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We reveal the nature of propagation and reflection of light in spin-orbit coupled Dirac metals under external
magnetic fields. Such applied magnetic fields split the fourfold degeneracy of a spin-orbit coupled Dirac metal
state into a pair of a twofold degeneracy along the direction of the applied magnetic field, resulting in a Weyl
band structure. These Weyl metals turn out to play the role of a chiral prism, whose electromagnetic properties
are described by axion electrodynamics: An incident monochromatic wave can split into three differently
polarized modes (eigenvectors), propagating with different wave numbers (eigenvalues). In particular, the axion
electrodynamics allows the longitudinal component naturally inside the Weyl metal state. We evaluate both
transmission/reflection coefficients and Faraday/Kerr rotation angles as a function of both an external magnetic
field and frequency for various configurations of light propagation. The helicity of the propagating/reflected light
is determined by VO x Ejigy = Bey X Ejjgn, where VO = B, is the gradient of the ¢ field in the axion term
given by the applied magnetic field and E g is the electric field of the incident light. This implies that the direction
of the external magnetic field controls the Faraday/Kerr rotation. We find several interesting optical properties
of the Weyl metal phase. First, longitudinal oscillating charge density fluctuations along the light propagating
direction arise when the pair of Weyl nodes are aligned along the direction of the oscillating magnetic field, which
gives rise to the longitudinal component of the electromagnetic wave. Second, the Weyl metal phase becomes
more reflective when the external magnetic field is enhanced to be along with E// B, due to the longitudinal
negative magnetoresistivity, which is a fingerprint of the Weyl metal phase. Third, eigenmodes can have various
structures, depending on a parameter n, which corresponds to a ratio between the conventional Hall effect from
normal electrons and the anomalous Hall effect from Weyl electron. We propose these strong magnetic field

dependencies of the optical response as the fingerprints of the axion electrodynamics.
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I. INTRODUCTION

Anomalous transport phenomena in Weyl metals [1-4],
resulting from effects of both Berry curvature and chiral
anomaly [5], have been investigated extensively in both exper-
imental and theoretical aspects. In particular, both anomalous
Hall and chiral magnetic effects have been discussed theoreti-
cally based on the Boltzmann transport theoretical framework
modified by the Berry curvature and the chiral anomaly [6—23].
The so called negative longitudinal magnetoresistivity has
been observed experimentally in various types of Weyl metals
[24-32], also well understood by the topologically “gen-
eralized” Boltzmann transport theory [6-20]. However, not
only the Boltzmann transport theory but also the Maxwell
electrodynamics theory should be modified by such topological
ingredients. The chiral-anomaly modified Maxwell theory is
referred to as the theory of axion electrodynamics, where
an emergent E - B term is introduced into the conventional
Maxwell action of electromagnetic fields [33]. The angle
coefficient of the E - B term turns out to be a function of
space and time, originating from an effective Weyl band
structure [20-22,34-36]. Unfortunately, both theoretical and
experimental studies for this axion electrodynamics have not
been performed satisfactorily yet. In particular, light scattering
measurements are still missing as far as we know, where the
axion electrodynamics theory in Weyl metals with broken
time-reversal symmetry has not been proven yet.
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In this study we investigate both transmission/reflection
coefficients and Faraday/Kerr rotation angles in spin-orbit
coupled Dirac metals, particularly as a function of both the
external magnetic field and the frequency of light for various
configurations of light propagation. It is well known that the
applied magnetic field splits the fourfold degeneracy into a
pair of the twofold degeneracy, which gives rise to a Weyl
band structure. Based on the chiral anomaly calculation, the 6
coefficient of the topological-in-origin E - B term has been
found, the gradient of which is given by the distance of
the pair of Weyl points, resulting from the applied magnetic
field [21,22,36]. As a result, electromagnetic properties of
spin-orbit coupled Dirac metals under external magnetic fields
are governed by the axion electrodynamics. Our theoretical
predictions on the magnetic field dependence, more precisely,
the gradient 6 dependence, can be regarded as a guideline for
experiments, proposed to be one of the fingerprints of the axion
electrodynamics in Weyl metals.

Before going into our work, we would like to discuss
recent studies related to ours. Faraday/Kerr rotation angles
have been measured as a function of both frequencies and
external magnetic fields for the surface state of a topological
insulator, where anomalous Hall effects associated with the ax-
ion electrodynamics give rise to such rotations [37,38]. Surface
plasmon modes were also observed at the interface between
topologically nontrivial cylindrical core and topological-trivial
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FIG. 1. Schematic diagram of the physical setup.

surrounding material, involved with the axion electrodynamics
and modified constitutive relations [39]. Various interest-
ing theoretical studies of electromagnetic waves in a Weyl
metallic state have been performed during recent few years
[40-44]. Especially, transmission/reflection coefficients and
Faraday/Kerr rotations in the axion electrodynamics have been
discussed in Refs. [40-43]. We would like to point out that our
results differ from these previous studies in several aspects
although some parts are all consistent with each other: (i) our
normal modes inside the Weyl metal phase differ from those
of the previous studies when the pair of Weyl nodes are
aligned along the direction of the oscillating magnetic field,
(i1) reflectivity enhancement in the case of E//Bq results
from the longitudinal negative magnetoresistance, (iii) we
find eigenmodes depending on the parameter n, which is
the ratio between the conventional Hall conductivity from
normal electrons and the anomalous Hall conductivity from
Weyl electrons, and (iv) external magnetic field dependencies
on both transmission/reflection coefficients and Faraday/Kerr
rotation angles are the fingerprints of the Weyl metal phase.

II. AXION ELECTRODYNAMICS IN WEYL METALS
WITH BROKEN TIME-REVERSAL SYMMETRY

A. Axion electrodynamics

Our theoretical setup is shown in Fig. 1. The setup has simi-
larity to an optical response of a ferromagnetic system. Indeed,
some optical properties such as the Faraday/Kerr rotation have
resemblance to a ferromagnetic system [see Fig. 3(a)]. How-
ever, there exist significant differences between two systems
because their origins of anomalous electromagnetic responses
are totally different. For instance, the anomalous Hall conduc-
tivity (opan) in a ferromagnetic system mainly originates from
three types of scattering mechanisms of conduction electrons
due to magnetic moments [45] and the Faraday/Kerr rotation
is mainly due to a nondiagonal magnetic permeability tensor.
However, in Weyl metals, the anomalous Hall conductivity
(0wey1) and the Faraday/Kerr rotation both originate from V6,
which is linearly proportional to the momentum space distance
between a Weyl pair. Therefore, not only the magnetic field
dependence of the Hall effect should be different from each
other, but also the Faraday/Kerr rotation and electromagnetic
(EM) mode oscillating in the longitudinal direction exists

even with the diagonal magnetic permeability and electric
permittivity in a Weyl metal state as described below.

Now, we are going to present how V6 makes the anomalous
Hall conductivity (owey) and the Faraday/Kerr rotation by
solving the modified Maxwell equation in a Weyl metal phase.
An incident beam propagating along the Z direction is shined
homogeneously on an infinite xy plane of a Weyl metal under
an arbitrary external magnetic field, By, = (By, By, B;). Here,
the Weyl metal sample is semi-infinite in the Z direction. Elec-
tromagnetic properties of the Weyl metal state are described
by axion electrodynamics [33]
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modified by the appearance of a position-dependent 6 term
from the Maxwell dynamics. Actually, one finds VO = gB
with a Landé g factor, where 2V6 gives the momentum-
space distance between a pair of Weyl points [21,34,35].
Here, we resort to D = €E and B = ¢H, where homogeneous
permittivity € and permeability ;1 & i are taken into account.

For simplicity, we replace =~ /% with o.
Taking the curl to Eq. (3), we obtain
Vx@B)=VxVXxE
=V(V-E)— V’E

2
€ €

(%)
=Vx[|[——
ot
= —/LEB?E — uoJ +2au0, (VO x E), (5)

where Egs. (1) and (4) have been utilized for the third and
last lines, respectively. Assuming the constituent equation (J =
o - E), we obtain an eigenvalue equation composed of the E
field only,

V(V-E)— V’E = —1€d’E — ud,0 - E +2a1d, V6 x E,

(6)
where
(1 + cwa)%)a OB —0py
o= —0p; (1 + Ca,yB)z,)O' OBy
OB, —O0By (1 + chBZZ)a

Here, the conductivity tensor ¢ consists of both diagonal
and off-diagonal components. The diagonal component o;; =
(1 4 cui Biz)cr is referred to as the chiral anomaly enhanced
longitudinal magnetoconductivity, where the Drude conduc-
tivity is modified from the chiral anomaly in the Weyl metal
phase [1-5]. c,; is a positive numerical constant, referred to as

075203-2



TRANSMISSION AND REFLECTION COEFFICIENTS AND ...

