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High-temperature electron-hole superfluidity with strong anisotropic gaps
in double phosphorene monolayers
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Excitonic superfluidity in double phosphorene monolayers is investigated using the BCS mean-field equations.
Highly anisotropic superfluidity is predicted where we found that the maximum superfluid gap is in the Bose-
Einstein condensate (BEC) regime along the armchair direction and in the BCS-BEC crossover regime along the
zigzag direction. We estimate the highest Kosterlitz-Thouless transition temperature with maximum value up to
∼90 K with onset carrier densities as high as 4 × 1012 cm−2. This transition temperature is significantly larger
than what is found in double electron-hole few-layers graphene. Our results can guide experimental research
toward the realization of anisotropic condensate states in electron-hole phosphorene monolayers.
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I. INTRODUCTION

Black phosphorus (BP) is the most thermodynamically
stable phase of phosphorus at ambient temperature and
pressure [1,2]. BP consists of puckered hexagonal layers cou-
pled through the weakly van der Waals interlayer interactions
[3,4]. Graphene and hexagonal boron nitride (h-BN), mono-
layer and few-layer BP can be exfoliated from its bulk material
[5]. Phosphorene, a monolayer of BP, has a direct energy gap
[6,7] and exhibits high carrier mobility [8] which has recently
attracted significant attention as a new two-dimensional (2D)
semiconductor material for electronic and optical applications
[8–12]. A special feature of phosphorene is the high in-plane
anisotropy of its energy band structure. This anisotropy comes
from the layered puckered-honeycomb structure of phospho-
rene resulting from its sp3 hybridization. Motivated by this
peculiar property, several theoretical and experimental studies
investigated different anisotropic properties of phosphorene
[13–15]. Recently, many-body aspects of phosphorene have
been also addressed through the study of collective excitation
modes [16–20] in a doped monolayer and Coulomb drag [21]
in coupled phosphorene sheets.

Phosphorene is unstable in air [22,23] and therefore en-
capsulation with h-BN is used resulting in devices which
are conductive and fully stable under ambient conditions
[4,24]. There has been an increasing interest in the study
of van der Waals heterostructures including 2D conducting
sheets separated by thin h-BN insulating layers. The interest
is mainly because these systems offer the possibility for the
observation of a coherent superfluid state in spatially separated
electron- and hole-doped conducting sheets driven by the
strong interlayer Coulomb interaction. Unlike conventional
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double-GaAs quantum well structures, which typically have
interlayer electron-hole separation larger than the effective
Bohr radius, the separation between the electron-hole sheets
in 2D van der Waals heterostructures [25], can be as small
as 1 nm (i.e., three h-BN layers) and still provide a potential
barrier high enough to eliminate interlayer tunneling. This
leads to a strong interlayer coupling, boosting the onset of
superfluidity. The anisotropic superfluidity for quasiparticles
was first studied for He3 [26]. Following this, a very substantial
fraction of theoretical [27–30] and experimental [31–33] work
has been devoted to the study of superfluidity. Electron-hole
superfluidity has been studied in different double graphene
systems, including monolayers [34], bilayers [35], few layers
[30], nanoribbons [36], and hybrid graphene-GaAs quantum
heterostructures [37]. Such systems below the Kosterlitz-
Thouless (KT) transition temperature may support a superflow
of electron-hole pairs. Except for the double electron-hole
monolayer graphene system, where strong screening kills any
superfluidity [34], the other graphene systems show promising
predictions for the observation of a condensate superfluid
state. Indeed, double bilayer [35] or few-layer graphene [30]
systems can access the strong electron-hole pairing regime at
low enough densities, where large superfluid gaps are able
to suppress the detrimental Coulomb screening, even before
the bosonic limit of pointlike excitons is reached. The high-
temperature superfluidity of two-dimensional dipolar exci-
tons in two parallel transition-metal dichalcogenide (TMD)
layers was also predicted [38]. In addition it appears that the
bilayer graphene heterostructures, a system which has been
theoretically predicted to support a stable exciton superfluid,
demonstrate remarkable progress in excitonic superfluidity as
well as Coulomb drag experiments [32,35,39,40]. Electron-
hole pair condensation has been measured in a graphene/MoS2

heterostructure below 10 K, in the absence of an external
magnetic field [41]. Very recently, it was shown that the
strongly enhanced tunneling between bilayer graphene sheets
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FIG. 1. Schematic illustration of two phosphorene sheets sepa-
rated by a thin barrier of h-BN layers. The electrons and holes are
induced by top and back gates in the separately electrically contacted
upper and lower phosphorene sheets.

separated by bilayer WSe2 can be experimentally observed at
zero magnetic field and at the neutrality condition [42].

