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Second harmonic generation in the plasmon-polariton gap of quasiperiodic
metamaterial photonic superlattices
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Self-similar bulk plasmon-polariton modes in quasiperiodic photonic superlattices were used here for a giant
enhancement of second harmonic generation. Results for Fibonacci and Thue-Morse-like superlattices indicate
that not only the disorder but also the symmetry of the unit cell plays a crucial role for enhancing the efficiency.
In particular, a giant enhancement is shown for Thue-Morse-like systems when compared with the enhancement
for Fibonacci-like superlattices.
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I. INTRODUCTION

Advances in microstructuring and numerical modeling
techniques with detailed fabrication and study of complex
photonic structures have led to a considerable body of knowl-
edge about second harmonic generation (SHG) processes in
plasmonic systems [1–6] and in periodic [7–9], defective
[10–20], disordered [21–24], and dielectric quasiperiodic [25–
28] photonic superlattices. This is not the case though for
SHG in self-similar plasmonic photonic superlattices, in spite
of the possible extension of broadband capabilities in fractal
plasmonic systems, which would be useful for ultrabroadband
laser sources. Here we present such a study.

The observation of SHG in a quartz crystal pumped by
a laser beam [29] has inspired theoretical and experimental
work [30,31], with a recent focus on broadening the band-
width and increasing conversion efficiencies. Proposals for
improved conversion efficiencies have been mainly based on
strong light localization, with enhanced SHG efficiency at
band-gap edges, defective modes, and disordered photonic
superlattices [7–24], in addition to the combination with
nonlinearities in plasmonic systems [1–6]. To achieve broad-
bandwidth SHG, on the other hand, photonic superlattices
have been designed with multiple reciprocal wave vectors
for quasiphase-matching (QPM) condition [15,25,26]. Under
this condition, �k = k2ω − 2kω − Gn = 0, the wave vectors
of SH (k2ω) and fundamental field (FF) (kω) are related to
the reciprocal lattice vector of the photonic structure (Gn) to
produce high conversion efficiencies. Particularly interesting
are the nonlinear quasiperiodic photonic superlattices made
with periodic repetition of a unit cell comprising two dielectric
building blocks, as reviewed in Ref. [28]. These blocks are
arranged as a series of generations according to a given
recursion relation to provide different sets of reciprocal wave
vectors for the QPM optical parametric process [25–28]. In the
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linear regime, these quasiperiodic superlattices may display
special properties if they include metamaterials, i.e., artificial
materials whose properties such as simultaneous negative
values for permittivity and permeability [32–47] are not found
in naturally occurring materials. Due to the coupling of the
longitudinal field component of light with the corresponding
plasmonlike effective response of metamaterial layers, the
plasmon-polariton (PP) non-Bragg gap was shown to follow
the self-similarity properties of the unit cell [48,49], thus
being split into a series of PP modes according to the fractal
sequence of the unit cell. Analogous self-similarity properties
of plasmonic systems have been employed in broadband fractal
antennas [50,51].

In this paper, we demonstrate the first highly efficient SHG
from self-similar PP band-gap edges in metamaterial quasiperi-
odic photonic superlattices. This was made by considering
quasiperiodic systems with the unit cell built according to
the Thue-Morse and Fibonacci fractal sequences illustrated in
Fig. 1. These sequences were used in the pioneering works by
Merlin et al. [52,53] for emphasizing the unique properties of
quasiperiodic heterostructures, and recently utilized to demon-
strate the quasiperiodic nature of the PP spectra in fractal-
like quasiperiodic photonic superlattices [49]. The results
discussed here are promising for broadband laser sources [15],
frequency multipliers [20], and SHG with low-power lasers
[54].

II. THEORETICAL FRAMEWORK

We consider a finite one-dimensional quasiperiodic multi-
layer structure made as a periodic repetition of fractal-like ele-
mentary cells. The building layers of these elementary units are
taken as made of nonlinear dielectric LiNbO3 [15,17] labeled
A, and a linear negative-refractive metamaterial, labeled B,
alternated according to the Thue-Morse or Fibonacci fractal
sequences, as depicted in Figs. 1(a) and 1(b), respectively.
For the sake of simplicity we consider hypothetical lossless
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FIG. 1. Pictorial view of (a) Thue-Morse-like and (b) Fibonacci-
like building unit cells for the quasiperiodic metamaterial superlattices
under study. The upper chart illustrates the incident polarization for
a superlattice made by the periodic repetition of eight unit cells AB.

