Kamal, J. Clarke, and M. H. Devoret, Nat. Phys. 7, 311
2011).

[29] S. Hua, J. Wen, X. Jiang, Q. Hua, L. Jiang, and M. Xiao, Nat.
Commun. 7, 13657 (2016).

[30] A. L. Fetter, Phys. Rev. B 32, 7676 (1985).

[31] W. Wang, J. M. Kinaret, and S. P. Apell, Phys. Rev. B 85, 235444
(2012).

[32] D. Jin, T. Christensen, M. Soljacic, N. X. Fang, L. Lu, and X.
Zhang, Phys. Rev. Lett. 118, 245301 (2017).

[33] K. FE. Mak, C. Lee, J. Hone, J. Shan, and T. F. Heinz, Phys. Rev.
Lett. 105, 136805 (2010).

[34] K. F. Mak, K. L. McGill, J. Park, and P. L. McEuen, Science
344, 1489 (2014).

[35] J. C. W. Song and M. A. Kats, Nano Lett. 16, 7346 (2016).

[36] A. Kumar, A. Nemilentsau, K. H. Fung, G. Hanson, N. X. Fang,
and T. Low, Phys. Rev. B 93, 041413 (2016).

[37] J. C. W. Song and M. S. Rudner, Proc. Natl. Acad. Sci. U.S.A.
113, 4658 (2016).

[38] B. Wunsch, T. Stauber, F. Sols, and F. Guinea, New J. Phys. 8,
318 (2006).

[39] A. L. Falkovsky and A. A. Varlamov, Eur. Phys. J. B 56, 281
(2007).

[40] L. A. Falkovsky and S. S. Pershoguba, Phys. Rev. B 76, 153410
(2007).

[41] A. B. Kuzmenko, E. van Heumen, F. Carbone, and D. van der
Marel, Phys. Rev. Lett. 100, 117401 (2008).

[42] K. FE. Mak, M. Y. Sfeir, Y. Wu, C. H. Lui, J. A. Misewich, and T.
F. Heinz, Phys. Rev. Lett. 101, 196405 (2008).