In this paper, we investigate the possibility of anisotropic
superfluidity in double electron-hole phosphorene sheets. We
found that a highly anisotropic superfluid state occurs in
double phosphorene sheets arising from the anisotropic low-
energy bands in phosphorene. Because of the anisotropic
charge-carrier effective mass along the armchair and zigzag
directions, excitons in phosphorene are characterized by a
strong spatial anisotropy and can exist at elevated temperatures
with large binding energies [13,43]. Our system consists of two
parallel monolayer phosphorene sheets (see Fig. 1). x and y

directions correspond to the armchair and zigzag directions
of the phosphorene lattice, respectively. The upper sheet of
electrons and the lower sheet of holes are controlled by the
top and back gates. The two sheets are separated by a thin
h-BN insulating barrier to prevent tunneling between the sheets
and electron-hole recombination. The semiconductor nature of
phosphorene with a large energy gap of ∼1.5–2 eV allows us
to restrict our calculations to the conduction band. We first
extend the isotropic mean-field equations for the superfluid
gap and superfluid density to the case of anisotropic energy
bands considering static screened electron-hole Coulomb in-
teraction. We calculate the superfluid energy gap and transition
temperature to see whether a superfluid state can form in
the double phosphorene system in experimentally attainable
densities. We predict a highly anisotropic gap function that
depends on the direction of motion of the electron-hole pair,
caused by the anisotropic band structure. Using the Kosterlitz-
Thouless relation, we also estimate an upper limit for the
transition temperature. The approach outlined in this paper
is general and will be easily adaptable to other emerging
anisotropic 2D materials. Our numerical analytics will be
applied to phosphorene. Moreover, an analytical approach for
indirect excitons in a phosphorene double layer was studied in
Ref. [44]. Suggested in Ref. [44] for an electron-hole double
layer of black phosphorus, the analytical expressions for the
single dipolar exciton energy spectrum and wave function were
obtained. It was predicted that a weakly interacting gas of
dipolar excitons in a double layer of black phosphorus exhibits
superfluidity due to the dipole-dipole repulsion between the
dipolar excitons. The angle-dependent sound velocity was
calculated, which causes the dependence of the critical ve-
locity for the superfluidity on the direction of motion of
dipolar excitons. In the present paper, we extend the isotropic

mean-field equations for the superfluid gap and superfluid
density to the case of anisotropic energy bands considering
static screened electron-hole Coulomb interaction. We employ
a mean-field approach in which the finite energy gap in the
excitation spectrum of the system �(k) will be calculated in
the presence of an effective screened electron-hole pairing
interaction. Our results obtained with this model indicate,
in contrast to Ref. [44], that we are in the BEC regime of
strong coupling along the armchair direction and in the BEC-
BCS crossover regime of weaker coupling along the zigzag
direction. Remarkably, due to the strong screening effect, the
superfluid gap vanishes in the weakly interacting BCS regime.

The paper is organized as follows: In Sec. II we present the
mean-field equations of the superfluid gap and density as well
as the polarization functions of the screened Coulomb interac-
tion and then extend them for a system with anisotropic single-
particle energy bands. Section III deals with the anisotropic gap
function for double-layer phosphorene and implements numer-
ically the self-consistent method to phosphorene. Finally, we
conclude in Sec. IV.

II. THEORY

A. Isotropic mean-field equation

We employ a mean-field approach in which the finite energy
gap in the excitation spectrum of the system �(k), is a signature
of the superfluid ground state. For a system with equal density
of electrons and holes ne = nh = n, the pair excitation energy
and the equation for the momentum-dependent gap function at
zero temperature are, respectively [45],

E(k) =
√

ξ 2(k) + �2(k), (1)

�(k) = − 1

�

∑
q

V (q)
�(k − q)

2E(k − q)
, (2)

and the mean-field equation for the electron (hole) density is
given by

n = gsgν

�

∑
k′

1

2

(
1 − ξ (k′)

E(k′)

)
, (3)

where � is the surface area of the system, ξ (k) = [ξe(k) +
ξh(k)]/2 with ξ e/h(k) the energies of electrons and holes
measured from the chemical potential μ, and gs = 2 is the
spin degeneracy. In contrast to graphene, there is no valley
degeneracy in phosphorene [15,46] (gν = 1), which leads to a
weaker Coulomb screening as compared to graphene, as will
be shown below. The screened Coulomb interaction, V (q),
between electron (e) and hole (h) layers in the random-phase
approximation (RPA) is given by [47]