metamaterial slabs, with their permittivity and permeability
described by

εB = 1 − ν2
p

ν2
, (1)

μB = 1 − Fν2

ν2 − ν2
0

, (2)

with νp = 10 GHz, F = 0.56, and ν0 = 4 GHz, while the
refractive indices for dielectric nonlinear layers are described
by n

(1)
A = 2.157 and n

(2)
A = 2.237 [12,16] for the FF and SH

waves, respectively. The magnetic bulk PP frequency, i.e.,
the frequency for which μB(νm ) = 0 is νm = 6.03 GHz. The
assumption of negligible losses in the microwave regime here is
supported by techniques to develop negative refractive meta-
materials [42,45,47], while intrinsic ohmic losses of double
negative metamaterials at THz regime, associated with metallic
building resonators, have been shown to have a detrimental
effect on the SHG [19]. The second-order nonlinear suscepti-
bility was taken as χ

(2)
B = 0 for linear metamaterial slabs, while

χ
(2)
A = 6.7 pm/V for nonlinear LiNbO3 slabs at microwave

frequencies [55,56]. An incident electric field amplitude E0 =
107 V/m (intensity ∼ 13.3 MW/cm2) was used [9]. In the case
of a transversal electric (TE) incident field and growth direction
along the z axis (illustrated in the upper chart of Fig. 1), the
electromagnetic field propagation is described by the following
set of coupled equations [9,16]:

(
d2

dz2
+ (k(1)

iz )2

)
E

(1)
i = −2(k(1)

0 )2χ
(2)
i E

∗(1)
i E

(2)
i , (3)

(
d2

dz2
+ (k(2)

iz )2

)
E

(2)
i = −(k(2)

0 )2χ
(2)
i (E(1)

i )2, (4)

with χ
(2)
i , k(j )

iz = n
(j )
i k

(j )
0 cos(θ (j )

i ), k(j )
0 = jω(1)

c
, k(j )

0z = k
(j )
0 cos

(θ (j )
0 ), and θ

(j )
i denoting the corresponding second-order non-

linear susceptibility, wave vectors, and propagation angles for
FF (j = 1) and SH (j = 2) waves in the ith layer. Under the

condition |E(2)
i |

|E(1)
i | � 1, as in the present case, Eq. (3) can be

approximated by [30](
d2

dz2
+ (k(1)

iz )2

)
E

(1)
i = 0, (5)

which is known as the undepleted pump approximation, i.e.,
the amplitude of the SH wave is sufficiently low for the back-
coupling to the FF to be neglected. The transfer matrix method
(TMM), recently extended to study SHG under oblique inci-
dent light in dielectric [16] and metamaterial [19] layers, was
used to solve the set of Eqs. (4) and (5). Initial conditions were
taken as E

(2)+
0 = 0 and E

(2)−
t = 0, bearing in mind that there

is no incident SH wave. The superindices +/− indicate for-
ward/backward SH waves at the surrounding media. Conver-

sion efficiencies are calculated as ηf = |E(2)+
t |2

|E0|2 and ηb = |E(2)−
0 |2

|E0|2 ,
for the forward and backward SH waves [17], respectively,
while η = ηf + ηb is the total conversion efficiency [7]. Recur-
rence relations for the transfer matrix of each fractal generation
are obtained as Tm(A, B) = Tm−1(A, B)Tm−1(B, A) (m �
2), with initial condition T1(A, B) = AB, and Fm(A, B) =
Fm−1(A, B)Fm−2(A, B) (m � 2), with initial conditions
F0(A, B) = B and F1(A, B) = A, for Thue-Morse-like and
Fibonacci-like elementary cells [48,49], respectively. The slab
thicknesses were lA = lB = 8 mm in the calculations, where
subindices A and B represent the corresponding layers and
N = 8 unit cells for all cases, i.e., we considered the super-
lattices as [Tm(A, B)]N and [Fm(A, B)]N for each step of the
Thue-Morse and Fibonacci sequences.

