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Dynamic structure factor in impurity-doped spin chains
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The effects of impurities in spin-1/2 Heisenberg chains have recently experienced a renewed interest due to
experimental realizations in solid state systems and ultracold gases. Nonmagnetic impurities lead to effectively
isolated finite chain segments with a discrete spectrum and characteristic correlations, which have a distinct effect
on the dynamic structure factor. Using bosonization and the numerical density matrix renormalization group,
we provide detailed quantitative predictions for the momentum- and energy-resolved structure factor in doped
systems. Due to the impurities, spectral weight is shifted away from the antiferromagnetic wave vector k = π

into regions which normally have no spectral weight in the thermodynamic limit. The effect can be quantitatively
described in terms of scaling functions, which are derived from a recurrence relation based on bosonization.
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Spin chains have been the center of attention as prototypical
quantum many-body systems ever since the early days of quan-
tum mechanics [1] and up to this day significant advances have
been made, e.g., in describing exact form factors [2–7], exact
correlations [8], nonequilibrium states [9,10], and dynamic
correlations in the regime of a nonlinear spectrum [11–19]. Re-
cently, there has been renewed experimental interest in doped
spin chain systems [20,21] with new results on the Knight shift
[22,23], magnetic ordering [24], and the dynamic structure
factor [25–28]. The impurities effectively act as missing sites
or couplings, which lead to isolated finite chain segments,
that are known to acquire characteristic boundary correlation
functions [29]. This gives rise to impurity-induced changes in
the Knight shift [30–33], the susceptibility [34–37], the static
structure factor [31], and the ordering temperature [38,39].
However, surprisingly, a systematic theoretical analysis of
the doping effects on the energy- and momentum-resolved
dynamic structure factor is still missing. Previous research
has taken into account the discrete spectrum of finite chains
[25,26,40], which leads to an exponential suppression at low
energies. The understanding of the momentum dependence
is more involved, however, since characteristic correlations
near the impurities play an important role and lead to a
strong redistribution of spectral weight to higher momenta
outside the two-spinon continuum, as shown in this Rapid
Communication.

The underlying model is the well-known xxz-spin chain
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which represents a one-dimensional array of L interacting
spin-1/2 operators with open boundary conditions. The lon-
gitudinal dynamic structure factor is
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which can be measured by angle-resolved neutron scattering
experiments [41–43] and gives deep insight into the spa-
tiotemporal correlations. In recent years it was possible to
calculate S(ω,k) from exact methods in the thermodynamic
limit [4,5], which is nonzero only within the two-spinon
continuum [44], as shown schematically in Fig. 1(b) where
the lower threshold is given by ω(k) = v| sin k| in terms of
the spinon velocity v. Indicated in red are the dominant
correlations near the antiferromagnetic wave vector k = π

at low frequencies, which will be the topic of this Rapid
Communication. The low-energy behavior of S(ω,k) in infinite
chains L → ∞ was already predicted in the 1980’s using
bosonization [45], but it is unclear if this method can be used
for finite chains and close to the threshold where the spectral
weight is expected to diverge [46]. Such divergences were of
great interest in the literature [11–19], where it was shown that
a nonlinear dispersion generally leads to qualitative changes
of bosonization predictions for dynamical response functions
near thresholds. Moreover, even without nonlinear effects, the
results become explicitly dependent on the cutoff procedure
near those divergent points in quantum wires [47,48].

In this Rapid Communication, a finite-size formulation of
bosonization is used, which gives surprisingly accurate results
compared to density matrix renormalization group (DMRG)
simulations even directly at the thresholds, without the need
for any fitting parameters, cutoff procedures, or nonlinear
corrections. We explicitly estimate the range of the low-energy
region where the results are valid. Our finite-size method
leads to a recursion, which gives a closed analytic expression
of the k-dependent structure factor for any energy, length,
and anisotropy �. We observe a distinct broadening at the
threshold, which is not due to nonlinear effects, but is a direct
result of the open boundary conditions. Accordingly, in doped
systems, a characteristic transfer of spectral weight occurs from
the two-spinon continuum into regions where no signal would
be expected for undoped chains. It is possible to extrapolate
our results to the thermodynamic limit [49],

