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Surface-mode-assisted amplification of radiative heat transfer between nanoparticles
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We show that the radiative heat flux between two nanoparticles can be significantly amplified when they are
placed in proximity of a planar substrate supporting a surface resonance. The amplification factor goes beyond two
orders of magnitude in the case of dielectric nanoparticles, whereas it is lower in the case of metallic nanoparticles.
We analyze how this effect depends on the frequency and on the particle-surface distance by clearly identifying
the signature of the surface mode producing the amplification. Finally, we show how the presence of a graphene
sheet on top of the substrate can modify the effect by making an amplification of two orders of magnitude possible
also in the case of metallic nanoparticles. This long-range amplification effect should play an important role in
the thermal relaxation dynamics of nanoparticle networks.
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I. INTRODUCTION

Two bodies at different temperatures placed in vacuum
experience an energy exchange mediated by photons. The
Stefan-Boltzmann law states that this radiative heat transfer
is limited in the far field, i.e., for distances larger than
the thermal wavelength λT = h̄c/kBT (close to 8 μm at
room temperature), by the amount exchanged between two
blackbodies, defined as ideal bodies absorbing all incoming
radiation. The pioneering works of Rytov [1] and Polder and
van Hove [2] showed that in the opposite regime, i.e., the near
field, this limitation does not hold and the flux can surpass,
even by several orders of magnitude, the blackbody limit.
This amplification can be dramatic when the bodies support
surface modes [3–8]. More specifically, this amplification
typically happens for dielectrics, having resonance frequencies
lying in the infrared range, whereas the surface modes of
metals (typically in the ultraviolet range) do not participate in
the effect for temperatures close to the ambient temperature.
Several experiments on near-field heat transfer have been
realized in different geometries so far, establishing a quite solid
agreement between measurements and theory [9–23].

A remarkable theoretical effort in this domain has been
devoted to the study of the heat exchange, both in the stationary
and dynamical regimes, between two or more nanoparticles
[24–46]. The reduced size of the particles enables one to
perform the dipole approximation, in which each particle is
assumed to be as a pointlike source and its interaction with the
field described in terms of a dielectric and/or magnetic dipole.
This assumption considerably simplifies the calculations but
limits the validity of the results to distances larger than the
typical size of the nanoparticles. Generally speaking, previous
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works have been focused on the active control of the cooling
and heating of nanoparticles, either in vacuum or in proximity
of an interface, as well as of the temperature profile within a
collection of nanoparticles.

We focus here on a specific aspect of the radiative heat
transfer between two nanoparticles. Guided by the major role
played by surface modes on the value and spectral properties
of near-field heat transfer, we study how the proximity of two
nanoparticles to a substrate supporting such a mode can am-
plify the heat flux exchanged between them. In particular, we
focus on the case of a dielectric (silicon carbide) substrate, and
consider both scenarios of dielectric and metallic nanoparticles
on top of it. We predict a flux amplification which goes beyond
two orders of magnitude in the case of dielectric nanoparticles,
while the enhancement is close to 6 for metallic nanoparticles.
The physics behind this effect is studied both in terms of
spectral properties and with respect to the distance between
particles and substrate, in order to well identify the role played
by the surface mode. Finally, we also address the effect of a
graphene sheet placed on top of the substrate, showing that
it dramatically increases the effect in the case of metallic
nanoparticles.

The paper is structured as follows. In Sec. II, we introduce
the geometry of our system, define the Green function in the
absence and presence of substrate, and give the expression of
the heat flux between the two nanoparticles. In Sec. III, we
present our main results concerning the surface-mode-induced
amplification of heat flux. Section IV is dedicated to the role
of a graphene sheet on top of the substrate. Finally, in Sec. V,
we give some conclusive remarks and perspectives.

II. GREEN FUNCTION AND HEAT TRANSFER
BETWEEN NANOPARTICLES

Let us consider two nanoparticles having coordinates R1

and R2, respectively, located close to the plane z = 0, sepa-
rating vacuum (z > 0) from a region (z < 0) occupied by a
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nonmagnetic medium having dispersive electric permittivity
ε(ω). We assume that the two particles are placed at the
same distance z from the interface, while d is the distance
between them. In virtue of the rotational symmetry of the
system with respect to the z axis, we can choose, without
loss of generality, the coordinates of the two particles to be
R1 = (0,0,z), R2 = (d,0,z).

