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The specificity of modal-expansion formalisms is their capabilities to model the physical properties in the
natural resonance-state basis of the system in question, leading to a transparent interpretation of the numerical
results. In electromagnetism, modal-expansion formalisms are routinely used for optical waveguides. In contrast,
they are much less mature for analyzing open non-Hermitian systems, such as micro- and nanoresonators. Here,
by accounting for material dispersion with auxiliary fields, we considerably extend the capabilities of these
formalisms, in terms of computational effectiveness, number of states handled, and range of validity. We implement
an efficient finite-element solver to compute the resonance states, and derive closed-form expressions of the modal
excitation coefficients for reconstructing the scattered fields. Together, these two achievements allow us to perform
rigorous modal analysis of complicated plasmonic resonators, being not limited to a few resonance states, with
straightforward physical interpretations and remarkable computation speeds. We particularly show that, when
the number of states retained in the expansion increases, convergence toward accurate predictions is achieved,
offering a solid theoretical foundation for analyzing important issues, e.g., Fano interference, quenching, and
coupling with the continuum, which are critical in nanophotonic research.
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I. INTRODUCTION

The control of light at the nanoscale is ultimately limited
by our capability to engineer electromagnetic near-fields with
several nanoresonances, enable energy transfers between them,
and model how every individual state precisely interferes to
create new resonant states that overlap in space and energy.
Optical nanoresonators, be they plasmonic, photonic, or both,
offer a unique route to enhance and localize the electromag-
netic energy at wavelength or subwavelength scales. They now
play a leading role in many areas in nanophotonics, from
quantum information processing to ultrasensitive biosensing,
nonlinear optics, and various optical metasurfaces.

Classically, the resonant interaction of light with optical
resonances is modeled via continuum scattering theory with
Maxwell solvers operating in the time- or real-frequency do-
mains. As they do not explicitly compute the resonance states,
the numerical predictions are not always easy to interpret—
-the black-box sensation often experienced by users. They
additionally require many computations that must be repeated
for every individual frequency in the frequency domain, or in
the time domain for every instance of the driving field, e.g.,
the pulse duration, polarization, and incidence angle [1,2].
In sharp contrast, the present formalism operates at complex
frequencies ω̃ set by the natural states of the resonator, also
called quasinormal modes (QNMs). It offers two decisive
advantages. It brings the physics of the resonant states at the
heart of the analysis, thus removing the black-box sensation. It
also allows one to model properties that span over a frequency
range∼Im(ω̃) around a central frequency Re(ω̃) with a high de-
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gree of analyticity, which often offer unprecedented modeling
capabilities and computational performance. The formalism
belongs to the general category of modal formalisms, and as
such, is expected to bring a valuable input to resonance optics,
comparable to that previously brought by the guided-mode
theory to integrated optics design [3,4].

The spectral representation of waves in resonant systems
as a superposition of QNMs has a venerable story [5–9]. In
electromagnetism, pioneer works initially focused on simple
geometries, e.g., 1D and 3D-spherical resonators in uniform
backgrounds, for which the completeness of QNM expansions
was established [10,11]. Important follow-up results were
concerned with extensions of these founding works toward
arbitrary resonant geometries. They include a mathemati-
cally sound normalization and definition of the mode volume
[12–15], the derivation of orthogonality relation for QNMs
of nondispersive resonators [10,12,16], the elaboration of
perturbation methods for calculating the QNMs of a resonator
from the knowledge of the QNMs of another unperturbed
resonator [16–19], and attempts to implement numerically
stable methods to compute and normalize QNMs [20–25]. For
a recent review, see Ref. [15].

Many ingredients toward a complete modal theory of
nanoresonators are now available, but they are scarcely pre-
sented and often restricted to peculiar geometries. Hereafter,
we extend these works to propose a comprehensive theoretical
framework for the most general case of 3D resonators with
arbitrary shapes and materials, possibly in nonuniform back-
grounds. The generality and effectiveness of the framework
are validated by implementing an effective QNM-expansion
software. Of particular importance in the present context is
the successful generalization of the auxiliary-field method,
originally proposed for simulating dispersive media with
finite-difference time-domain simulations [26] and computing
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the band diagram of dispersive crystals [27], to compute
the QNMs of open resonators with finite-element methods
(FEMs). This allows us to successfully implement a QNM
solver that efficiently computes the eigenstates of plasmonic
resonators. The achieved precision is much better than those
offered by finite-difference approaches [21,27], especially for
the usual cases of metallic nanoresonators with curved shapes.
On the theoretical side, another important consequence of
the auxiliary-field method is a net physical interpretation of
temporal dispersion, which led us to derive orthogonality
relations in the augmented formulation for resonances made
of dispersive media. Such a derivation that was not possible
in earlier works with unspecified dispersion relation [12,15]
leads to the important proposition of closed-form expressions
for the eigenstate excitation coefficients.

We believe that the joint effort in numerics and theory
greatly expands the capabilities of analyzing electromagnetic
resonance in nanophotonics, offering increased physical in-
sight and improved computational speed. This brings us closer
to a comprehensive modal theory of optical resonances, the
analog of the optical waveguide theory for nanoresonators.

