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We develop a general theory to model the angle-resolved photoemission spectroscopy (ARPES) of commensu-
rate and incommensurate van der Waals (vdW) structures, formed by lattice mismatched and/or misaligned stacked
layers of two-dimensional materials. The present theory is based on a tight-binding description of the structure and
the concept of generalized umklapp processes, going beyond previous descriptions of ARPES in incommensurate
vdW structures, which are based on continuous, low-energy models, being limited to structures with small lattice
mismatch/misalignment. As applications of the general formalism, we study the ARPES bands and constant
energy maps for two structures: twisted bilayer graphene and twisted bilayer MoS,. The present theory should be
useful in correctly interpreting experimental results of ARPES of vdW structures and other systems displaying
competition between different periodicities, such as two-dimensional materials weakly coupled to a substrate and

materials with density wave phases.
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I. INTRODUCTION

The development of fabrication techniques in recent years
enabled the creation of structures formed by stacked layers of
different two-dimensional (2D) materials, referred to as van
der Waals (vdW) structures [1-3]. By combining layers of
materials displaying different properties, it is possible to
engineer devices with new functionalities, not displayed by the
individual layers. This makes vdW structures very appealing
from the applications point of view. As examples, transistors
based on graphene and hexagonal boron nitride (2-BN) or
a semiconducting transition metal dichalcogenide (STMD)
[4,5] and photodetectors based on graphene and a STMD
[6-8] have already been realized. The properties of a vdW
structure depend not only on the properties of the individual
layers, but also on how different layers interact with each other.
Due to the high crystallographic quality of 2D materials, the
interlayer interaction depends crucially on the lattice mismatch
and misalignment between different layers. This is clearly
exemplified, both experimentally [9] and theoretically [10,11],
by the observation of negative differential conductance in
graphene/h-BN/graphene vertical tunneling transistors, where
the bias voltage at which peak current occurs is controlled
by the angle between the misaligned graphene electrodes. A
necessary step to fully understand and take advantage of vdW
structures is to characterize their electronic properties and how
these depend on the lattice mismatch/misalignment.

Angle-resolved photoemission spectroscopy (ARPES) is an
extensively used tool to characterize the electronic degrees of
freedom of materials [12—14]. In crystals, ARPES is generally
understood as a direct probe of the electronic band structure
over the Brillouin zone of occupied states. Nevertheless, even
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in a perfect crystal where the notions of reciprocal space and
Brillouin zone are well defined, this picture might break down,
as the ARPES response is weighted by matrix elements which
describe the light-induced electronic transition from a crystal
bound state to a photoemitted electron state. For bands that are
well decoupled from the remaining band structure, the ARPES
matrix elements are featureless, and indeed ARPES can be seen
as a direct probe of the band structure. However, exceptions to
this can occur and the matrix elements can impose selection
rules on the transitions. Two well known examples where
this occurs are graphite [15] and graphene [16-22]. In these
materials part of the Fermi surface is not observed in constant
energy ARPES maps [23]. This effect is due to the ARPES
matrix elements, which suppress the signal from some parts of
the band structure.

Another case where the ARPES matrix elements should
play an important role is in systems with competing peri-
odicities, such as materials displaying charge density wave
(CDW) phases [24,25]. In this case it is easy to understand
how the interpretation of ARPES as a direct probe of the band
structure can break down. Let us suppose that for a given
material in the normal, undistorted phase, ARPES accurately
maps the electronic band structure. Suppose that the system
undergoes a transition into a commensurate CDW, with a larger
unit cell. If the distortion is small, the bands in Brillouin
zone will be weakly perturbed apart from backfolding into
the new, smaller, Brillouin zone associated with the enlarged
unit cell. If the CDW perturbation is weak, by an adiabatic
argument, the ARPES mapped bands observed in both phases
must be essentially unchanged. This means that the signal of
the backfolded bands must be very weak, and the observed
ARPES bands will mostly follow the bands of the undistorted
phase, in an extended zone scheme. The suppression of the
backfolded bands is encoded by the ARPES matrix elements.
This was exemplified in Ref. [24] in a simple one-dimensional
tight-binding model. These effects may also be relevant when
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interpreting ARPES experiments in cuprates, for which a
hidden density wave state has been proposed [26].