V (q) = vd + �a

(
v2

q − v2
d

)
1 + 2(vq�n + vd�a) + (

v2
q − v2

d

)(
�2

n − �2
a

) . (4)

Here vq = −2πe2/κq and vd = vq exp(−qd) are, respec-
tively, the intralayer and interlayer Coulomb interaction
screened by a surrounding medium with dielectric permittivity
κ . Here we set κ = 3 which is the dielectric constant of
h-BN. �n and �a are the normal and anomalous polarization,
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respectively, and within the RPA are given by [48,49]

�n(q) = −gs

∑
k

u2(k)ν2(k − q) + ν2(k) u2(k − q)

E(k) + E(k − q)
, (5)

�a(q) = gs

∑
k

2u(k)ν(k − q)ν(k) u(k − q)

E(k) + E(k − q)
, (6)

where u(k) and ν(k) are the coherence factors given by

u2(k) = 1

2

(
1 + ξ (k)

E(k)

)
, ν2(k) = 1

2

(
1 − ξ (k)

E(k)

)
.x (7)

We note that u(k)ν(k) = �(k)/2E(k). The most favorable
conditions for pairing occur when kF d � 1. In this limit,
Eq. (4) can be approximated as [30,35]

V (q) ≈ vq exp(−qd)

1 + 2vq(�n[q) + �a(q)]
. (8)

B. Anisotropic mean-field equations

Here, we extend the mean-field equations (2) and (3) to the
case of e-h phosphorene sheets where the energy bands are
anisotropic. The corresponding Hamiltonian of BP near the 	

point can be expressed as [46]

Ĥ0 =
(

Ec + ηck
2
x + αck

2
y γ kx + βk2

y

γ kx + βk2
y Ev − ηvk

2
x − αvk

2
y

)
, (9)

where x and y stand for the armchair and zigzag directions,
respectively (see Fig. 1). Ec (Ev) is the energy of the conduc-
tion (valence) band edge, and γ and β describe the effective
coupling between the conduction and valence bands. ηc,v and
αc,v are related to the known anisotropic effective masses of
phosphorene [46]

mx
e = h̄2

2(ηc + γ 2/2Eg)
,

mx
h = h̄2

2(ηv − γ 2/2Eg)
, (10)

m
y

e(h) = h̄2

2(αc(v))
,

where Eg is the energy band gap. One can then use
these masses to obtain an approximation for the spectrum
[18,50]

ξ e(h)(k) = h̄2

2

(
k2
x

m
e(h)
x

+ k2
y

m
e(h)
y

)
− μe(h), (11)

where m
e/h
x and m

e/h
y are the electron/hole effective masses

along the zigzag (x) and armchair (y) directions in each
layer. Here we use the effective masses me

x = mh
x ≈ 0.15m0,

me
y ≈ 0.7m0, and mh

y ≈ 1.0m0 (m0 is the free electron mass)
[51]. Because phosphorene is a semiconductor with a direct
band gap at the 	 point of the first Brillouin zone [7], inter-
band transitions require extremely large energies. A detailed
investigation of multiband effects on e-h superfluidity as a
function of the band-gap energy is reported in Ref. [52]. Here,
we include only one band and limit ourselves to contributions
from the conduction band of each layer. In this case, we use

equal effective masses for the e and h in each phosphorene
sheet, so that we may drop the e and h indices. By using the
anisotropic energy band, Eq. (11), the well-known analytical
form of the normal polarization, Eq. (5), and the anomalous
polarization, Eq. (6), will also be direction dependent in q

space. Here, to get rid of the anisotropy, we use the following
transformation [18]:

s =
√

mD/Mq and p =
√

mD/Mk, (12)

where M is the mass tensor with diagonal elements mx and
my , and mD = √

mxmy is the 2D density of state mass. We
consider k = k(cos(θ ), sin(θ )) where θ is the polar angle of the
k vector with respect to the x axis. So, we can rewrite p(θ ) =
k
√

mDR(θ ) with the orientation factor R(θ ) = cos2(θ )/mx +
sin2(θ )/my [20]. Using this simplified notation, the anisotropic
energy ξ (k) term becomes

ξ ( p) = h̄2p2

2mD

− μ. (13)

Having this quadratic energy dispersion, we generalize the
well-known analytical form of the polarizability to in-
clude anisotropy in the superfluid gap. Therefore, the zero-
temperature total polarization function can be calculated by
using the renormalized isotropic energy bands, Eq. (13), in
Eq. (5) for the normal polarization function and in Eq. (6) for
the anomalous polarization function.

