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Rotational strain in Weyl semimetals: A continuum approach
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We use a symmetry approach to derive the coupling of lattice deformations to electronic excitations in three-
dimensional Dirac and Weyl semimetals in the continuum low-energy model. We focus on the effects of rotational
strain and show that it can drive transitions from Dirac to Weyl semimetals, gives rise to elastic gauge fields, tilts the
cones, and generates pseudo-Zeeman couplings. It also can generate a deformation potential in volume-preserving
deformations. The associated pseudoelectric field contributes to the chiral anomaly.
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Dirac and Weyl semimetals (WSMs) [1-4] are three-
dimensional crystalline materials whose band structure shows
nontrivial band crossings close to the Fermi level. Their low-
energy excitations around these points are described by a Weyl
Hamiltonian [5] H: = dvpo - p and realize the high-energy
predictions of chiral physics: giant negative magnetoresistance
as a consequence of the chiral anomaly [6-9], chiral magnetic
effect [10], and even signatures of mixed gravitational anomaly
[11].

The locations of the Weyl points in momentum space
determine the character and stability of the material. Dirac
semimetals, the first realized experimentally, have the chiral
pairs located at the same point in the Brillouin zone (BZ).
Weyl semimetals (WSMs) have the Weyl nodes separated
either in energy [inversion (Z) breaking] or in momentum
[time-reversal (7") broken]. They are classified into type I and
type II depending on the tilt of the Weyl nodes [12]. Strain
has a strong influence on the band structure of topological
semimetals and can drive transitions between them [13-15].
In this Rapid Communication, we use a symmetry approach
to derive effective low-energy electron-phonon Hamiltonian
interactions in Dirac and WSMs. In particular, we will see that
lattice distortions can induce transitions between type-I and
type-Il WSMs and rotational strain is able to make transitions
from a Dirac to Weyl semimetal.

The minimal low-energy effective Hamiltonian describing a
WSM with only two nodes of + chiralities separated in energy-
momentum space by a vector (b°,b) is

Hy = £[6(k £ b)] £ byoo, (1

where o are the Pauli matrices and o is the identity. The vector
b is an important intrinsic parameter of the WSM. The spatial
components break 7 while the time component by shifts the
cones to different energies and breaks Z [16].

The deformation of a medium is described in elasticity
theory [17] by the displacement & of a point at position X
relative to an arbitrary origin Xo. The deformation gradient
tensor (or displacement gradient) ;; is defined by the first-
order term in a Taylor expansion, u;(X) = u;(Xo) + @;;dx;,
i,j ={1,2,3}, 4i;; = 0;u;. For infinitesimal displacements,

2469-9950/2018/97(20)/201404(4)

201404-1

lit;j| < 1, the symmetric part defines the strain tensor,
uij = 1/2(0;u; + 9;u;), (2)

where u; is the phonon vector field. Within elasticity theory,
each derivative of the deformation gradient tensor is suppressed
by a factor of order O(a/A), where X is the wavelength of the
deformation and a is the lattice constant.

Effective low-energy interactions between lattice deforma-
tions and electronic excitations are organized in derivatives of
the electron field and of the deformation gradient tensor. Any
term respecting the symmetries of the system is allowed. In the
WSM case the Weyl nodes are often located at points with no
particular symmetry. We will restrict ourselves to this case and
perform a construction based on the continuum model where
the only symmetries are rotations in the plane perpendicular
to the vector b. We will construct effective Hamiltonians such
that

H=H()+ZgiHi+Zgiﬁia 3)
i i

where H is givenin Eq. (1), and H; are given in Tables I and II.
We have separated the couplings associated with the antisym-
metric components of the strain gradient tensor (Table I) which
are the main contribution in this work, from these associated
to the symmetric part (the standard strain tensor) (Table II).
The last are similar to these extracted for graphene in Ref. [18]
and will be included at the end of this Rapid Communication
for completeness and to show the differences arising from
the antisymmetric components. Coupling constants remain
arbitrary in this symmetry construction. They have to be
computed with a microscopic model such as the tight binding
(TB) presented in Refs. [19,20], calculated ab initio, or fixed
by experiments.