In the following, we will calculate the radiative heat transfer
between the two nanoparticles. More specifically, we want to
investigate how the presence of the substrate, and in particular
of a surface mode existing at the interface with vacuum, is
able to modify and possibly amplify this energy-exchange
mechanism. For the sake of simplicity, we will work in the
framework of the dipolar approximation, according to which
the two particles are described as pointlike sources. This
assumption is valid as long as the length scales involved in
the system are large compared to the size of the nanoparticles.
We will assume that the two nanoparticles are identical spheres
of radius R = 5 nm, and limit our calculations to values of the
particle-surface distance z and particle-particle distance d both
larger than 50 nm. This implies that the particle radius satisfies
R � d,z,λ (with λ being a relevant wavelength participating in
the energy exchange), guaranteeing the validity of the dipolar
approximation. The description of the optical response of a
pointlike nanoparticle is easily made in terms of a series
development of the Mie coefficients, describing the scattering
on a sphere [47]. According to the nature (dielectric or metallic)
of the nanoparticles, the relevant terms can be the electric
and magnetic frequency-dependent polarizabilities α

(0)
E (ω) and

α
(0)
H (ω). In the limit R � δ (with δ being the skin depth of

the given material), these can be written in the well-known
Clausius-Mossoti form,

α
(0)
E (ω) = 4πR3 ε(ω) − 1

ε(ω) + 2
,

α
(0)
H (ω) = 2π

15
R3

(ωR

c

)2
[ε(ω) − 1], (1)

with R and ε(ω) being the radius and the electric permittivity of
the particle, respectively. To any of the two polarizabilities we
apply the radiative correction, discussed, e.g., in Refs. [48,49],
thus obtaining the dressed polarizability,

α(ω) = α(0)(ω)

1 − i
k3

0
6π

α(0)(ω)
, (2)

where k0 = ω/c. We finally need to introduce the modified
polarizability,

χ (ω) = Im[α(ω)] − k3
0

6π
|α(ω)|2, (3)

which appears in the fluctuation-dissipation theorem describ-
ing dipole fluctuations and avoids unphysical effects (for a
more detailed discussion, see Ref. [50]).

We will assume that the system is thermalized at T = 300 K
and that the temperature of one of the two nanoparticles is
slightly increased to 300 K + 	T . This generates a nonvanish-
ing heat flux ϕ on the other nanoparticle, which can be entirely
ascribed to an energy exchange between the two nanoparticles.
The ratio between the flux ϕ and the temperature difference
	T defines, in the limit 	T → 0, the conductance G. This

is the quantity we are going to calculate in the following,
addressing in particular the question of how G is modified
by the presence of the substrate. Thus, in our calculation, the
substrate purely acts as a boundary condition, modifying the
way in which the direct exchange between the particles takes
place. The conductance G in the case of two identical particles
can be conveniently expressed in terms of the Green function
describing the system as [27]

G = 4
∫ +∞

0

dω

2π
h̄ω k4

0 n′(ω,T )χ2 Tr(GG†), (4)

where G denotes the dyadic Green tensor of the full system,
which is written in terms of Green tensorG of a single interface
as

G = M−1G, (5)

with M = 1 − k4
0α1α2GGT representing the multiple reflec-

tions between the two particles. In expression (4), the fre-
quency dependence of material-dependent quantities (χ and
G) has been omitted for simplicity reasons and n′(ω,T )
denotes the derivative with respect to T of the Bose-Einstein
distribution,

n(ω,T ) =
[

exp

(
h̄ω

kBT

)
− 1

]−1

. (6)

In the infrared range, the multireflections can be neglected (see
Ref. [51]) so that in this spectral range, the equality G = G

holds. We remark here that for a particle described in terms of
an electric dipole, the modified polarizability χ appearing in
Eq. (4) is the one derived from the electric polarizability α

(0)
E

and the Green function is the electric-electric one, GEE . On
the contrary, the magnetic contribution to the conductance is
obtained by using the modified polarizability χ derived from
the magnetic polarizability α

(0)
H and the magnetic-magnetic

Green function GHH .
In the presence of a vacuum-material interface, the Green

function can be written as

G = G(0) + G(sc), (7)

i.e., separated into a vacuum contribution and a scattering part
which depends on the interface reflection coefficients and goes
to zero in the absence of the interface. The vacuum contribution
to the Green function reads

G
(0)
EE = G

(0)
HH = eik0d

4πk2
0d

3

⎛
⎜⎝

a 0 0

0 b 0

0 0 b

,

⎞
⎟⎠ (8)

where a = 2 − 2ik0d, b = k2
0d

2 + ik0d − 1.
The scattering contribution to the electric-electric Green

function can be written as an integral with respect to the
modulus k = |k| of the wave vector k = (kx,ky) on the x−y

plane as follows [52]:

