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Appearance of the octupole ordered phase IV in CexLa1−xB6
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We investigated the physical properties of CexLa1−xB6 at x ∼ 0.8, below which the Tβ -type antiferro-octupole
(AFO) ordered phase IV appears as a result of the larger suppression rate of TQ than TN by La doping. The most
important result is that while the peak of the specific heat at TQ is rapidly suppressed and broadened by La doping,
that at TIV is sharp and large. This indicates that although the Tβ -AFO order in the phase IV is robust against the
local lattice distortion induced by La doping, the Oxy-type antiferroquadrupole (AFQ) ordered phase II is very
weak. The Txyz-AFO interaction is robust against La doping from the observation of the pronounced enhancement
of TQ even in a small x region. Based on these La-doping effect of the multipole interactions, we carried out the
mean-field calculation for the four-sublattice model to reproduce the magnetic phase diagrams of CexLa1−xB6.
Based on the calculated results, we propose that the small splitting of the quartet is induced by La doping in phase
I to explain the magnetic phase diagram for x < 0.65. We could obtain the calculated results roughly consistent
with the experimental results, although there appear new problems. We classified the mechanisms of the four
different types of the competition among the four interactions with roughly the same magnitude, which induce
the interesting and complicated properties in CexLa1−xB6.
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I. INTRODUCTION

The multipole order is one of the topics of the f -electron
systems [1–3]. Different from the magnetic order, the multi-
pole order is difficult to observe directly by the microscopic
measurements such as a neutron diffraction. Such a multipole
order is often called as a hidden order. By the progress of the
resonant x-ray-diffraction experiments, the direct observation
of the multipole order has been possible.

CexLa1−xB6 is one of the most famous compounds ex-
hibiting unusual multipole orders. Figures 1(a) and 1(b) show
the schematic pictures of the magnetic phase diagrams of
CeB6 and Ce0.7La0.3B6, respectively, and Fig. 1(c) shows the
x dependence of the transition temperatures of CexLa1−xB6

[4–26]. Three phases exist in CeB6: phase I is paramag-
netic, phase II is the Oxy-type antiferroquadrupole (AFQ)
ordered phase, phase III is the 2-k-k′ antiferromagnetic (AFM)
ordered phase. The I-II phase boundary TQ is unusually
enhanced by magnetic field. The magnetic phase diagram of
Ce0.7La0.3B6 is also unusual; phase IV exists at low magnetic
fields and phases III and II are shifted towards higher magnetic
fields. As for the x dependence of the transition temperatures,
TQ and TN are suppressed by La doping as is seen in Fig. 1(c).
Since the suppression rate of TQ is larger than that of TN, these
two transition temperatures seem to coincide with each other
at x ∼ 0.8. For x < 0.8, phase II disappears and phase IV
appears. Recently, it was reported that the above x dependence
of the transition temperatures at x ∼ 0.8 is not correct [3]
which will be discussed later.

At the early stage, the detailed nature of phase II was
not known and extensive studies were performed to clarify
the microscopic nature of this phase. At the early stage, the
crystalline electric-field (CEF) level scheme was not correct.
This also made the clarification of phase II difficult [5,27]. In
phase II, the long-range order (LRO) could not be observed
by the neutron diffraction at H = 0. However, by the NMR
and neutron-diffraction experiments, it was discovered that
the antiferromagnetic moment (MAF) component is induced
by magnetic field and the results were understood as the AFQ
order [28–30]. However, there remained the discrepancy in the
understanding of the results between the neutron diffraction
and NMR. The former indicated single k = [ 1

2
1
2

1
2 ] order

[29,30] and the latter was analyzed by assuming triple-k
order [28]. Theoretically, Hanzawa and Ohkawa proposed
the AFQ or the orbital order. Hanzawa proposed AFQ order
with the �7 doublet ground state and could reproduce the
enhancement of TQ with magnetic field [31,32]. Hanzawa’s
model is, in some sense, similar to the singlet ground-state
problem exhibiting magnetic or quadrupole order through the
excited states [33–36]. However, the CEF ground state was
found to be the �8 quartet by the inelastic neutron scattering,
etc. [37,38]. Ohkawa, assuming the �8 ground state correctly,
first pointed out the essential importance of the higher-order
interaction originating from the spin and orbital degeneracies,
by which TQ is enhanced by magnetic field [39,40]. Shiina
et al. showed more rigourously that the octupole interaction
plays an essential role in phase II [41,42]. While the magnetic
field induced MAF was discussed by Hanzawa and Ohkawa,
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FIG. 1. Schematic pictures of magnetic phase diagram of (a)
CeB6 and (b) Ce0.7La0.3B6, (c) x dependence of the transition
temperatures of TQ, TN, and TIV in CexLa1−xB6 at H = 0.

the details of the relation between the applied magnetic field
and the direction of MAF were not discussed. Here, we note the
following: (1) Rossat-Mignod pointed out that the sixth order
in the exchange interaction is necessary to construct the 2-k-k′
AFM structure in phase III [30]; (2) Erkelens et al. observed
that MAF ‖ [001] is induced by H ‖ [110] and proposed the
Oyz or Ozx AFQ order [43].

Sakai et al. explained the discrepancy of the ordering vector
between neutron diffraction and NMR by the coexistence of
the Oxy-type AFQ order and the Txyz-type antiferro-octupole
(AFO) order [44,45]. Thus, the importance of the higher-order
multipole interactions was revealed. These were confirmed by
the resonant x-ray-scattering experiments [46,47]. By assum-
ing the Oxy-type AFQ order and introducing the Txyz-type AFO
interaction, many of the characteristic properties of both phases
of III and II could be explained by the mean-field calculation
for the four-sublattice model in which the Txyz-type AFO
interaction coexists with Oxy-type AFQ and AFM interactions
[48–50]. The fluctuation effect induced by the multipole
interactions was also investigated both experimentally and
theoretically [51–55].

In the course of the studies of CexLa1−xB6, phase IV was
discovered. This phase exhibits the following characteristic
properties: a peak of χ at TIV [15,16]; a large peak of the
specific heat at TIV accompanied with a large magnetic entropy
[21,24]; a large softening of the elastic constant C44; no
magnetic order [56–60]. Kubo and Kuramoto proposed the
Tβ-type AFO order which could explain the above characteris-
tic properties consistently [61,62]. This Tβ-type AFO order
was verified by the resonant x-ray- and neutron-diffraction
experiments [63–66].

The interesting properties in CexLa1−xB6 were induced
by the coexistence and competition among the four different
kinds of interaction, i.e., Oxy AFQ, Txyz AFO, AFM, and
Tβ AFO, with roughly the same magnitude. Generally, the
Ce-Ce interaction is reduced by La doping in Ce compounds.
Nevertheless, in the present system, the Tβ AFO interaction
whose existence could not be recognized in CeB6 plays the
essential role for x < 0.8. This indicates that the x dependen-
cies of the four interactions are different. (1) The first purpose
in the present paper is to clarify how phase IV appears at
x ∼ 0.8 and the details of the competition between the Tβ AFO
interaction and the other three interactions experimentally and
we performed the detailed experimental studies focused on the
x ∼ 0.8 region. The physical properties of CeB6 and phase
IV themselves were investigated in detail by the mean-field
approximation [48,61,62]. However, the effect on phase IV by

the other three interactions have not been studied in detail.
(2) The second purpose is to clarify the mechanism of the
competition between Tβ AFO and the other three interactions
within the framework of the mean-field approximation and we
performed the mean-field calculation for the four sublattice
model with the four different types of interactions.

II. EXPERIMENT

Single crystals of CexLa1−xB6 (x = 0.82, 0.8, 0.75, 0.7,
0.6) were prepared by a floating zone method. The specific
heat was measured by using a physical property measurement
system (PPMS) above T = 0.4 K. The magnetization was
measured by the superconducting quantum interference device
(SQUID) magnet meter [magnetic property measurement sys-
tem (MPMS)] down to 1.8 K and below 5 T at the ambient
pressure and was measured by the home-made extraction
method down to 1.4 K and under pressure up to 1 GPa. The
electrical resistivity was measured by the usual ac four-probe
method in magnetic field up to 14.5 T and down to 0.4 K using
a 3He refrigerator.