PHYSICAL REVIEW B 98, 075203 (2018)

the chiral anomaly coefficient in the longitudinal magnetocon-
ductivity. The off-diagonal component o;; = €;;,0p; With the
antisymmetric tensor €, is the conventional Hall conductivity
(ox) driven by the kth component of the external magnetic
field B.y. This conventional Hall effect results from normal
electrons, which can coexist with Weyl electrons. We point
out that the anomalous Hall effect has been introduced into the
axion electrodynamics via V@ terms, more precisely, the last
term in Eq. (6).

In order to solve Eq. (6), it is essential to deal with V - E.
Here, we discuss how to find V - E carefully since the Weyl
metal physics is encoded into this quantity. More concretely,
this term plays an important role in determining our normal
modes inside the Weyl metal state. Our careful treatment of
this term is a distinguished point, compared with the previous

studies [40—43]. Resorting to the constituent equation of J =
ap

o - E, we rewrite the continuity equation V - J = — 3= as
ap
” (0-E)
2
~ Zp+ (Vo B, ™)

justified when o, > oy,, 0,;, 0, and indeed for normal situ-
ations.

Considering the electromagnetic field given by B = B¢y +
By, and Bgyn, = Bye!*2=“")_one can solve Eq. (7) for p(t) as
follows:

BZ 2Bext 3 Boei(szwt)
p(t) = —ZOlngz< R

Oy, 0 —i€w
Boz p2ikz—ot) e
+ ——— )+ Cpe -
0., — 2i€w
, wi
~ —2ag{Be2xt + 2BextBoel(kz_wt)<] + o /E)
2z

1 BReRitke=an (1 4 2wi _
0 0 /€

Here, the typical metallic condition o, /€ > @ >> 1 has been

used [46], which allows us to keep the first order in UL/E

In addition, we ignore the e term due to fast relaxation in
metals [46]. Then, this expression can be reformulated in the
following way:

p(1) = —2a(V6 - B) — 4agBey - Bye! ®i7¢") wl
0z /€

— DagBRetthian 20T (8)
0z:/€
The second harmonic term (o ¢ *2=) can be also negligible
in the case of |Bey| > [Baynl.

If the external magnetic field By, is perpendicular to the
oscillating field Bgyy, i.e., Bex; - Bgyn = 0, we have p(¢) ~ 0 in
the level of the harmonic approximation. As a result, we reach
the conclusion

2(VO -B
p.’_ug\;o_

v.E=Z )
€ €

In this case which corresponds to Figs. 3(a) and 3(b), the
eigenmode with the longitudinal component (oscillating in the

z direction) cannot appear due to the divergence-free condition,
and only transverse modes of the electromagnetic field are
observable within the harmonic solution. Actually, the previous
studies on this point are consistent [40—43]. On the other hand,
if Bexe - Bayn # 0 which corresponds to Figs. 3(c) and 3(d), the
harmonic term is nonvanishing in the charge density [Eq. (8)],
resulting in

V-E~ —40gw/0..iBey - Boe ¥, (10)

This is rather a striking result since this condition allows
the longitudinal mode inside the Weyl metal phase. We
emphasize that this anomalous behavior originates from the
chiral anomaly, regarded to be a characteristic feature of the
axion electrodynamics. This is our point beyond the previous
studies [40—43]. Although this aspect has been discussed very
briefly in Ref. [43], their eigenvectors differ from ours.
Equation (10) determines the first term in Eq. (6) as

V(V.-E)~ — 288 o ol|E an
U(l +sz312) B, —B, 0

Then, Eq. (6) reads

k? 0 0
0 k> 0 |g
4agB, k2 —__desBr 2 42
a(l+csz:2) a(l-&-cw B-)
0 -B, B,
= pew’E+(nwi)o - E=2aguwi| B, 0 —B, |E.
-B, B, 0

This eigenvalue equation can be reduced to a more compact
form

k? — s id, —id,
—id, k* — Ay ide |E=0, (12)
aByk* +id, —aB.k* —id, k*—1,

where d; = —pwagB; +op;), A; = wew® +ipw(l +
cijjz)o, and g = mi+fzm).

Although Eq. (12) looks simple, it turns out that general
expressions for eigenvalues and eigenvectors are too complex,
which may not be useful for physical insight. More concretely,
the eigenvalue equation is given by the third-order algebraic
equation for k%, and this equation has its general solutions
according to Cardano’s method [47]. However, these general
solutions would have complex numbers inside the root, and it is
necessary to decompose the real and imaginary parts explicitly
for such solutions in order to have physical interpretation. It
turns out that this procedure is not possible, generally speaking,
since the order of the algebraic equation becomes doubled for
this decomposition. In this respect it is better to consider a
concrete physical situation, which will be discussed in the next
section. Here, we present a general solution as a reference for
a specific case, given by op; ~ 0, a < Im[A,], and c,; ~ 0.
This corresponds to the absence of the conventional Hall effect,
the charge density modulation, and the positive longitudinal
magnetoconductivity. We keep only the anomalous Hall effect
due to the Berry curvature, which leads the matrix to be
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symmetric. As a result, we find three eigenvalues:

eigenvalue 1: k; =k, + ik;;

— q172
ki=ow He \/(1 _ 2agBext)2 + (i)z + (1 _ 2agBext>
2 €w €w €w
: > : 1/2
b — o [B \/(1_2%’_3) F(2) - (1 2o
2 €w €w €w
eigenvalue 2: kp = ko + ikip (13)
- 5 q172
208 Bex 2 2ag Bex
o [ \/<1+&) (D) (1 2o
2 €w €w €w
_ 5 q172
20 g Bex 2 208 Bex
kir = @ ;L_E\/<1+ oxg t) +<i>_<1+ g t)
2 €w €w €w
eigenvalue 3: k3 = k,3 + iki3
- 5 1/2
kn=o /2 1+ (Z) +1
2 €w
- 5 1/2
= 2] 14 (2) _1}
2 €w
Corresponding eigenvectors are given by
~B.By —iB, /B2 + B2 + B2
mode 1: | BZ + B?
—B,B; +iB,,/B2 + B2 + B?
BBy —iB, /B + B} + B2
mode 2: | —(B? + B?) (14)
ByB. +iB.,/B} + Bj + B?
B,
mode 3: | B,
B,

Here, the normalization is given by B2 + B§ + BZZ. These eigenvectors are self-consistent in the case of B¢y //Z, i.e., B, # 0 and
B, = B, = 0, where 2 is the propagating direction of light. On the other hand, they are not in the case of Bey//X, i.e., By # 0 and
B, = B, = 0, where the existence of the longitudinal component violates the divergence-free condition of the electric field. It turns
out that a = 0 in the above approximation is not consistent for this situation. As discussed before, there appear longitudinal charge
density fluctuations, responsible for the existence of the longitudinal component of the eigenvector. In this respect a = 0 is just an
approximation for an analytic expression. Below, we discuss full solutions for two specific directions of external magnetic fields.

B. Solution in the case of By //Z

This configuration corresponds to Fig. 3(a). The continuity equation allows us to take V - E ~ 0 due to fast relaxation of
electrons. As a result, Eq. (12) becomes

K> —x  id, 0
—id,  k*— ) 0 |E=0, (15)
0 0 k> — .

where A = prew? + pwio. Obviously, the owey, = 20 B, term in d., which is proportional to the external magnetic field, plays
the role of effective Hall conductivity, and it appears only when the field is oscillating, i.e., @ # 0. Owey is linear in the external
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magnetic field whereas the conventional Hall effect or an anomalous Hall effect in a ferromagnet should be saturated for an
increasing external magnetic field. This different behavior of owey makes characteristic magnetic field dependencies for the

propagating light in a Weyl metal state.