G
(sc)
EE =

∫ +∞

0

dk

2π

ike2ikzz

2k2
0kz

(rsS + rpP). (9)

In this expression, kz =
√

k2
0 − k2 is the z component of the

wave vector in vacuum, while rs and rp are the ordinary Fresnel
coefficients associated with the two polarizations. Defining
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as kzm =
√

ε(ω)k2
0 − k2 the z component of the wave vector

inside the material, these coefficients are given by

rs = kz − kzm

kz + kzm

, rp = ε(ω)kz − kzm

ε(ω)kz + kzm

. (10)

Finally, the matrices S and P are defined as

S =

⎛
⎜⎝

k2
0A

+ 0 0

0 k2
0A

− 0

0 0 0

⎞
⎟⎠,

P =

⎛
⎜⎝

−k2
zA

− 0 −kkzB1

0 −k2
zA

+ 0

kkzB1 0 k2B0

⎞
⎟⎠, (11)

with

A± = 1
2 [J0(kd) ± J2(kd)], Bn = inJn(kd), (12)

and where Jn is the cylindrical Bessel function of order n. The
scattering part of the magnetic-magnetic Green function can be
easily obtained from G

(sc)
EE by exchanging rs and rp in Eq. (9).

Based on Eq. (7), we remark that

Tr(GG†) = Tr(G(0)G(0)†) + Tr(G(sc)G(sc)†)

+ 2 Re[Tr(G(0)G(sc)†)], (13)

allowing us to decompose the conductance as

G = G(0,0) + G(sc,sc) + G(0,sc), (14)

i.e., as the sum of the vacuum contribution and two further
contributions associated with the presence of an interface,
more specifically, a scattering and a crossed term, G(sc,sc) and
G(0,sc), respectively. These contributions will be discussed in
the following together with the total conductance G.

III. SURFACE-MODE AMPLIFICATION OF HEAT FLUX

We now dispose of all the tools needed to calculate the
conductance in our system. As anticipated, we will mainly
compare the conductance G(0) in vacuum to the total one G in
the presence of the interface. Concerning the latter, we choose
a substrate made of silicon carbide (SiC), for two main reasons.
First is that its dielectric properties can be easily described by
using a Drude-Lorentz model [53],

ε(ω) = ε∞
ω2

L − ω2 − i�ω

ω2
T − ω2 − i�ω

, (15)

with high-frequency dielectric constant ε∞ = 6.7, longitu-
dinal optical frequency ωL = 1.83 × 1014 rad/s, transverse
optical frequency ωT = 1.49 × 1014 rad/s, and damping � =
8.97 × 1011 rad/s. Moreover, according to this model, the SiC-
vacuum interface supports a planar surface phonon-polariton
mode in p polarization at frequency ωpl = 1.786 × 1014 rad/s.
This frequency corresponds to the resonance of the reflection
coefficient rp, a condition which for large values of the wave
vector k is reduced to ε(ω) + 1 = 0. It must be stressed
here that the expression of the electric polarizability given
in Eq. (1) also predicts the existence of a surface resonance,
which clearly differs from the one discussed above because
of the different geometry of the interface. More specifically,

FIG. 1. Total conductance G (black solid line) and single contri-
butions G(0,0) (red dashed line), G(sc,sc) (blue dot-dashed line), and
G(0,sc) (in absolute value, orange dotted line) as defined in Eq. (14)
between two SiC nanoparticles at distance d , placed at distance
z = 50 nm from a SiC substrate. The thin black lines correspond
to the small- and long-distance asymptotic behaviors of G(0,0) given
in Eq. (16). The inset shows the ratio between conductances in the
presence and absence of substrate as a function of d .

this second nanoparticle resonance frequency ωnp corresponds
asymptotically to the condition ε(ω) + 2 = 0, which for SiC
gives ωnp = 1.755 × 1014 rad/s. It is well known that in the
scenario of dielectric nanoparticles, the electric contribution
to the heat transfer (and thus to the conductance) dominates,
by orders of magnitude, the magnetic one [26]. For this reason,
we will limit our discussion to the electric contribution in the
case of SiC nanoparticles.

We stress that in our configuration, compared to a standard
calculation of two-body radiative heat transfer, the definitions
of near and far field are more subtle. In fact, we have two
distances, the particle-interface distance z and the particle-
particle distance d. When d is small, we can expect the
conductance to experience, even in vacuum, an amplification
due to the nanoparticle-surface mode. On the contrary, the
distance z is expected to regulate the participation of the
substrate surface mode. This second distance is thus a more
relevant parameter in our analysis of surface-wave-mediated
modification of the heat transfer between the two nanoparticles.