III. EXPERIMENTAL RESULTS

A. Specific heat of CexLa1−xB6

The temperature (T ) dependencies of the specific heat (C)
of CexLa1−xB6 in zero magnetic field are shown in Fig. 2(a). In
CeB6, a peak of C is sharp both at TQ = 3.3 K and TN = 2.3 K.
A peak height at TQ is much smaller than that expected from
the splitting of the �8 quartet. This is due to the large short-
range-order (SRO) effect above TQ. A peak at TQ is rapidly
suppressed by La doping. For x = 0.85, although a sharp peak
is observed at TN = 1.9 K, only a broad shoulder appears at
TQ = 2.2 K. For x = 0.82, although only one sharp peak is
observed at TN = 1.8 K at first sight, TQ at H = 0 exists a little
above TN at H = 0, which will be shown later. For x = 0.8, two
rather sharp peaks are observed at TN = 1.6 K and TIV = 1.7 K.
Thus, while phase II disappears at x ∼ 0.81, in place, phase IV
appears for x < 0.8. For x = 0.75, a sharp peak is observed at
TIV = 1.6 K and a tiny peak at TN = 1.1 K. For x = 0.7, only
one sharp peak is observed at TIV = 1.4 K. For x = 0.6, a peak
at TIV = 0.93 K is very broad due to a much larger amount of
La doping.

The T dependencies of C of Ce0.82La0.18B6 for H ‖ [001]
are shown in Fig. 2(b). While a sharp peak is observed at TN =
1.8 K, the anomaly at TQ is almost impossible to recognize at
H = 0. However, by applying magnetic field of H = 0.1 T,
a small shoulder appears at TQ ∼ 2.0 K and is enhanced with
increasing magnetic field.

The T dependencies of C of Ce0.8La0.2B6 for H ‖ [110]
are shown in Fig. 2(c). Although at H = 0, the two peaks are
observed at TN = 1.6 K and TIV = 1.7 K, at H = 0.6 T, TIV

disappears and a very sharp peak and a broad one are observed
at TN = 1.65 K and TQ ∼ 2 K, respectively. At H = 1.2 T, the
three peaks are observed at TN2 ∼ 1.4 K, TN ∼ 1.55 K, and
TQ ∼ 2.5 K. TN2 originates from the transition inside phase III.
At H = 2 T, the two sharp peaks at TN ∼ 1.3 K and TQ ∼ 3 K
are observed. Here, we note that a peak at TN is small for
H < 0.4 T whereTN < TIV and is large and sharp forx > 0.6 T
where TN < TQ.
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FIG. 2. Temperature dependencies of the specific heat (C) of
CexLa1−xB6 in zero magnetic field, (b) Ce0.82La0.18B6 for H ‖ [001],
and (c) Ce0.8La0.2B6 for H ‖ [110]. In (a), the result of CeB6 is cited
from Ref. [17] and TQ = (2.3,1.90,1.79) K and the magnitude of C at
TQ = (33,44,55) J/mol CeK for x = 1, 0.85, and 0.82, respectively.

B. Magnetic and transport properties of CexLa1−xB6

Figures 3(a)–3(d) show the T dependencies of the mag-
netization (M) of CexLa1−xB6 (x = 0.85,0.82,0.8,0.75) at
low magnetic fields, respectively. For x = 0.85, M exhibits
an increase below TQ and a decrease below TN. The anomalies
at TQ and TN are enhanced by magnetic field. For x = 0.82,
an increase is observed below TQ, which is enhanced with
increasing magnetic field. For x = 0.8, TIV at which a peak
is observed appears and exists up to 0.3 T. Above 0.4 T, TQ

appears in place of TIV. A large enhancement is observed
below TN. For x = 0.75, only one transition is observed at TIV

below 0.4 T. Above this field, TN appears and it is enhanced by
magnetic field. Above 0.7 T, TQ appears, which is considerably
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FIG. 3. Temperature dependencies of magnetization of (a)
Ce0.85La0.15B6 for H ‖ [001], [110], and [111], (b) Ce0.82La0.18B6

for H ‖ [001], (c) Ce0.8La0.2B6 for H ‖ [001], and (d) Ce0.75La0.25B6

for H ‖ [001].

enhanced with increasing magnetic field. It is noted that in a
narrow field region between 0.7 and 0.72 T, the successive
transitions III ← IV ← II ← I are observed.
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FIG. 4. Temperature dependencies of the electrical resistivity of
(a) Ce0.85La0.15B6 for H ‖ [110] and (b) Ce0.8La0.2B6 for H ‖ [001].

Figures 4(a) and 4(b) show the T dependencies of the elec-
trical resistivity (ρ) of CexLa1−xB6 (x = 0.85,0.8), respec-
tively. For x = 0.85, although a kink at TQ is clearly observed
at high magnetic fields, it is quite difficult to recognize below
0.1 T, indicating the very small splitting of the �8 quartet at low
magnetic fields in phase II. On the other hand, the decrease of
ρ below TN is clearly observed, due to the large splitting of the
energy levels below TQ. For x = 0.8, the two transitions are
recognized at TN and TIV. At H = 0.4 T, TIV disappears and
only one steep decrease is observed below TN. At H = 0.5 T,
the two anomalies are observed at TN and TQ.

C. Magnetic phase diagrams and x dependencies of transition
temperatures of CexLa1−xB6

Figure 5 shows the magnetic phase diagrams of
CexLa1−xB6 obtained from the present results. With decreas-
ing x, TQ approaches TN due to the larger suppression rate of
TQ by La doping. However, just before TQ = TN is realized,
phase IV appears at low magnetic fields. Once phase IV
appears, the region of phase IV expands rapidly towards the
low-temperature region with decreasing x. Above H ∼ 1 T,
the successive phase transition of I → II → III takes place
from the higher temperature side, independent of x. However,
in the low magnetic field region, a drastic change appears due
to the appearance of phase IV. The H dependence of TQ at
low magnetic fields is changed below and above x ∼ 0.81.
For x > 0.82, it is convex. On the other hand, for x < 0.8, it
is concave. These suggest that although the I → II transition
appears easily for x > 0.82, it is difficult when phase IV exists
at low magnetic fields. We note that for x > 0.82, although
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FIG. 5. Magnetic phase diagrams of CexLa1−xB6 for (a) x =
0.85, (b) x = 0.82, (c) x = 0.8, and (d) x = 0.75. For x = 0.85, 0.8,
and 0.75 H ‖ [110] and for x = 0.82, H ‖ [001].

the I → II transition is very sharp at high magnetic fields as in
CeB6, it is very weak and broad at low fields below ∼0.1 T.
We also note that the II-IV transition exists at finite magnetic
fields for x = 0.8 and 0.75 as if it appears to avoid the direct
transition from phase I to III.

Figure 6 shows the x dependencies of the transition temper-
atures, TQ, TN, and TIV of CexLa1−xB6 at H = 0. Previously,
although the continuous x dependence of TN and TIV through
x ∼ 0.8 was reported, as if there exists the quadruple-critical
point [16,19,22], the present results deny the existence of the
quadruple-critical point as was recently reported by Cameron
et al. [3]. In the inset of Fig. 6(a), the conjectured x depen-
dencies of the transition temperatures at x ∼ 0.81 at H = 0
are shown. The direct I → III transition does not exist but
another phase of IV or II exists between I and III independent
of the x value, which is drawn by a black solid line. The
negative slope of the II → IV phase boundary, which is shown
in the inset of Fig. 6(a), is expected from the successive phase
transitions of I → II → IV → III as observed from the higher
temperature side at H ∼ 0.7 T in Ce0.75La0.25B6 in Fig. 3(d).
Since the I → II and I → IV phase transitions are of second
order, the II → IV transition is expected to be first order.
However, this is not clear at present because only a broad peak
is seen at TIV-II in the M-T curve, which could be due to the
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(b) x dependence of TQ at H = 14 T cited from [22].

randomness effect induced by La doping. At high magnetic
fields, the Txyz-type AFO interaction enhances the Oxy-type
AFQ interaction. Although TQ at H = 0 is rapidly suppressed
with decreasing x, TQ at H = 14 T remains down to x ∼ 0.3.

