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Subwavelength spatial control of phase using metasurfaces is attractive for practical applications such as flat
lens, vector beam generator, ultrathin wave-plate and high-resolution holography. All-dielectric metasurfaces
provide two phase modulation mechanisms, which are propagation phase dependent on the dimension of meta-
atoms and geometric phase dependent on the orientation of meta-atoms. Recently, it was proposed that by
combining geometric phase and propagation phase, arbitrary and independent phase profiles can be imposed on a
pair of orthogonal polarizations. However, a succinct expression of phase change introduced during an arbitrary
polarization conversion process has not been presented. Here, we derive the geometric phase for the general case
of nonorthogonal polarization conversions. Through the numerical simulations of a metasurface orbital angular
momentum generator under both circular and elliptical polarization illuminations, we verify our theoretical
analyses. This work presents the mechanism of controlling polarization and phase of arbitrary polarizations using
both geometric phase and propagation phase, which exhibits the potential to enrich the capacity of polarization
multiplexed metasurfaces.
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I. INTRODUCTION

The rapidly evolving field of metasurfaces suggests a
promising novel technology for controlling the characteris-
tics of light using ultrathin optical components [1–5]. It is
particularly interesting to engineer the wavefront of light
using metasurface in either transmission or reflection mode,
leading to applications such as beam steering [6], beam
splitter [7], metalens [8,9], vector beam generator [10,11],
and high-resolution holography [12,13]. Although these topics
and functionalities have been considered through conventional
diffractive optics or Fourier optics [14,15], and experimen-
tally realized by using liquid-crystal-based optical modulators
[16], metasurfaces show advantages due to their capability of
subwavelength spatial control of light. It has been demon-
strated that metasurfaces can optimize conventional optical
components performances such as resolution and efficiency
by emulating unwanted diffraction orders [17,18]. Moreover,
metasurfaces can also achieve properties that are not available
using conventional optical components. Here, we name a few
examples. In the design of metalens, the achromatic metalens
using just one layer of metasurface has been demonstrated re-
cently [19–21]. This is enabled by engineering the dispersions
of meta atoms to compensate the dispersionless geometric (or
Pancharatnam-Berry) phase. In the design for generating a
vector beam, metasurface can manipulate the polarization and
phase profiles of the outcome light simultaneously [22]. In
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the research of holography, commercial liquid-crystal-based
devices provide amplitude-only or phase-only modulation
[16]. In contrast, metasurface enables simultaneous control of
amplitude and phase, which paves the way to high-resolution
optical holography [23,24]. Moreover, as meta-atoms respond
differently to the polarization [7,25,26], wavelength [27–30],
and illumination angle of incident light [31], various multi-
plexed metasurfaces have been proposed [32,33].

Generally, there are two phase modulation mechanisms
of dielectric metasurfaces—propagation phase and geometric
phase, which are employed for controlling the phase of linear
and circular polarization, respectively. The linearly polarized
wave passing through an array of nanobricks with large
aspect ratios [7] is imposed by a propagation phase, which is
dependent on the size of the nanobricks. As long as there is a
large database of various meta-atoms, one can find an arbitrary
combination of propagation phases for two orthogonal linear
polarizations. As a result, independent phase control based
on two orthogonal linear polarizations can be realized. For
two orthogonal circular polarizations, the geometric phase is
employed to impose phases on transmitted or reflected waves.
The nature of the geometric phase keeps the two phase profiles
equal and opposite [34], while it has been shown that the
geometric phase can also give rise to independent phase control
by using advanced holographic multiplexing algorithms [35].
Very recently, a strategy of combining both propagation phase
and geometric phase is proposed to independently control the
phase introduced during conversion between two orthogonal
circular polarizations [36,37]. This method can be extended
to work for any pair of orthogonal states of polarization.
Currently, the applicability of metasurfaces is limited to the
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transmissions of linear polarizations or the conversions of
circular polarizations. Expanding the input and output polar-
izations of metasurfaces to arbitrary polarizations can boost
the functionalities of metasurface as wavefront generators or
sensors. For example, one metasurface can generate multiple
different wavefronts by setting the polarizations of both in-
cident and output waves [38]. However, the design strategy
for elliptical polarization multiplexed metasurfaces is not clear
yet, as it lacks of a succinct expression for the geometric phase
under elliptical polarization illumination. Moreover, it would
also be interesting to consider the phase changes introduced
during conversions between two arbitrary but not necessary
orthogonal polarizations, which is absent in current literature.
By employing arbitrary combinations of input and output
polarizations, one polarization multiplexed metasurface may
carry multiple wavefronts.