A. SiC nanoparticles on a SiC substrate

We start our numerical analysis with the configuration in
which both the nanoparticles and the substrate are made of
SiC. In this case, we anticipate the participation (at least for
some values of z and d) of both the nanoparticle and the planar
surface modes. Let us begin by discussing the conductance as a
function of the interparticle distance d for the smallest particle-
surface distance, z = 50 nm. In the plot shown in Fig. 1, we
start by comparing the red dashed line, corresponding to the
vacuum case G(0), to the black solid line, associated with the
total value G. We clearly distinguish three zones with respect
to the interparticle distance d. For very small distances, the
vacuum contribution dominates the scattered part and we have
G � G(0,0). In this small-distance region, the particles are so
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FIG. 2. Spectral conductance between two SiC nanoparticles at distance d , placed at distance z = 50 nm from a SiC substrate.
(a)–(c) d = 0.05, 15, 1000 μm, respectively. The dot-dashed vertical lines are associated with the nanoparticle and planar resonance frequencies,
ωnp = 1.755 × 1014 rad/s and ωpl = 1.786 × 1014 rad/s, respectively. The inset of (b) shows, in arbitrary units, χ2 (red dashed line) and G/χ 2

(black solid line) as a function of frequency.

close that their coupling is basically not influenced by the
presence of the substrate. On the contrary, we observe a large
region of d in which not only is the role of the substrate
relevant, but G(sc,sc) becomes even the leading contribution to
the total conductance G. More in detail, around d = 10 μm,
the conductance is dramatically amplified with respect to the
vacuum configuration. As shown in the inset of Fig. 1, showing
the ratio between G and G(0,0), the amplification goes beyond
two orders of magnitude, reaching a value close to 400. Going
back to the main part of Fig. 1, we highlight a third region with
respect to the distance d (d � 100 μm), for which the value of
the conductance G goes significantly below the vacuum result
G(0,0). This means that for large values of the particle-particle
distance, the presence of the substrate inhibits the energy flux
between the two nanoparticles. Although for these values of
the distance the value of the conductance is very low, we
can try to give a numerical description of the behavior of the
different contributions toG. Starting withG(0,0), it can be easily
shown from Eqs. (4) and (8) that the small- and large-distance
behaviors of the conductance are, respectively, d−6 and d−2.
More specifically, we have

d → 0, G � 3h̄

4π3d6

∫ +∞

0
dω ω n′(ω,T )χ2,

d → +∞, G � h̄

4π3c4d2

∫ +∞

0
dω ω5 n′(ω,T )χ2. (16)

These two asymptotic behaviors are shown explicitly in Fig. 1
by means of thin black solid lines. We clearly observe that
for large values of d, the term G(sc,sc) behaves exactly as G(0,0)

and, more interestingly, the crossed term G(0,sc) shares (after an
oscillatory behavior for intermediate distances) the same d−2

behavior given in Eq. (16), with a prefactor −2 (its asymptotic
behavior is shown in Fig. 1 as well) which exactly cancels the
leading terms of the two remaining G(0,0) and G(sc,sc). As a
consequence, we observe that the total conductance G tends
to zero faster than G(0,0) (we have shown numerically that it
behaves as d−4), and thus the ratio G/G(0,0) tends to zero as
d−2. However, we remark again that this behavior takes place
at values of the distance for which both G(0,0) and G are very
low.

In order to get more insight into this amplification mech-
anism, we turn our attention to a spectral analysis of the

conductance by looking at the function G(ω) such that G =∫ +∞
0 dω G(ω). In particular, we focus on the configuration