S∞(ω,k) = (2v)1−2Kπ2Az�
−2(K)[ω2 − ω2(k)]K−1, (3)
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FIG. 1. (a) The dynamical structure factor SL(ωm,k) at L = 100
as a function of k near π from bosonization compared to numerical
DMRG calculations for ωm = 8 πv

L
≈ 0.31J and 9 πv

L
≈ 0.348J . The

L → ∞ behavior S∞ from Eq. (3) and the averaged signal S̄p with
doping level p at the same energies are also shown where vertical
lines mark v|k − π | ≈ ωm. (b) Schematic two-spinon continuum.
(c) Bosonization error over finite-size deviation �S in Eq. (14) for
m = 4 and different k using K = 0.8 as a function of 1/L.

for ω(k) < ω near k ≈ π , where K = π/2(π − θ ) is the Lut-
tinger parameter and v = Jπ sin θ/2θ in terms of cos θ = �

[50]. The overall amplitude Az is known from exact methods
[51]. Since K < 1 for � > 0, the signal increases with ω2K−2

as the frequency is lowered and shows a divergence near the
threshold ω − ω(k) → 0+, but vanishes for ω(k) > ω. This
behavior agrees with bosonization in the thermodynamic limit
[45], and nonlinear effects do not change the exponent near the
threshold due to the high symmetry at zero magnetic field, as
was shown by the Bethe ansatz [15].

Bosonization methods and therefore also Eq. (3) are low-
energy approximations. Using a finite-size approach, we are
able to quantitatively estimate the region of validity in compar-
ison with our DMRG results, by demanding that all many-body
energy excitations can be grouped into nearly degenerate
well-separated levels m such that higher-order corrections
[29,52–55] are smaller than the level spacing, as described
in the Supplemental Material [49]. We find that the spectrum
is well described by equally spaced energy levels ωm ≈ m�ω

with �ω = πv
L

as long as ωm < ωc, where the cutoff frequency

ωc(K = 0.5) ≈ 0.2J , ωc(K = 0.6) ≈ 0.5J , ωc(K � 0.7) ≈
J is dependent on anisotropy, but valid for all lengths [49].

Because of the discrete spectrum, Eq. (2) can then be
expressed in the Lehmann representation

S(ω,k) = �ω
∑
m�=0

SL(ωm,k)δ(ω − ωm), (4)

where we have defined individual spectral weights,

SL(ωm,k) = 2π

�ω

∣∣〈ωm

∣∣Sz
k

∣∣0〉∣∣2
, (5)

with Sz
k = 1√

L

∑
j e−ikj Sz

j and a sum over nearly degenerate
states in each level is implied. Note that the scattering wave
vectors k are not quantized.

Numerically, we implemented a DMRG code [56] using
the multitargeting algorithm for spectral weights [57,58] in
order to obtain the first 97 excitations, which captures all nearly
degenerate multiplets up to energy level m = 9 corresponding
to realistic experimental energy and length scales. Typical
results for SL(ωm,k) are shown in Fig. 1(a). Using M = 600
DMRG states gives an accuracy in the wave function of order
10−2 relative to exact results from the xx model.

Analytically, we use a finite-size formulation of bosoniza-
tion [29,39,53,59,60] as reviewed in the Supplemental Material
[49], which is based on expressing the alternating part of the
spin operator using a free bosonic field φ,

Sz(x,t) ≈ A(−1)x sin
√

4πKφ(x,t), (6)

where the amplitude A2 = Az/2 is known from exact methods
[51]. Long-distance correlations can then be calculated by
expectation values of the form

G±(x,y,t) = 〈ei
√

4πKφ(x,t)e∓i
√

4πKφ(y,0)〉. (7)