II. AUGMENTED-FIELD QNM FORMULATION

The QNMs of localized resonators, made of dispersive or
non-dispersive media or both, are defined as the time-harmonic
solutions to the source-free Maxwell’s equations

[
0 −iμ−1

0 ∇×
iε(ω̃m)−1∇× 0

][
H̃m

Ẽm

]
= ω̃m

[
H̃m

Ẽm

]
, (1)

with ε(ω̃m) the permittivity and μ0 the vacuum permeability,
an exp(−iω̃mt) dependence being assumed for time-harmonic
fields. The QNMs defined by their electric- and magnetic-
field vectors, Ẽm and H̃m, satisfy the outgoing-wave condi-
tions, have complex frequency ω̃m with quality factor Qm =
− 1

2 Re(ω̃m)/Im(ω̃m), and grow exponentially at a large distance
from the structure [15].

For dispersive materials, a difficulty arises as the eigen-
problem of Eq. (1) no longer defines a standard linear
eigenproblem. The nonlinearity, which essentially arises
from hidden variables that are eliminated in the consti-
tutive relations, has a prescribed nature. At optical fre-
quencies, most material properties can be modeled with a
standard N -pole Lorentz-Drude relationship [27,28], ε(ω) =
ε∞ − ε∞

∑
i ω

2
p,i(ω

2 − ω2
0,i + iωγi)−1, with notations for the

plasma frequencies ωp,i , the damping coefficients γi, and the
resonant frequencies ω0,i . In metals, for instance, the intraband
transition gives rise to free-electron behavior characterized
by a Drude pole (ω0,i = 0), whereas interband transitions are
faithfully represented by Lorentz poles (ω0,i �= 0) [28]. As
already noted in Refs. [21,27], the nonlinear eigenproblem for
Lorentz-Drude materials can be cast into a linear one by rein-
troducing hidden auxiliary fields, such as the polarization Pi =
−ε∞ω2

p,i(ω
2 − ω2

0,i + iωγi)−1E and the current Ji = −iωPi .
Considering a single Lorentz-pole permittivity to simplify
the notations and denoting by ψ̃m = [H̃m,Ẽm,P̃m,J̃m]T the

augmented eigenvector, Eq. (1) is reformulated in a linear form

Ĥψ̃m =

⎡
⎢⎢⎢⎣

0 −iμ−1
0 ∇×

i ε−1
∞ ∇× 0

0 0

0 −iε−1
∞

0 0

0 iω2
pε∞

0 i

−iω2
0 −iγ

⎤
⎥⎥⎥⎦ψ̃m

= ω̃mψ̃m, (2)

in the Lorentz-material subspace and takes the usual form
without auxiliary fields elsewhere.

A. Discretized versus continuous operators: QNM and perfectly
matched layer (PML) modes

We should bear in mind that the following numerical and
theoretical results are all obtained for a slightly different
version of the original physical problem, in which the original
open space is replaced by a finite space bounded with PMLs
implementing the outgoing-wave conditions. Thus the contin-
uous operator [Eq. (2)], originally defined on an unbounded
space, after the PML mapping and numerical discretization,
is replaced by an analytically continued, discretized opera-
tor (a finite-dimensional matrix) defined on a finite mapped
space, with new permittivity and permeability distributions
that accommodate the PMLs. With classical frequency-domain
Maxwell solvers, the matrix Ĥ − ωÎ (Î being the identity
matrix) is inverted for each frequency ω in order to compute
the electromagnetic response to an external source. Since the
discretization and the PMLs are effective only within a finite
frequency interval (or domain F of the complex-ω plane),
the electromagnetic solutions of the analytically continued
operator are accurate only for frequencies within F .

Here, instead of inverting Ĥ for every frequency, we
consider the discrete spectrum of Ĥ, and reconstruct the
electromagnetic solution analytically from the spectral de-
composition. Since Ĥ is linear, using the matrix inversion
scheme or the spectral decomposition approach leads to the
same results (up to numerical uncertainty), i.e., the spectral
decomposition approach provides exactly the same solutions
as the inversion approach, if the whole set of eigenstates is
considered. In particular, we get the same faithful solutions
withinF , and even more importantly, the QNMs of the original
continuous operator with ω̃m ∈ F are accurately recovered in
the spectrum of Ĥ and the physics—-the natural resonances—
-is preserved. Advantageously, the mapped eigenstates do not
grow exponentially, become square-integrable, and can be
normalized [12]. In addition, complicated theoretical issues
on the completeness of QNM expansions for open spaces are
avoided. Indeed, the eigenstates of Ĥ form a complete set over
the whole mapped space, in contrast with the QNMs of the
open system that form, at best, a complete set only “inside the
resonator” [10]. This has important consequences for instance
for plasmonic dimers like bowtie antennas, since by including
the PML modes the expansion becomes complete even outside
the metal, for instance in the dielectric gap where interesting
phenomena occur due to the strong field enhancement.