In three dimensions (3D), the antisymmetric part of the
gradient deformation tensor w;; = 1/2(d;u; — d;u;) is related
to infinitesimal rotations represented by a vector Q by the
expression w;; = €;;; 2, which can be inverted to give ; =
1/2¢;jrw;;. It is easy to see that the vector €2 is related to the
deformation vector u; by

Q= LV x il @
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TABLE 1. Lowest-order effective low-energy Hamiltonians for
the electron-strain interactions around a 3D Weyl node associated
with the antisymmetric part of the gradient deformation tensor.

H;  (ng,ng) Interaction term Physical interpretation K,
H, (0,0) Q- l; Deformation potential +
H, (0,0) o - 52 G- ( Q) Pseudogauge potentials — —
H; 0,1) Q- l? (I; X ) k Dirac cone tilts —
H, 0,1) w;joik; It is zero +
H; (1,0) €ijioikj Ay Pseudo-Zeeman term —

In fluid mechanics where # represents the fluid velocity, Q
is the vorticity vector. This pseudovector is invariant under
parity (inversion in 3D) and will couple with opposite sign to
the two chiralities similarly to the vector b. Contrary to the
standard pseudogauge field Hy; [20] in Table II, the vector
2; does not depend on the separation of the Weyl nodes
in momentum space and its couplings will also affect Dirac
semimetals. Rotational strain provides two extra vectors to
construct effective Hamiltonians in the symmetry approach.
The rotation vector itself €2 will generate couplings affecting
equally the Dirac and Weyl semimetals. 7-broken WSMs will
also form couplings through the vector b x €. The lowest-
order terms in a derivative expansion are written in Table I.

The second column in the table indicates the number of
derivatives acting respectively on the strain tensor (7,) and on
the spinor wave function (ny). The effective Hamiltonians are
referred to one of the Weyl points. The column K, indicates
the relative sign that the terms would have in an effective
Hamiltonian built around the other chirality. _

Scalar potential. The term Hj(u) = Q2 - b is a rotational
contribution to the deformation potential. It implies that a
scalar potential can be generated from volume preserving
deformations if local rotations are involved. We will later give
a physical example of this situation.

Vector potentials. Rotational strain will generate two axial
gauge fields. The first coupling Hamiltonian H, = 0;€2; will
affect the Weyl node separation. Being independent of b, it
implies that rotational strain can make a transition from Dirac
into WSMs similar to that discussed in Ref. [21]. The second
vector potential involves the Weyl node separation b; and is
the analog to the one in Hy; of Table II, A? = w;;jb;. Using

the definition of €2, this vector can be written as A! = w;jb; =
Eiijkbj = (b X Q)i.

TABLE II. Lowest-order effective low-energy Hamiltonians for
the electron-strain interactions around a 3D Weyl node associated
with the strain tensor.

H; (ng,n;) Interaction term Physical interpretation K, Ref.
H  (0,0) Tr(u) Deformation potential 4+ [23]
Hy; (0,00 0iA;, A; = uijb; Pseudogauge field — [20]
I-le,o (0,0) o%4, Pseudoscalar gauge potential — [24]
Hy, (0,1) k' A; Dirac cone tilt — New
H,@ (0, u;joik; Anisotropic Fermi velocity + [25]
H; (1,0) €10k Ay Pseudo-Zeeman term — New

Tilt. A tilt of one cone is described in the low-energy
Hamiltonian as Hr = W;k;, where W is the tilt velocity.
This term also breaks 7 and it is another intrinsic parameter
characterizing a given WSM. So far we have omitted the Fermi
velocity. In the most general case, the Hamiltonian around one
node will have the form

H = Z vijkio; + (Wik;), Q)
i,j

where i, j = {1,2,3}. The dispersion relation is

EK) = (6)

2,-: Wik; + 2}: (Z vijki)z.