Considering E = (E,, E,, Ez)ei(kz_‘“’), we can find eigenvalues and eigenvectors in Eq. (15). The eigenvalues are given by
5 12
1+ e 2 1+ .
o = 0 [ 22 /(l_ﬂ) (o) e (1= e | -
2 €w €Ew
1 2 2 1
ki = o /“76{\/(1 - M) H(ZY - (1 1+ n|aWey1 } )
€w Ew
for the momentum k; = k1 + ik;q,
1+ 2 2 1+
ko =w M—€|:\/<l+m> +(i) +<1 | 77|‘7Wey1 j| (18)
2 €w €Ew
1+ 2 2 1+
ki2 =w % |:\/<1 + M) + (i) _ < | 77|0Weyl :| (19)
€w Ew
for the momentum k, = k,, + ik;», and
c 2 12
ks = o % [\/1 + (5> (1+coB2)" + 1} , (20)
e ) 12
kis=w 5 |:\/l + (ew) (l + CwBext)2 — 1:| Q21

for the momentum k3 = k,3 + ik;3, respectively. The real part
of the eigenvalues (k,,) describes the energy of a propagating
mode inside a Weyl metal (dispersion relation), and the
imaginary part (k;,) gives the inverse of skin depth. Here,
we introduced 7 as a phenomenological parameter, defined
by the ratio between the conventional Hall conductivity and
the distance of the pair of Weyl points and given by

— 22)
OWeyl
The Hall coefficient (o,) can be modified, depending on
the sample situation in experiments. In this respect one can
investigate dispersion relations as a function of 5. For exam-
ple, n — —1 describes the dispersion relation of a normal
metal state with k,,, = cu\/”_E V1+(Z )2 + 112 and k;,, =
w\/ﬁ[\/l +( )2 112, On the other hand, n — 0 gives
rise to thatof a pure Weyl metal phase without the conventional
Hall effect.
The corresponding eigenvector for each of eigenvalues is
given by

1 1 0
mode 1:{i |, mode2:|—i], mode3:{0], (23)
0 0 1

respectively, where the first two are circularly polarized trans-
verse modes with different chiralities and the last one is a
linearly polarized longitudinal mode. Note that for this specific
configuration of Bey//Z, the third eigenmode does not exist
in the first-order harmonic approximation, which results from

(

the divergence-free condition of the electric field,i.e., V - E =
0 — E, = 0. These eigenvectors are consistent with all of the
previous studies [40-43]. However, in general situations, for
example, the case of B¢ //%, we emphasize that there exists
the contribution of charge density fluctuations according to the
electromagnetic field (V - E # 0), so the propagating light in
the Weyl metal phase should have the longitudinal component.
We show frequency w and magnetic field VO = gB depen-
dencies of the eigenvalues with the situation By //Z in Fig. 2.
We set several numerical parameters to plot the eigenvalues, for
example,o ~ 10° Q7' m~" and € ~ 10¢, but such parameters
in a real sample may be modified; thereby the appropriate
frequency range in an experiment might be different from
our fittings. Note that a proper frequency range of our results
should be w < o/e. Real (imaginary) parts of eigenvalues
as a function of w and V6 are described in Figs. 2(a), 2(c),
and 2(e) [2(b), 2(d), and 2(f)]. Different features among panels
(a), (c). and (e) [(b), (d), and (f)] show that propagating wave
numbers (skin depth) inside a Weyl metal should be different
for different modes. We recall that the k3 mode does not exist.
Here, we show it just for reference. (Note that the dispersion
of mode 3 in this configuration is almost same as that of
conventional metals except for the ¢, B2, term.) An incident
light from vacuum might split into right and left circularly
polarized eigenmodes. For clear presentation of splitting, a
line-cut graph of real k at a finite magnetic field (VO = gBey)
and at a finite frequency () is shown in Figs. 2(g) and 2(h).
The dispersion relation splits into two circularly polarized
modes but their dispersions become linear at high frequency
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FIG. 2. Frequency and magnetic field dependencies for each
eigenmode in a specific configuration [Fig. 3(a)]. (a), (c), and (e):
The real parts (propagating wave number) of the eigenvalue 1, 2, and
3 as a function of w and V6. We recall that the k3 mode does not
exist at this configuration, but we show it as a reference. The magenta
vertical line cuts correspond to panel (g) whereas the green horizontal
line cuts correspond to panel (h). (b), (d), and (f): The imaginary parts
(inverse of skin depth) of the eigenvalue 1, 2, and 3 as a function
of w and V#. (g) Frequency dependencies of the wave number k,
(dispersion relation) for each eigenmode at a finite field, V& = 10'°
m~!. (h) Magnetic field dependencies of the wave number &, for each
eigenmode at a finite frequency, v = 10'* Hz.

(w ~ o/e€) as shown in Fig. 2(g). On the other hand, Fig. 2(h)
shows quite different magnetic field dependencies for skin
depth of each mode. When the magnetic field is increasing,
the differences of velocities among the modes get larger, and
this splitting of a beam is the main reason of the Faraday/Kerr
rotation in a Weyl metal. Note that we set n = 0 for the all
plots to only see the pure Weyl metal phase, where 7 is the
phenomenological parameter introduced before.

C. Solution in the case of B, //X

Setting the specific configuration of the external magnetic
field Bex = (By,0,0) in Eq. (12), which corresponds to

Figs. 3(b), 3(c), and 3(d), we find eigenvalues and eigenvectors
as follows:

k2 — Ay 0 0

0 K= id,
0 —aBk* —id, k*—x

E=0. (24

Three eigenvalues are given by

ki = x+,/d? —iaB,d.k? (25)

for the momentum k; = k.1 + ik;q,

k3 =x—\/d?—iaB.d}? (26)

for the momentum k, = k,» + ik;>, and

1/2
€ o \?2
ki = %[\/1 + (—) (1+c,B%) + 1} . (27)

€Ew

1/2
L€ o \?2
kiz = a)‘/? [\/1 + <£> (1+ c(,,Bgm)2 - 1} (28)

for the momentum k3 = k,3 + ik;3. Unfortunately, only the
third eigenvalue k3 can be expressed in a simple analytic form,
which is the same as that of the previous case. It turns out that
analytic expressions for both k; and k, eigenmodes are quite
complicated, which may not be useful for physical insight. The
three corresponding eigenvectors are given by

0 0
1 __
mode 1: l—i% ., mode 2: G—i% ,
i —i
1
mode 3:{ 0], 29)
0

respectively. We point out that the complex number appears
inside the root for the eigenvector. In addition, eigenmodes 1
and 2 have their longitudinal components.

In order to find their physical meaning, we take the
simple approximation to ignore the V - E contribution for
the eigenvalues (not for the eigenvectors) as the zeroth-order
approximation, assuming that the generated electromagnetic
field from V - E is much smaller than that from other terms.
This approximation in the characteristic equation is realized

02
by considering the condition 1 > |M = 21 (1 +n), and

ImA]' 7 o

justified if the anomalous Hall conductivity due to Weyl
electrons is much smaller than the Drude conductivity. Within

2

the zeroth-order approximation of %(1 + 1), we obtain the
rest of eigenvalues as Egs. (16) to (19), the same as those of the
previous configuration. Based on these eigenvalues, the rest of
the eigenvectors can be approximated, depending on the range
of the parameter n = 2.