In this paper, we present a comprehensive study on con-
trolling the phase change introduced during conversions of
light by using both geometric phase and propagation phase.
Starting from the Jones calculus [39], we give an expression of
geometric phase for conversions between two arbitrary polar-
izations. It is worth noting that the analysis method can work
for conversion processes between pairs of both orthogonal and
nonorthogonal polarizations. We also design a metasurface
which responds independently to two orthogonal circular
polarizations at telecommunication frequency. Furthermore,
the incidence of an elliptically polarized wave is also con-
sidered. Rather than discussing the conversions between two
orthogonal elliptical polarizations, we discuss the conversions
between two counterrotating elliptical polarizations with the
same ellipticity, and those between two corotating elliptical
polarizations with different ellipticity. It is found that although
both circular and elliptical polarizations can be manipulated
using both propagation phase and geometric phase, it still needs
additional amplitude modulation when constructing holograms
using elliptical polarizations. This investigation provides an
extension to the theory of geometric phase, which may serve as
a guide to design novel polarization multiplexed metasurfaces
for various applications in the near future.

II. THEORETICAL ANALYSES

A. Geometric phase introduced during conversions between
orthogonal polarizations

The geometric phase of the transmitted wave with inversed
circular polarization only depends on the orientation of meta-
atoms. Here, we use the Jones matrix to analyze a more
general case of conversions between two orthogonal ellipti-
cal polarizations. The meta-atoms used are rectangle silicon
nanobricks with negligible linear polarization conversions un-
der illumination along the z direction, as depicted in Fig. 2(a).
The corresponding Jones matrix that connects the generally
complex amplitudes of the incident and the transmitted linearly
polarized waves is

T =
(

txxe
iφxx 0

0 tyye
iφyy

)
, (1)

where txx and tyy are the transmission coefficients for x-
and y-polarized waves, respectively, and φxx and φyy are the
propagation phases for x- and y-polarized waves, respectively.
It has been widely known that the Jones matrix of a meta-atom
with a rotating angle θ is

T(θ ) =
(

cos θ sin θ

− sin θ cos θ

)−1

T

(
cos θ sin θ

− sin θ cos θ

)
. (2)

To consider the transmission of elliptical polarizations, it is
useful to have the Jones matrix in the arbitrary basis, as

T(χ,δ) =
(

t++ t+−
t−+ t−−

)

=
(

cos χ sin χ

eiδ sin χ −eiδ cos χ

)−1

× T

(
cos χ sin χ

eiδ sin χ −eiδ cos χ

)
, (3)

where + and − denote a pair of orthogonal polarization states
of

(
cos χ

eiδ sin χ

)
and

(
sin χ

−eiδ cos χ

)
,

respectively. Here, δ and χ define arbitrary polarization states,
and tan χ represents the ellipticity of polarization. By inserting
the Jones matrix in Eq. (2) into Eq. (3), we can obtain the
transmission and conversion of arbitrary polarization passing
through a meta-atom with a rotational angle θ . As a result, the
two conversions are

t+−(χ,δ,θ ) = 1
2 (txxe

iφxx − tyye
iφyy )[sin 2χ cos 2θ

+ (e−iδ sin2 χ − eiδ cos2 χ ) sin 2θ ], (4)

t−+(χ,δ,θ ) = 1
2 (txxe

iφxx − tyye
iφyy )[sin 2χ cos 2θ

− (e−iδ cos2 χ − eiδ sin2 χ ) sin 2θ ]. (5)