z = 50 nm discussed so far and shown in Fig. 1 and plot G(ω)
for the three values of d = 0.05,15,1000 μm corresponding
to the extreme values taken into account in Fig. 1, along with
the intermediate value (d = 15 μm), which is close to the
one corresponding to the maximum amplification G/G(0,0).
In Fig. 2(a), we clearly see that for d = 50 nm, the vacuum
contribution G(0,0) gives almost the entire value of the conduc-
tance G. Moreover, we see that the spectral conductance G(ω)
is clearly resonating at the nanoparticle resonance frequency
ωnp (the vertical dot-dashed line in the figure), coherently with
the small distance between the two particles. For the other
extreme value of the distance, d = 1000 μm, Fig. 2(c) shows
that the vacuum contribution dominates with respect to G,
coherently with the different power law discussed above. In
terms of spectral contributions, G(0,0) is again peaked at ωnp,
which is the only resonance frequency defined in the absence
of the interface. We are left with the more subtle discussion
of the intermediate regime, corresponding to the case d =
15 μm shown in Fig. 2(b). In the main part of the figure,
we clearly see that G is much larger than G(0,0), showing
that we are indeed observing a conductance amplification
induced by the presence of the substrate. Nevertheless, the
total spectral conductance G(ω) is still peaked at ωnp, as in the
small-distance configuration d = 50 nm shown in Fig. 2(a).
This is somewhat surprising since based on the interpretation
of this amplification as an effect of the surface wave existing
at the planar vacuum-SiC interface, we would have expected a
resonance at the larger frequency ωpl [the second vertical line
shown in Fig. 2(b)]. In order to delve deeper into this behavior,
we remark that the spectral conductance G(ω) is the product
of the term χ2 [see Eq. (4)], the only one depending on the
two nanoparticles and resonating at ωnp, and of an expression
involving n′(ω,T ) and Tr(GG†). These two contributions are
represented, in arbitrary units, in the inset of Fig. 2(b). We
see that while χ2 is clearly peaked at ωnp, the remaining
multiplicative factor has a broader peak at a frequency larger
than ωnp but still smaller than the expected one, ωpl. This is
a result of the complicated interplay between the resonance
of the reflection coefficient rp and the oscillatory behavior of
the Bessel functions appearing in Eq. (9) as a function of k.
These oscillations partially cancel the resonant behavior of
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FIG. 3. The inset shows, as a function of the nanoparticle-surface
distance z, the maximum of the ratio G/G(0,0) with respect to the
interparticle distance d for two SiC nanoparticles on top of a SiC
substrate. In the main part of the figure, the same ratio is plotted as
a function of d for z = 50 nm (black solid line), 500 nm (red dashed
line), 1 μm (blue dotted line), and 10 μm (orange dot-dashed line).

rp for large values of k (for which the resonance frequency
approaches asymptotically ωpl) and produce the broader peak
shown in the inset of Fig. 2(b). Finally, the product of this term
and χ2 is at the origin of the maximum of G(ω) at ωnp, even
in the case of maximum amplification.

We finally address the question of the dependence of the
conductance amplification on the distance z between the two
nanoparticles and the substrate. In the inset of Fig. 3, we plot
as a function of z (up to 100 μm) the maximum of the ratio
G/G(0,0) with respect to d in the range [50 nm,1000 μm]. We
clearly recognize the value around 400 for z = 50 nm and we
observe a monotonically decreasing behavior as a function of
z. Remarkably, the amplification factor is still 10 around z =
1.6 μm. Moreover, the decay rate of the maximum as a function
of z is of the order of some microns, comparable to the decay
length of the phonon polariton at the SiC-vacuum interface.
We finally show, in the main part of Fig. 3, for some values
of z (z = 0.05,0.5,1,10 μm), the ratio G/G(0,0) as a function
of the interparticle distance d. Apart from the expected decay
in the peak height when increasing the value of z, we observe
that up to z � 1 μm, the distance d realizing the maximum
amplification is approximately unchanged around d � 15 μm,
while for z = 10 μm it moves to higher values of d, where the
vacuum conductance G(0,0) is already much smaller, making
the amplification mechanism (already less pronounced) even
less interesting.

B. Gold nanoparticles on a SiC substrate

We now turn our attention to a different configuration, in
which the substrate is again made of SiC, thus supporting the
same surface wave discussed so far, while the two particles are
made of gold. To describe the permittivity of gold, we use a
modified Drude model [54],

ε(ω) = 1 − ω2
P

ω[ω + i�(1 + vF /R)]
, (17)

FIG. 4. Total conductance G (black solid line) and single contri-
butions G(0,0) (red dashed line), G(sc,sc) (blue dot-dashed line), and
G(0,sc) (in absolute value, orange dotted line) as defined in Eq. (14)
between two gold nanoparticles at distance d , placed at distance
z = 50 nm from a SiC substrate. The thin black lines correspond
to the small- and long-distance asymptotic behaviors of G(0,0) given
in Eq. (16). The inset shows the ratio between conductances in the
presence and absence of substrate as a function of d .