When
AWI/viD > 1, @)

the linear dispersion relation along the direction of the tilt will
be overturned, the system develops a finite density of states,
and the Weyl semimetal becomes type II [12].

Both vectors 2; and (b X Q), induce opposite tilts in the
two nodes. As before, being independent of the Weyl node
separation, the coupling €2;k; will tilt the cones in any Dirac
material not protected by lattice symmetries.

H,. An interesting observation concerns the coupling Hy =
w;jo;k;, involving the antisymmetric part of the deformation
gradient tensor that would affect the Fermi velocity. As it
was shown in Ref. [18], the antisymmetric contribution to
the Fermi velocity vanishes in the 2D case. We will see
that it also vanishes here but for a different reason. Consider
the generic Hamiltonian H = €;;;0;k; Vi, where €;j; is the
3D Levi-Civita tensor and Vj is an arbitrary vector field (it
can be a constant). Due to the anticommutation relations
0;0; = i€ 0x + J;j, and using the symmetric convention
for the derivatives acting on the electron fields, ¥k, —
—i 2001, W) = —i/2(¢ 18y — 8y, a spinor rotation
W — exp(i/2Vio,)W cancels the antisymmetric term, leaving
behind a term proportional to the divergence of V. Depending
on the character of the vector V/, this term will contribute to the
deformation potentlal H, (V is a vector) or to the pseudoscalar
term by in H2 o in Table IT (V is a pseudovector).

The Hamiltonian Hj is a particular case of the previous
generic Hamiltonian. Using the definition of Q, this term be-
comes H = ¢€;,,£2,,0:k;, which can be rotated to Hy = vV.Q.
Being the divergence of a curl, this term is zero. Nevertheless,
other expressions following the same structure will produce
nonvanishing terms that contribute to by.

Strain-independent term and by contributions. Another in-
teresting example of the previous type of couplings is the strain-
independent term linear in k that can accompany the Weyl
Hamiltonian of Eq. (1), Hyj = €;;x0;k;b;. When the derivative
acts on the spinor fields, this term can be rotated to HS = V.-b
and will induce a pseudoscalar potential similar to by at the
boundary of the sample where the separation between the
nodes goes to zero. This term breaks inversion symmetry and
will induce an energy separation between the nodes. When
strain is applied, b; — ﬁijbj = A,‘ = (uij + wij)bj, and the
field b ~ d; A; will be inhomogeneous through the sample.
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This contribution to by is of higher order in derivatives of the
strain than the one described by H, .

Pseudo-Zeeman coupling. As in the previous (1,0) case,
without strain, a Zeeman term can be constructed with the
previous Hamiltonian H(‘f)) = ¢€;;0;k;by with the derivative

acting on the vector b separating the Weyl nodes. Although
b is constant inside the sample, it will always go to zero
at the boundary of finite samples, giving rise to an effective
pseudomagnetic field confined to the boundary as the one
discussed in Ref. [22]. Consider as an example a cylinder of
WSM of height L and radius @ with the simplest configu-
ration b = zb,®(a — |r|). The corresponding magnetic field
will point in the azimuthal direction and be proportional to
By ~ b,6(a — |r|). There will be an associated Zeeman term
H(()l = Oy B@.

For completeness, we will add the electron-phonon cou-
plings H; of Eq. (3) associated with the standard strain tensor
u;; defined in Eq. (2). The lowest-order terms are shown in
Table II. Some of them have already been discussed in the
literature in the context of WSMs. although others are new.
The reference where they were first described is shown in the
last column of the table.

The elastic vector potential described in Hy, A = u; ibj,
was first derived in Ref. [20], which was followed by a
number of works discussing their physical consequences and
performing WSM straintronics [23,24,26-33]. This is the
simplest term that can written for any 7 -broken WSM. In
materials where Weyl points are located at high symmetry
points protected by lattice symmetries, other forms of the gauge
potentials Hy; could arise as these discussed in Ref. [32].