Using the polar notation, one can readily obtain the super-
fluid gap equation as

�( p) = − 1

�

∑
p′

V ( p − p′)
�( p′)
2E( p′)

, (14)

and the density equation

n = gs

�

∑
p′

1

2

(
1 − ξ ( p′)

E( p′)

)
. (15)

Here we solve Eqs. (14) and (15) self-consistently for
the direction-dependent �(k). It should be noted that while
the spin-orbit coupling (SOC) mainly affects the superfluid
stiffness [53,54], one can ignore this effect on the superfluidity
of phosphorene. It was shown that the SOC has no effect on
the band structure of phosphorene [55].

III. RESULTS AND DISCUSSIONS

In this section, we present and discuss our numerical results
for superfluidity of e-h phosphorene monolayers. Figure 2
shows the maximum of superfluid gap �max as a function
of density for different interlayer separations d and for both
(a) armchair (θ = 0) and (b) zigzag (θ = π/2) directions
of phosphorene. With decreasing interlayer spacing d the
pairing interaction in the two directions becomes stronger
and superfluidity persists up to, e.g., n ≈ 4 × 1012 cm−2 in
the zigzag direction for d = 2 nm. For densities above an
onset density, n > nc, the superfluid gap vanishes. It is the
screening that kills the superfluidity before it reaches the BCS
regime. The interplay between the BEC-BCS crossover and
the superfluid screening of the e-h pairing interactions have
been investigated in Ref. [29] and by quantum Monte Carlo
simulations [56]. We find that �max is about twice larger along
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FIG. 2. Maximum of superfluid gap along two main crystallographic directions of phosphorene: (a) the armchair direction (θ = 0) and (b)
the zigzag direction (θ = π/2) for different h-BN effective barrier thickness d . The shadowed gray area indicates the intermediate BEC-BCS
crossover regime for pairing.

the zigzag direction than along the armchair direction for the
same d. This effect can be linked to the larger effective mass
of carriers along the zigzag direction resulting in a significant
enhanced exciton e-h binding energy. Therefore, in the zigzag
direction the interactions are stronger than in the armchair
direction, enhancing the superfluidity. The BEC and BEC-BCS
crossover regimes in Fig. 2 are distinguished, respectively, by
the white and gray regions. We find that the peak in �max

is located in the BEC regime for both armchair and zigzag
directions. The BEC and BEC-BCS crossover regimes in Fig. 2
are determined by evaluating the condensate fraction, CF =∑

k u2(k)v2(k)/
∑

k v2(k); CF > 0.8 corresponds to the BEC
regime and 0.2 < CF < 0.8 corresponds to the BEC-BCS
crossover regime.

At zero temperature, the coupled mean-field BCS-like
equations for the gap parameter and the chemical potential
adopted as a reference model in the present work are able to
describe in a qualitative way the BCS-BEC crossover when
the density is reduced at fixed interlayer distance [29,30,35].
At very low densities and at small enough interlayer distance
the electron-hole system is in the very strong-coupling regime:

the gap is large in units of the noninteracting Fermi energy, the
condensate fraction is close to one, and the chemical potential
becomes strongly negative and it approaches minus half of the
binging energy of the two-body electron-hole problem, which
is the bound-state energy of an isolated exciton. Moreover,
in the BEC limit the radius of the electron-hole Cooper pairs
approach the radius of the exciton in the isolated exciton limit
(see also Ref. [56] for quantum Monte Carlo simulations in
the BEC regime). Therefore, the extreme BEC limit realized
at very low densities in our electron-hole system at T = 0 is
in correspondence with the pure, weakly interacting, excitonic
system analyzed in detail in Ref. [44]. On the other hand, a
direct quantitative comparison between the results of our work
and the results of Ref. [44] is not possible and beyond the scope
of the present paper, being that the model interaction between
carriers and the way to include the Coulomb screening in the
two approaches are different.