IV. DISCUSSION

A. x dependencies of the Ox y-AFQ, Tx yz-AFO, AFM, and
Tβ -AFO interactions in CexLa1−xB6 and appearance of phase IV

First, we discuss the origin of the different La-doping effect
on the multipole interactions in CexLa1−xB6. The suppression
of the transition temperatures by La doping exhibits the
different behaviors. It is large for TQ but is small for TN

and TIV. The La-doping effect on the peak shape of C at
the transition temperatures is also different. That of C at
TQ is rapidly suppressed and is broadened by La doping.
On the other hand, that at TIV remains sharp and large at
least down to x = 0.7, nevertheless x = 0.7 is much smaller
than x = 0.82. Namely, hase IV is robust against La doping
and TIV is not distributed, but phase II is very weak and TQ

is distributed significantly. This suggests that although the
perpendicular alignment of the anisotropic Oxy-quadrupole
moment in phase II is easily destroyed by the local lat-
tice distortion induced by La doping, the ferroalignment of
the Oxy + Oyz + Ozx-quadrupole moment accompanied with
the Tβ-type AFO order in phase IV [61,62] is robust against the
local disturbance although the Oxy + Oyz + Ozx-quadrupole

FIG. 7. Schematic pictures of the magnetic phase diagrams of
CexLa1−xB6: (a) x ∼ 0.82, (b) x ∼ 0.8, and (c) x ∼ 0.7.

moment is anisotropic. Due to the large randomness effect
induced by La doping, TQ is distributed significantly. This
leads to the broad peak of C at TQ. The Txyz-type AFO
interaction, which plays an important role in magnetic fields,
is also robust against La doping regardless of the AFO order
as is seen in Fig. 6(b). The pronounced enhancement of TQ by
magnetic field observed even in a small x region down to 0.37
[20] also supports the robustness of the Txyz-AFO interaction
against La doping. This is because the Txyz-octupole moment
is rather spherical as is seen from Txyz ∝ JxJyJz. The AFM
exchange interaction is also strong against La doping because
this interaction is isotropic, in principle. Thus, as for the
different suppression rate of the transition temperatures by La
doping, there seems to exist the following tendency. Although
the ferromultipole order and the AF-multipole order by rather
spherical multipole moment are robust against the local lattice
disturbance induced by La doping, the AF-multipole order by
the anisotropic multipole moment is weak against the local
disturbance. If the AFM order appears in place of phase IV in
CexLa1−xB6, the collinear AFM structure might be realized.
However, experiments show that not the collinear AFM order
but the phase IV appears at x ∼ 0.8. This is consistent with the
expectation of TIV > TN as is suggested in Fig. 6(a).

The magnetic phase diagram of CexLa1−xB6 is drastically
changed below x ∼ 0.8 as is shown in Fig. 7. Once phase
IV appears, phase II is shifted towards the higher magnetic
fields. For x = 0.7, both phases III and II exist only at the
finite magnetic fields. At x ∼ 0.8 where phase IV appears,
the magnitudes of the four interactions should be roughly the
same and the competition among these interactions should be
complicated. To understand the results of CexLa1−xB6, the x

dependence of the Oxy-AFQ, Txyz-AFO, AFM, and Tβ-AFO
interactions should be known and how these interactions work
cooperatively or compete with each other should be clarified.

B. Mean-field calculation for the four-sublattice model to
reproduce the magnetic phase diagrams of CexLa1−xB6

To obtain the information on the competition among the four
different interactions, we carried out the mean-field calculation
for the four-sublattice model that includes the four interactions
of the Oxy−AFQ, Txyz-AFO, AFM, and Tβ-AFO. The ran-
domness effect induced by La doping could not be taken into
account. We use the bare transition temperatures of T 0

Q, T 0
xyz,

T 0
N, and T 0

b when we discuss the magnitude of the Oxy-AFQ,
Txyz-AFO, AFM, and Tβ-AFO interactions. T 0

Q means the
Oxy-AFQ temperature when the Oxy-AFQ interaction exists
independently. To calculate the magnetic phase diagrams of
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CexLa1−xB6, it is necessary to know the x dependence of these
four interactions. For x > 0.82, it is not easy to determine the
appropriate magnitudes of the interactions because T 0

Q and T 0
N

are known from the experiments. However, for x < 0.8, it is
difficult because the transition temperature to phase IV is the
highest, where the ground state of phase IV is nonmagnetic
singlet. Thereby, we investigated the details of the magnitude
relation under the various conditions and based on these
results, we determined the magnitudes of T 0

Q, T 0
xyz, T 0

N, and
T 0

b for x < 0.8. Those used in the calculation are shown in
Fig. 14. The details are shown in the Appendix. The obtained
magnetic phase diagrams are shown in Figs. 16(a)–16(d).
The characteristics of the magnetic phase diagrams could be
reproduced by the calculation, although there remain several
problems to be solved.

For x > 0.82, the calculated results are consistent with the
experimental results rather well, as will be shown in Fig. 16(a).
This is because the Oxy-AFQ and Txyz-AFO interaction work
cooperatively and the AFM interaction is compatible with the
Oxy-AFQ order, when TQ is larger than TN.

For x < 0.8, the Tβ-AFO interaction with the nonmagnetic
singlet ground state plays an important role and competes with
the AFM and Oxy-AFQ interactions with the magnetic ground
state. This leads to the complicated competitions among
the four interactions. However, the magnetic phase diagrams
similar to the experimental results could be reproduced for
x < 0.8. For x = 0.8 and 0.75, phase IV appears above TN at
H = 0 and phases III and II in magnetic fields are consistent
with the experimental results, as will be shown in Figs. 16(b)
and 16(c), respectively. For x = 0.7, the ground state at low
magnetic fields is phase IV and phase III appears in finite
magnetic fields inside phase II, as will be shown in Fig. 16(d).

In the present calculation, we find the four different types
of the competition play an important role in CexLa1−xB6:
the competition (1) between the Oxy-AFQ order and the
Oxy + Oyz + Ozx-FQ order accompanied with the Tβ-AFO
order [67], and (2) between the AFM and FM orders (the
latter originates from the coexistence of the Oxy-AFQ and
Txyz-AFO orders), (3) between the magnetic (phase III) and
nonmagnetic (phase IV) ground states, and (4) between the
magnetic anisotropy, i.e., the easy axis along the fourfold
axis and the twofold one. The former originates from the CEF
effect and the latter from the coexistence of the Oxy-type,
Txyz-AFO, and AF exchange interactions. These four different
types of the competition make the ground state in CexLa1−xB6

very complicated.

C. Remaining problems

The calculated magnetic phase diagrams are roughly con-
sistent with the experimental results. However, there appear
the following problems. (1) Although for x = 0.8 and 0.75,
the AFM order is obtained as the ground state at H = 0, this is
not phase III in which the noncollinear AFM order with spins
along the twofold axis is realized. The calculated results show
the AFM order with the antiferrocomponent along the z axis
or that with spins along the fourfold axis. (2) A peak of the
magnetic susceptibility at TIV could not be reproduced, as will
be shown in Fig. 18(b). (3) Although the IV ← II transition in
magnetic fields is observed for x = 0.8 and 0.75 as is shown in

Figs. 5(c) and 5(d), the calculation could not reproduce this
type of transition. In the calculation under the condition of
T 0

b < T 0
Q, although the II → IV transition from the higher

temperature side appears at H = 0, this transition disappears
once the magnetic field is applied as will be shown in
Fig. 9(f-1). In the calculation, the successive phase transitions
of I → IV → II → III from the higher temperature side is
obtained as will be shown in Figs. 16(b) and 16(c). This
contradicts the experimental results in Figs. 5(c) and 5(d). (4)
For x = 0.7, TN in finite magnetic field inside the phase II is
much smaller than T 0

b at H = 0 T. This originates from the
rapid suppression of TQ under the Tβ-AFO order, as will be
shown in Fig. 12. However, this contradicts the experimental
results where these two transition temperatures are nearly the
same as is seen in Fig. 7(c). (5) When the magnitudes of
T 0

Q and T 0
xyz are close to each other, which is realized for

x > 0.8, the pronounced enhancement of the I-II transition
temperature in magnetic field is obtained as is seen in the
experiments. However, with decreasing x below 0.8, TQ is
rapidly suppressed. This leads to the rapid suppression of the
ratio of T 0