(a) (b)

(c) (d)

FIG. 2. Comparison of the photonic band structure for Thue-
Morse quasiperiodic superlattices (a) T2 (dotted) and T3 (solid) and
(b) T3 (dotted) and T4 (solid). Results for Fibonacci quasiperiodic
superlattices are presented for (c) F3 (dotted) and F4 (solid) and (d)
F4 (dotted) and F5 (solid). The alternation of layers A and B in the
unit cell follows the corresponding m-step of the Fractal sequence, as
depicted in Fig. 1.
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III. RESULTS AND DISCUSSION

The rationale in this paper is to exploit the strong light-
matter interaction associated with plasmonic resonances, in
combination with multiple PP modes in fractal structures, to
produce broadband giant SHG enhancement. This concept is
demonstrated for two fractal sequences, viz., the Thue-Morse
and Fibonacci sequences, with their respective unit cells built
by stacking two different slabs, as schematized in Fig. 1.
Photonic band structures for the quasiperiodic Thue-Morse and
Fibonacci metamaterial superlattices, under oblique incidence
(θ = 32◦), around the magnetic bulk PP (ν/νm = 1) are shown
in Fig. 2. Results are presented for superlattices with unit cells
made by following the steps T2, T3, T4 [Figs. 2(a)–2(b)] and
F3, F4, F5 [Figs. 2(c)–2(d)] of the Thue-Morse and Fibonacci
sequences (see Fig. 1), respectively, indicating an increase in
the number of PP modes with increasing steps in the sequences.
These PP bands can also be tuned by varying the incidence
angle [48,49]. The SH conversion efficiencies, η, as functions
of the incident frequency (ν/νm) are shown in Fig. 3. Peaks
in Fig. 3 correspond to either, or both, the FF and the SH
waves being band edges, as can be seen from Fig. 4. This
behavior is explained in terms of the strong electromagnetic
field localization along the structure, supported by calculations
in Figs. 5 and 6. These latter figures show sets of localized peaks
in FF and SH waves associated with weak disorder effects
induced by the fractal aspects [21].

Higher enhancements of the electromagnetic field and
η in Thue-Morse sequences can be attributed to higher
levels of disorder than in Fibonacci lattices [27], reflected
in stronger electromagnetic field localization in the struc-
ture, as noted from Figs. 5 and 6. Furthermore, theoretical
and experimental works demonstrating symmetry-induced
linear perfect transmission in quasiperiodic multilayers [57,58]

(a) (b)

(c) (d)

FIG. 3. Efficiencies, η, for SHG in the PP-gap of Thue-Morse
(a) T3, and (b) T4, and Fibonacci (c) F4, and (d) F5 quasiperiodic
superlattices. Circles, squares, and stars are used to highlight the
corresponding frequencies.

)b()a(

)d()c(

FIG. 4. Transmittance spectra for Thue-Morse (a) T3 and (b) T4,
and Fibonacci (c) F4 and (d) F5 quasiperiodic superlattices around
the PP gap. Left and right panels of each figure correspond to the
FF and SH waves. The alternation of layers A and B in the unit cell
follows the corresponding m-step of the Thue-Morse and Fibonacci
sequences. Dashed lines are used for frequencies associated with the
higher peaks marked by circles, squares, and stars in Fig. 3.

)b()a(

)d()c(

)f()e(

)h()g(

FIG. 5. FF (left panel) and SH (right panel) field profiles are
presented for quasiperiodic superlattices following the steps T3 [(a)–
(d)] and T4 [(e)–(h)] of the Thue-Morse sequence. The corresponding
frequencies are marked by circles and squares according to Figs. 3
and 4.
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FIG. 6. Field profiles for the FF (left panel) and SH (right
panel) waves following the steps F4 [(a)–(f)] and F5 [(g)–(h)] of the
Fibonacci sequence. Circles, squares, and stars are used to mark the
corresponding frequencies from Figs. 3 and 4.

indicate that symmetry properties of Thue-Morse superlat-
tices can play a crucial role in the enhancement of η. In
particular, Thue-Morse superlattices have a mirror symmetry
around a vertical axis along the center of the unit cell for
even m-values, i.e., T2(A, B) = (AB)(BA) and T4(A, B) =
(ABBABAAB)(BAABABBA), while an antisymmetric be-
havior is shown for odd m-values, T1(A, B) = AB and
T3(A, B) = (ABBA)(BAAB).

IV. CONCLUSIONS

In summary, we have demonstrated large enhancement ef-
ficiencies and broadband applicability for SHG in self-similar
bulklike PP modes in quasiperiodic superlattices containing
double negative metamaterials. The enhancement was illus-
trated with results for Thue-Morse and Fibonacci-like unit
cells. The concepts and superlattice design presented here
may have potential applications for multiwavelength laser
frequency conversion, even with low-power sources.
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