with plasma frequency ωP = 1.71 × 1016 rad/s and dissipa-
tion rate � = 4.05 × 1013 rad/s. The term proportional to the
Fermi velocity, vF = 1.2 × 106 m/s, takes into account the
deviation from the bulk permittivity associated with the small
size of the particle [26,54]. In this case, a nanoparticle-surface
mode [a zero of ε(ω) + 2] still exists, but its frequency (in
the ultraviolet range) is such that it does not take part in the
energy exchange since it falls beyond the frequency window
fixed by the function n′(ω,T ) in Eq. (4). In the case of gold
nanoparticles, it was shown that the magnetic contribution
to the interparticle energy flux typically dominates over the
electric one [26]. More specifically, for our choice of radius
R = 5 nm, this is still true but the two contributions can be
comparable. For this reason, in what follows we include both
terms in our calculation, but we neglect for simplicity crossed
electric-magnetic terms [42].

Based on this model, we start computing the total con-
ductance G (as well as all the individual contributions) as a
function of d for z = 50 nm. The results are shown in Fig. 4,
and the comparison with Fig. 1 shows a dramatic reduction of
the values of G because of the replacement of dielectric with
metallic nanoparticles. Nevertheless, even in this configura-
tion, an amplification of the conductance with respect to the
vacuum configuration is possible. In particular, as shown in
the inset, we obtain a maximum larger than 6 for a distance
d � 2 μm. For larger distances, while the asymptotic d−2 is
still visible, the interplay with the terms G(sc,sc) and G(0,sc) is
less manifest in the interval of distances under scrutiny.

We repeat here the spectral analysis of the conductance for
d = 0.05,2,1000 μm, i.e., the lower boundary, the location
associated with the maximum amplification, and the upper
boundary, respectively. The results are shown in Fig. 5. In
Fig. 5(a), we observe that for d = 50 nm, the vacuum result
shows a flat spectrum, coherently with the absence of a
nanoparticle resonance in the frequency window relevant at
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FIG. 5. Spectral conductance between two gold nanoparticles at distance d , placed at distance z = 50 nm from a SiC substrate. (a)–(c)
d = 0.05, 2, 1000 μm, respectively. The dot-dashed vertical line is associated with the planar resonance frequency ωpl = 1.786 × 1014 rad/s.

T = 300 K. On the contrary, including the substrate results in
the appearance of a narrow peak at the planar SiC-vacuum res-
onance frequency ωpl, but this peak produces here a negligible
amplification. In Fig. 5(b), we show the case d = 2 μm, where
the amplification is maximized. A similar peak appears in the
presence of the substrate, along with a broader peak at lower
frequencies coming from the magnetic contribution. These are
responsible for the predicted amplification. Finally, for large
d, we still find a signature of the SiC-vacuum surface mode,
but with an associated value of the amplification again around
1, as in the case d = 50 nm.

We now discuss the dependence of the amplification mech-
anism on z. The inset of Fig. 6 shows a more complicated
dependence than in the case of SiC (see Fig. 3) since the
initial similar decay of the maximum possible ratio G/G(0,0)

is followed by an increase from approximately 1 to 20 μm.
Nevertheless, as shown in the main part of Fig. 6, while during
the initial decrease of G/G(0,0) as a function of z, the value
of d realizing the maximum remains approximately constant
around d � 2 μm; it then increases during the ascending part,
moving to values at which the overall conductance becomes
tiny and thus the amplification less relevant.

FIG. 6. The inset shows, as a function of the nanoparticle-surface
distance z, the maximum of the ratio G/G(0,0) with respect to the
interparticle distance d for two gold nanoparticles on top of a SiC
substrate. In the main part of the figure, the same ratio is plotted as
a function of d for z = 50 nm (black solid line), 500 nm (red dashed
line), 1 μm (blue dotted line), and 10 μm (orange dot-dashed line).

IV. ROLE OF A GRAPHENE SHEET

We have shown so far that the presence of a surface wave
at the interface between vacuum and the substrate is able to
produce an amplification of the conductance between the two
nanoparticles. This amplification goes beyond two orders of
magnitude when both the particles and the substrate are made
of SiC, while it is around 6 in the case of gold nanoparticles on
top of a SiC substrate. The reason for this dramatic difference
is that not only do SiC nanoparticles support a surface mode in
the Planck window which participates in the energy exchange,
but the frequency of the surface mode existing at the interface
is almost resonant with the first one. This is not the case for
gold nanoparticles, which support a surface mode as well, but
in the ultraviolet range of frequencies. For this reason, it would
be interesting to tailor the interplay between the planar surface
mode and the nanoparticles in order to reduce the mismatch
between the two resonance frequencies. A remarkable
recent interest has been focused on the use of graphene to
manipulate (both spectrally and in terms of absolute value)
near-field radiative heat transfer [55–81]. By considering
both monolayer and multilayer structures, it has been shown
that the remarkable optical properties of graphene [82,83]
can be exploited in order to actively control the radiative
heat transfer, also thanks to the possible manipulation of the
optical response of graphene by means of a modification of
its chemical potential. Recently it has been shown that the
Förster resonance energy transfer between two particles can
be enhanced by up to six orders of magnitude [84].