First, we consider || > 1 (Jog.| > |owey1|), where the con-
ventional Hall effect dominates over the anomalous Hall effect.
Performing the Taylor expansion for two small parameters

of % and @, we find the first and second eigenvectors
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— E field
— B field

FIG. 3. Polarizations and rotations of the electromagnetic field inside the Weyl metal phase. (a) A deformation and the Faraday-Kerr rotation
when B //Z and E;//X; the rotation angle is on the xy plane. The propagating wave is a consequence of the linear combination of two circularly
polarized modes 1 and 2. There is no mode 3 when B.,.//Z as discussed in the main text. (b) No deformation occurs when B, //% and E;//X.
The incident beam and propagating wave are consistent with mode 3. In this configuration, no deformation occurs but reflectivity changes as
a function of the external magnetic field. It represents a unique property of Weyl metals as described in Sec. IIIB. (c) A deformation of the
transmitted light when By //X and E;//9 with n > 1: The oscillating direction of the propagating electric field is rotating on the yz plane. The
propagating wave is a linear combination of two elliptically polarized modes, where the polarization axis of the mode is not the propagating
direction (not the Z axis), but the VO direction (the % axis). There exists a beat in the propagating wave due to different group velocities of the
two modes. (d) A deformation of the transmitted light when B, //% and E;//$ with n < 1; the oscillating direction of the propagating electric
field is rotating on the yz plane. The propagating wave is a linear combination of two linearly polarized modes whose oscillating directions are
approximately (0,1,1) and (0, 1, —1). A beat also exists in the propagation wave due to different group velocities of the two modes. We point
out that for the transmitted/reflected beam of Figs. 3(c) and 3(d) in a vacuum, the longitudinal component can exist only in the near-field region
because it radiates as a short-dipole-antenna field near the surface, completely consistent with boundary conditions.

given by approximated as
0 0 0 0
mode 1:| 1| +i @—ﬁ , mode 1: :tll Fi ?_% )
i 0 0
0 0 0 0
mode 2: j:% i 2 e |- 30) mode 2: :i:i +i @(—)f- 7 |- @31

—1

Here, we multiplied —i into all components in order to make
the expressions “conventional,” but not essential. The major
mode is linearly polarized and the minor mode is added out
of phase by 7 /2 for each mode. Again, we find a twofold
degeneracy with the longitudinal component.

Third, we consider || ~ 1 (|owey| &~ |0Bx|), Where the
anomalous Hall conductivity is the same order as the conven-
tional one. Then, the eigenmodes cannot be Taylor-expanded.
Instead, we find

These modes are elliptically polarized light on the yz plane
[see Fig. 3(c)], which is slightly deformed from circular
polarization. It is rather unexpected that two polarizations are
degenerate on the yz plane for a given eigenvalue, shown by
both = signs in the corresponding eigenvector. In other words,
both left and right elliptically polarized light on the yz plane
can be an eigenvector for a given eigenvalue. This originates
from non-Hermiticity in the eigenvalue equation [Eq. (12)],
given by the axion electrodynamics of V6.

Second, we consider 1] < 1 (|Jopx| < |owey1|), Where the 0 0
anomalous Hall conductivity dominates over the conventional
Hall effect. These modes are deformed in longitudinal direc-
tions [see Fig. 3(d)], and the corresponding eigenvectors are ii —ii

mode 1: | 1/,/%% — 22 | mode 2:| 1/,/% + 22 |. (32)
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Here, we multiplied /i into all components in order to transfer
the +/i contribution of the y component into the z component,
but this is not essential. If a resonance condition (|owey1/€| ~
[2w]) is fulfilled, at least one of the denominators in the y com-
ponents vanishes. This means that the y component dominates
over the z component. Then, the eigenmode 1 or 2 becomes
“consistent” to an incident beam of E; = (0, 1, 0)e!®:=®") In
this configuration, no splitting occurs and the propagating
motion of the EM field is almost the same as Fig. 3(b) except
the positions of E and B are switched. Note that /i = j:%
has both =+ signs. As a result, we have a twofold degeneracy
with the longitudinal component again at both eigenvalues of
k 1 and kz.

In this configuration (Bey//X), mode 1 and mode 2 have
different polarization directions, given by different phases in
their longitudinal oscillations. However, we emphasize that
these solutions are completely consistent with V - B = 0 and
all the other Maxwell equations. In other words, only the
electric field that is oscillating is described with 3 degrees
of freedom, whereas the magnetic field is oscillating with
2 transverse degrees of freedom. See Figs. 3(c) and 3(d).
Of course, all eigenvectors satisfy the modified Maxwell
equations [Egs. (1)—(4)].

To visualize this point clearly, we present Fig. 3. Figure 3(a)
corresponds to the case that the external magnetic field is
applied in the 2 direction, where mode 3 does not exist due
to the divergence-free condition (V- E =0 and V - B = 0).
Both electric and magnetic fields have two transverse degrees
of freedom and the longitudinal oscillation in the Z direction
is forbidden. When the external magnetic field is applied in
the X direction [Figs. 3(b), 3(c), and 3(d)], the longitudinal
oscillation of the electric field is allowed due to the nonzero
divergence, i.e., V- E = f +20gV0O - B # 0, which is one
essential modification in the axion electrodynamics. Here,
mode 3 is just a conventional electromagnetic field config-
uration with only transverse oscillating components (E//x
and ﬁ/ /y) as shown in Fig. 3(b). On the other hand, mode
1 and mode 2 have longitudinally oscillating components. For
the n > 1 case [Fig. 3(c)], two elliptically polarized electric
fields are possible for mode 1 and mode 2. The oscillation
of the B field is in the X direction for both modes. For the
n < 1 case [Fig. 3(d)], two linearly polarized electric fields
are possible for each mode. The oscillation of the B field is in
the X direction again for either mode. Consequently, there can
exist three eigenvectors with two transverse degrees of freedom
in the B-field oscillation.

III. TRANSMISSION AND REFLECTION OF LIGHT

We are ready to calculate Faraday/Kerr rotation angles and
transmission/reflection coefficients for specific situations of
the alignment of By, and the polarization of the incident beam.
Here, we focus on three cases based on the solutions in the
previous section: one with By //Z and the other two with
B.x://X, where light always propagates along the Z direction
[Figs. 3(a)-3(d)].

A. B //12

First, we consider the case when By, is aligned with the
propagation of light, as shown in Fig. 3(a). Inside and outside

of the Weyl metal, the electric and magnetic fields are given
by

ikriz—wt
E ﬁeld Ein - ETi?’ ! “ ’ X
Eoul — E[ezkozfa)t + ERiesz,‘szt’
and
ikriz—ot
B field Bin = Bpie™mem .
Bout — Blelkoz—a)t + BRl‘elkRiZ_wt,

respectively. Eq, (Bin) and Eqy¢ (Boyt) correspond to the electric
(magnetic) field inside and outside of the Weyl metal, where
E; is the amplitude of the incident beam, k is the wave number
of the incident beam, kr; (kg;) is the wave number of the
transmitted (reflected) beam, and Ez; (Eg;) [Br; (Bgi)] is
the transmitted (reflected) amplitude of the electric [magnetic]
field with an ith mode. Then, amplitudes of these electric and
magnetic fields at the interface (z = 0) are given by

Incident beam: E; = Ej% + E; 9,
E field{ Reflected beam: Eg; = E%.& + E},9 + E.2,

Transmitted beam: E7; = Ej, % + Ey, 9 + E5,2,
and

Incident beam: B, =
B field { Reflected beam: Br =

Transmitted beam: By, =

Bi% + By 9,
Byi% + Bg;9.
Bj.X + By, 9,
respectively. Note that only E7 and Ex can have an oscillating
z component (parallel to the propagating direction) because
the incident beam is propagating in vacuum without a source
term and Eq. (3) does not allow the magnetic field to have a
z component. With the divergence-free condition and Eq. (3),

the boundary conditions at the interface for each mode give
rise to the following eight equations,

E] + ER; = E7;.
E] 4+ Ey; = Ey;,
B + By, = By,
Bj + By, = By,

k
B, = ——E., 33
Ti w Ti ( )
y k X
By, = ;ETi’
1
B:. = —E}.,
Ri ¢ Ri
1
By = ——Ep,.
Ri c Ri

Here, E7, E;, B}, and Bj serve as initial conditions. These
eight equations fix the eight unknown variables completely.