Q/T 0
xyz in the calculation. Then, the enhancement of

the I-II transition temperature in magnetic fields is reduced
rapidly with decreasing x and is expected to disappear for
x < 0.65 because the Oxy-AFQ and Txyz-AFO interactions
do not coexist in this x region as is seen in Fig. 15. These
contradict the experimental results, where even for x = 0.37,
the clear enhancement ofTQ is observed in magnetic fields [20].
To explain this discrepancy, we propose that the CEF splitting
could appear with decreasingx. The La doping breaks the cubic
symmetry around the Ce ion and the fourfold degeneracies
of the �8 quartet might be lifted and the magnitude of its
splitting might increase with decreasing x at H = 0. This
splitting rapidly suppresses the Oxy-type AFQ interaction in
phase I as in the case of the magnetic order in the system
with the singlet ground state. Such a splitting of the quartet
fourfold degeneracies was suggested in the softening of C66

of Ce0.5La0.5B6 in phase I by magnetic field [68–70]. In the
phase I of CeB6, bothC44 andC66 modes show the hardening by
magnetic field as usual. However, in phase I in Ce0.5La0.5B6,
although C44 shows a hardening, C66 shows a softening by
magnetic field. This softening is difficult to expect in the
fourfold degenerated CEF ground state and suggests the small
splitting of the quartet in the paramagnetic region. This is
supported by the present calculation whose details will be
shown in the Appendix (Secs. 5 and 6). The details of the
proposed splitting of the �8 quartet in phase I by La doping
are not known at present.

V. CONCLUSION

We performed the detailed investigations of the thermal,
magnetic, and transport properties of CexLa1−xB6 at x ∼ 0.8,
below which the Tβ-type AFO ordered phase IV appears.
While the peak of the specific heat at TQ at H = 0 is rapidly
suppressed and broadened by La doping, that at TIV is sharp
and large. This indicates that although the Tβ-type AFO order
in phase IV is robust against the local lattice distortion induced
by La doping, the Oxy-type AFQ ordered phase II is very weak.
The Tβ-AFO interaction is also robust against La doping from
the pronounced enhancement of TQ by magnetic field even in
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a small x region. For x = 0.82 just above 0.8 where phase IV
appears, a peak of C at H = 0 is scarcely recognized at TQ,
while that at TN is very sharp and large. Phase IV appears when
TQ is reduced and the Oxy-AFQ order is weakened very much
at H = 0 by La doping. However, once the magnetic field is
applied, the Oxy-AFQ order revives rapidly even when TQ is
scarcely recognized at H = 0.

Based on these La-doping dependencies of the multipole in-
teractions, we tried to reproduce the magnetic phase diagrams
of CexLa1−xB6 by the mean-field calculation for the four-
sublattice model, although the randomness effect by La doping
could not be taken into account. The calculated magnetic
phase diagrams are roughly consistent with the experimental
results. In order that phase III appears for X < 0.8, not the
AFM interaction but the Oxy-AFQ one, plays the dominant
role. The details of the effect on phase IV by the other three
interactions were revealed within the framework of the mean-
field approximation as follows: the competition between (1)
Oxy-AFQ order and Oxy + Oyz + Ozx-FQ order accompanied
by the Tβ-AFO order, (2) AFM order and FM order induced
by the coexistence of the Oxy-AFQ and Txyz-AFO order, (3)
magnetic ground state in phase III and nonmagnetic ground
state in phase IV, and (4) magnetic easy axis along the fourfold
axis by the CEF effect and along the twofold axis induced
by the coexistence of the Oxy-AFQ, Txyz-AFO, and AFM
orders. On the other hand, the following problem was found
to appear in the present calculation. The enhancement of
TQ by magnetic field could not be obtained for x < 0.65,
because the Oxy-AFQ and Txyz-AFO orders do not coexist
due to the disappearance of TQ at H = 0. This contradicts the
experimental results. To avoid this discrepancy, we propose the
small splitting of the�8 quartet by La doping, as one possibility,
in which the magnetic field could induce the Oxy-AFQ order.
In the mean-field calculation, a peak of C at TQ is sharp
and large independent of the x value. This contradicts the
experimental results. To explain the experimental results, it
is necessary to take the SRO effect and the local disturbance
induced by the La doping into account. Further theoretical
investigations are necessary to reveal their details, in the
future.
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APPENDIX

We have carried out the mean-field calculation for the four-
sublattice model in which the CEF potential with the �8-�7

splitting of 540 K, for the Oxy-AFQ, Txyz-AFO, Tβ-AFO, and
AF exchange interactions, is taken into account. Here, Tβ =
(T x

β + T
y

β + T z
β )/

√
3 as was proposed by Kuramoto et al. It

is known that the ordering vector of the Oxy-AFQ, Txyz-AFO,
and Tβ-AFO order is the same, i.e., k = [ 1

2
1
2

1
2 ]. We note that

the randomness effect induced by La doping and also the SRO

effect by the multipole could not be taken into account in the
recent mean field calculation. The Hamiltonian which we used
is as follows:

H = HCEF + HQ + H8 + Hb + Hex + HZeeman, (A1)

HQ = −
∑

ij

K5[Oxy(i)Oxy(j )

+Oyz(i)Oyz(j ) + Ozx(i)Ozx(j )], (A2)

Hxyz = −
∑

ij

K8Txyz(i)Txyz(j ), (A3)

Hβ = −
∑

ij

KbTβ(i)Tβ(j ), (A4)

Hex = −
∑

ij

Jex J(i) · J(j ), (A5)

HZeeman =
∑

i

gJ μB H · J(i). (A6)

Here, Oxy =
√

3
2 (JxJy + JyJx), etc., Txyz =

√
15
6 JxJyJz =√

15
6 (JxOyz + JyOzx + JzOxy), Tβ = (T x

β + T
y

β + T z
β )/3,

T x
β =

√
15
6 (JxJ 2

y − J 2
y Jz), etc., and JxJ 2

y = (JxJ
2
y + JyJxJy +

J 2
y Jx)/3, etc. In the four-sublattice model, the Hamiltonian is

expressed as follows:

H = HAA + HAB + HBA + HBA, (A7)

HAA =
∑

i∈AA

hAA
i ,etc., (A8)

hAA
i = hAA

Q,i + hAA
oct,i + hAA

ex,i + hAA
Zeeman,i , (A9)

hAA
Q,i = −K5

[(〈Oxy〉BA
av + 〈Oxy〉BB

av

)
Oxy(i)

+(〈Oyz〉BA
av + 〈Oyz〉BB

av

)
Oyz(i)

+(〈Ozx〉BA
av + 〈Ozx〉BB

av

)
Ozx(i)

]
(A10)

hAA
8,i = K8〈Txyz〉BA

av Txyz(i), (A11)

hAA
b,i = Kb〈Tβ〉BA

av Tβ(i), (A12)

hAA
ex,i = J intraQ

ex

[〈Jx〉AB
av Jx(i) + 〈Jy〉AB

av Jy(i) + 〈Jz〉AB
av (i)

]

−J interQ
ex

[(〈Jx〉BA
av + 〈Jy〉BB

av

)
Jy(i)

+(〈Jz〉BA + 〈Jz〉BB
av

)
Jz(i)

]
. (A13)

〈Oxy〉BA
av means the thermal average of Oxy of the BA sublat-

tice, etc.; hAB
i , hBA

i , hBB
i are similar to hAA

i apart from the sites
producing the mean field. For example, the difference between
hAB

i and hBA
i is the intra-Q AF exchange interaction, i.e.,

−J intraQ
ex [〈Jx〉AA

av Jx(i) + 〈Jy〉AA
av Jy(i) + 〈Jz〉AA

av Jz(i)] for hAB
i .

The magnetic field is applied along the z axis.
In this paper, tentatively we call the AFQ and AFM phases

obtained by the calculation phase II and III, respectively. We
also call tentatively the critical field from the AFM to AFQ
phase and that from the paramagnetic to AFQ phase obtained
by the calculation H III−II

c and H I−II
c , respectively.
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FIG. 8. (a-1)–(d-1) Temperature dependence of the quartet energy
levels, (a-2)–(d-2) temperature dependence of 〈Jz〉av at H = 0.1 T,
(1-3)–(d-3) magnetic field dependence of 〈Jz〉av at T = 0 K for
Oxy-AFQ, Txyz-AFO, AFM, and Tβ -AFO order with the transition
temperature of 1 K, respectively. The number inside the brackets in
(a-1), (b-1), and (d-1) indicates the spin degeneracies.