The term H; will tilt the cones of an originally untilted WSM
in opposite directions. But strain will also modify a preexisting
tilt W;, making it inhomogeneous through the sample, W; —
Wix) = W; + u;jW;. This term opens the possibility of a
strain-induced Lifshitz transition, i.e., going from type I to type
II by applying strain. Since the Fermi velocity is also strain
dependent, the condition for the transition in Eq. (7) becomes
It ]l > 1, where t; = (cA; + W[)(ﬁ_l)[j and lj,'j = v;j + u;j is
the space-dependent Fermi velocity Hjy.

The (1,0) order term Hs can be identified as a pseudo-
Zeeman coupling Hz = o - B® of the pseudomagnetic field
defined in Hy;, B* =V x A.

Physical example. A rotational strain applied to a wire of
WSM was discussed in Ref. [26]. The purpose of that work
was to discuss pseudo-Landau-level physics, hence the strain
constructed was such as to generate a constant pseudomagnetic
field of the type H,. We will see the extra terms arising
in this situation. A tight-binding construction provided a
material with two Weyl nodes separated in k; by a vector
b = bii,. Assuming a wire of WSM of length L with an axis
along the z direction, applying torsion to the crystal prepared
in a wire geometry, the displacement vector in cylindrical
coordinates is

i = 9%(7 x 2), 8)

where 0 is the twisted angle and 7 denotes the position relative
to the origin located on the axis of the wire (a representation
of the deformation is shown in Fig. 1.). It is easy to see that the

FIG. 1. Schematic representations of the lattice deformation de-
fined in Eq. (8) obtained by applying torsion to a WSM crystal
prepared in a wire geometry as described in the text.

strain tensor associated with the deformation (8) is traceless, so
there will not be a deformation potential H;. The vector poten-
tial 15125 and the corresponding uniform pseudomagnetic field
are A = %(y, —x,0), B’ = —%bﬁz. The rotation vector €2 of
Eq. (4) is given by Q = %% x il = £(x,y, —22). According
to our previous discussion, the deformation potential associ-
ated with the antisymmetric part of the deformation gradient
is P(u)=0>b-Q = —%bz. Even though the applied strain is
traceless, it is able to produce a deformation potential through
the rotation vector. Without time-dependent deformations, this
deformation potential will induce an electric field parallel to
the ps:audomagnetic field B*, E* = — % = %bﬁz. The product
E® - B will not ignite the chiral anomaly because, unlike the
pseudomagnetic field B*, the field E* couples with the same
sign to the two Weyl nodes and the contribution from the two
nodes cancels. Charge will flow between the two nodes in the
presence of a real magnetic field B, from the anomaly equation
[34]

2
> - e e 2, D

where E;, B, are strain-induced pseudoelectric and pseudo-
magnetic fields.

Due to the contributions of Hj, the deformation in Eq. (8)
will induce at each _node of chirality + a tilt of velocity,
wW* = +[g1A + g2(b x ) + g3$2], where g; are the coupling
constants. It is interesting to note that the total vector potential
A,- =1;;b; would be zero if the interaction Hy; = 0;A; and
the antisymmetric contribution would come with the same
coupling constant (ii;3 components are zero). In this case, the
only effect of strain would come from the deformation potential
and its associated pseudoelectric field discussed previously.

The orbital character of the TB models in WSMs makes
rotational strain particularly relevant as opposed to the situation
in graphene and similar 2D materials having p, orbitals. Part
of the interest of the emerging axial vector fields associated
with strain lies on the possibility of generating elastic or mixed
electromagnetic-elastic responses as the ones discussed in the
early works [13,19,35]. We have seen an example of this
physics in the physical example, where the deformation po-
tential generated from rotational strain in a volume-preserving
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deformation generates an electric field able to ignite the chiral
anomaly.

Summarizing, we have shown electron-phonon couplings
associated with rotational strain in three-dimensional Dirac
matter that enrich the potentials of straintronics, are able to
generate anomaly-related currents, and may induce transitions
between different topological semimetals.
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