Applying these boundary conditions to each ith mode, we
obtain the transmission/reflection coefficient for each eigen-
mode,

2
Transmission coefficient: 7; = ——, (34)
1+ 8
. . 1 —B
Reflection coefficient: R; = ———, (35)
1+ 6;
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with B; = k;/ ko, where k; is the ith eigenvalue. Now we
have the transmission/reflection coefficient for each mode. We
can decompose an incident beam (a, b, ¢) in a proper linear
combination of the three eigenmodes and analyze the total
transmission in each basis as follows,

a . 1 R 1
ol I a2l (P B CCO) P
¢ 2 \o 2 \o
0
+ el o ). (36)

1

Putting each 7; given by Eq. (34) to Eq. (36), we find the
total transmission matrix (T) as

vt s wgE) O
T= it — 0g) o T g 0 |.@37
0 0 e
Similarly, the total reflection matrix (R) is given by
) Z(Tﬂ]_ 1+ﬂz> w76 0
0 0 g
(38)

Shining a linearly polarized beam into the Weyl metal state
with E; = (Epe’*=2" 0, 0), we obtain

2 2 [ 2 2 E0 icon
E; = + Ji - ,0) =",
I+ 1+ \I1+8 1+p8 2

(39)
11— 1— 1— 1— Ey .
E, = ( A n ﬂ2,i< A ,32>’0)_oe,(_w,)’
1+81 148 1+8 1458 2
(40
1 i — T — _2
at the boundary of z = 0. Introducing N;e'® =T, = 7
and N,;e' = R; = %, where imaginary parts can be easily

eliminated, we find their real parts

Nyj cos (wf — ¢r1) + Nz cos (ot — ¢p2)

E , )
Re(E,) = 7‘) Ny sin (f — 1) — N sin (ot — 1) |,
0
(41)
E, Ny cos (wt — ¢r1) + Nypcos (ot — @)
Re(E,) = 7 N, sin (ot — ¢r1) — Ny sin (wt — ¢r2)

0
42)

Instead of linearly polarized incident beams, we get elliptically
polarized transmitted (reflected) beams. The maximum ampli-
tude is modified by the factor of W (W), whereas

the major axis is rotated by ¢ = @ (@) from that of

the incident beam. Here, we introduced

o —Im[B;]
¢;; = arctan <—1 T Re[ﬂj]>’ (43)
- —2Im[B;]
¢rj = arctan <1 “Re[B; 2 — Im[,Bj]Z)’ 44)
2
Nij = : 45
T T+ Re[B; 1 + Im[B; 2 45)
— 12 — .12)2 .12
N, = V(I =Re[B;1? — Im[B;1*)? + 4Im[B;] 46

(1 + Re[8;1*)* + Im[B;]?

This elliptical shape of the electric field and the rotation
of the major axis at the interface originates from the splitting
of light into eigenmodes at the Weyl metal. The incident beam
(1,0,0) is not an eigenmode inside the Weyl metal state; thereby
itis decomposed into modes 1 and 2 [(1, i, 0) and (1, —i, 0)] at
the interface. These (right- and left-handed) circularly polar-
ized beams have different transmission (reflection) coefficients
T; (R;) in the Weyl metal phase. Therefore, we observe
differences of their phases and amplitudes. Non-vanishing
components perpendicular to the incident beam arise from the
inhomogeneous 6 term which makes the Faraday/Kerr rotation
with an elliptical shape of the beam.

Not only at the interface but also inside the Weyl metal,
the elliptical deformation and its rotation occur. When the
light propagates during a distance D, we get a transmitted
electric field, just modified by the exponential argument from
i(—wt) to i(kD — wt). Extracting out only the real part, we
obtain

o Npicos (ot —¢p1) + Npz cos (wf — ¢p2)
Re(Ep) = > Np1 sin (ot — ¢p1) 5 Npa sin (wt — ¢p2)
where Np; = Nyje ™%1P and ¢p; = ¢,; + Re[k;]1D. The
amplitude of Np; is reduced by a factor of e ™X/12 from N,;.
The phase of ¢p; is shifted more by Re[k;]D from ¢,;, so the
total rotation angle of the major axis is ¢ = @ + %D
Here, the first term (@) corresponds to the rotation at

the interface, and the second term (@ D) is the rotation
proportional to the propagating length inside the Weyl metal,
just similar to the conventional Faraday rotation.

B. By //% and E;//%

When the external magnetic field is not parallel to the prop-
agating direction of light, the divergence of the electric field

could be nonvanishing, given by V - E = —U(léffgjlgzz)i Bex: -

Bye!®2=@) £ (0. Then, the polarization direction of E; and
B; is important. We are considering the incident beam as
E; = (Ege'®:=D 0, 0) [see Fig. 3(b)]. In this case the incident
beam is “consistent” with mode 3 in Eq. (29). Boundary
conditions can be applied in the same way as those of the
normal metal state. As a result, the transmission/reflection
coefficients are given by the scalar form in Egs. (34) and (35).
There is no Faraday/Kerr rotation, and the eigenvalue k3 [see
Egs. (27) and (28)] resembles that of a normal metal except
for the B% enhancement factor. However, this B2 magnetic
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field dependence, which can be found from the topologically
generalized Boltzmann transport theory [8-20,24,32,35], rep-
resents the unique property of the Weyl metal phase on this
configuration (E;//Bex); Weyl metals become more “reflec-
tive” with an increasing external magnetic field. Considering
the configuration of Fig. 3(b), the reflectivity of the Weyl
metal is enhanced as a function of the applied magnetic field
due to the longitudinal magnetoconductivity enhanced by the
B? factor as shown in Fig. 4(b). This originates from the
existence of a perfect metallic channel, referred to as the chiral
anomaly [1-5].

C. Bext//ii and El//y

Finally, we consider the case of Figs. 3(c) and 3(d) with an
incident beam E; = (0, Ege'*:=*9 0). The incident beam is
not an eigenmode in the Weyl metal state; thereby it should be
decomposed into modes 1 and 2 at the interface. Accordingly,
we consider the following boundary conditions, which differ
from those of Fig. 3(a),

El + E} = EJ.
co(Ej + E}) — €Ef = p;.

(Bf + By) /1o — B /1 = Ui,
k

Bx=__E}”
T w T
2
(=) 1—iaBij E.L=E:(j=1or2)
d. T =Ly U= )
2
-] _-ankj Y _ 7o
(D iy [T =i | Ep = B (=1 or2),
X

where p; and J; are charge and current density at the interface,
respectively. The surface charge density is given by Eq. (8),
involved with the axion electrodynamics. One can obtain the
surface current density via the constituent relation, given by
the surface conductivity o,. For the surface current density,
we would like to refer detailed discussions to Ref. [43]. All
the parameters of a, B,, k;, and d, are already introduced
in Sec. ITA, where j = 1 or 2 corresponds to mode 1 or 2.
Both electric and magnetic fields at the boundary should be
considered as

E}d+ EjZ,
Ep9 + ERZ,
E}9 + E%32,

Incident beam =
E field] Reflected beam
Transmitted beam =

and
Incident beam = Bj%,
B field { Reflected beam = BjiX,
Transmitted beam = B7 X%,
respectively.

As discussed in Sec. I1, the explicit form of eigenvalues and
eigenvectors are rather complicated to use. For physical insight,
we consider the || > 1 condition, following the same strategy

as Sec. III A, where the conventional Hall effect is dominant.
Considering major eigenmodes in Eq. (30), we find the electric
fields from the boundary conditions,

0
E
Re(Ey) = =7 | Mo cos (@f — ) + Nz cos (ot — ) |
Ny sin (ot — ¢1) — Npp sin (ot — ¢p2)
47)
Eo 0
Re(E;) = > N1 cos (wt — ¢r1) + Nyp cos (ot — )

er sin (a)t - ¢r1) - Nr2 sin (Q)l - ¢r2)
(48)

We note that the zeroth-order approximation for || results in
the same eigenmodes and eigenvalues with parameters N;; and
¢i; as in the case of Sec. III A. These electric fields are most
dominant but there could exist minor corrections as described
in Egs. (30) to (32). The only difference compared to those of
the case of Sec. IIT A within this approximation is in the rotation
direction of the major axis. In particular, a longitudinal com-
ponent turns out to appear in both transmission [Re(E;)] and
reflection [Re(E¢)]. See Egs. (47) and (48). In order to match
boundary conditions, the longitudinal component is indis-
pensable for the transmitted/reflected light [Re(E;)/Re(E,)]
in vacuum. Remember that the oscillating Z component is
allowed if and only if there exist charge oscillations due
to the divergence term. We recall Egs. (7) to (10). It is
natural to expect that the longitudinal component (0,0,1) of the
transmitted or reflected beam in vacuum should be observed
only in the near-field region (r < Ag) from the interface
because the charge oscillation can exist only inside the Weyl
metal. Here, A is the wavelength of light in the vacuum. On
the other hand, the (0,1,0) component can propagate without
radiation in vacuum just as the conventional electromagnetic
wave.