The eigenstates of the mapped operator are composed of
two sets of modes, a subset of the QNMs of the original
continuous operator and a set of numerical modes, called
hereafter PML modes [15,29], which depend on the PML
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FIG. 1. QNMs and PML modes of a silver bowtie nanoantenna.
The bowtie parameters are given in the inset in (a) and the rounding
radius of the corner is 8 nm. (a) Eigenstate energies and decay
rates computed with the auxiliary-field solver. The measured silver
permittivity [35] is approximated by a realistic Drude model with
λp = 2πc/ωp = 138 nm and γ = 0.0023ωp . Note that the eigenstates
always coexist pairwise, ψ̃m at ω̃m and ψ̃∗

m at −ω̃∗
m as implied by the

Hermitian symmetry ε(ω̃m) = ε∗(−ω̃∗
m), and that we have represented

only the eigenstate subset with positive real energies, which are
revealed by our nondispersive PMLs. (b) Intensity distributions of the
normalized QNMs Q1, Q2, Q3, and the PML mode P1. We highlight
a typical feature of the PML modes that their field intensities are
dominantly located in the PML, the region outside the dashed-dotted
box.

parameters and form a complete basis with the QNM subset.
The PML modes can be further classified into two subclasses.
The first class is fed with distorted remnants of the original
QNMs with ω̃m /∈ F , which cannot be recovered with the
discretized operator. The second class originates from the
continuum of background modes [29,30]. For thick PMLs, they
are Fabry-Perot modes of closed resonators mainly formed by
the PMLs, and are composed of ingoing and outgoing waves
in the PMLs, unlike QNMs. For uniform backgrounds, this
second class of eigenstates is easily detected as it forms a tilted
straight line in the complex plane, as in Fig. 1(a), resulting from
a rotation by the complex stretching of the PMLs of the original
continuum of plane waves that lies on the real-frequency axis
[29,30]. For nonuniform backgrounds, the locations of the
PML mode and QNMs in the complex plane are entangled,
and disentangling may be challenging as illustrated with the
last numerical example of the article. Supplemental Material,
Sec. 3.4 [31] provides more details on how one may distinguish
QNMs and PML modes in this case. However, the distinction
is not always required, as in general, both QNMs and PML

modes have to be considered in the expansion for numerical
accuracy.

B. QNM eigensolver implementation

Based on Eq. (2), we have developed a QNM solver using
the COMSOL MULTIPHYSICS environment [32]. For that purpose,
Eq. (2) is first transformed into a standard quadratic eigenvalue
problem

K̂

[
Ẽm

P̃m

]
+ ω̃mĈ

[
Ẽm

P̃m

]
+ ω̃2

mM̂

[
Ẽm

P̃m

]
= 0, (3)

for which stable and efficient algorithms exist [33]. In Eq. (3),

K̂ = [∇ × μ−1
0 ∇× 0

ε∞ω2
p −ω2

0
] is the stiffness matrix, Ĉ = [0 0

0 iγ ] is

the damping matrix, and M̂ = [−ε∞ −1
0 1 ] is the mass matrix.

Then, the coupled system of partial differential equations
is converted into its equivalent weak formulations that are
entered directly in the COMSOL environment using the user
COMSOL-interface framework for partial differential equations.
Finally, the discretized equations are solved with the built-in
iterative eigensolver of COMSOL.

The solver could be conveniently used to compute the
QNMs and PML modes of arbitrary, 3D plasmonic resonators
in complex photonic environments, e.g., resonators on sub-
strates. It takes full advantage of the power of finite-element
meshes to accurately model geometries mixing curved shapes,
large-scale features, e.g., planar interfaces, and small-scale
features, e.g., sharp corners, which ensures superior accuracy
and performance compared to previous solvers developed with
finite-difference discretization schemes [21,27]. Moreover,
since the additional auxiliary fields are restrictively defined
in the computational subspaces with dispersive materials only,
the matrix-size increase due to the auxiliary fields remains
moderate. Details of the weak-formulation and numerical tests
of the solver performance can be found in Supplemental
Material, Sec. 4 [31].

To illustrate the QNM-solver capabilities, we consider
a silver bowtie antenna in a uniform air background with
a permittivity εb = 1. Figure 1(a) shows the energies and
decay rates of the eigenstates computed with the solver.
QNMs and PML modes are shown with blue circles and gray
squares, respectively. The QNMs can be decomposed into
two subsets. “Transverse” QNMs satisfying ∇ · ε(ω̃m)Ẽm = 0
and ∇ · μ0H̃m = 0 are obtained for ω̃m �= 0 and are directly
computed with the solver. This large subset is enriched by
longitudinal QNMs, including bulk plasmons with nonzero
eigenfrequencies ω̃B such that ε(ω̃B) = 0, and static QNMs
computed by solving ∇ × Ẽm = 0 (electric static) or ∇ ×
H̃m = 0 (magnetic static); in this case, electric static QNMs
have null electric fields inside resonators since ε → ∞ as
ω → 0. Figure 1(b) shows the intensity distributions of four
eigenstates, marked with large squares in Fig. 1(a).