In Eqs. (4) and (5), the propagation phases φxx and φyy

are the phase delay of the waveguide modes existing in the
tall nanobricks. Hence, they can be tailored by employing
different sized nanobricks with various effective propaga-
tion constants. The angles of [sin 2χ cos 2θ − (e±iδ cos2 χ −
e∓iδ sin2 χ ) sin 2θ] are the phase changes due to the rota-
tional angle θ of nanobricks, which can be regarded as
the generalized geometric phases. Other than the rotational
angles, these phase changes are also determined by the input
and output polarizations. We plot these phase changes for
different polarizations in Fig. 1. For the circular polarization
(δ = 90◦, χ = 45◦) incidences, the geometric phase is 2θ ,
corresponding to the Pancharatnam-Berry phase. And the
amplitude changes have a constant value of 1. For the elliptical
polarization incidences, the geometric phase still covers a
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FIG. 1. The dependence of (a) geometric phase and (b) ampli-
tude change introduced during conversions between two orthogonal
polarizations on the rotational angle of a meta-atom.

range from 0 to 2π when the meta-atom rotates from 0 to
π , but the relationship between the geometric phase and θ

is no longer linear. More importantly, the amplitude changes
exhibit different values for different rotational angles, which
will reduce the performance of holography using elliptically
polarized light. Finally, when it comes to the linear polar-
izations (δ = 90◦, χ = 90◦), the geometric phases vanish.

B. Geometric phase introduced during conversions between
nonorthogonal polarizations

The aforementioned analysis method is not only applicable
to the orthogonal basis, as the Jones matrix can be changed
into an arbitrary not necessarily orthogonal base. To obtain
the amplitude and phase changes during arbitrary polarization
conversions, one could first implement the rotation matrix
operation in the linear polarization base [Eq. (2)], and then
transfer the Jones matrix into the specified base. Here, we
discuss two cases: the conversions between two counterrotat-
ing polarizations with the same ellipticity and the conversions
between two corotating polarizations with different ellipticity.
For the first case, the Jones matrix can be expressed as

T′(χ,δ) =
(

t ′++ t ′+−
t ′−+ t ′−−

)

=
(

cos χ cos χ

eiδ sin χ −eiδ sin χ

)−1

× T

(
cos χ cos χ

eiδ sin χ −eiδ sin χ

)
. (6)

The two elements for conversions in Eq. (6) are as follows:

t ′+−(χ,δ,θ ) = 1

2
(txxe

iφxx − tyye
iφyy )

sin 2χ cos 2θ + (e−iδ cos2 χ − eiδ sin2 χ ) sin 2θ

sin 2χ
, (7)

t ′−+(χ,δ,θ ) = 1

2
(txxe

iφxx − tyye
iφyy )

sin 2χ cos 2θ − (e−iδ cos2 χ − eiδ sin2 χ ) sin 2θ

sin 2χ
. (8)

It is notable that when χ = 45◦, Eqs. (7) and (8) become identical to Eqs. (4) and (5). For the second case, the Jones matrix is

T′′(χ,δ) =
(

t ′′++ t ′′+−
t ′′−+ t ′′−−

)
=

(
cos χ1 cos χ2

eiδ sin χ1 eiδ sin χ2

)−1

T

(
cos χ1 cos χ2

eiδ sin χ1 eiδ sin χ2

)
. (9)

Here, the symbols + and − denote the polarizations with ellipticity of tan χ1 and tan χ2, respectively. One of the conversions
between them can be calculated as

t ′′−+(χ1,χ2,δ,θ ) = 1

2
(txxe

iφxx − tyye
iφyy )

− sin 2χ1 cos 2θ + (e−iδ cos2 χ1 − eiδ sin2 χ1) sin 2θ

sin χ2 − χ1
. (10)

From Eq. (10), the geometric phase is only dependent on
the incident polarizations, while the amplitude change is
determined by both incident and output polarizations.