1. LRO by the four different interactions

Here, we show the T dependence of the energy levels at
H = 0 and 〈Jz〉av at H = 0.1 T along the z direction at T =
0 K for the four types of LRO, where each interaction exists
independently. Here, the transition temperature is assumed to
be 1 K in all cases. TQ, Txyz, TN, and Tb is defined as the
transition temperature for the Oxy-AFQ, Txyz-AFO, AFM, and
Tβ-AFO interaction, respectively. We define T 0

Q as the bare TQ,
which is the transition temperature for the case in which the
Oxy-AFQ interaction exists independently, etc. Hereafter, we
use T 0

Q as the magnitude of the Oxy-AFQ interaction, etc.
Figures 8(a-1)–8(a-3) show the T dependencies of the

quartet energy levels at H = 0 and 〈Jz〉av at H = 0.1 T and the
〈Jz〉av-H curve at T = 0.01 K in the case of Oxy-AFQ order
with the transition temperature of 1 K. Figures 8(b-1)–8(b-3),
8(c-1)–8(c-3), and 8(d-1)–8(d-3) show those for the Txyz-AFO,
AFM, and Tβ-AFO order, respectively.

In the Oxy-AFQ order, the quartet is split into the two
doublets below TQ with the total energy-level splitting of 2 K at
T = 0 K. 〈Jz〉av at H = 0.1 T exhibits a small anomaly at T 0

Q

and a Curie-like temperature dependence below T 0
Q due to the

twofold spin degeneracies in the doublet ground state as shown
in Fig. 8(a-2). 〈Jz〉av at T = 0 K shows a finite magnitude
of 7/6 at the infinitesimally small magnetic field because of

the twofold spin degeneracy in the doublet at H = 0. 〈Jz〉av

exhibits an H -linear increase up to 11/6 at the saturation field,
Hc = 2.6 T.

In the Txyz-AFO order, the �8 quartet is split into the two
doublets below T 0

xyz, where the magnitude of the energy-level
splitting at T = 0 K is 2 K. The total-energy level splitting
is 2 K as in the case of the Oxy-AFQ order. The T and H

dependencies of 〈Jz〉av are the same as those in the Oxy-AFQ
order.

In the AFM order shown in Figs. 8(c-1)–8(c-3), the quartet
is split into the four levels below T 0

N. The total-energy-level
splitting is ∼3.8 K, which is about twice larger than 2 K in
the above two cases. The spins below T 0

N are oriented to the
fourfold axis, which originates from the cubic CEF potential.
The T dependence of 〈Jz〉av exhibits a finite magnitude at
T = 0 K and a peak at TN. This is because 〈Jz〉av exhibits
a spin canted magnetization process showing a concave H

dependence up to Hc = 4.2 T, which is roughly twice larger
than 2.6 T in the above two cases.

In the Tβ-AFO order shown in Figs. 8(d-1)–8(d-3), the
quartet is split into the three levels (singlet-doublet-singlet)
below T 0

b . The total-energy splitting is 4 K, which is twice
larger than 2 K in Figs. 8(a-1) and 8(b-1). 〈Jz〉av exhibits a
finite magnitude at T = 0 K, which originates from the van
Vleck contribution from the excited doublets. At T 0

b , 〈Jz〉av

exhibits a peak. 〈Jz〉av exhibits a concave H dependence up to
Hc = 1.6 T.

2. LRO when the two different interactions with
the different magnitudes coexist

Here, we show the results of the case in which the two
different types of the interaction coexist. We assume that the
higher bare transition temperature is 1 K and the lower one
is 0.7 K. Figures 9(a-1)–9(g) show the T dependence of the
quartet energy levels at H = 0 and 0.1 T. 〈Jz〉av at H = 0.1
T and the 〈Jz〉av-H curve at T = 0.01 K for the six different
types of the coexistence of the two different interactions.

Figures 9(a-1)–9(a-3) shows the results under the condition
of T 0

Q = 1 K and T 0
xyz = 0.7 K. The quartet is split into the two

doublets below T 0
Q and these doublets are split into the four

levels below Txyz. Txyz is reduced to 0.55 K from T 0
xyz = 0.7 K.

At H = 0, the spontaneous magnetization appears below TQ

and 〈Jz〉av is 7/6 at T = 0.01 K. However, when H = 0.1
T, Txyz disappears and 〈Jz〉av shows only one anomaly at TQ.
Namely, the transition at Txyz appears only at H = 0. As for
the H dependence, 〈Jz〉av exhibits a finite magnitude of 7/6 at
the infinitesimally small magnetic field and shows an H -linear
increase up to 11/6 at Hc = 4.5 T. When T 0

xyz = 1 K and T 0
Q =

0.7 K, the same results are obtained.
Figures 9(b-1)–9(b-3) show the results for T 0

Q = 1 K and
T 0

N = 0.7 K. The quartet is split into the two doublets below
T 0

Q and these are split into the four levels below TN. TN = 0.64
K is reduced from T 0

N = 0.7 K. Although 〈Jz〉av exhibits a clear
anomaly at TN, an anomaly at TQ is quite small. 〈Jz〉av exhibits
an H -linear increase in the AFM phase up to 2.5 T and above
this field, M exhibits again an H -linear increase up to 11/6 at
Hc = 5.0 T.

184417-8



APPEARANCE OF THE OCTUPOLE ORDERED PHASE IV … PHYSICAL REVIEW B 97, 184417 (2018)

-170

-168

-166 TQ > Txyz

Txyz > TQ
H = 0
H=0.1T

(a-1)

E (K)

TQ
Txyz

Txyz
TQ

-170

-168

-166 TQ > TN

H = 0

(b-1)
TQ

TN

-170

-168

-166 Tb > Txyz

H = 0

(e-1)

Tb

1.5

1.0

0.5

0.0
6420

H (T)

Tb > TQ

T = 0.01 K

(f-3)

Hc
0.4

0.2

0.0
1.50.0

T (K)

Tb > TQ

H = 0.1 T

(f-2)

Tb

-170

-168

-166 Tb > TQ
H = 0
H = 0.1 T

(f-1)
Tb

TQ

1.5

1.0

0.5

0.0

Tb > Txyz

T = 0.01 K

(e-3)

Hc

0.10

0.05

0.00

Tb > Txyz

H = 0.1 T

(e-2)

Tb

1.5

1.0

0.5

0.0

TQ > TN

T = 0.01 K

(b-3)

Hc

60

40

20

0

x1
0-3 TQ > TN

H = 0.1 T

(b-2)

TQ

TN

1.5

1.0

0.5

0.0

TQ > Txyz

Txyz > TQ

T = 0.01 K

(a-3)

<Jz>av

Hc1.0

0.5

0.0

TQ > Txyz

Txyz > TQ

H = 0
H = 0.1 T

(a-2)

<Jz>av

TQ

Txyz

Txyz

TQ

-170

-168

-166

1.00.0
T (K)

(g)

Tb > TN

Tb

TN0

H = 0

60

40

20

0

x1
0-3

Txyz > TN

H = 0.1 T

Txyz

TN

(c-2)

1.5

1.0

0.5

0.0

Txyz > TN

(d-3)

T = 0.01 K

Hc

-170

-168

-166 Txyz > TN

H = 0

Txyz

(d-1)TN

0.4

0.2

0.0
(c-2)

TQ > Tb

TQ

H = 0.1 T 1.5

1.0

0.5

0.0

TQ > Tb

(c-3)

T = 0.01 K

Hc

-170

-168

-166

(c-1)

TQ > Tb
H = 0
H = 0.1 T

TQ

Tb

-0.5

0.0

0.5

Jx
, J

y

1.00.0
T (K)

(f-4)

JxAA(AB)

JyBA(BB)

Tb > TQ

JyAA(AB)

JxBA(BB)

H = 0

FIG. 9. (a-1)–(e-1) Temperature dependence of the quartet energy
levels. (a-2)–(e-2) Temperature dependencies of 〈Jz〉av at H = 0.1 T.
(a-3)–(e-3) H dependence of 〈Jz〉av at T = 0.01 K for (a-1)–(a-3)
T 0

xyz (or T 0
Q) = 0.7 K and T 0

Q (T 0
xyz) = 1 K. (b-1)–(b-3) T 0

Q = 1 K
and T 0

N = 0.7 K. (c-1)–(c-3) T 0
Q = 1 K and T 0

b = 0.7 K. (d-1)–(d-3)
T 0

xyz = 1 K and T 0
N = 0.7 K. (e-1)–(e-3) T 0

b = 1 K and T 0
xyz = 0.7

K. (f-1)–(f-4) T 0
b = 1 K and T 0

Q = 0.7 K, respectively. (f-4) AFM
components below TQ. (g) Temperature dependence of the quartet
energy levels T 0

b = 1K and T 0
N = 0.7 K. In this case there are always

only Tβ -AFO orders. See the text for details.