In vdW structures, such competing periodicities naturally
occur due to the lattice mismatch between different layers.
Therefore, a general theory capable of correctly taking into ac-
count ARPES matrix elements is essential to interpret ARPES
data from vdW structures. We point out that the modeling of
ARPES in twisted bilayer graphene [27] and graphene/h-BN
[28] structures has been considered previously in the literature.
However the models employed relied on effective low-energy,
continuous descriptions of the systems, which are only valid
for small misalignment angles. As the field of vdW structures
develops, a more general and flexible approach is required. The
goal of this work is to develop a general framework to theo-
retically model ARPES, which is valid for both commensurate
and incommensurate structures formed by arbitrary materials
and with arbitrary lattice mismatch/misalignment.

The structure of this paper is as follows. In Sec. II, we
review the description of vdW structures based on tight-
binding models and generalized umklapp processes developed
in Refs. [29,30]. We use this description of vdW structures to
compute the ARPES matrix elements for an arbitrary structure
in Sec. III. We apply the general framework to model ARPES in
twisted bilayer graphene and twisted bilayer MoS, in Sec. IV.
Conclusions are drawn in Sec. V. For completeness and the
convenience of the reader, in Appendix A, we briefly review
the derivation of the ARPES intensity within the nonequilib-
rium Green’s function approach [31,32]. In Appendix B, we
present some details on the evaluation of the Fourier transform
components of the interlayer hopping in twisted bilayer MoS,.

II. TIGHT-BINDING DESCRIPTION OF
vDW STRUCTURES

A first step in modeling ARPES of vdW structures is to
describe the electronic states bound to the structure. Following
Refs. [29,30], we employ a tight-binding model to describe the
bound states. We will focus on bilayer structures, where each
layer has a periodic structure with Bravais lattice sites given
by {R¢;}, with £ = ¢,b labeling the top and bottom layers,
respectively. The single-particle Hamiltonian of the structure
is written as

H = H; + H, + Hy, + Hy;, (1)

where H, and H,, are the tight-binding Hamiltonians of the
isolated top and bottom layers and H,, (Hp) describes the
hopping of electrons from the bottom (top) to the top (bottom)
layer. More concretely, the intralayer terms are written as

00
H, = Z hyg (Rl,i’RK,j)CZ’RK_I’aCt,R(A_,,ﬁ (2)
ij.o.p
for £ = ¢t,b, and the interlayer terms as
b
Hy, = Z h;ﬁ (Rt,i7Rb,j)cj,R,vi7aCb,Rh,j,,8, (3)
i,j.o.p

with Hp, = H,Tb. In the previous equations, the indices i,j
run over lattice sites and the indices «, 8 run over sublgtttice,
orbital, and spin degrees of freedom. The operator CE.Re;,a
creates an electron in state |¢,R;;,«), a localized Wannier

state in layer £, lattice site Ry ;, and sublattice site T, o. The
Wannier wave function in real space reads (r|¢,Ry;,o) =
we o — Ry —104) Where wyo(r) is the Wannier wave
function or type « centered on the origin. h;;x (R;i,R; ;) and

hibb (Rp,i, Ry, ;) are intralayer hopping terms, which we assume
to be invariant under translations by lattice vector of the re-
spective layer. hfx’g(R,J ,R; ;) and hZﬂ’ (Rp,i,R; ;) are interlayer
hopping terms, which describe the coupling between the two
layers. It is convenient to express the electronic operators in
terms of Fourier components
1 . ,
CZ,RM,O‘ = 7 %:e ik, (R/z.,+tm)c£kha’ )

where k, belongs to the Brillouin zone of layer ¢ and N,
is the number of unit cells in layer ¢. Notice that if G; is
a reciprocal lattice vector of layer ¢, i.e., e'GtRui — 1 then
€l s = €60 0ec] | . These states bring the Hamiltonians
of the isolated layers to a block diagonal form,

H, = Z Czkmh%(ke)w,ke,ﬁ, (5)
ke,a,B

where h (k) =Y, e~k RetreateopL(R, ;,0). For the
interlayer term, we assume a two-center approximation for
the hopping elements and write them in terms of their Fourier
transform components [30] as (focusing on the H,;, term)

s (R Ry ) = /Ac Acy
d’q .
iq-(Rri+ra—Rpj~Tsp) 10
Xf_(Zn)2e haﬂ(Q), (6)

where A, is the area of the unit cell of layer £. With this we
can write H,; as

H,), = Z Zeirr.a'Gt,ih;’g(kI _i_Gt,i)e_in./S'Gb./
ki kp,o,8 i,j

T
X Crk, +G,;,0Cb )k +Gy ;.8 Bkl +G1i kp+Gyp > (7

where Gy ; are reciprocal lattice vectors of layer £. Hp, is
written in a similar way.