In Table I, we summarize the geometric phases and am-
plitude changes in the aforementioned three cases described
by Eqs. (3), (6), and (9). We show both elliptical polariza-
tions (δ = 90◦, χ �= 45◦) and the general polarizations with
δ �= 90◦, χ �= 45◦ for all three cases. The first row denotes

the well-known case of the Pancharatnam-Berry phase for
circular polarizations. The second row denotes the conversion
processes of a pair of orthogonal polarizations, while rows 3
and 4 denote those of a pair of nonorthogonal polarizations.
The three processes introduce the same geometric phase but
different amplitude changes. The rows 5–7 in Table I denote
the more general cases where both δ and χ can be arbitrary
values. It is worth noting that the geometric phases for the two
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TABLE I. Summary of geometric phase and amplitude change introduced during conversions between arbitrary polarization states.

Input polarization Output polarization Geometric phase Amplitude change( 1
∓i

) ( 1
±i

) ∓2θ 1( cos χ

∓i sin χ

) ( sin χ

±i cos χ

) ∓ arctan tan 2θ

sin 2χ

√
(sin 2χ cos 2θ )2 + sin2 2θ( cos χ

∓i sin χ

) ( cos χ

±i sin χ

) ∓ arctan tan 2θ

sin 2χ

√
(sin 2χ cos 2θ )2+sin2 2θ

| sin 2χ |( cos χ1
i sin χ1

) ( cos χ2
i sin χ2

)
arctan tan 2θ

sin 2χ1

√
(sin 2χ1 cos 2θ )2+sin2 2θ

| sin χ2−χ1|( cos χ

e∓iδ sin χ

) ( sin χ

e±iδ cos χ

) ∓ arctan a
b−c

√
a2 + (b − c)2

( cos χ

e∓iδ sin χ

) ( cos χ

e±iδ sin χ

) ∓ arctan a
b±c

√
a2+(b±c)2

| sin 2χ |( cos χ1

eiδ sin χ1

) ( cos χ2

eiδ sin χ2

)
arctan a

b−c

√
a2+(b−c)2

| sin χ2−χ1|

asin δ sin 2θ .
bsin 2χ cos 2θ .
ccos δ cos 2χ sin 2θ .

conversion processes between two orthogonal polarizations
have opposite values, while the geometric phases for the two
conversions between two counterrotating polarizations with
the same ellipticity can exhibit different absolute values.

III. DESIGNS AND RESULTS

In this section, we show examples for phase control during
the conversion processes between two circular polarizations,
two counterrotating elliptical polarizations with the same ellip-
ticity, and two corotating elliptical polarizations with different
ellipticity.

A. Polarization conversion involving change of δ

For converting δ of polarizations, one needs meta-atoms
with txx = tyy and φxx = φyy + π to achieve high conversions.
By designing meta-atoms with various φxx , one can manipulate
the phase of converted polarizations by using both geometric
phase and propagation phase. The total phase changes from
polarization state − to + and reversed process are

ψ+− = φxx − ϕ, ψ−+ = φxx + ϕ. (11)