075424-8


https://doi.org/10.1103/PhysRevB.81.115413
https://doi.org/10.1103/PhysRevB.81.115413
https://doi.org/10.1103/PhysRevB.81.115413
https://doi.org/10.1103/PhysRevB.81.115413
https://doi.org/10.1038/srep02663
https://doi.org/10.1038/srep02663
https://doi.org/10.1038/srep02663
https://doi.org/10.1038/srep02663
https://doi.org/10.1103/PhysRevB.89.195447
https://doi.org/10.1103/PhysRevB.89.195447
https://doi.org/10.1103/PhysRevB.89.195447
https://doi.org/10.1103/PhysRevB.89.195447
https://doi.org/10.1364/OE.22.015868
https://doi.org/10.1364/OE.22.015868
https://doi.org/10.1364/OE.22.015868
https://doi.org/10.1364/OE.22.015868
https://doi.org/10.1103/PhysRevB.92.195429
https://doi.org/10.1103/PhysRevB.92.195429
https://doi.org/10.1103/PhysRevB.92.195429
https://doi.org/10.1103/PhysRevB.92.195429
http://arxiv.org/abs/arXiv:1512.09044
https://doi.org/10.1088/2053-1583/3/1/015011
https://doi.org/10.1088/2053-1583/3/1/015011
https://doi.org/10.1088/2053-1583/3/1/015011
https://doi.org/10.1088/2053-1583/3/1/015011
https://doi.org/10.1103/PhysRevB.94.035439
https://doi.org/10.1103/PhysRevB.94.035439
https://doi.org/10.1103/PhysRevB.94.035439
https://doi.org/10.1103/PhysRevB.94.035439
https://doi.org/10.1103/PhysRevLett.119.133901
https://doi.org/10.1103/PhysRevLett.119.133901
https://doi.org/10.1103/PhysRevLett.119.133901
https://doi.org/10.1103/PhysRevLett.119.133901
https://doi.org/10.1088/2040-8986/aa6b6a
https://doi.org/10.1088/2040-8986/aa6b6a
https://doi.org/10.1088/2040-8986/aa6b6a
https://doi.org/10.1088/2040-8986/aa6b6a
https://doi.org/10.1103/PhysRevB.97.085419
https://doi.org/10.1103/PhysRevB.97.085419
https://doi.org/10.1103/PhysRevB.97.085419
https://doi.org/10.1103/PhysRevB.97.085419
https://doi.org/10.1103/PhysRevB.97.165424
https://doi.org/10.1103/PhysRevB.97.165424
https://doi.org/10.1103/PhysRevB.97.165424
https://doi.org/10.1103/PhysRevB.97.165424
http://arxiv.org/abs/arXiv:1711.08367
https://doi.org/10.1103/PhysRevB.82.155412
https://doi.org/10.1103/PhysRevB.82.155412
https://doi.org/10.1103/PhysRevB.82.155412
https://doi.org/10.1103/PhysRevB.82.155412
https://doi.org/10.1103/PhysRevLett.106.045504
https://doi.org/10.1103/PhysRevLett.106.045504
https://doi.org/10.1103/PhysRevLett.106.045504
https://doi.org/10.1103/PhysRevLett.106.045504
https://doi.org/10.1103/PhysRevB.81.035411
https://doi.org/10.1103/PhysRevB.81.035411
https://doi.org/10.1103/PhysRevB.81.035411
https://doi.org/10.1103/PhysRevB.81.035411
https://doi.org/10.1103/PhysRevB.84.195407
https://doi.org/10.1103/PhysRevB.84.195407
https://doi.org/10.1103/PhysRevB.84.195407
https://doi.org/10.1103/PhysRevB.84.195407
https://doi.org/10.1364/OL.37.003237
https://doi.org/10.1364/OL.37.003237
https://doi.org/10.1364/OL.37.003237
https://doi.org/10.1364/OL.37.003237
https://doi.org/10.1038/nphys1816
https://doi.org/10.1038/nphys1816
https://doi.org/10.1038/nphys1816
https://doi.org/10.1038/nphys1816
https://doi.org/10.1140/epjb/e2012-30685-9
https://doi.org/10.1140/epjb/e2012-30685-9
https://doi.org/10.1140/epjb/e2012-30685-9
https://doi.org/10.1140/epjb/e2012-30685-9
https://doi.org/10.1038/ncomms2866
https://doi.org/10.1038/ncomms2866
https://doi.org/10.1038/ncomms2866
https://doi.org/10.1038/ncomms2866
https://doi.org/10.7566/JPSJ.82.074717
https://doi.org/10.7566/JPSJ.82.074717
https://doi.org/10.7566/JPSJ.82.074717
https://doi.org/10.7566/JPSJ.82.074717