In Ref. [34], we provide the COMSOL models and the
companion MATLAB programs that we have developed for this
work. They can be easily reused and updated by drawing new
geometries with the COMSOL graphical user interface.
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III. RECONSTRUCTION: ORTHOGONALITY RELATION,
MODAL EXCITATION COEFFICIENTS

Because it explicitly considers the physical origin of the dis-
persion in the constitutive relation, the augmented formulation
offers a number of advantages compared to nonlinear eigen-
value formulations based on electric and magnetic fields only.
For instance, as shown in Supplemental Material, Sec. 2.2, it
enables an explicit distinction between different forms of the
QNM energy at complex frequencies, including the kinetic
energy of electrons, Ohmic absorption, and radiation leakage,
which is not directly available otherwise. It additionally allows
the derivation of important relationships, such as an orthog-
onality relation and a closed-form expression for the modal
excitation coefficients used in the spectral representation of
waves as superpositions of QNMs. The derivations do not
require sophisticated mathematics, and are provided in their
entirety in Supplemental Material, Sec. 3. Hereafter, we just
summarize the main results used for the numerical examples
presented in the next section. These results are valid for
the general case of nanoresonators composed of dispersive
materials placed in nonuniform backgrounds.

The orthogonality relation between the whole set of PML
modes and QNMs for dispersive nanoresonators directly
follows from the unconjugated Lorentz reciprocity theorem
applied to the augmented formulation [31], and takes the
following form:

〈ψ̃∗
n |D̂|ψ̃m〉Vc

=
∫∫∫

Vc

[
ε∞Ẽn · Ẽm − μ0H̃n · H̃m

+ω2
0

/(
ε∞ω2

p

)
P̃n · P̃m − 1/

(
ε∞ω2

p

)
J̃n · J̃m

]
d3r = δnm,

(4)

with δnm = 1 if n = m and 0 otherwise, D̂ =
diag[−μ0,ε∞,ω2

0/(ε∞ω2
p), − 1/(ε∞ω2

p)]. Vc denotes the
volume of the entire mapped space, including the PMLs.
It is additionally easy to show that the normalization
condition 〈ψ̃∗

m|D̂|ψ̃m〉Vc
= 1 can be simply rewritten as∫∫∫

Vc
[ ∂ω̃mε(ω̃m)

∂ω̃m
Ẽm · Ẽm − μ0H̃m · H̃m] d3r = 1, consistently

with earlier works [10,12,14,36]. Note that no energy
consideration with conjugate scalar products is underpinned
by Eq. (4). We emphasize that Eq. (4) differs from the
orthogonality relation proposed in Ref. [27] for pseudoperiodic
auxiliary fields of Bloch modes of plasmonic crystals, owing
to the non-Hermitian character of the present QNM eigenvalue
problem. Besides, it was not reported in all previous works
on QNMs of dispersive resonators with nonlinear eigenvalue
problem formulations based on electric and magnetic fields
only, for which it was shown that QNMs are not orthogonal,
see for instance Eqs. (5) and (6) in Ref. [12] and Fig. 8 in
Ref. [15].

The second important result concerns the spectral represen-
tation of the field-scattered 
sca(r,ω) at real-frequency ω by
any resonator (reconstruction problem)


sca(r,ω) =
∑
m

αm(ω)ψ̃m(r), (5)

for which it is possible to derive a closed-form expression for
the excitation modal coefficients [31]

αm(ω) = ω̃m

ω̃m − ω
〈Ẽ∗

m|ε(ω̃m) − εb|Einc(ω)〉Vres

+〈Ẽ∗
m|εb − ε∞|Einc(ω)〉Vres , (6)

valid for any near- or far-field illumination. In Eq. (6), εb is
the relative permittivity of the medium surrounding the res-
onator, 〈Ẽ∗

m|f (r)|Einc(ω)〉Vres = ∫∫∫
Vres

f (r)Ẽm · Einc(ω)d3r is
the usual overlap integral involving the resonance mode
and the driving field , Vres being the resonator domain used for
the scattered-field formulation, and f (r) a weighting function.
Equations (5) and (6) provide a high level of analyticity for the
reconstruction step.

As will be evidenced by the following numerical results,
the natural resonances, QNMs of the continuous operator are
largely recovered in the spectrum of the mapped operator,
and thus the set of eigenvectors ψ̃m(r) constitutes a basis of
predilection to model the resonator, explicitly highlighting
Fano-like interferences between the dominant eigenvectors. In
addition, assuming the absence of any accidental degeneracies
at exceptional points for instance [37], the eigenvectors form
a complete set over the whole mapped space and the QNM ex-
pansion provides highly accurate predictions—in Ref. [31], we
show the following closure relation:

∑∞
m=1 ψ̃m(r′)ψ̃T

m(r)D̂ =
Îδ(r − r′), Î being an identity matrix and the superscript “T”
being the transpose operator. It is important to bear in mind
that Eq. (5), like the closure relation, holds for any r in the
whole mapped space, including the PMLs, in sharp contrast
with QNM expansions of open systems that are strictly exact
only “inside the resonator” [10,11].

Equations (5) and (6) will be repeatedly used for the
following numerical results obtained for various nanoresonator
geometries and driving illuminations. All eigenvectors do not
play the same role in those equations. To realize what the dom-
inant eigenvectors could be, we again consider the spectrum
of continuous operators. From rigorous mathematical proof
obtained for simple 1D and 3D spherically symmetric res-
onators geometries, it is widely accepted that the (true) QNM
set forms a complete basis, provided that the electromagnetic
Green’s tensor G(ω, r

′
,r) is analytic in the complex-frequency

plane excluding the QNM poles and that r and r′ are inside
the resonator [10,11]. This implies that for simple geometries,
such as 3D resonators in uniform dielectric backgrounds, the
PML modes of the mapped operator are expected to play a
nondominant role in the expansion of Eq. (5). Thus, provided
that the PML mapping preserves the dominant QNMs of the
open space, accurate predictions are expected for the scattered
field with only QNMs, only for simple geometries. This result
will be illustrated by numerical results hereafter.