In Eq. (11), φxx is the propagation phase and ϕ is the geometric
phase. Hence, the two total phase changes can be a set of
arbitrary independent values. The geometric phase can be
determined by appropriately choosing the rotational angle,
while in order to obtain arbitrary value for the propagation
phase, we simulated a number of silicon nanobricks with
various dimensions functioning at the wavelength of 1550 nm.
The results are summarized in Fig. 2. In the simulations, the
refractive indexes of silica substrate and silicon nanobricks are
taken as 1.46 and 3.45, respectively. The electric conductivity
of silicon is 2.5 × 10−4 S/m. The periodic boundary condition
is employed in the x and y directions. Figure 2(a) depicts the
schematic diagram of one unit cell of the simulated meta-atom
with a fixed height of h = 865 nm and a lattice constant
of p = 750 nm. Within the boxes in Fig. 2, we can find
meta-atoms with identical φxx − φyy of π , but different φxx

ranging from 0 to 2π . Moreover, the transmissions for linear
polarizations are relatively high, as shown in Figs. 2(c) and
2(d). Here, we choose a set of 12 meta-atoms with the total

phase changes ranging from 0 to 2π and 0 to 4π for t+− and t−+,
respectively. Then, the required propagation phases and geo-
metric phases can be calculated by Eq. (11). The dimensions
of each meta-atom and corresponding propagation phase and
geometric phase are shown in Table II. The rotational angle of
each meta-atom is calculated using the expressions in Table I.
Using these 12 meta-atoms, we design a metasurface orbital
angular momentum (OAM) generator, exhibiting independent
phase manipulation over a pair of circular polarizations and
two counterrotating elliptical polarizations with the same
ellipticity.

We perform the simulations for the illuminations under
left-handed and right-handed circularly polarized (LCP and
RCP) Gaussian beams of the wavelength of 1550 nm. The
designed 12 nanobricks in Table II are arranged in a circular
manner. So the phase profiles along the azimuthal angles
ranging from 0 to 2π and 0 to 4π for conversion from RCP to
LCP waves and that from LCP to RCP waves, respectively.
The corresponding topological charges of OAM beams are
1 and 2. For simplifying the simulations, we only simulate
a metasurface consisting of 20×20 meta-atoms. The phase
and normalized amplitude distributions at the surface with
a distance of 5500 nm away from the substrate plane of the
metasurface are plotted in Fig. 3. From Fig. 3(a), the vector
RCP beam from LCP incidence has a topological charge of
2. In conventional metasurfaces, the topological charge of the
vector LCP beam from RCP incidence should be −2, while
in this design, this parameter turns out to be 1, as shown in
Fig. 3(c). The amplitude distributions in Figs. 3(b) and 3(d)
show good doughnut shapes.

In our designed metasurface, the meta-atoms show the
same amplitude change while different phase changes to x-
and y-polarization incidences, which means that the proposed
metasurface can only implement conversions between two
counterrotating elliptical polarizations with the same ellip-
ticity. Figure 4 depicts the calculated results for incidences
of elliptically polarized Gaussian beams. From the previous
analysis, the introduced geometric phases still vary from 0 to
2π when the meta-atoms rotate by an angle from 0 to π . The
differences from the case of circular polarization incidences are
as follows: (1) the relationship between the geometric phase
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FIG. 2. Numerical results of transmissions of linear polarizations for meta-atoms with various dimensions. (a) Schematic of a unit cell of
the proposed meta-atom. (b) The phase difference between transmission coefficients of x and y polarizations. (c) The phase of transmission
coefficients of x polarization. (d) The amplitude of transmission coefficients of x polarization. (e) The amplitude of transmission coefficients of
y polarization.

and the rotational angle of meta-atom is no longer linear;
(2) the amplitude of conversion changes dramatically with
respect to the rotation of meta-atoms. This coincides with
the results in Fig. 4, where the phase singularities are still
presented while the amplitude distributions do not display a
perfect doughnut shape. Hence, to realize the OAM generator
or even holography using elliptical polarization, it is necessary
to modulate both phase and amplitude profiles using the results
in Table I. To eliminate the amplitude variations during the
conversions of elliptical polarizations, one can use the two
maximum conversion coefficients at two rotational angles as
shown in Fig. 1. However, this binary modulated beam shaping
method produces desired intensity distributions only in the far

TABLE II. Summary of meta-atoms with different propagation
phases and geometric phases for a wavelength of 1550 nm.