Equation (7) tells us that states of the two layers with crystal
momentum K, and k;, are only coupled provided G, ; and Gy ;
exist, such that the generalized umklapp condition k; + G;; =
k, + Gy, is satisfied [30]. In an extended Brillouin zone
scheme, the generalized umklapp condition can be satisfied
if for each G;; and G, ; we write k, =k 4+ G, ; and k;, =
k + G, ; for any k. This fact motivates us to look for eigenstates
of the complete Hamiltonian Eq. (1) of the form

|I/lefjr?N> = Z ¢In,k,Dt(Gb»i)czT,k+Gb.i,a |0)

+ 3 OG0, ®)

i,a
with ¢, (Gp;) and ¢, (G ;) coefficients that are to be
determined. We now introduce a convenient compact nota-
tion. We define ¢y, (G) as a vector with entries given by
[¢Z,k(G)]a = ¢/ x(G). In the same way we introduce the

matrices ki’ with entries [hf(’e]wﬁ = h% k), h:{,b(;b,(;, with
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entries [h:(’,bi,G’]aﬂ = eiG/"'-“hfx’g(k + Gy + G,)e G s and

hi’.E},.Gb defined in a similar way. This allows us to write
the eigenvalue problem which determines the eigenstates and

energies of the vdW structure as

n G n G

¢;k({ b}) Ek,n ¢;k({ b}) )
¢, ({G:}) 5 ({G:})

where Ey , are the energies,

H({Gp}.{G}) - [

o7 (Gy) = [!(Gp1) ¢ (Gp2) -], (10)

¢ (GH) = [$x(G) 674G -] (D
are vectors formed by the coefficients ¢;'y ,(G,;) and
¢Z,k,a(Gr,i) for different G, ; and G, ;, and the Hamiltonian
matrix is written as

1t t,b
MHivey M (12)
b ’

k+{G,}

Hy({Gp},{G;}) = |:

b,t
k{G}.{Gs}

where ’Hﬁ (G, 1s @ block diagonal matrix

h;éicb.l 0
pe 10 B, , (13)

k+{Gy} T

. b’h . . [’h .
Wlth'Hk-HG,] similarly defined, and Hk,{Gb},{G,} is a dense
matrix

t,b t,b
hk,Gb,l,Gz,l hk-,Gb.I,Gt,z
t,b 1.b 1,b -
Hk,{Gb} G} = hk.GbAz.,Gm K,Gp2,Gr2 s (14)

with Hi:’{(;[], G) = (Hi{.b{cb}, {G,})T‘ For a commensurate struc-
ture, there exist G,; and G, ; such that G,; = G;; and
the sums over reciprocal lattice vectors in Eq. (8) become
finite, and consequently the matrix Hx({G},{G;}) is finite. In
this case, the eigenvalues and eigenstates of H({G;},{G;})
for k restricted to the Brillouin zone of the commensurate
structure provide us the full spectrum and eigenstates of
the bilayer structure. For an incommensurate structure, the
sums over reciprocal lattice vectors in Eq. (8) involve an
infinite number of terms and the corresponding Hamiltonian
matrix Hx({Gp},{G;}) is infinite. However, an approximation
to the eigenstates and energies of the incommensurate structure
can still be obtained by suitably truncating Hy({G;},{G;}),
considering a finite number of reciprocal lattice vectors Gy ;

J

eiG""”fl)?,k({Gh})]

H {Gp1L{G D -
k+G,,; ({Gp},{G/}) |:¢Z,k({Gz,j+Gz})

e*iG,_,w‘t, 0 B .
=[ 0 1:|'P'P - Hy({Gp},{G, + G, ;})-P- P |:
0 #1,((Gy))
= P -H({GLIGH | "
[ 0 J LG IGD [«bz,k({c,})}

0

[e—iG,‘j“{/

and G, ;. Even in the case of a commensurate structure, the
supercell might be very large, leading to a very large matrix
H({G}},{G;}), and in that situation it might still be beneficial
to compute the eigenstates and energies of the system approxi-
mately by truncating Hx({G},{G;}). In the following, we will
generally refer to the approximate eigenvalues Ey , as band
structure, even in the case where we have an incommensurate
structure and the concept of Brillouin zone no longer applies.