In this section, we explore how the presence of a graphene
sheet deposited on the SiC substrate influences the amplifica-
tion effect observed so far. The optical properties of graphene
are conveniently described in terms of a conductivityσ . For this
quantity, we will employ a description based on the sum of an
intraband (Drude) and an interband contribution, given by [85]

σD(ω) = i

ω + i
τ

2e2kBT

πh̄2 ln

(
2 cosh

μ

2kBT

)
,

σI (ω) = e2

4h̄

[
G

( h̄ω

2

)
+ i

4h̄ω

π

∫ +∞

0

G(ξ ) − G
(

h̄ω
2

)
(h̄ω)2 − 4ξ 2

dξ

]
,

(18)

where G(x)= sinh(x/kBT )/[cosh(μ/kBT ) + cosh(x/kBT )].
The conductivity depends explicitly on the temperature T of
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the graphene sheet, for which we have chosen T = 300 K in
our calculations. Moreover, it contains the chemical potential
μ, which represents an adjustable parameter allowing us to
actively tune the optical properties. Finally, for the relaxation
time τ , we have chosen the value [86] τ = 10−13 s. The
knowledge of the conductivity allows us to write the expression
of the Fresnel reflection coefficients, modified by the presence
of the graphene sheet. These new coefficients read [61]

rs = kz − kzm − μ0σ (ω)ω

kz + kzm + μ0σ (ω)ω
,

rp = ε0ω[ε(ω)kz − kzm] + σ (ω)kzkzm

ε0ω[ε(ω)kz + kzm] + σ (ω)kzkzm

, (19)

and need to be used in the calculation of the Green function
given by Eq. (9).

In order to gain insight into the possibilities offered by the
presence of a graphene sheet, we focus on the best scenario with
respect to the particle-surface distance, namely, z = 50 nm,
and plot as a function of d the conductance ratio G/G(0,0)

both for SiC and gold nanoparticles in Fig. 7. For both
configurations, the case in the absence of graphene is compared
with scenarios in the presence of graphene having the three
different chemical potentials μ = 0.1,0.3,0.5 eV. Let us begin
by analyzing the results for SiC particles, shown in Fig. 7(a). In
this case, we observe that the presence of graphene reduces the
overall conductance amplification. Moreover, this reduction
increases when increasing the graphene chemical potential.
This is coherent with our previous description of the local
density of states in the vicinity of a graphene-covered substrate,
described in Ref. [60]. The surface plasmon supported by
graphene alone couples with the phonon-polariton existing
at the SiC-vacuum interface, producing a hybrid mode: this
mode has a modified dispersion relation which no longer
shows a horizontal frequency asymptote in the (ω,k) plane,
but is shifted for any value of k toward higher frequencies
compared to the SiC-vacuum phonon-polariton alone. This
modification reduces the coupling with SiC nanoparticles,
thus reducing the conductance amplification. The inset of
Fig. 7(a) shows a spectral analysis of this phenomenon at
d = 15 μm. The existence of a peak at the nanoparticle-surface
resonance frequency is still a signature of the presence of the
two nanoparticles, while the reduction of the height of the peak
indicates the reduced coupling due to the presence of graphene.

It is interesting to move now to the case of gold nanoparti-
cles, in which for the same reasons we expect the presence of
graphene to increase the coupling with the SiC substrate. This
is indeed the case, as we show in Fig. 7(b). While the lowest
chemical potential μ = 0.1 eV taken into account produces a
result that is basically indistinguishable with respect to the
absence of graphene, the two higher values of μ produce
indeed an amplification of the effect, with a ratio G/G(0,0)

going up to two orders of magnitude for μ = 0.5 eV. We
limit our analysis here to this value of μ for practical reasons
since a higher chemical potential could be challenging to
produce experimentally, but our results clearly show that
graphene allows one, in this scenario as well, to widely tailor
the amplification of conductance. In order to get a final insight
into this effect, we plot in the inset of Fig. 7(b) the spectral
conductance for d = 1.5 μm, corresponding to the maximum