Figures 9(c-1)–9(c-3) show the results for T 0
Q = 1 K and

T 0
b = 0.7 K. This corresponds to the II → IV phase transition

and the corresponding experimental results are shown in
Figs. 5(c) and 5(d). The quartet is split into the two doublets
below T 0

Q and these are split into the four levels below Tb =
0.64 K, which is reduced from T 0

N = 0.7 K. The transition at T 0
b

appears only at H = 0. Below Tb, the AFM components along

the twofold axis appear in the xy plane, although the AFM
interaction is not taken into account in the present case. The
appearance of the AFM components are obtained also below
TQ under the condition of T 0

b = 1 K and T 0
Q = 0.7 K. 〈Jz〉av

at H = 0.1 T exhibits a kink at TQ = 1 K and increases with
decreasing temperature. Different from the result of Fig. 9(a-2),
a spontaneous magnetization at H = 0 does not appear below
Tb.

Figures 9(d-1)–9(d-3) show the results under the condition
of T 0

xyz = 1 K and T 0
N = 0.7 K. The quartet is split into the

two doublets below T 0
xyz and these are split into the four

levels below TN = 0.64 K, which is reduced from T 0
N = 0.7 K.

Although 〈Jz〉av exhibits a clear kink at TN = 0.64 K, the
anomaly at Txyz is quite small. The 〈Jz〉av-H curve shows the
two anomalies at H = 2.9 and 5.0 T. The spin canted process is
realized up to 2.9 T and above this field the Txyz-AFO ordered
state is realized.

Figures 9(e-1)–9(e-3) show the results under the condition
of T 0

b = 1 K and T 0
xyz = 0.7 K. The quartet is split into the

three levels of the singlet-doublet-singlet below T 0
b = 1 K. The

results are nearly the same as those in the single Tβ-AFO order
in Fig. 8(d-1). The Txyz-AFO order does not appear. A small
difference is the magnitude of 〈Jz〉av at T = 0 K. It is 0.0799
in the present case, while it is 0.0833 in the Tβ-AFO order in
Fig. 8(d-1). Thus, the Txyz-AFO interaction affects little the
Tβ-AFO order. 〈Jz〉av exhibits a concave H dependence up to
1.6 T as in Fig. 9(e-3). Above 1.6 T up to 1.8 T, the Txyz-AFO
order appears. Hc = 1.8 T is much smaller than those of the
above three cases.

Figures 9(f-1)–9(f-3) show the results under the condition
of T 0

b = 1 K and T 0
Q = 0.7 K. The quartet is split into the

three levels (singlet-doublet-singlet) below T 0
b and the two

singlets exhibit a kink and the doublet is split into the two levels
below TQ = 0.52 K. The T dependence of the energy levels
below Tb is asymmetric, different from the symmetric one in
Fig. 9(e-1). This originates from the suppression of Oxy +
Oyz + Ozx-FQ order by the Oxy-type AFQ interaction.
At H = 0.1 T, TQ disappears as in the case of Fig. 9(a-2).
〈Jz〉av at H = 0.1 T exhibits a small kink at T 0

b = 1 K and
〈Jz〉av increases with decreasing temperature, different from
a sharp peak at Tb in Fig. 9(e-2). Figure 9(f-4) shows the
T dependence of the AFM component below TQ. The AFM
component is along the twofold axis in the xy plane. This AFM
component is not induced by the AFM interaction but by the
AFQ order without the spin degeneracy. It is known that when
the magnetic field is applied to the O0

2 -AFQ ordered state, the
AFM component with the magnitude of ( 11

6 − 1
2 ) is induced

along the z axis. In the present case, the similar type of AFQ
order is produced in the Oxy-AFQ order below TQ in the Oxy +
Oyz + Ozx-FQ order below Tb. There, the spins are induced
in each sublattice below TQ. The induced spins are along
the twofold axis and its magnitude is different between the
(AA,AB) and (BA,BB) sublattices. This difference induces
the AFM component along the twofold axis.

Figure 9(g) shows the T dependence of the quartet at H = 0
under the condition of T 0

b = 1 K and T 0
N = 0.7 K. This figure

does not mean that the AFM order appears below T 0
b and only

one transition exists at T 0
b = 1 K. As far as T 0

N < T 0
b , the AFM

order does not appear. As is seen in Figs. 8(c-1) and 8(d-2),
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4

2

0

H
 (

T
)

210

y = Txyz0 / TQ0 (or TQ0 / Txyz0)

y = 1

y = 0.75

y = 0.5

y = 0.25

y = 0

FIG. 10. Magnetic phase diagrams when the Oxy-AFQ and Txyz-
AFO interaction coexist. y is the ratio of these two interactions, i.e.,
y = T 0

xyz/T 0
Q or T 0

Q/T 0
xyz, where the interaction of the denominator is

1 K. See the text for details.

the lowest energy of −169.8 K at T = 0 K for T 0
N = 1 K is

higher than −170 K for T 0
b = 1 K. This means that even when

T 0
N = T 0

b , the AFM order does not appear. Here, we note that
when the Oxy-AFQ interaction is introduced, the AFM order
could appear.

3. Magnetic phase diagram when Ox y-type AFQ and
the Tx yz-AFO orders coexist

Here, we show how the magnetic phase diagram is varied
when the ratio of the Oxy-AFQ or Txyz-AFO interactions is
changed. We use, as its ratio, y = T 0

xyz/T 0
Q or T 0

Q/T 0
xyz and

T 0
Q = 1 K in the former and T 0

xyz = 1 K in the latter.
Figure 10 shows the magnetic phase diagrams for y = 0,

0.25, 0.5, and 1. We note that the same results are obtained
in both cases of T 0

Q > T 0
xyz and T 0

xyz > T 0
Q. Although at

H = 0, the two phase transitions exist, only one transition
temperature exists in finite magnetic fields. When the Oxy-
AFQ and Txyz-AFO interactions coexist, the enhancement
of the transition temperature with increasing magnetic field
appears. Its enhancement is largest for y = 1 and is reduced
with decreasing y. The enhancement of TQ is observed in
CexLa1−xB6 regardless of the x values. The present results
indicate that the Oxy-AFQ order is realized for x > 0.82 and
the Txyz-AFO order for x < 0.8.

4. Case when the two or three interactions coexist

In the previous section, we showed the results under the
condition of T 0

Q = 1 K and T 0
N = 0.7 K, etc., in Fig. 9. Here,

we show how TN is varied by changing T 0
N under T 0

Q = 1 K,
etc., at H = 0.

We take the higher bare transition temperature as 1 K. The
lower bare transition temperature is varied between 0 and 1 K.
Figure 11(a) shows the T 0

N or T 0
xyz dependence of Txyz and

TN under the condition of T 0
Q = 1 K. Txyz is proportional to

T 0
xyz. TN is smaller than T 0

N for x < 0.8 and higher than T 0
N for

x > 0.8. Figure 11(b) shows the T 0
Q or T 0

N dependence of TQ

or TN under the condition of T 0
xyz = 1 K. TQ is proportional to

T 0
Q. TN is slightly smaller than T 0

N for 0 K < T 0
N < 1 K.