The main technical difficulty is the Fourier transform over time
in Eq. (2), which ordinarily requires a detailed analysis of the
analytic structure and contour integrals with a cutoff procedure
[45,46,61]. However, in our calculation we use finite systems,
which provides an efficient way of calculating spectral weights,
that can be summarized in a few lines as follows. Due to the
discrete energy spectrum, the Fourier transform gives a sum
over delta functions,∫ ∞

−∞
dtG±(x,y,t)eiωt = 2π

∑
m

S±
m (x,y)δ(ω − ωm). (8)

To evaluate the spectral weights S±
m it is possible to use the

mode expansion and an integration by parts of Eq. (8) to arrive
at a recurrence relation [49,62,63],

S±
m (x,y) = ±1

m

m∑
	=1

S±
m−	(x,y) γ	(x,y), (9)

which allows us to express the S±
m in Eq. (8) as a recursive sum

of the ones with lower index m − 	 using starting values of

S+
0 (x,y) = S−

0 (x,y) = c(x)c(y)

=
(

4L2

π2
sin

πx

L
sin

πy

L

)−K

, (10)
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and the coefficients

γ	(x,y) = 4K sin
	πx

L
sin

	πy

L
. (11)

It is then straightforward to evaluate the spatial Fourier trans-
form

S±
m (k) = 1

L

∫ L

0
dx

∫ L

0
dy ei(π−k)(x−y)S±

m (x,y), (12)

to obtain the spectral weights SL in Eq. (5),

SL(ωm,k) = AzL

2v
[S+

m (k) − S−
m (k)]. (13)

In the case of odd L the integrands S±
m (x,y) acquire an

additional factor of cos π (x ± y)/L from zero modes, which
reflects the parity symmetries of the wave functions [49]. Note
that the spatial Fourier transform in Eq. (12) dominates for
antiferromagnetic wave vectors k ≈ π , i.e., small q = k − π .
The expression for S±

m (x,y) from Eq. (9) contains products of
different γ	 with the starting value S±

0 , so the spatial integral
in Eq. (12) can be evaluated exactly [49]. For any level m and
length L, we therefore quickly arrive at a finite sum of terms
for SL(ωm,k) which provides the dependence on k analytically.

A direct comparison between bosonization SL and numerics
SDMRG is shown in Fig. 1(a) for energy levels m = 8 and m = 9
in a finite system of L = 100 with K = 0.8. Without any fit,
the agreement is surprisingly accurate and even captures details
such as an alternating signal at k = π with even and odd m due
to parity symmetry, which leads to overall oscillations. Due to
the zero-mode prefactor [49] the same alternation is observed
between even and odd lengths L. For a quantitative analysis we
further compare the small error between DMRG SDMRG and
bosonization SL with the finite-size correction relative to the
bulk behavior S∞ in Eq. (3) by defining

�S ≡ SL − SDMRG

SL − S∞
. (14)

Both the numerator and the denominator go to zero as L → ∞,
but the error to the numerics vanishes more quickly with 1/L as
shown in Fig. 1(c) for m = 4, K = 0.8, and selected k values,
for which the denominator tends to be small.

We are now in the position to efficiently calculate SL for
a large range of L, k, and ωm to average the signal in a
randomly doped system. An impurity density p of nonmag-
netic sites gives a distribution of chain lengths [39,40,64]
P (L) = p2(1 − p)L normalized so that

∑
LP (L) = 1 − p.

The averaged signal S̄p for typical experimental doping values
in Fig. 1(a) shows that the signal at the divergence is strongly
reduced relative to the undoped case L → ∞ while signifi-
cant spectral weight is observed just outside the two-spinon
continuum ω(q) ≈ |vq| > ω for q = k − π .