FIG. 7. (a) The conductance ratio G/G(0,0) as a function of
d between two SiC nanoparticles placed at distance z = 50 nm
from a SiC substrate. The four lines correspond to the absence of
graphene (black solid line) and to configurations with graphene having
μ = 0.1 eV (red dashed line), 0.3 eV (blue dot-dashed line), and
0.5 eV (orange dotted line). The inset shows the spectral conductance
associated with the same four configurations. Panel (b) and its inset
show the same quantities for two gold nanoparticles placed at distance
z = 50 nm from a SiC substrate.

in Fig. 7(b) for μ = 0.5 eV. While in the absence of graphene
and for μ = 0.1 eV we still see a signature of the planar surface
mode at the SiC-vacuum interface, this is completely lost for
higher values of the chemical potential, for which G(ω) shows
the same broadening (associated with the modified dispersion
relation) observed in Ref. [60].

It is interesting to address one last point in the case of metal-
lic nanoparticles, namely, the interplay between the electric and
magnetic contribution in the presence of a graphene sheet. As
a matter of fact, we can anticipate from the results of Ref. [60]
that the presence of graphene modifies the electric part of the
interaction. In order to verify this intuition, we plot in Fig. 8
the total conductance G (black solid line) in the case of a
graphene sheet with μ = 0.5 eV, together with the two electric
and magnetic contributions GE (blue dot-dashed line) and GH

(orange dotted line). We clearly see that while for small and
large d we observe that the magnetic contribution is slightly
larger than the electric one (as described in Ref. [26]), the
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FIG. 8. The conductance (black solid line) between two gold
particles placed at distance z = 50 nm from a SiC substrate covered
with a graphene sheet having μ = 0.5 eV. This is compared with
the electric (blue dot-dashed line) and magnetic (orange dotted line)
contributions. Inset: The ratio between the electric contribution to
the conductance and the total conductance in the same configuration
(black solid line), for two gold particles in vacuum (purple dot-dashed
line) and on top of a SiC substrate (red dotted line).

amplification associated with the presence of graphene entirely
acts on the electric part, which dominates over the magnetic one
for intermediate distances close to 1 μm. In the inset of Fig. 8,
we plot the ratio GE/G in the same configuration (black solid
line), confirming that GE basically coincides with G in this
intermediate-distance region. On the contrary, when the two
gold particles are in vacuum (purple dot-dashed line) or on top
of a SiC substrate (red dotted line), the electric part gives a con-
tribution which varies between 10% and 40% of the total one.

V. CONCLUSIONS

We have studied the modification of radiative heat ex-
changes between two dielectric (SiC) or metallic (gold)
nanoparticles when placed in proximity of a dielectric (SiC)
substrate supporting a surface phonon polariton. We have

shown that in both scenarios, the presence of a surface wave can
indeed amplify the ambient-temperature conductance between
the nanoparticles. This happens by a factor of more than two
orders of magnitude in the case of SiC particles, whereas the
amplification factor is limited to 6 for gold nanoparticles. We
have spectrally analyzed the effect, clearly highlighting the role
played by the surface mode. Moreover, we have studied the
dependence of the effect on the nanoparticle-surface distance
z, showing that the effect is lost for large distances, as expected
since surface modes are confined in the vicinity of the interface.
Furthermore, we have shown that the presence of a graphene
sheet on top of the substrate can dramatically modify and allow
one to tailor the amplification. In particular, in the case of gold
nanoparticles, the reduction of frequency mismatch between
the substrate and nanoparticle resonances allows one to obtain
in this configuration as well an amplification of two orders of
magnitude.

Our work represents a first step in the study of the
modification of energy exchanges mediated by an interface
and it certainly paves the way to several possible promising
developments. First, the same kind of study could be performed
for a chain of nanoparticles (a first study in the case of a
dielectric chain is done in Ref. [87]), for which unexpected
effects related to many-body effects [35,88,89] as well as the
geometry of the chain could be unveiled. Finally, the same
analysis could be performed by going beyond the dipolar
approximation and by including the radiation emitted by the
substrate in the energy exchange.

Recently, we became aware of a paper addressing the role
of surface waves in the energy transport through a chain of
nanoparticles placed in proximity of a planar interface [87].
In this work, the authors study both dielectric and metallic
nanoparticles, limiting their analysis to a description in terms
of electric dipole. With respect to this work, we present a deeper
analysis of the dependence of the energy-transport amplifica-
tion on the chain-surface distance, account for the modified
long-distance power-law behavior of the conductance, and
describe the major role played by a graphene sheet in the case
of metallic nanoparticles.
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