1.00.50.0
TN0 (K)

(c)

1.2

1.0

0.8

0.6

0.4

0.2

0.0

T
 (

K
)

TN0, Txyz0(K)

(a)
0.0 0.5 1.0

TQ0, TN0 (K)

(b)

0.0 0.5 1.0

FIG. 11. (a) T 0
N or T 0

xyz dependence of the real transition tem-
perature, TN or Txyz, when the AFM or Txyz-AFO orders coexist
with the Oxy-AFQ order under the condition of T 0

Q = 1 K. (b) T 0
Q

or T 0
N dependence of TN or Txyz under the condition of T 0

xyz = 1 K.
(c) T 0

N dependence of Txyz or TN under the condition of T 0
Q = 1 K and

T 0
xyz = 0.7 K at H = 0. See the text for details.

Figure 11(c) shows the T 0
N dependence of Txyz or TN under

the condition of T 0
Q = 1 K and T 0

xyz = 0.7 K. When T 0
N = 0 K,

the Txyz-AFO order appears at Txyz = 0.7 K, below which the
spontaneous magnetization appears along the z direction. With
increasing T 0

N, the AFM interaction acts to suppress both Txyz

and the magnitude of the spontaneous magnetization. Above
T 0

N = 0.35 K, the Txyz-AFO order disappears and in place, the
AFM order appears and TN increases with increasing T 0

N. In
the AFM ordered state, the spins are noncollinear and oriented
to the twofold axis in the xy plane.

5. T 0
N or T 0

Q dependence of TN or TQ for T 0
b = 1 K

Here, we investigate the condition for the appearance of the
AFM order under the condition of T 0

b = 1 K. As was shown
in the previous section, the AFM order does not appear as far
as T 0

b > T 0
N. In this subsection, we show that the AFM order

could appear when the Oxy-AFQ order coexists.
First, we show the T 0

Q, T 0
xyz, or T 0

N dependence of TQ, Txyz,
or TN under the condition of T 0

b = 1 K at H = 0, which is
shown in Fig. 12. Txyz and TN are always zero as was shown in
Figs. 9(e-1) and 9(g). TQ does not exist up to T 0

Q = 0.5 K and
suddenly increases up to ∼0.3 K at T 0

Q ∼ 0.5 K and increases
roughly linear to T 0

Q above ∼0.5 K. Below TQ, the intermediate
doublet is split into the two levels as is shown in Fig. 9(e-1).

1.2

1.0

0.8

0.6

0.4

0.2

0.0

T
 (

K
)

1.00.80.60.40.20.0
TQ0, Txyz0, TN0 (K)

Tb0 = 1 K

Txyz

(1)

(2)

(3)

TQ

TN

FIG. 12. T 0
Q , T 0

xyz, or T 0
N dependence of the real transition temper-

ature, Txyz, TN, and TQ under the T 0
b = 1 K at H = 0. See the text for

details.
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1.00.50.0
TN0 (K)

Tb0 = 1 K

TQ0 = 0.8 K

TQ

TN

TN

(3)

1.00.50.0
TN0 (K)

Tb0 = 1 K
TQ0 = 0.7 K

TN

TN

TQ

(2)
1.2

1.0

0.8

0.6

0.4

0.2

0.0

T
 (

K
)

1.00.50.0
TN0 (K)

Tb0 = 1 K

TQ0 = 0.6 K

TN
TQ

TN

(1)

FIG. 13. T 0
N dependence of the real transition temperature, TQ and

TN, when the AFM, Tβ -AFO, and Oxy-AFQ orders coexist with the
Tβ -AFO order under the condition of T 0

b = 1 K and (1) T 0
Q = 0.6 K,

(2) T 0
Q = 0.7 K, and (3) T 0

Q = 0.8 K. See the text for details.

Next, we show how the AFM order appears in the three
cases of (1)–(3) indicated by the arrows in Fig. 12. The T 0

N
dependence of TQ and TN under T 0

b = 1 K and T 0
Q = 0.6

K, which is shown in Fig. 13(1) corresponds to case (1)
in Fig. 12(d). TQ at T 0

N = 0 K is 0.4 K, which is reduced
from T 0

Q = 0.6 K and decreases slightly with increasing T 0
N.

There exists only one transition at TQ below T 0
N = 0.48 K.

At T 0
N = 0.48 K, the AFM order with TN = 0.36 K suddenly

appears, where the AFM components appear along the z axis.
Namely, the AFM order with the three components of spin,
Jx , Jy , and Jz are realized. There, TN = 0.36 K and coincides
with TQ = 0.36 K. The sudden appearance of TN is due to
the nonmagnetic-magnetic transition. The magnitude of the
AFM components increases with increasing T 0

N. TQ = TN is
fulfilled in a small T 0

N region up to 0.55 K, above which TQ

and TN separate. TQ is roughly constant and TN increases with
increasing T 0

N. TQ suddenly disappears at T 0
N = 0.84 K and in

its place another type of TN appears above T 0
N = 0.9 K, where

the spins are oriented to the fourfold axis and Tβ-AFO order
disappears.

The T 0
N dependence of TQ and TN under the condition of

T 0
b = 1 K and T 0

Q = 0.7 K shown in Fig. 13(2) corresponds to
case (2) in Fig. 12, although there exists only one transition

40

30

20

10

0

C
 (

J/
m

ol
 K

)

(a-2)

Tb0 = 1 K
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E
 (

K
)

(a-1)
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TQ0 = 0.7 K
TN0 = 0.67 K

Tb0

TQ
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0

C
 (

J/
m
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 K

)
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(b-2)

Tb0 = 1 K
TQ0 = 0.7 K
TN0 = 0.8 K

Tb0
TN

TQ

-170

-168

-166

E
 (

K
)

1.00.50.0
T (K)

(b-1)

Tb0 = 1 K
TQ0 = 0.7 K
TN0 = 0.8 K
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TQ
TN

FIG. 14. (a-1), (b-1) Temperature dependencies of the quartet
energy levels. (a-2),(b-2) Temperature dependencies of the specific
heat for (T 0

b ,T 0
Q ,T 0

N) = (1K , 0.7 K, 0.67 K) and (1 K, 0.7 K, 0.8 K),
respectively.

4

3

2

1

0

T
 (

K
)

1.00.90.80.70.60.5
x

 TQ0

 Txyz0

 TN0

 Tb0

CexLa1-xB6

FIG. 15. x dependencies of the bare Oxy-AFQ, Txyz-AFO, AFM,
and Tβ -AFO interaction used in the calculation for the four sublattice
model to obtain the magnetic phase diagrams of CexLa1−xB6.

at TQ up to T 0
N = 0.48 K, above which the AFM order with

TN = 0.34 K appears. TN increases with increasing T 0
N and TN

coincides with TQ between 0.63 and 0.68 K, above which TQ

and TN separate again. The increase of TN with increasing T 0
N

is rather rapid but that of TQ is small. Above T 0
N = 0.83 K, the

AFM order with spins along the fourfold axis appears and the
Tβ-AFO order disappears.

The T 0
N dependence of TQ and TN for T 0

b = 1 K and T 0
Q =

0.8 K shown in Fig. 13(3) corresponds to case (3) in Fig. 12.
The T 0

N dependence is similar to that in case (2), while the
region of TQ = TN is shifted to T 0

N ∼ 0.8 K.
Figures 14(a-1) and 14(a-2) show the T dependence of the

quartet energy levels and specific heat for T 0
b = 1 K and T 0

Q =

25

20

15

10

5

0

H
 (

T
)

543210
T (K)

x = 1

x = 0.9

x = 0.82

I

II

III (a)

210
T (K)

III

II

IV

I

x = 0.75

(c)
AFM3

AFM4

10
T (K)

I

II

IV

III

x = 0.7

(d)

15

10

5

0

H
 (

T
)

3210
T (K)

x = 0.8

II

III
I

AFM1

AFM2

(b)
IV

FIG. 16. Calculated magnetic phase diagrams of CexLa1−xB6;
(a) x = 1 ∼ 0.82, (b) x = 0.8, (c) x = 0.75, and (d) x = 0.7.
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>
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E
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K
)
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T (K)

(c)

H = 0

Tb0

TN

0.6

0.4

0.2

0.0

<
Jz

>
av

210
T (K)

H = 2 T

1.5 T

1.2 T

1.1 T

0.8 T
0.6 T
0.4 T
0.1T

(a)

III

II

AFM1

AFM2

x = 0.8

2

1

0

<
Jz

>
av

151050
H (T)

T = 0.01 K

T = 1 K

T = 1.7 K

(b)

III
II

Hc

IV

AFM1

AFM2

FIG. 17. Temperature dependence of 〈Jz〉av in magnetic fields. (b) Magnetic field dependencies of 〈Jz〉av . (c) Temperature dependence of
the quartet energy levels at H = 0. (d) Magnetic field dependence of the antiferrocomponent 〈Jz〉av , 〈Jy〉av in the xy plane for x = 0.8. In (b),
the origin of the vertical axis is shifted in each curve.