https://doi.org/10.1038/srep03143
https://doi.org/10.1038/srep03143
https://doi.org/10.1038/srep03143
https://doi.org/10.1038/srep03143
https://doi.org/10.3390/photonics2010013
https://doi.org/10.3390/photonics2010013
https://doi.org/10.3390/photonics2010013
https://doi.org/10.3390/photonics2010013
https://doi.org/10.1103/PhysRevB.92.125426
https://doi.org/10.1103/PhysRevB.92.125426
https://doi.org/10.1103/PhysRevB.92.125426
https://doi.org/10.1103/PhysRevB.92.125426
https://doi.org/10.1038/ncomms14626
https://doi.org/10.1038/ncomms14626
https://doi.org/10.1038/ncomms14626
https://doi.org/10.1038/ncomms14626
https://doi.org/10.1103/PhysRevLett.102.213903
https://doi.org/10.1103/PhysRevLett.102.213903
https://doi.org/10.1103/PhysRevLett.102.213903
https://doi.org/10.1103/PhysRevLett.102.213903
https://doi.org/10.1038/nphys1893
https://doi.org/10.1038/nphys1893
https://doi.org/10.1038/nphys1893
https://doi.org/10.1038/nphys1893
https://doi.org/10.1038/ncomms13657
https://doi.org/10.1038/ncomms13657
https://doi.org/10.1038/ncomms13657
https://doi.org/10.1038/ncomms13657
https://doi.org/10.1103/PhysRevB.32.7676
https://doi.org/10.1103/PhysRevB.32.7676
https://doi.org/10.1103/PhysRevB.32.7676
https://doi.org/10.1103/PhysRevB.32.7676
https://doi.org/10.1103/PhysRevB.85.235444
https://doi.org/10.1103/PhysRevB.85.235444
https://doi.org/10.1103/PhysRevB.85.235444
https://doi.org/10.1103/PhysRevB.85.235444
https://doi.org/10.1103/PhysRevLett.118.245301
https://doi.org/10.1103/PhysRevLett.118.245301
https://doi.org/10.1103/PhysRevLett.118.245301
https://doi.org/10.1103/PhysRevLett.118.245301
https://doi.org/10.1103/PhysRevLett.105.136805
https://doi.org/10.1103/PhysRevLett.105.136805
https://doi.org/10.1103/PhysRevLett.105.136805
https://doi.org/10.1103/PhysRevLett.105.136805
https://doi.org/10.1126/science.1250140
https://doi.org/10.1126/science.1250140
https://doi.org/10.1126/science.1250140
https://doi.org/10.1126/science.1250140
https://doi.org/10.1021/acs.nanolett.6b02559
https://doi.org/10.1021/acs.nanolett.6b02559
https://doi.org/10.1021/acs.nanolett.6b02559
https://doi.org/10.1021/acs.nanolett.6b02559
https://doi.org/10.1103/PhysRevB.93.041413
https://doi.org/10.1103/PhysRevB.93.041413
https://doi.org/10.1103/PhysRevB.93.041413
https://doi.org/10.1103/PhysRevB.93.041413
https://doi.org/10.1073/pnas.1519086113
https://doi.org/10.1073/pnas.1519086113
https://doi.org/10.1073/pnas.1519086113
https://doi.org/10.1073/pnas.1519086113
https://doi.org/10.1088/1367-2630/8/12/318
https://doi.org/10.1088/1367-2630/8/12/318
https://doi.org/10.1088/1367-2630/8/12/318
https://doi.org/10.1088/1367-2630/8/12/318
https://doi.org/10.1140/epjb/e2007-00142-3
https://doi.org/10.1140/epjb/e2007-00142-3
https://doi.org/10.1140/epjb/e2007-00142-3
https://doi.org/10.1140/epjb/e2007-00142-3
https://doi.org/10.1103/PhysRevB.76.153410
https://doi.org/10.1103/PhysRevB.76.153410
https://doi.org/10.1103/PhysRevB.76.153410
https://doi.org/10.1103/PhysRevB.76.153410
https://doi.org/10.1103/PhysRevLett.100.117401
https://doi.org/10.1103/PhysRevLett.100.117401
https://doi.org/10.1103/PhysRevLett.100.117401
https://doi.org/10.1103/PhysRevLett.100.117401
https://doi.org/10.1103/PhysRevLett.101.196405
https://doi.org/10.1103/PhysRevLett.101.196405
https://doi.org/10.1103/PhysRevLett.101.196405
https://doi.org/10.1103/PhysRevLett.101.196405