IV. NUMERICAL RESULTS AND VALIDATION

With a few selected examples, we test the theoretical
results with what is happening on the ground and assess
the modeling capabilities of the QNM-expansion formalism,
either for clarifying the physics of resonant systems based on
the interference of a few modes or for accurately analyzing
complex situations involving many modes of different nature.
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Other pertaining tests on the computational speed, the ex-
actness, or the convergence as a function of the number of
eigenstates retained in the expansion of Eq. (5) are outlined in
Supplemental Material, Sec. 5 [31].

A. Spectral and temporal analysis of antenna
in uniform backgrounds

The first example concerns a bowtie antenna in air. The
first motivation for studying this relatively simple geometry is
to illustrate the importance of QNMs, comparatively to PML
modes, for resonators with uniform backgrounds, by showing
that the convergence rate is dominantly driven by QNMs in this
case and that PML modes convey minor additional information
that is required only if a high accuracy is desired. Another
motivation is to lay new foundations for modal expansions in
the temporal domain, which has received only little attention
in the literature to our knowledge [38]. It is yet another
motivation to show that the modal approach provides a physical
insight that is difficult to get with other standard Maxwell’s
equation solvers operating in the time or spectral domains.

Using Eqs. (5) and (6), we have computed the optical re-
sponse of the bowtie antenna under illumination by a normally
incident plane wave polarized along the bowtie axis. A rapid
study of the convergence of the QNM expansion as a function
of the truncation rank, i.e., the number M of QNMs retained
in the expansion, has revealed that no more than ten QNMs
have a significant impact on the extinction and absorption
cross-section spectra in the visible. Note that the longitudinal
QNMs are not excited since the excitation of bulk plasmons
require free electric charges inside resonators and static QNMs
have null electric fields inside resonators; the contribution of
PML modes is weak. Figure 2(a) compares the predictions of
the modal method for M = 12 [the QNM eigenfrequencies are
illustrated in the inset of Fig. 2(b)] with full-wave frequency
data obtained with the classical frequency-domain solver of
COMSOL MULTIPHYSICS. The agreement is quantitative over
the entire spectrum, and can be further improved to reach an
absolute accuracy of 10−3 by including PML modes in the
modal expansion; see Fig. SI.6 in Supplemental Material.

To illustrate the versatility of the QNM expansion, we
further consider the bowtie response in the temporal domain.
Nanoresonator dynamics are important to explore new spatial
and temporal regimes by controlling light-matter interactions
with nanometric and femtosecond precisions [39,40]. The
spectral QNM expansion of Eq. (5) admits a simple sister form
in the temporal domain


sca(r,t) =
∑
m

βm(t)ψ̃m(r), (7)

with βm(t) = ∫+∞
−∞ αm(ω)exp(−iωt)dω, where αm(ω)

is weighted by the spectral power density Einc(ω) =
∫+∞

−∞ Einc(t) exp(iωt)dt/2π of the driving pulse Einc(t).
In our implementation, βm(t) is conveniently computed with
a fast Fourier transform algorithm. However, to obtain more
insight, it is worth performing the calculation analytically by
using contour integration. Injecting the expression of Einc(ω)
into Eq. (6) to express αm(ω) in terms of Einc(t), and then
using the Cauchy integral formula for the pole at ω = ω̃m, we

obtain

βm(t) = 〈Ẽ∗
m|iω̃m(εm(ω̃m) − εb)|Finc(t)〉Vres exp (−iω̃mt)

+〈Ẽm|εb − ε∞|Einc(t)〉Vres , (8)

with Finc(t) = ∫t
−∞ Einc(t ′) exp(iω̃mt ′)dt ′. Note that Eq. (8)

assumes that the background permittivity εb is frequency-
independent.

While it may not be the main point of the present work,
we would like to stress by the way that the present formalism
may also provide a solid theoretical foundation to the temporal
coupled-mode theory (CMT) of resonators [41], a famous
formalism used to model resonator dynamics. Despite its
importance and universality, to our knowledge the temporal
CMT still relies nowadays on phenomenological coupling
coefficients that are fitted and is restricted to nearly Hermitian
resonators with weak loss and couplings [41–43]. In contrast,
the following equation in a CMT form that is easy derived
from Eq. (8) by applying the derivative with respect to t on
both sides of the equation,

dβm(t)/dt = −iω̃mβm(t)+〈Ẽ∗
m|iω̃m(ε(ω̃m) − ε∞)|Einc(t)〉Vres

+〈Ẽ∗
m|εb − ε∞|dEinc(t)/dt〉Vres , (9)

provides an analytical and rigorous expression of the coupling
coefficient.

The upper panel in Fig. 2(b) shows the temporal evolution
of the x component of the electric field at the gap center of
the bowtie for a 10-fs plane-wave Gaussian pulse illumination
with a central frequency of 0.5ωp and a bandwidth of 0.058ωp.
As evidenced by the comparison with the red curve, they are
very accurate, much more than in earlier QNM-expansion
works restricted to quasistatic approximations [44] or small
truncations numbers [38].