In an experimental situation with a detector lo-
cated at a far-field region (r > Xy), the Z component
of the transmitted/reflected beam (E,,) should be ob-
served as the radiation pattern of a short dipole an-
tenna due to the charge oscillation at the interface [E,, &
oKLY Ny +N2) i ¢'2;¢"‘ sin @, cos (kz — wt — "’2"%)]. Here,
Ey is an amplitude of the incident beam, 6, is a polar angle,
r is a distance from the center of the shined area, K is a
geometrical factor of shined area, and oy is the conductivity
at the surface [46]. This dipole antenna solution is from the
oscillating charge accumulation at the surface. Suppose a peri-
odic boundary of the sample [46]. Then, the continuity equation
should be satisfiedas V- J =V - o,E = —‘;—f’ at the interface,
where o, is a surface conductivity. Applying the Gauss theorem
to the whole sample surface, we get f EidS = ’G—“’ [ pdV —

E: = ’a—“’ [ pdz. Considering a surface charge density n, =
[ pdz given by an oscillating surface charge density Re(n,) =
2L [N, sin (of — ¢1) — Ny2sin (wf — ¢y2)], we obtain the
radiation electric field with the longitudinal component. In
other words, we may consider this oscillating surface charge
density as a source of the radiation of the Z directional field in
the vacuum space.
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FIG. 4. Transmission-reflection and Faraday-Kerr rotation angles as a function of external magnetic fields (at a given frequency w = 10'* Hz)
and frequencies (at a given magnetic field VO = 10'© m™!). (a) and (d): Amplitudes of transmission/reflection (red lines/black lines) depending
on the applied magnetic field and frequency. Figure 3(a) shows the experimental situation. N; = N;; + N;; is a total transmission/reflection
amplitude which is the sum of modes 1 and 2 (i =t or r). N;; (j = 1 or 2) is the amplitude of each transmitted/reflected eigenmode. (b) and
(e): Amplitudes of transmission/reflection of the third eigenmode depending on the applied magnetic field and frequency. Figure 3(b) shows
the experimental situation. N,; and N,; are the amplitude of the transmitted and reflected eigenmode. All amplitudes of (a), (b), (d), and (e)
are normalized by the incident beam. (c) and (f): Faraday/Kerr rotation angles as a function of the applied magnetic field and frequency. The
Faraday angle is an increasing function of the applied magnetic field at a given frequency and a decreasing function of frequency at a given
external magnetic field, whereas the Kerr angle shows nonmonotonic behaviors in both cases.

We emphasize that the propagating wave shows beating
inside the Weyl metal phase [see Figs. 3(c) and 3(d)]. The
beating phenomenon originates from splitting of the incident
beam into two different modes with different group velocities.
One may point out that the Faraday rotation in Fig. 3(a)
also occurs in ferromagnetic materials. In this case only the
transverse components of the propagating wave are existing
and rotating. However, the longitudinal component of the
propagating electric field appears to show beating in Weyl
metals, regarded to be the manifestation of longitudinal charge
density wave fluctuations and resulting from the axion electro-
dynamics.

We summarize all these features in Fig. 4, showing transmis-
sion/reflection coefficients and Faraday/Kerr rotation angles
as a function of both external magnetic fields and light
frequencies in the experimental setup of Fig. 3(a) and Fig. 3(b).
Figures 4(a) [4(b)] and 4(d) [4(e)] show maximum ampli-
tudes of transmission/reflection coefficients at the situation
of Fig. 3(a) [Fig. 3(b)]. Ny = Ni1 + Nip (N = Nri + Nio) is
a total maximum transmission (reflection) amplitude, where
N;i (N,;) with i =1 and 2 is that of the transmitted (re-
flected) eigenmode. The external magnetic field dependence
of reflectivity enhancement at the configuration of Fig. 3(b)
originates from the chiral-anomaly-induced enhancement of

the longitudinal magnetoconductivity, shown in Fig. 4(b). The
total transmission coefficient depends on external magnetic
fields quite strongly and it shows a nonmonotonic behavior as
a function of frequency at a given magnetic field. On the other
hand, the Faraday angle shows a monotonic behavior with an
increasing function of the applied magnetic field and decreas-
ing function of the frequency, as shown in Figs. 4(c) and 4(f),
whereas the Kerr angle shows nonmonotonic behaviors in both
cases, rather unexpectedly.

IV. CONCLUSION

Light scattering experiments in w < o/€ were investi-
gated theoretically in order to prove the axion electrody-
namics theory in Weyl metals. We uncovered the existence
of longitudinal components in the transmitted/reflected light,
which results from longitudinal charge density fluctuations
allowed by the axion electrodynamics. The longitudinal beats
in the propagating electric fields are the manifestation of
the longitudinal charge density fluctuations. In addition, we
found strong dependencies of external magnetic fields in
both transmission/reflection coefficients and the amount of
Faraday/Kerr rotation angles for general configurations. The
helicity and amount of Faraday/Kerr rotation angles are
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determined by VO X Ejigng = Bexy X Ejigne. Especially, we
find various forms of eigenvectors depending on the range of
the parameter 1 and a functional dependence of reflectivity
under the E//B condition, which can be special fingerprints
of Weyl metals governed by the axion electrodynamics. Con-
sequently, the light propagation in a Weyl metal phase can be
controlled by engineering external magnetic fields.

ACKNOWLEDGMENTS

This study was supported by the Ministry of Education,
Science, and Technology (No. NRF-2015R1C1A1A01051629
and No. 2011-0030046) of the National Research Foundation
of Korea (NRF). K.S. appreciates helpful discussions with J.-
H. Kim.

[1] F. D. M. Haldane, Phys. Rev. Lett. 93, 206602 (2004).

[2] S. Murakami, New J. Phys. 9, 356 (2007).

[3] A. A. Burkov and L. Balents, Phys. Rev. Lett. 107, 127205
(2011).

[4] For reviews, see P. Hosur and X. L. Qi, C. R. Phys.
14, 857 (2013); Ki-Seok Kim, Heon-Jung Kim, M. Sasaki,
J.-F. Wang, and L. Li, Sci. Technol. Adv. Mater. 15, 064401
(2014); A. A. Burkov, J. Phys.: Condens. Matter 27, 113201
(2015).

[5] H. B. Nielsen and M. Ninomiya, Phys. Lett. 130B, 389 (1983).

[6] K. Fukushima, D. E. Kharzeev, and H. J. Warringa, Phys. Rev.
D 78, 074033 (2008).

[7] K. Landsteiner, E. Megias, and F. Pena-Benitez, Phys. Rev. Lett.
107, 021601 (2011).

[8] D. T. Son and N. Yamamoto, Phys. Rev. Lett. 109, 181602
(2012).

[9] M. A. Stephanov and Y. Yin, Phys. Rev. Lett. 109, 162001
(2012).

[10] G. Basar, D. E. Kharzeev, and H.-U. Yee, Phys. Rev. B 89,
035142 (2014).

[11] J.-Y. Chen, D. T. Son, M. A. Stephanov, Ho-Ung Yee, and Yi
Yin, Phys. Rev. Lett. 113, 182302 (2014).

[12] C. Manuel and J. M. Torres-Rincon, Phys. Rev. D 90, 076007
(2014).

[13] J.-W. Chen, S. Pu, Q. Wang, and X.-N. Wang, Phys. Rev. Lett.
110, 262301 (2013).

[14] D. T. Son and B. Z. Spivak, Phys. Rev. B 88, 104412 (2013).

[15] Y.-S. Jho and K.-S. Kim, Phys. Rev. B 87, 205133 (2013).

[16] K.-S. Kim, H.-J. Kim, and M. Sasaki, Phys. Rev. B 89, 195137
(2014).

[17] K.-S. Kim, Phys. Rev. B 90, 121108(R) (2014).

[18] G. Sharma, P. Goswami, and S. Tewari, Phys. Rev. B 93,035116
(2016).

[19] 1. Jang, J.-H. Han, and K.-S. Kim, Phys. Rev. B 95, 054117
(2017).

[20] Y.-S. Jho, Jae-Ho Han, and Ki-Seok Kim, Phys. Rev. B 95,
205113 (2017).

[21] A. A. Zyuzin and A. A. Burkov, Phys. Rev. B 86, 115133
(2012).

[22] P. Goswami and S. Tewari, Phys. Rev. B 88, 245107 (2013).