ELECTRO-OPTICS OF CURRENT-CARRYING GRAPHENE

PHYSICAL REVIEW B 98, 075424 (2018)

[43] R. R. Nair, P. Blake, A. N. Grigorenko, K. S. Novoselov, T. J.
Booth, T. Stauber, N. M. R. Peres, and A. K. Geim, Science 320,
1308 (2008).

[44] L. A. Falkovsky, J. Phys.: Conf. Ser. 129, 012004 (2008).

[45] T. Stauber, N. M. R. Peres, and A. K. Geim, Phys. Rev. B 78,
085432 (2008).

[46] J. Horng, C.-F. Chen, B. Geng, C. Girit, Y. Zhang, Z. Hao, H. A.
Bechtel, M. Martin, A. Zettl, M. F. Crommie, Y. R. Shen, and F.
Wang, Phys. Rev. B 83, 165113 (2011).

[47] D. Novko, M. §unjié, and V. Despoja, Phys. Rev. B 93, 125413
(2016).

[48] T. Stauber, D. Noriega-Pérez, and J. Schliemann, Phys. Rev. B
91, 115407 (2015).

[49] T. Stauber, J. Schliemann, and N. M. R. Peres, Phys. Rev. B 81,
085409 (2010).

[50] G.F. Giuliani and G. Vignale, in Quantum Theory of the Electron
Liguid (Cambridge University Press, Cambridge, 2005), pp. XX,
777.

[51] A. Principi, M. Polini, and G. Vignale, Phys. Rev. B 80, 075418
(2009).

[52] V. F. Gantmakher and 1. B. Levinson, Carrier Scattering in
Metals and Semiconductors (North-Holland, Amsterdam, 1987).

[53] G. Mahan, Phys. Rep. 145, 251 (1987).

[54] F. T. Vasko and O. E. Raichev, in Quantum Kinetic Theory
and Applications, 1st ed. (Springer-Verlag, New York, 2005),
pp. XII, 784.