It must be emphasized that the finite-size bosonization is
completely divergence free. For any finite or impurity-doped
system we obtain a well-behaved finite signal even at ω(q) =
ω, in agreement with DMRG. Nonetheless, it is interesting to
start from the thermodynamic limit in Eq. (3) and consider a
finite-size expansion in 1/L,

SL(ω,k) = S∞(ω,k) + L−1Simp(ω,k) + O(L−2), (15)

which defines an impurity correction Simp [31]. Based on the
efficient calculation of spectral weights from Eqs. (9)–(13),

FIG. 2. The rescaled signal ( ω

v
)2−2KS∞ and ( ω

v
)3−2KSimp as func-

tions of the scaling variable vq/ω for K = 0.7 and K = 0.9. In-
set: Relative impurity contribution ωŜimp(ω)/vŜ∞(ω) from the k-
integrated signal as a function of K .

we can make a comprehensive finite-size scaling to determine
S∞ and Simp for different ω and k. Due to the scale invariance
of the underlying bosonization the resulting contributions in
Eq. (15) show perfect data collapse, so that ω2−2KS∞ and
ω3−2KSimp are only functions of the scaling variable vq/ω,
as shown in Fig. 2 for K = 0.7 and K = 0.9. While S∞ is
given by Eq. (3), we find that Simp ∝ ω2K−3 increases even
faster with decreasing ω. This is reminiscent of quantum wires,
which also show boundary-dominated spectral functions at low
energies [61]. Even more interesting is the strong divergence
of the impurity part in Fig. 2, which goes as ||vq| − ω|K−2

and implies a breakdown of the 1/L expansion in Eq. (15) as
|vq| → ω. This breakdown is not due to nonlinear effects or
higher-order operators, but implies a cancellation of larger and
larger contributions in the expansion Eq. (15) as |vq| → ω,
which is counterproductive to obtain a finite result at finite
L. Therefore, bosonization for finite systems actually works
better in this case than in the thermodynamic limit.

Nonetheless, the expansion in Eq. (15) is useful away from
the divergences in order to estimate the length-averaged signal
to lowest order in p,

S̄p(ω,k) ≈ E1

(
pπv

ω

)
S∞(ω,k) + pE2

(
pπv

ω

)
Simp(ω,k),

(16)

in terms of the Einstein functions E1 and E2,

E1(x) = x2ex

(ex − 1)2
and E2(x) = x

ex − 1
, (17)

that are derived in the Supplemental Material [49]. The rescaled
average ω2−2KS̄p in Eq. (16) is now a function of two scaling
variables vq/ω and vp/ω. The corresponding data collapse
holds approximately also for the averages over all lengths
shown in Fig. 1(a) above, so that the signal for a given ω can
easily be generalized to other energies. Both E1 and E2 become
exponentially small for energies below the average-length gap
ω  πv/L̄ ≡ pπv. The suppression of bulk spectral weight
with E1 due to the finite-size gaps was discussed and observed
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experimentally [25,26], but we find that the additional redistri-
bution of spectral weight becomes very important, which can
be traced to the effect of boundary correlations.

The averaged signal in Fig. 1(a) and the impurity correction
in Fig. 2 show that the signal is strongly reduced for |vq| < ω,
while spectral weight is created for |vq| > ω. This invites the
question if the k-integrated signal Ŝ(ω) at a given energy is
overall increased or decreased or even unchanged due to the
boundaries. This is relevant for neutron scattering experiments,
which recently observed significant changes of the spectral
weight around k ≈ π depending on the doping [27,28]. To
calculate the integrated antiferromagnetic spectral weight Ŝ

as a function of L, we use the fact that an integration over
k of Eq. (12) leads to a delta function 2πδ(x − y), so it is
possible to apply the recurrence relation in Eq. (9) for S±

m (x,x),
which is inserted into the corresponding spatial integral. Finite-
size scaling gives a bulk part Ŝ∞(ω) ∝ ω2K−1 which now
decreases with decreasing ω corresponding to the integral of
Eq. (3). However, the impurity part Ŝimp(ω) ∝ ω2K−2 increases
with decreasing ω, so we define the energy-independent ratio
ωŜimp(ω)/vŜ∞(ω), which is only dependent on K (i.e., �), as
shown in the inset of Fig. 2. Note that due to the alternation
with m and L the impurity part is different if m + L is even or
odd, but the experimentally relevant average gives a finite and
relatively small value. Therefore, the corresponding expansion
and averaging in Eqs. (15) and (16) work well to calculate the
doping and energy dependence using the k-integrated data in
Fig. 2 (inset). The impurity part becomes negative at K � 0.7,
i.e., larger �, which may in part explain an additional depletion
of spectral weight at low energies, but the experimentally
observed changes with different impurity types [27] require
more refined models beyond simple chain breaks.