Comparing the computational performance of different
methods is difficult. However, we can say that the QNM-
expansion method is highly effective. The CPU times to
compute the spectral or temporal responses in Fig. 2 with
an ordinary desktop computer are only 10 min, which are
mainly devoted to the QNM computation, the computation
of the modal coefficients being very fast comparatively. The
present approach thus shows a convincing potential for fast
computations in the temporal domain, and represents an
interesting alternative to conventional finite-difference time-
domain (FDTD) methods. Additionally, note that any new
instance of the driving-field parameters, by varying the pulse
duration, polarization, or incidence angle, requires an entirely
new computation with the FDTD methods, whereas owing
to analyticity, the additional computation with the present
approach just requires performing a 1D fast Fourier transform
(FFT). Additional details on computational speed as the trun-
cation rank M is varied are provided in Supplemental Material,
Sec. 5.2.

The temporal QNM-expansion also provides key clues
toward understanding nanoresonator dynamics, since the over-
all response simply results from the superposition of every
individual mode response; see Eq. (7). The bottom panel of
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Fig. 2(b) shows the time evolution of the excitation coefficients
βm(t) of every individual mode obtained by the FFT. To ease the
visual analysis, we additionally show the shape of the incident
pulse with the shadowed gray curve.

Moreover, from Eq. (8), it is easy to derive an analytic
expression of βm(t) for Gaussian pulses; see Eq. (SI.3-38) in

Supplemental Material. Equation (SI.3-38) contains the error
function and is not fully transparent for interpretation. Better
insight can be achieved by mimicking the Gaussian pulse with a
simpler mathematical form Einc(t) = E0exp(−iω0t − |t|/�t),
with E0 = e0 exp(iω0z/c)x̂ (e0 being a constant) and ω0 the
pulse central frequency. Then, βm(t) becomes

t < 0, βm(t) = C−
m exp (−iω0t − |t|/�t),

(10)
t > 0, βm(t) = C+

m exp (−iω0t − |t|/�t) + (C+
m − C−

m ) exp (−iω̃mt),

with C±
m = 〈Ẽ∗

m| ω̃m(εm(ω̃m)−εb)
ω̃m−ω0±i/�t

|E0〉
Vres

, t = 0 being the arrival

time of the pulse peak at the nanoresonator center z = 0. For
t > 0, it is noticeable that the excitation coefficient has two
interference terms with time dependence ω0t and ω̃mt . They
may result in marked interference features, especially if the two
terms have comparable amplitudes for ωbeatt ∼ 1, where ωbeat

is the beating frequency Re(ω̃m) − ω0. Additionally, for |ω̃m −
ω0|  1/�t , i.e., for QNM frequencies lying far outside the
spectral range of the incident pulse, |C+

m − C−
m |� |C+

m |, |C−
m |,

so that βm(t) presents a temporal shape almost identical to that
of the incident pulse. These findings well explain the main
features of βm(t) observed in Fig. 2(b), as detailed below.

Clearly, the initial bowtie response during the pulse duration
�t is due to all the off-resonant QNMs (unlabeled curves)
that all exhibit a response that is very similar to the shape
of the incident pulse, in agreement with the analysis in the

above paragraph. More interesting is the oscillatory long-tail
response at long times, which is understood as a beating
between the contributions of the two QNMs labeled “i” and
“ii.“ The green curve with a long tail results from the energy
release of a relatively high-Q (Q ≈ 220) dark mode with an
energy matched with the frequency of the driving pulse. The
purple curve of the mode labeled "ii" has a surprising shape,
with a kink around 8 fs. Following Eq. (10), the kink can
be interpreted as resulting from a destructive interference.
This interpretation has been further confirmed by directly
examining the companion excitation coefficient αii(ω), which
exhibits two peaks at the central frequency 0.5ωp of the
incident pulse and the QNM energy Re(ω̃ii) = 0.55ωp, as
expected from Eq. (10).

The present physical analysis that emphasizes the contribu-
tion of every mode in the dynamics contrasts markedly with the
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black sensation left by brute-force numerical methods, which
are capable of predicting all the fine details of the dynamics
but cannot explain their origin. In the spectral domain, the
phenomenon related to mode beating in the temporal domain
is mode interference that results in a myriad of steep and
asymmetric Fano resonance shapes [45]. In our opinion, the
QNM expansion of Eq. (5) is the method of choice to analyze
and engineer Fano resonances, as it provides a transparent
mathematical support that disentangles the essential roles
played by the geometry and the driving-field parameters in
altering the Fano line shape.

B. Quenching in nanoresonators

QNM-expansion formalisms are well known for well pre-
dicting the spontaneous emission rate enhancements (Pur-
cell effect) of quantum emitters coupled with the dominant
resonance modes of plasmonic antennas [12,46,47]. When
the emitters approach the metal surfaces down to separation
distances smaller than 10 nm, considerable Ohmic heating or
quenching is induced at the metal surface just beneath the
emitters [48]. Albeit inevitable in plasmonic nanoantennas,
quenching has not been previously addressed in the literature
on QNM expansions [15], and it appears important to see
whether it could be modeled. Incidentally, this will bring us to
the important question of the nature of the QNMs responsible
for quenching, whose answer will cast doubt on the potential of
high-k surface plasmon polariton (SPPs). A second motivation
for this study is that quenching always occurs at a precise
position in a tiny localized volume that strongly depends on the
source position, and since QNMs are intrinsic field maps that
reflects the symmetry of the geometry and are independent of
the source, the modeling of quenching with QNM expansions
represents a serious test, which brings us to the question of the
limits of the approach.