0.7 K and T 0
N = 0.67 K, respectively. Figures 14(b-1) and

14(b-2) show those for T 0
b = 1 K, T 0

Q = 0.7 K, and T 0
N = 0.8

K. In the former, only one transition appears at TQ = 0.5 K,
below which the AFM ordered state accompanied with the
Oxy-AFQ order is realized. In the latter, the two transitions
appear at TQ = 0.52 K and TN = 0.7 K in the Tβ-AFO ordered
state.

6. Magnetic phase diagrams of CexLa1−xB6

obtained by calculation

To reproduce the magnetic phase diagram of CexLa1−xB6, it
is necessary to determine the magnitude of the four interactions
of Oxy-AFQ, Txyz-AFO, AFM, Tβ-AFO. We used the x depen-
dencies of the four interactions as shown in Fig. 15, according
to the following consideration. Since for x > 0.82, TQ and TN

are known from the experiments, T 0
Q and T 0

N are determined to
reproduce the experimental results. As for T 0

xyz, it is determined
to reproduce the magnetic phase diagram which shows a
characteristic enhancement of TQ in the magnetic field. For
x < 0.8, TIV is known from the experiments, T 0

b is determined
to reproduce TIV. While there is no information on Txyz-AFO
interaction for x < 0.8, we assumed the x dependence of T 0

xyz

in Fig. 15 according to the following reasons. A considerable
magnitude of the Txyz-AFO interaction should exist also for
x < 0.8, considering that the enhancement of the II-I phase
boundary in magnetic fields is still pronounced. Furthermore,
as was discussed in the previous section, T 0

xyz does not affect
the Tβ-AFO order as far as T 0

xyz < T 0
b . Thereby, we assumed

that T 0
xyz is slightly smaller than T 0

b for x < 0.8 as shown in
Fig. 17. As for T 0

Q and T 0
N, based on the results in Fig. 15, so as

to reproduce the experimentally observed TN, we assume their
x dependencies as shown in Fig. 15.

The calculated magnetic phase diagrams of
CexLa1−xB6 are shown in Figs. 16(a)–16(d) for
x > 0.82, x = 0.8, 0.75, and 0.7, respectively. The
obtained results are similar, x > 0.82, rather consistent
with the experimental results. Also for x < 0.8,
the characteristics of the magnetic phase diagram could
be reproduced qualitatively. For x = 0.8 and 0.75, phases II,
III, and IV could be reproduced, although the AFM order at
low fields is different from that of phase III. For x = 0.7,
the ground state at low fields is the Tβ-AFO ordered state
(phase IV) and phase III appears at the finite magnetic field
inside phase II, as observed in the experiments. Here, we
note that although the enhancement of the I-II transition
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FIG. 18. (a) Temperature dependence of 〈Jz〉av in magnetic fields
and (b) magnetic field dependence of 〈Jz〉av for x = 0.75.

temperature in magnetic fields is pronounced for x > 0.8,
it is rapidly suppressed with decreasing x below 0.75. For
x = 0.7, it is quite small. This is because when the ratio
of T 0

xyz and T 0
Q is close to 1, the enhancement is large, but

when the ratio is small, it is small. For x < 0.75, since the
ratio of T 0

Q/T 0
xyz is rapidly reduced, the enhancement of the

I-II phase boundary is reduced rapidly with decreasing x.
Furthermore, the enhancement is expected to disappear for
x < 0.65 because T 0

Q disappears. These clearly contradict the
experimental results.

Figures 17(a)–17(d) show the T and H dependencies of
〈Jz〉av for x = 0.8, the T dependence of the quartet energy
levels, and H dependence of the antiferrocomponents, Jx and
Jy , respectively. Here, (T 0

N,T 0
Q,T 0

xyz,T
0
b ) = (1.65 K, 1.65 K,

1.65 K, 1.8 K) are used in the calculation. At H = 0, the quartet
is split into the three levels below T 0

b = 1.8 K and these are
split into the four levels below TN = 1.65 K. The characteristic
properties in phases II and III could be reproduced rather well.
However, at low magnetic fields, the AFM order different from
that of the phase III appears. In the AFM1 phase, the AFM order
with the antiparallel component along the z axis is realized,
which leads to the concave H dependence of the 〈Jz〉av-H
curve. In the AFM2 phase, the AFM component along the z

axis disappears and the AFM components exist only in the xy

plane, which is shown in Fig. 17(d). This leads to the spin
canting magnetization process in this phase. Above 1 K, the
AFM2 phase disappears and the direct AFM1-III transition
takes place. In phase III, the AFM components are located
in the xy plane along the twofold axis, which is shown in
Fig. 19(d).

Figures 18(a) and 18(b) show the T and H dependencies
of 〈Jz〉av for x = 0.75, respectively. Here, (T 0

N,T 0
Q,T 0

xyz,T
0
b ) =

(1.27 K, 1.25 K. 1.45 K, 1.62 K) are used in the calculation.
Tb = 1.62 K and TN = 1.1 K are obtained at H = 0. Phase III
and II are obtained above 1.6 and 3.4 T, respectively. At low
magnetic field, the AFM3 phase is obtained below 0.4 T and
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FIG. 19. (a) Temperature dependence of 〈Jz〉av in magnetic fields,
(b) magnetic field dependencies of 〈Jz〉av and (c) magnetic phase
diagram for x = 0.7. In (c), the magnetic phase diagram indicated by
the green symbols is that without the Tβ -AFO order. The red one is
the same one as shown in Fig. 18(d).

the AFM4 one up to 1.6 T. In the AFM3 phase, the spins are
along the fourfold axis in the xy plane and in the AFM4 phase,
the antiferrocomponents along the z axis exist. The AFM order
at low fields for x < 0.8 could not be uniquely determined but
could be different, depending on the subtle difference of the
four interactions.

Figures 19(a) and 19(b) show the magnetization curve
and the T dependence of 〈Jz〉av for x = 0.7, respectively.
Here, (T 0

N,T 0
Q,T 0

xyz,T
0
b ) = (0.73 K, 0.73 K, 1.18 K, 1.35 K)

are used in the calculation. The ground state at low fields is
always phase IV below Tb = 1.35 K without showing another
transition down to T = 0 K. However, phase III appears below
TN = 0.55 K in a finite field region between 1.5 and 1.75 T.
〈Jz〉av does not show a peak at TIV in the same way as for
x = 0.75. Figure 19(c) shows a magnetic phase diagram for
x = 0.7. The red line is the same as that in Fig. 18 and the green
one is obtained by the calculation without Tβ-AFO interaction.
Above 1.5 T, the magnetic phase diagram is the same as that
in Fig. 16(a). However, it is different below this field. Phase II
appears at 1.2 K and phase III at 0.65 K, which is similar to that
of CeB6. Since T 0

Q is much smaller than T 0
xyz for x = 0.7, the

transition is not by the Oxy-AFQ order but by the Txyz-AFO
order as indicated in Fig. 10.

In the present calculation, the following problems are
found to appear. For example, in Ce0.7La0.3B6, although TN

in magnetic field is roughly the same as TIV at H = 0 as
shown in Fig. 9(c), the calculated TN is much less than T 0

b .
A peak of the magnetic susceptibility at TIV could not be
reproduced in the present calculation, which originates from
the competition between the Oxy + Oyz + Ozx-FQ order in
phase IV and the Oxy-AFQ interaction as pointed out by
Kondo and Sera. For x = 0.6, T 0

Q and T 0
N are expected to

disappear, although the experimental results show that as far
as phase II exists in magnetic fields, the enhancement of
the I-II transition temperature is pronouncedly enhanced with
increasing magnetic field.
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