Last but not least, it is instructive to consider finite systems
with periodic boundary conditions. The starting values in
Eq. (10) are now independent of position c = ( 2π

L
)
K

, so all
integrals can be done directly and the recurrence relation
leads to an analytical result for all energies, lengths, and
momenta [49],

SL(ωm,kl) = AzL
2 c2

4v�2(K)

�
(

m+l
2 + K

)
�

(
m+l

2 + 1
) �

(
m−l

2 + K
)

�
(

m−l
2 + 1

) , (18)

where now ωm = 2πvm/L and also kl − π = 2πl/L is quan-
tized due to periodicity with the condition that l and m are either
both even or both odd integers and |l| � m. Therefore, there
is no spectral weight for v|kl − π | > ωm, in strong contrast to
the open boundary conditions discussed above. It is straight-
forward to expand Eq. (18) in 1/L using Stirling’s formula
[49] to obtain S∞ in Eq. (3) and a negative impurity part Simp.

In summary, we have analyzed the structure factor of doped
spin chain systems. Using bosonization and numerical DMRG,
we see that doping leads to a significant shift of spectral weight
from k ≈ π to regions v|k − π | > ω in neutron scattering
experiments, which would not show any signal for infinite or
periodic systems. The relative change from doping near the
threshold |vq| → ω is infinitely large, so that the first-order
impurity contribution diverges near the threshold ω(q) with a
stronger power law than the bulk and a 1/L expansion from
the thermodynamic limit always breaks down. Previous studies
also found that the divergence in the thermodynamic limit is not
universal, but instead is strongly dependent on either the cutoff
procedure [47,48] or higher-order terms. Naively, it could
have been expected that bosonization works particularly well
in the thermodynamic limit, but instead it turns out that the
finite-size theory is much better controlled and quantitatively
accurate even for |vq| → ω, as shown in Fig. 1. From a techni-
cal point of view, the mode expansion for finite systems leads
to finite sums, which can be efficiently evaluated to a closed
analytical expression using a recurrence relation without the
need for contour integral, asymptotic limits, nonlinearities, or
cutoff procedures.

It is fair to say that in one dimension it is always important to
consider boundaries, since physical systems only contain finite
chains even in the absence of doping [65]. This is especially
also true for artificially created spin chains using surface
structures [66,67], ion traps [68], or ultracold gases [69–72]
as quantum simulators, where measurements of energy- and
space-resolved correlations are in principle possible [73].

Finally, we would also like to discuss the limitations and
open questions which remain. In the limit � → 1 it is well
known that logarithmic corrections lead to strong quantitative
changes [52]. Those log corrections have not yet been fully
understood for open boundary systems [53,60] and are beyond
the scope of this Rapid Communication. Nonetheless, the
DMRG analyses forK = 0.7 andK = 0.6 (larger�) show that
the predicted momentum dependence is not strongly changed
by higher-order operators. Instead, we observe an overall
renormalization of the signal with a k-independent factor of the
form (1 − 0.26ωγ /γ ) with γ = 4K − 2, as argued in the Sup-
plemental Material [49]. For future research it would be inter-
esting to look for the corresponding renormalization in periodic
chains, where the structure factor can be calculated exactly [2–
7]. In any case, the strong transfer of spectral weight to v|k −
π | > ω for open chains is a robust feature even for � = 1.

This work was supported by the Deutsche Forschungsge-
meinschaft (DFG) via the research centers SFB/TR173 and
SFB/TR185 and by the Studienstiftung des deutschen Volkes.
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