[23] Y. Chen, D. L. Bergman, and A. A. Burkov, Phys. Rev. B 88,
125110 (2013).

[24] H.-J. Kim, K.-S. Kim, J.-F. Wang, M. Sasaki, N. Satoh, A.
Ohnishi, M. Kitaura, M. Yang, and L. Li, Phys. Rev. Lett. 111,
246603 (2013).

[25] J. Xiong, S. K. Kushwaha, T. Liang, J. W. Krizan, M.
Hirschberger, W. Wang, R. J. Cava, and N. P. Ong, Science 350,
413 (2015).

[26] H. Li, H. He, H.-Z. Lu, H. Zhang, H. Liu, R. Ma, Z. Fan, S.-Q.
Shen, and J. Wang, Nat. Commun. 7, 10301 (2015).

[27] X. Huang, L. Zhao, Y. Long, P. Wang, D. Chen, Z. Yang, H.
Liang, M. Xue, H. Weng, Z. Fang, X. Dai, and G. Chen, Phys.
Rev. X 5, 031023 (2015).

[28] B. Q. Lv, H. M. Weng, B. B. Fu, X. P. Wang, H. Miao, J.
Ma, P. Richard, X. C. Huang, L. X. Zhao, G. F. Chen, Z.
Fang, X. Dai, T. Qian, and H. Ding, Phys. Rev. X §, 031013
(2015).

[29] C.-L. Zhang, S.-Y. Xu, 1. Belopolski, Z. Yuan, Z. Lin, B. Tong,
G. Bian, N. Alidoust, C.-C. Lee, S.-M. Huang, T.-R. Chang,
G. Chang, C.-H. Hsu, H.-T. Jeng, M. Neupane, D. S. Sanchez,
H. Zheng, J. Wang, H. Lin, C. Zhang, H.-Z. Lu, S.-Q. Shen,
T. Neupert, M. Z. Hasan, and S. Jia, Nat. Commun. 7, 10735
(2016).

[30] F. Arnold, C. Shekhar, S.-C. Wu, Y. Sun, R. D. dos Reis, N.
Kumar, M. Naumann, M. O. Ajeesh, M. Schmidt, A. G. Grushin,
J. H. Bardarson, M. Baenitz, D. Sokolov, H. Borrmann, M.
Nicklas, C. Felser, E. Hassinger, and B. Yan, Nat. Commun.
7, 11615 (2016).

[31] Y. Wang, E. Liu, Y. Pan, L. Zhang, J. Zeng, Y. Fu, M. Wang, K.
Xu, Z. Huang, Z. Wang, H.-Z. Lu, D. Xing, B. Wang, X. Wan,
and F. Miao, Nat. Commun. 7, 13142 (2016).

[32] D.-W. Shin, Y.-W. Lee, M. Sasaki, Y.-H. Jeong, F. Weickert, J.
B. Betts, H.-J. Kim, K.-S. Kim, and J.-H. Kim, Nat. Mater. 16,
1096 (2017).

[33] F. Wilczek, Phys. Rev. Lett. 58, 1799 (1987).

[34] K.-M. Kim, Y.-S. Jho, and K.-S. Kim, Phys. Rev. B 91, 115125
(2015).

[35] K.-M. Kim, D. Shin, M. Sasaki, H.-J. Kim, J. Kim, and K.-S.
Kim, Phys. Rev. B 94, 085128 (2016).

[36] L.-S. Jang and K.-S. Kim, Phys. Rev. B 97, 165201 (2018).

[37] V.Dziom, A. Shuvaev, A. Pimenov, G. V. Astakhov, C. Ames, K.
Bendias, J. Bottcher, G. Tkachov, E. M. Hankiewicz, C. Brune,
H. Buhmann, and L. W. Molenkamp, Nat. Commun. 8, 15197
(2017).

[38] L. Wu, M. Salehi, N. Koirala, J. Moon, S. Oh, and N. P. Armitage,
Science 354, 1124 (2016).

[39] M. Li, W. Cui, L. Wu, Q. Meng, Y. Zhu, Y. Zhang, W. Liu, and
Z.Ren, Can. J. Phys. 93, 591 (2015).

[40] R.-Y. Zhang, Y.-W. Zhai, S.-R. Lin, Q. Zhao, W. Wen, and M.-L.
Ge, Sci. Rep. 5, 13673 (2015).