[55] I. Meric, M. Y. Han, A. F. Young, B. Ozyilmaz, and P. Kim, Nat.
Nanotechnol. 3, 654 (2008).

[56] H. Yoon, K. Y. M. Yeung, P. Kim, and D. Ham, Philos. Trans.
R. Soc., A 372, 20130104 (2014).

[57] H. Yoon, C. Forsythe, L. Wang, N. Tombros, K. Watanabe, T.
Taniguchi, J. Hone, P. Kim, and D. Ham, Nat. Nanotechnol. 9,
594 (2014).

[58] R. Bistritzer and A. H. MacDonald, Phys. Rev. B 80, 085109
(2009).

[59] D. Svintsov, V. Vyurkov, S. Yurchenko, T. Otsuji, and V. Ryzhii,
J. Appl. Phys. 111, 083715 (2012).

[60] D. Svintsov, V. Vyurkov, V. Ryzhii, and T. Otsuji, Phys. Rev. B
88, 245444 (2013).

[61] A. Y. Serov, Z.-Y. Ong, M. V. Fischetti, and E. Pop, J. Appl.
Phys. 116, 034507 (2014).

[62] A. Kobayashi, S. Katayama, Y. Suzumura, and H. Fukuyama, J.
Phys. Soc. Jpn. 76, 034711 (2007).

[63] M. O. Goerbig, J.-N. Fuchs, G. Montambaux, and F. Piéchon,
Phys. Rev. B 78, 045415 (2008).

[64] T. Kawarabayashi, Y. Hatsugai, T. Morimoto, and H. Aoki, Int.
J. Mod. Phys.: Conf. Ser. 11, 145 (2012).

[65] T. Kawarabayashi, H. Aoki, and Y. Hatsugai, Phys. Rev. B 94,
235307 (2016).

[66] M. Trescher, B. Sbierski, P. W. Brouwer, and E. J. Bergholtz,
Phys. Rev. B 91, 115135 (2015).

[67] T.Fang, A. Konar, H. Xing, and D. Jena, Phys. Rev. B 84, 125450
(2011).

[68] T. Stauber, P. San-Jose, and L. Brey, New J. Phys. 15, 113050
(2013).

[69] T. Low, R. Roldin, H. Wang, F. Xia, P. Avouris, L.
M. Moreno, and F. Guinea, Phys. Rev. Lett. 113, 106802
(2014).

[70] C.R.Dean, A.F. Young, I. Meric, C. Lee, L. Wang, S. Sorgenfrei,
K. Watanabe, T. Taniguchi, P. Kim, K. L. Shepard, and J. Hone,
Nat. Nanotechnol. 5, 722 (2010).

[71] J. Xue, J. Sanchez-Yamagishi, D. Bulmash, P. Jacquod, A.
Deshpande, K. Watanabe, T. Taniguchi, P. Jarillo-Herrero, and
B. J. LeRoy, Nat. Mater. 10, 282 (2011).

[72] A. Woessner, M. B. Lundeberg, Y. Gao, A. Principi, P. Alonso-
Gonzélez, M. Carrega, K. Watanabe, T. Taniguchi, G. Vignale,
M. Polini, J. Hone, R. Hillenbrand, and F. H. L. Koppens, Nat.
Mater. 14, 421 (2014).

[73] S. Berciaud, M. Y. Han, K. F. Mak, L. E. Brus, P. Kim, and T. F.
Heinz, Phys. Rev. Lett. 104, 227401 (2010).

[74] X. Li, B. D. Kong, J. M. Zavada, and K. W. Kim, Appl. Phys.
Lett. 99, 233114 (2011).

[75] S. Islam, Z. Li, V. E. Dorgan, M. H. Bae, and E. Pop, IEEE
Electron Dev. Lett. 34, 166 (2013).

[76] A. Koztowska, M. Kachniarz, G. Gawlik, R. Szewczyk, and M.
Wojtasiak, in Progress in Automation, Robotics and Measuring
Techniques, Measuring Techniques and Systems Vol. 3 (Springer
International Publishing AG, Cham, 2015), pp. 129-135.

[77] J. Martin, N. Akerman, G. Ulbricht, T. Lohmann, J. H.
Smet, K. von Klitzing, and A. Yacoby, Nat. Phys. 4, 144
(2008).