To highlight the anisotropy of the gap function, we provide
three contour plots of �(k) in Fig. 3 for d = 2 nm and for
the densities marked in Fig. 2 by solid black dots. We see
in Fig. 3(a) that at the density n ≈ 1 × 1012 cm−2 the peak

FIG. 3. Contour plot of �(k) for density: (a) 0.15 × 1012 cm−2, (b) 0.5 × 1012 cm−2, and (c) 3.25 × 1012 cm−2 which are marked in Fig. 2.
Here the effective h-BN barrier thickness is d = 2 nm.
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FIG. 4. (a) Maximum density nc for several directions as a function of the h-BN effective barrier thickness d . (b) Maximum TKT as a
function of the h-BN effective barrier thickness d .

in �(k) is centered at k = 0 in the strong pairing regime of
BEC. In Fig. 3(b) the maximum �(k) is becoming broader
along the zigzag direction but it is still centered around k =
0 displaying a remaining bosonic character of the Cooper
pairing in the BEC regime, but the maximum peak goes to
the BEC-BCS crossover regime of weaker coupling along
the armchair direction. Figure 3(c) shows the contour plot
of �(k) at n ≈ 3.5 × 1012 cm−2 where the superfluid gap
function along the zigzag direction has its maximum. As
one can see in Fig. 3(c) our results for �(k) confirm that
we are in the BEC-BCS crossover regime along the zigzag
direction, while the superfluid gap vanishes along the armchair
direction.

In Fig. 4(a), we show the onset density nc, i.e., the density
at which the superfluidity is killed, as a function of d for
different directions of two alignment phosphorene layers. At a
fixed d, the onset density is larger along the zigzag (θ = π/2)
direction. Its value in this direction is about five times the one
for the armchair (θ = 0) direction as d decreases. We note that
once a superfluid condensate is established in one direction, it
forms a 2D coherent state and not only in a specific edge. The
superfluid density ρs(TKT ) becomes a tensor in the case of an
anisotropic system [44]. The elements of the superfluid density
tensor at BCS level for an anisotropic energy band are given
by [28]

ρx/y
s (0) =

∫
d2k

(2π )2

∂2ξ (k)

∂k2
x/y

[
1 − ξ (k) − μ

E(k)
tanh

(
E(k)

2T

)]

+ 2
∫

d2k
(2π )2

(
∂ξ (k)

∂kx/y

)2
∂f (E(k))

∂E(k)
, (16)

where f (x) = [1 + exp(x/T )]−1 is the Fermi-Dirac distribu-
tion function. At T = 0 the superfluid density tensor can be
simplified to [28]

ρx/y
s (0) = 2

∫
d2k

(2π )2

ν2(k)

mx/y

= n

mx/y

. (17)

Using the transformations (12) one can write ρs(0) =
nR(θ ). We determine an upper bound to the superfluid transi-
tion temperature using the Kosterlitz-Thouless relation

TKT = π

4
ρs(TKT ). (18)

The maximum TKT at the onset densities is plotted in
Fig. 4(b) as a function of d. This is the highest temperature,
below which we find superfluidity. Notice that these maximum
values for the KT transition temperatures are larger than those
predicted for double few-layer sheets of graphene [30]. In
contrast with the results in Ref. [44], we find the critical
temperature and the onset superfluid density decrease when the
interlayer separation d increases. This results from the factor
exp(−qd) in the Fourier transformed interlayer Coulomb inter-
action [see Eq. (8)], which ensures suppression of superfluity
in the weakly interacting regime when qd � 1.

IV. CONCLUSION

In summary, we studied the occurrence of excitonic su-
perfluidity in parallel e-h phosphorene monolayers. We first
generalized the mean-field and RPA approach for the gap
function to strongly anisotropic double-layer systems such
as phosphorene at zero temperature. We showed that the gap
function is anisotropic, and depends on the direction of k. The
origin of this anisotropy can be traced back to the anisotropic
effective mass in the free-electron model for phosphorene
monolayers. We found that due to the larger effective mass in
the zigzag direction the superfluid gap is about twice larger
along this direction than along the armchair direction. We
estimated the KT transition temperature with maximum value
up to ∼90 K in double-layer phosphorene with onset carrier
densities as high as 4 × 1012 cm−2. These values suggest
double electron-hole phosphorene monolayers separated by
h-BN layers as an experimentally tunable system to observe
anisotropic electron-hole superfluids at high temperature and
carrier densities, with transition temperatures that are higher
than those predicted for double graphene bilayers. The com-
bination of extremely thin barriers, large effective masses,
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and strong pairing attraction make the double phosphorene
monolayers ideal for observing high-temperature superfluidity.
The separation d between layers increases. The anisotropy in
the electron-hole superfluidity can be detected in Coulomb
drag experiments by rotating one of the phosphorene sheets
with respect to the other.
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