075203-12


https://doi.org/10.1103/PhysRevLett.93.206602
https://doi.org/10.1103/PhysRevLett.93.206602
https://doi.org/10.1103/PhysRevLett.93.206602
https://doi.org/10.1103/PhysRevLett.93.206602
https://doi.org/10.1088/1367-2630/9/9/356
https://doi.org/10.1088/1367-2630/9/9/356
https://doi.org/10.1088/1367-2630/9/9/356
https://doi.org/10.1088/1367-2630/9/9/356
https://doi.org/10.1103/PhysRevLett.107.127205
https://doi.org/10.1103/PhysRevLett.107.127205
https://doi.org/10.1103/PhysRevLett.107.127205
https://doi.org/10.1103/PhysRevLett.107.127205
https://doi.org/10.1016/j.crhy.2013.10.010
https://doi.org/10.1016/j.crhy.2013.10.010
https://doi.org/10.1016/j.crhy.2013.10.010
https://doi.org/10.1016/j.crhy.2013.10.010
https://doi.org/10.1088/1468-6996/15/6/064401
https://doi.org/10.1088/1468-6996/15/6/064401
https://doi.org/10.1088/1468-6996/15/6/064401
https://doi.org/10.1088/1468-6996/15/6/064401
https://doi.org/10.1088/0953-8984/27/11/113201
https://doi.org/10.1088/0953-8984/27/11/113201
https://doi.org/10.1088/0953-8984/27/11/113201
https://doi.org/10.1088/0953-8984/27/11/113201
https://doi.org/10.1016/0370-2693(83)91529-0
https://doi.org/10.1016/0370-2693(83)91529-0
https://doi.org/10.1016/0370-2693(83)91529-0
https://doi.org/10.1016/0370-2693(83)91529-0
https://doi.org/10.1103/PhysRevD.78.074033
https://doi.org/10.1103/PhysRevD.78.074033
https://doi.org/10.1103/PhysRevD.78.074033
https://doi.org/10.1103/PhysRevD.78.074033
https://doi.org/10.1103/PhysRevLett.107.021601
https://doi.org/10.1103/PhysRevLett.107.021601
https://doi.org/10.1103/PhysRevLett.107.021601
https://doi.org/10.1103/PhysRevLett.107.021601
https://doi.org/10.1103/PhysRevLett.109.181602
https://doi.org/10.1103/PhysRevLett.109.181602
https://doi.org/10.1103/PhysRevLett.109.181602
https://doi.org/10.1103/PhysRevLett.109.181602
https://doi.org/10.1103/PhysRevLett.109.162001
https://doi.org/10.1103/PhysRevLett.109.162001
https://doi.org/10.1103/PhysRevLett.109.162001
https://doi.org/10.1103/PhysRevLett.109.162001
https://doi.org/10.1103/PhysRevB.89.035142
https://doi.org/10.1103/PhysRevB.89.035142
https://doi.org/10.1103/PhysRevB.89.035142
https://doi.org/10.1103/PhysRevB.89.035142
https://doi.org/10.1103/PhysRevLett.113.182302
https://doi.org/10.1103/PhysRevLett.113.182302
https://doi.org/10.1103/PhysRevLett.113.182302
https://doi.org/10.1103/PhysRevLett.113.182302
https://doi.org/10.1103/PhysRevD.90.076007
https://doi.org/10.1103/PhysRevD.90.076007
https://doi.org/10.1103/PhysRevD.90.076007
https://doi.org/10.1103/PhysRevD.90.076007
https://doi.org/10.1103/PhysRevLett.110.262301
https://doi.org/10.1103/PhysRevLett.110.262301
https://doi.org/10.1103/PhysRevLett.110.262301
https://doi.org/10.1103/PhysRevLett.110.262301
https://doi.org/10.1103/PhysRevB.88.104412
https://doi.org/10.1103/PhysRevB.88.104412
https://doi.org/10.1103/PhysRevB.88.104412
https://doi.org/10.1103/PhysRevB.88.104412
https://doi.org/10.1103/PhysRevB.87.205133
https://doi.org/10.1103/PhysRevB.87.205133
https://doi.org/10.1103/PhysRevB.87.205133
https://doi.org/10.1103/PhysRevB.87.205133
https://doi.org/10.1103/PhysRevB.89.195137
https://doi.org/10.1103/PhysRevB.89.195137
https://doi.org/10.1103/PhysRevB.89.195137
https://doi.org/10.1103/PhysRevB.89.195137
https://doi.org/10.1103/PhysRevB.90.121108
https://doi.org/10.1103/PhysRevB.90.121108
https://doi.org/10.1103/PhysRevB.90.121108
https://doi.org/10.1103/PhysRevB.90.121108
https://doi.org/10.1103/PhysRevB.93.035116
https://doi.org/10.1103/PhysRevB.93.035116
https://doi.org/10.1103/PhysRevB.93.035116
https://doi.org/10.1103/PhysRevB.93.035116
https://doi.org/10.1103/PhysRevB.95.054117
https://doi.org/10.1103/PhysRevB.95.054117
https://doi.org/10.1103/PhysRevB.95.054117
https://doi.org/10.1103/PhysRevB.95.054117
https://doi.org/10.1103/PhysRevB.95.205113
https://doi.org/10.1103/PhysRevB.95.205113
https://doi.org/10.1103/PhysRevB.95.205113
https://doi.org/10.1103/PhysRevB.95.205113
https://doi.org/10.1103/PhysRevB.86.115133
https://doi.org/10.1103/PhysRevB.86.115133
https://doi.org/10.1103/PhysRevB.86.115133
https://doi.org/10.1103/PhysRevB.86.115133
https://doi.org/10.1103/PhysRevB.88.245107
https://doi.org/10.1103/PhysRevB.88.245107
https://doi.org/10.1103/PhysRevB.88.245107
https://doi.org/10.1103/PhysRevB.88.245107
https://doi.org/10.1103/PhysRevB.88.125110
https://doi.org/10.1103/PhysRevB.88.125110
https://doi.org/10.1103/PhysRevB.88.125110
https://doi.org/10.1103/PhysRevB.88.125110
https://doi.org/10.1103/PhysRevLett.111.246603
https://doi.org/10.1103/PhysRevLett.111.246603
https://doi.org/10.1103/PhysRevLett.111.246603
https://doi.org/10.1103/PhysRevLett.111.246603
https://doi.org/10.1126/science.aac6089
https://doi.org/10.1126/science.aac6089
https://doi.org/10.1126/science.aac6089
https://doi.org/10.1126/science.aac6089
https://doi.org/10.1038/ncomms10301
https://doi.org/10.1038/ncomms10301
https://doi.org/10.1038/ncomms10301
https://doi.org/10.1038/ncomms10301
https://doi.org/10.1103/PhysRevX.5.031023
https://doi.org/10.1103/PhysRevX.5.031023
https://doi.org/10.1103/PhysRevX.5.031023
https://doi.org/10.1103/PhysRevX.5.031023
https://doi.org/10.1103/PhysRevX.5.031013
https://doi.org/10.1103/PhysRevX.5.031013
https://doi.org/10.1103/PhysRevX.5.031013
https://doi.org/10.1103/PhysRevX.5.031013
https://doi.org/10.1038/ncomms10735
https://doi.org/10.1038/ncomms10735
https://doi.org/10.1038/ncomms10735
https://doi.org/10.1038/ncomms10735
https://doi.org/10.1038/ncomms11615
https://doi.org/10.1038/ncomms11615
https://doi.org/10.1038/ncomms11615
https://doi.org/10.1038/ncomms11615
https://doi.org/10.1038/ncomms13142
https://doi.org/10.1038/ncomms13142
https://doi.org/10.1038/ncomms13142
https://doi.org/10.1038/ncomms13142
https://doi.org/10.1038/nmat4965
https://doi.org/10.1038/nmat4965
https://doi.org/10.1038/nmat4965
https://doi.org/10.1038/nmat4965
https://doi.org/10.1103/PhysRevLett.58.1799
https://doi.org/10.1103/PhysRevLett.58.1799
https://doi.org/10.1103/PhysRevLett.58.1799
https://doi.org/10.1103/PhysRevLett.58.1799
https://doi.org/10.1103/PhysRevB.91.115125
https://doi.org/10.1103/PhysRevB.91.115125
https://doi.org/10.1103/PhysRevB.91.115125
https://doi.org/10.1103/PhysRevB.91.115125
https://doi.org/10.1103/PhysRevB.94.085128
https://doi.org/10.1103/PhysRevB.94.085128
https://doi.org/10.1103/PhysRevB.94.085128
https://doi.org/10.1103/PhysRevB.94.085128
https://doi.org/10.1103/PhysRevB.97.165201
https://doi.org/10.1103/PhysRevB.97.165201
https://doi.org/10.1103/PhysRevB.97.165201
https://doi.org/10.1103/PhysRevB.97.165201
https://doi.org/10.1038/ncomms15197
https://doi.org/10.1038/ncomms15197
https://doi.org/10.1038/ncomms15197
https://doi.org/10.1038/ncomms15197
https://doi.org/10.1126/science.aaf5541
https://doi.org/10.1126/science.aaf5541
https://doi.org/10.1126/science.aaf5541
https://doi.org/10.1126/science.aaf5541
https://doi.org/10.1139/cjp-2014-0418
https://doi.org/10.1139/cjp-2014-0418
https://doi.org/10.1139/cjp-2014-0418
https://doi.org/10.1139/cjp-2014-0418
https://doi.org/10.1038/srep13673
https://doi.org/10.1038/srep13673
https://doi.org/10.1038/srep13673
https://doi.org/10.1038/srep13673

TRANSMISSION AND REFLECTION COEFFICIENTS AND ...

PHYSICAL REVIEW B 98, 075203 (2018)

[41] A. A.Zyuzin and V. A. Zyuzin, Phys. Rev. B 92, 115310 (2015).

[42] Z. Qiu, G. Cao, and X.-G. Huang, Phys. Rev. D 95, 036002
(2017).

[43] M. Kargarian, M. Randeria, and N. Trivedi, Sci. Rep. 5, 12683
(2015).

[44] S. Zhong, J. Orenstein, and J. E. Moore, Phys. Rev. Lett. 115,
117403 (2015).

[45] D. Xiao, M.-C. Chang, and Q. Niu, Rev. Mod. Phys. 82, 1959
(2010); N. Nagaosa, J. Sinova, S. Onoda, A. H. MacDonald, and
N. P. Ong, ibid. 82, 1539 (2010).

[46] J. D. Jackson, Classical Electrodynamics, 3rd ed. (John Wiley
& Sons, New York, 1999).

[47] See https://www.math.ucdavis.edu/~kkreith/tutorials/sample.
lesson/cardano.html.

075203-13


https://doi.org/10.1103/PhysRevB.92.115310
https://doi.org/10.1103/PhysRevB.92.115310
https://doi.org/10.1103/PhysRevB.92.115310
https://doi.org/10.1103/PhysRevB.92.115310
https://doi.org/10.1103/PhysRevD.95.036002
https://doi.org/10.1103/PhysRevD.95.036002
https://doi.org/10.1103/PhysRevD.95.036002
https://doi.org/10.1103/PhysRevD.95.036002
https://doi.org/10.1038/srep12683
https://doi.org/10.1038/srep12683
https://doi.org/10.1038/srep12683
https://doi.org/10.1038/srep12683
https://doi.org/10.1103/PhysRevLett.115.117403
https://doi.org/10.1103/PhysRevLett.115.117403
https://doi.org/10.1103/PhysRevLett.115.117403
https://doi.org/10.1103/PhysRevLett.115.117403
https://doi.org/10.1103/RevModPhys.82.1959
https://doi.org/10.1103/RevModPhys.82.1959
https://doi.org/10.1103/RevModPhys.82.1959
https://doi.org/10.1103/RevModPhys.82.1959
https://doi.org/10.1103/RevModPhys.82.1539
https://doi.org/10.1103/RevModPhys.82.1539
https://doi.org/10.1103/RevModPhys.82.1539
https://doi.org/10.1103/RevModPhys.82.1539
https://www.math.ucdavis.edu/~kkreith/tutorials/sample.lesson/cardano.html