For clarification, we consider the emission of an on-axis
linearly polarized dipole located at a separation distance d

above a silver nanorod in air (εb = 1) at a frequency 0.29ωp

matched with the energy of the fundamental dipole resonance
of the nanorod. This classical problem has recently received
much attention to clarify the connection between the density of
electromagnetic states and QNMs [12,14,15]. The numerical
predictions obtained with M = 500 QNMs are displayed with
the dashed blue curve in Fig. 3(a). As d is lowered from 20
to 2 nm, the decay rate rapidly increases from 25 to 200, in
excellent agreement with fully vectorial Green-tensor numeri-
cal data (red circles) obtained with COMSOL MULTIPHYSICS. To
illustrate the step forward realized with the present formalism,
we also plot the state-of-the-art results (solid blue curve)
obtained in earlier works on QNMs [12,46,47], which were
all unable to predict the decay-rate increase for small d’s.
Consistently, Fig. 3(b) shows the building up of the Ohmic loss
just beneath the emitter as the truncation rank M increases.

For a single emitter frequency and position, there is no selec-
tive advantage to be gained by computing the Green function
with modal expansions at a single frequency, considering that
M = 500 QNMs are needed for recovering accurate results.
However, the computation brings important highlights. First
the excellent agreement suggests that, at least in the classical
dipole-dipole interaction approximations, quenching is indeed
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FIG. 3. Modal analysis of quenching in metallic nanoantennas.
(a) Normalized decay rate of an on-axis-polarized electric dipole
placed at a distance d above a silver nanorod. The dipole emits
at the frequency 0.29ωp matched with the energy of the dominant
electric-dipole QNM highlighted by a square in the right inset.
The dashed curve computed with M = 500 QNMs quantitatively
matches the Green-function computational data (red circles) obtained
with COMSOL. The solid curve represents the normalized decay rate
predicted for M = 1 with the dominant electric-dipole QNM, as with
all earlier works [12,46,47]. (b) Distribution of the absorbed power
density ωIm(ε)|E|2/2 computed for a dipole (blue arrow) located at
2 nm above the surface and for several truncation orders M . Again,
a quantitative agreement is achieved between the distributions com-
puted with the QNM expansion for M = 500 (rightmost panel) and
COMSOL (leftmost panel), evidencing that the local density of states
enhancement due to quenching involves localized-plasmon QNMs,
which accumulate at frequencies close to the resonance frequency
(highlighted by the red cross in the right inset) of nonretarded slow
surface plasmons on flat interfaces.

a direct consequence of the excitation of high-order plasmon
modes. Although widely accepted [49], the role played by
high-order plasmons received little evidence for simple 1D ge-
ometries [50], or not at all for nanoantennas to our knowledge.
Second, it is important to evidence the plasmons involved in the
quenching. Their complex frequencies are shown in the right
inset of Fig. 3(a). Noticeably, quenching arises from a mode
accumulation at the surface plasma frequency ω̃SP of high-k
SPPs on flat surfaces, defined by εb = −ε(ω̃SP) and identified
with a red cross. Intuitively, as d vanishes, the dipole sees a flat
interface, and the higher-order plasmons cease to depend on the
antenna shape, and resemble those of flat interfaces. Finally,
the nature of the modes questions the great virtue attributed
to delocalized SPPs on flat surfaces associated with the flat
asymptote in the (complex)ω versus (real)k in all applications
related to plasmonic super-resolution and confinement [50],
since their excitation will be inevitably accompanied with
quenching.
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FIG. 4. Importance of PML modes. (a) Schematic representation of a nanobullet on a semiconductor slab with an infinite spatial extension
in the transverse x- and y directions. (b) Distribution of the QNM and PML modes eigenfrequencies in the complex plane. (c) Scattering
cross-section σsca under illumination by a TM-polarized plane wave incident at oblique angle (θ = 60◦ from the x axis). (d) Angular distributions
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p in polar diagrams) of the light intensity radiated into the slab guided modes in the transverse (x,y) plane (top) and into free space
in the (x,z) plane (bottom) for ω = 0.3ωp . We used the near-to-far-field transforms in Ref. [51] to compute the radiation diagrams. In (c)
and (d) the solid-blue and dashed-black curves are computed by retaining 20 QNMs only and 20 QNMs plus 200 PML modes, respectively,
and the shadowed pink curves are the data obtained with the frequency-domain solver of COMSOL MULTIPHYSICS. For the reconstruction, the
background medium is chosen to be the slab in air, thereby the overlap integrals in Eq. (6) is performed in the nanobullet volume only.