[78] R. Decker, Y. Wang, V. W. Brar, W. Regan, H.-Z. Tsai, Q. Wu,
W. Gannett, A. Zettl, and M. F. Crommie, Nano Lett. 11, 2291
(2011).

[79] J. Lee, Z. Wang, H. Xie, K. F. Mak, and J. Shan, Nat. Mater. 16,
887 (2017).

[80] M.-H. Bae, Z.-Y. Ong, D. Estrada, and E. Pop, Nano Lett 10,
4787 (2010).

[81] X. Luo, Y. Lee, A. Konar, T. Fang, H. Xing, G. Snider, and
D. Jena, in 2008 Device Research Conference (IEEE, Santa
Barbara, CA, USA, 2008), pp. 29-30.

[82] F. Schwierz, Nat Nano 5, 487 (2010).

[83] A. Barreiro, M. Lazzeri, J. Moser, F. Mauri, and A. Bachtold,
Phys. Rev. Lett. 103, 076601 (2009).

075424-9


https://doi.org/10.1126/science.1156965
https://doi.org/10.1126/science.1156965
https://doi.org/10.1126/science.1156965
https://doi.org/10.1126/science.1156965
https://doi.org/10.1088/1742-6596/129/1/012004
https://doi.org/10.1088/1742-6596/129/1/012004
https://doi.org/10.1088/1742-6596/129/1/012004
https://doi.org/10.1088/1742-6596/129/1/012004
https://doi.org/10.1103/PhysRevB.78.085432
https://doi.org/10.1103/PhysRevB.78.085432
https://doi.org/10.1103/PhysRevB.78.085432
https://doi.org/10.1103/PhysRevB.78.085432
https://doi.org/10.1103/PhysRevB.83.165113
https://doi.org/10.1103/PhysRevB.83.165113
https://doi.org/10.1103/PhysRevB.83.165113
https://doi.org/10.1103/PhysRevB.83.165113
https://doi.org/10.1103/PhysRevB.93.125413
https://doi.org/10.1103/PhysRevB.93.125413
https://doi.org/10.1103/PhysRevB.93.125413
https://doi.org/10.1103/PhysRevB.93.125413
https://doi.org/10.1103/PhysRevB.91.115407
https://doi.org/10.1103/PhysRevB.91.115407
https://doi.org/10.1103/PhysRevB.91.115407
https://doi.org/10.1103/PhysRevB.91.115407
https://doi.org/10.1103/PhysRevB.81.085409
https://doi.org/10.1103/PhysRevB.81.085409
https://doi.org/10.1103/PhysRevB.81.085409
https://doi.org/10.1103/PhysRevB.81.085409
https://doi.org/10.1103/PhysRevB.80.075418
https://doi.org/10.1103/PhysRevB.80.075418
https://doi.org/10.1103/PhysRevB.80.075418
https://doi.org/10.1103/PhysRevB.80.075418
https://doi.org/10.1016/0370-1573(87)90004-4
https://doi.org/10.1016/0370-1573(87)90004-4
https://doi.org/10.1016/0370-1573(87)90004-4
https://doi.org/10.1016/0370-1573(87)90004-4
https://doi.org/10.1038/nnano.2008.268
https://doi.org/10.1038/nnano.2008.268
https://doi.org/10.1038/nnano.2008.268
https://doi.org/10.1038/nnano.2008.268
https://doi.org/10.1098/rsta.2013.0104
https://doi.org/10.1098/rsta.2013.0104
https://doi.org/10.1098/rsta.2013.0104
https://doi.org/10.1098/rsta.2013.0104
https://doi.org/10.1038/nnano.2014.112
https://doi.org/10.1038/nnano.2014.112
https://doi.org/10.1038/nnano.2014.112
https://doi.org/10.1038/nnano.2014.112
https://doi.org/10.1103/PhysRevB.80.085109
https://doi.org/10.1103/PhysRevB.80.085109
https://doi.org/10.1103/PhysRevB.80.085109
https://doi.org/10.1103/PhysRevB.80.085109
https://doi.org/10.1063/1.4705382
https://doi.org/10.1063/1.4705382
https://doi.org/10.1063/1.4705382
https://doi.org/10.1063/1.4705382
https://doi.org/10.1103/PhysRevB.88.245444
https://doi.org/10.1103/PhysRevB.88.245444
https://doi.org/10.1103/PhysRevB.88.245444
https://doi.org/10.1103/PhysRevB.88.245444
https://doi.org/10.1063/1.4884614
https://doi.org/10.1063/1.4884614
https://doi.org/10.1063/1.4884614
https://doi.org/10.1063/1.4884614
https://doi.org/10.1143/JPSJ.76.034711
https://doi.org/10.1143/JPSJ.76.034711
https://doi.org/10.1143/JPSJ.76.034711
https://doi.org/10.1143/JPSJ.76.034711
https://doi.org/10.1103/PhysRevB.78.045415
https://doi.org/10.1103/PhysRevB.78.045415
https://doi.org/10.1103/PhysRevB.78.045415
https://doi.org/10.1103/PhysRevB.78.045415
https://doi.org/10.1142/S2010194512006046
https://doi.org/10.1142/S2010194512006046
https://doi.org/10.1142/S2010194512006046
https://doi.org/10.1142/S2010194512006046
https://doi.org/10.1103/PhysRevB.94.235307
https://doi.org/10.1103/PhysRevB.94.235307
https://doi.org/10.1103/PhysRevB.94.235307
https://doi.org/10.1103/PhysRevB.94.235307
https://doi.org/10.1103/PhysRevB.91.115135
https://doi.org/10.1103/PhysRevB.91.115135
https://doi.org/10.1103/PhysRevB.91.115135
https://doi.org/10.1103/PhysRevB.91.115135
https://doi.org/10.1103/PhysRevB.84.125450
https://doi.org/10.1103/PhysRevB.84.125450
https://doi.org/10.1103/PhysRevB.84.125450
https://doi.org/10.1103/PhysRevB.84.125450
https://doi.org/10.1088/1367-2630/15/11/113050
https://doi.org/10.1088/1367-2630/15/11/113050
https://doi.org/10.1088/1367-2630/15/11/113050
https://doi.org/10.1088/1367-2630/15/11/113050
https://doi.org/10.1103/PhysRevLett.113.106802
https://doi.org/10.1103/PhysRevLett.113.106802
https://doi.org/10.1103/PhysRevLett.113.106802
https://doi.org/10.1103/PhysRevLett.113.106802
https://doi.org/10.1038/nnano.2010.172
https://doi.org/10.1038/nnano.2010.172
https://doi.org/10.1038/nnano.2010.172
https://doi.org/10.1038/nnano.2010.172
https://doi.org/10.1038/nmat2968
https://doi.org/10.1038/nmat2968
https://doi.org/10.1038/nmat2968
https://doi.org/10.1038/nmat2968
https://doi.org/10.1038/nmat4169
https://doi.org/10.1038/nmat4169
https://doi.org/10.1038/nmat4169
https://doi.org/10.1038/nmat4169
https://doi.org/10.1103/PhysRevLett.104.227401
https://doi.org/10.1103/PhysRevLett.104.227401
https://doi.org/10.1103/PhysRevLett.104.227401
https://doi.org/10.1103/PhysRevLett.104.227401
https://doi.org/10.1063/1.3668113
https://doi.org/10.1063/1.3668113
https://doi.org/10.1063/1.3668113
https://doi.org/10.1063/1.3668113
https://doi.org/10.1109/LED.2012.2230393
https://doi.org/10.1109/LED.2012.2230393
https://doi.org/10.1109/LED.2012.2230393
https://doi.org/10.1109/LED.2012.2230393
https://doi.org/10.1038/nphys781
https://doi.org/10.1038/nphys781
https://doi.org/10.1038/nphys781
https://doi.org/10.1038/nphys781
https://doi.org/10.1021/nl2005115
https://doi.org/10.1021/nl2005115
https://doi.org/10.1021/nl2005115
https://doi.org/10.1021/nl2005115
https://doi.org/10.1038/nmat4931
https://doi.org/10.1038/nmat4931
https://doi.org/10.1038/nmat4931
https://doi.org/10.1038/nmat4931
https://doi.org/10.1021/nl1011596
https://doi.org/10.1021/nl1011596
https://doi.org/10.1021/nl1011596
https://doi.org/10.1021/nl1011596
https://doi.org/10.1038/nnano.2010.89
https://doi.org/10.1038/nnano.2010.89
https://doi.org/10.1038/nnano.2010.89
https://doi.org/10.1038/nnano.2010.89
https://doi.org/10.1103/PhysRevLett.103.076601
https://doi.org/10.1103/PhysRevLett.103.076601
https://doi.org/10.1103/PhysRevLett.103.076601
https://doi.org/10.1103/PhysRevLett.103.076601