ψ−+ (deg) ψ+− (deg) φxx (deg)a ϕ (deg) dx (nm) dy (nm)

0 0 0 0 235 397
60 30 45 15 165 470
120 60 90 30 450 275
180 90 135 45 415 261
240 120 180 60 397 235
300 150 225 75 470 165
0 180 90 −90 450 275
60 210 135 −75 415 261
120 240 180 −60 397 235
180 270 225 −45 470 165
240 300 270 −30 275 450
300 330 315 −15 261 415

aφyy = φxx − 180◦.

field and carries energy in the unwanted higher-order modes
[40].

B. Polarization conversion involving change of χ

In this section, we consider the phase manipulation for
conversions between two corotating elliptical polarizations
with different ellipticity. To achieve high conversion, the
meta-atoms should satisfy the following relationships for the
transmission coefficients of linear polarizations:

cos χ1txx = cos χ2, sin χ1tyy = sin χ2, φxx = φyy. (12)

FIG. 3. The numerical results of the designed metasurfaces gen-
erating different OAM beams for different circular polarizations. (a)
and (b) The phase and amplitude maps for conversions from LCP to
RCP waves. (c) and (d) The phase and amplitude maps for conversions
from RCP to LCP waves.
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FIG. 4. The numerical results of the designed metasurfaces gen-
erating different phase profiles for different elliptical polarizations.
(a) and (b) The phase and amplitude maps for conversions from
left-handed to right-handed elliptical polarizations. (c) and (d) The
phase and amplitude maps for conversions from right-handed to
left-handed elliptical polarizations.

By inserting Eq. (12) into Eq. (10), we obtain

t ′′−+ = eiφxx

× sin 2χ1 cos 2θ − cos δ cos 2χ1 sin 2θ + i sin δ sin 2θ

sin 2χ1
.

(13)

The geometric phase and amplitude change can be fully
determined by the polarization of incident wave. For example,
the circular polarization incidence (δ = 90◦, χ = 45◦) can be
converted to polarization with δ = 90◦, χ = χ2 imposed by
the phase of φxx + 2θ . Recently, a lot of novel meta-atoms
other than nanobrick or nanodisk have been proposed to
exhibit different properties for x and y polarizations, such as
C-shaped meta-atoms [31,41]. Unfortunately, we cannot use
the geometric phase to control the phase of output beams
here. Because txx �= tyy means the meta-atoms are polarization
sensitive, and rotation of meta-atoms will change the responses
of metasurface to x- and y-polarized waves. Alternatively, one

can find various meta-atoms to obtain a constant value for
txx/tyy and different values ranging from 0 to 2π for φxx = φyy ,
so as to control polarization and wavefront at the same time.

IV. CONCLUSION

In conclusion, we derived the geometric phases introduced
during conversions between two circular polarizations, two
counterrotating elliptical polarizations with the same elliptic-
ity, and two corotating elliptical polarizations with different
ellipticity. The expressions for phase and amplitude changes
with respect to rotational angles of meta-atoms are summarized
as references for the near future designs of novel polarization
multiplexed metasurfaces. Moreover, geometric phase can
cooperate with propagation phase to impose arbitrary and
independent phase profiles on two different polarizations. The
design strategy of controlling both polarization and wavefront
of output beams is made clear through our analyses. How-
ever, different from the conversion between two orthogonal
circular polarizations, the magnitude of conversion between
two nonorthogonal polarizations changes dramatically with
respect to the rotational angles, which may be addressed
by simultaneous modulations of both phase and amplitude
profiles. This work demonstrates the unique property of a
metasurface to control the polarization and the phase profiles of
arbitrary incident waves simultaneously, which may increase
the capacity of optical communication systems by multi-
plexing various polarizations and OAM states. The further
opportunities in simultaneously controlling both phase and
polarization may be found in complex nanostructures [38] or
two-dimensional materials [42,43].
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