C. Nanoresonators in complex backgrounds:
Importance of PML modes

So far, we have considered geometries for which accurate
predictions can be achieved with expansions mainly involving
QNMs. This is especially possible when the QNM basis is
complete, requiring that the Green tensor is analytic in the
complex frequency plane excluding the QNM poles [10,11].
QNM-expansion completeness is guaranteed for 3D nanores-
onators in a homogeneous background, like in Figs. 1 –3, but
breaks down for 2D geometries [15,29] or for 3D geometries
for which the background is nonuniform, e.g., nanoresonators
laying on thin-film substrates. Mathematically, the breakdown
occurs when the Green tensor has branch cuts in the complex
frequency plane. Since QNMs and PML-modes together con-
stitute a complete basis for the discretized Maxwell operator
in the whole simulation domain (see Sec. II A), when open
spaces are mapped onto finite spaces truncated by PMLs, the
formal branch cuts of the initial open problem disappear and
are replaced by PML modes, which are expected to carry the
extra degrees of freedom.

With the last example, our motivation is to study a complex
geometry for which it is necessary to include the PML modes
in the expansion to achieve an accurate reconstruction. The im-
portance of PML modes for reconstruction has been evidenced
so far only for a 2D nondispersive geometry in air [29], to our
knowledge. The geometry consists of a silver nanobullet (a
nanorod capped with a hemisphere on one side) laying on
a 138-nm-thick semiconductor slab with an infinite spatial
extent. We have also tested the case of the same nanobullet
on a metal substrate and found that the impact of PML modes
is a little less stringent; see Supplemental Material, Sec. 5.4.

Figure 4(b) shows the visible spectrum computed with
our QNM solver in the spectral interval [0.1 ωp, 0.7 ωp]. In
comparison with Fig. 1(a), in which PML modes are simply
distributed along a tilted straight line, the spectrum appears
more complex. The first salient feature is that it includes
several vertical branches that are regularly spaced along the
horizontal axis. To intuitively understand their origins, we
recall from the discussions in Sec. II A that one class of PML
modes originates from the continuum of background modes
that, for Fig. 4, include slab waveguide modes. We believe that
the multiple branches are remnant of the PML-transformed
waveguide modes of the semiconductor slab that is truncated by
PMLs for numerical purpose. Note that similar branch patterns
in the complex plane were also observed for 1D gratings due
to the existence of different diffraction orders; see Fig. 11 in
Ref. [29].

The second salient feature of the spectrum is the entangle-
ment between PML modes and QNMs, which set close to one
another in the complex plane. To discriminate these modes, we
exploit the crucial difference between QNMs and PML modes:
QNMs are insensitive to PML-parameter variations, whereas
PML modes are sensitive. Specifically, QNMs and PML modes
are identified by contrasting modes computed with differ-
ent PMLs. Details are provided in Supplemental Material,
Sec. 3.4.

Figure 4(c) shows the scattering cross-section σsca com-
puted by neglecting or including PML modes in the reconstruc-
tion. As expected, we observe that by retaining only QNMs in
the expansion, it is not possible to accurately predict σsca; see
the large difference between the blue curve and numerical data
obtained with the frequency solver of COMSOL MULTIPHYSICS.
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Quite the contrary, it is necessary to retain as many as 200 PML
modes in the expansion to achieve a quantitative prediction
of the scattering cross section. The same predictive force is
obtained in Fig. 4(d) for the far-field radiation diagram into the
free-space modes above and underneath the slab and into the
guided modes that are launched into the slab. Details on how
the accuracy increases by progressively adding PML modes in
the expansion are provided in Supplemental Material, Sec. 5.3;
see Fig. SI.7. In this supplemental section, we additionally
study the convergence rate of a similar geometry in which
the same nanobullet is placed above a metal substrate (in
replacement of the semiconductor slab); see Fig. SI.8. The
intercomparison of the two geometries evidence that the slab
case has a slower convergence performance as a function of
the number of retained eigenmodes in the expansion. We thus
consider that the present example, obtained for a 3D dispersive
resonator in a nonuniform background and for a complex
spectrum that entangle PML modes and QNMS, constitutes a
strong evidence of the generality and soundness of the present
method.

V. CONCLUSION

By providing faithful predictions of the dynamics of
plasmonic nanoresonators for the general case of complex
geometries placed in nonuniform backgrounds, the present
QNM-expansion formalism takes an important step toward the
deployment of modal theories for analyzing nanoresonators. It
features two main building blocks: a FEM-based QNM solver
that is robustly applicable for dissipative, dispersive nanores-
onators, and a general expression of the modal excitation
coefficient for reconstructing scattering fields. The formalism
combines the well-known advantages of modal approaches,
namely a clarification of the physics as the numerical and

physical basis are the same, and an excellent computational
performance especially when moderate accuracy is required,
when the resonator response is driven by a few dominant modes
[15], or when the nanoresonator responses need to be explored
for various instances of the driving fields.

Further developments may include refinements of the
numerical method, for instance by incorporating dispersive
PMLs [1] that allow the computation of QNMs over an
extended spectral range. They may also include extensions
toward important new applications of nanoresonators at the
interface between photonics and other areas of physics, e.g.,
optomechanical cooling and charge-carrier coupling [52], for
which the QNM-expansion formalism is expected to be a smart
approach to represent photonic freedoms with dynamically
changing modal coefficients that reveal the complex dynamics
of the coupled system.
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