We will now prove a formal relation satisfied by the
solutions of Eq. (9) that will be useful in the next section.
Assume that

|:¢:l,k({Gb}):| (15)

5k ({G:})
is an eigenstate of Hy({G},{G;}) with eigenvalue Ey ,. Then
[eiG"""’fbﬁk({Gb})}

¢, x({Grj + G}

is an eigenstate of Hyg, ;({Gy},{G;}) with the same eigen-
value. This allows us to identify

(16)

DG, .o (Gr) = eTCITG (Gy), (17)
¢Z,k+G,,j,a(GI) = ¢Z,k,a(Gt,j + G)). (18)

This statement can be proved by looking at the structure of
Hy g, ;({Gp},{G/}). First, we notice that

’ _isz' ta ’ iGr.j' t,
[h:(-tFGr.j-FGb.i]aﬁ =e ot [hi(z-Gb,i]aﬂe o, (19)
b —iG; i Tta b
[hi(+GLj»Gb,G/]Otﬁ =e G- [hi(,GbsGl“‘Gl,j]aﬂ. (20)
With these relations, we can write
Ho, (GG = [0
k+G,; (WGp Gy ) = 0 1
eiG,,,-r, 0
'Hk({Gb}’{Gt‘f‘Gt,j}) : [ 0 1i|. 21)

For a commensurate structure, the set of vectors {Gy}
is finite and periodic modulo reciprocal lattice vectors
of the commensurate lattice. Therefore {G; + G, ;} coin-
cides with {G,} apart from a reordering of the vectors.
Assume that this reordering is implemented by a per-
mutation matrix P such that P{G;} = {G; + G; ;}. Since
both the Hamiltonian Hx({G»},{G; + G ;}) and the vector
¢/ {GsD) &, (G + G.))]' are reordered in the same
way, we can write

¢/ ({Gp})

0
. H G y G[ GI j .
|| G116, + G [(/,g‘k({Gr,,Jer})]

rx({Gs}) }
¢, ({Grj + Gi})
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=G () ¢! ((Gy})
= E n . P . ? —
. [ } [¢Z,k<{G[})]

proving our statement for the commensurate case. For an
incommensurate structure, the set {G,} is infinite and therefore,
apart from a reordering, we have that {G; ; + G;} and {G,}
coincide [33] and we also obtain Eq. (22). This proves our
formal statement for both the commensurate and the incom-
mensurate cases. Following the same argumentation it can also
be formally shown that

1ktGo.a(GB) = Ok (G + Go ), (23)

B ity a(Gr) = € CITG (G (24)

In this section, the coupling between the two layers was
assumed to only give origin to interlayer hopping terms, not
affecting the intralayer Hamiltonians H, and H},, which were
assumed to preserve the translational symmetry of the isolated
layers. Besides this effect, there is also the possibility of one
of the layers inducing a potential to which the electrons in the
other layer will be subjected [34—36]. The coupling between
the layers can also lead to structural relaxation, which gives
origin to a modulation of the intralayer hoppings due to the
displacement of the atomic positions [37-40]. Although we
will not explore those effects in the present work, we note
that these corrections will have a spatial modulation given by
G;; — Gy,j and can therefore be incorporated in the present
formalism by including off-diagonal blocks in the matrices
H! G, and ’Hﬁ’f{cb} of the form

1,1(b,b)
[Vk""Gb(z) +k+Gq). ]01/3

= (t(b).k + Gpgry,i,@| V' PIt(b).K + Gy j,B),  (25)

where V'® describes the potential or intralayer hopping
modulation on the top (bottom) layer and |£,K,«) is the state

created by the operator c}’k’a in Eq. (4).

III. ARPES IN vDW STRUCTURES

We wish to model an experimental situation where the
incident electromagnetic field is monochromatic with fre-
quency wg > 0, and the electron detector is placed at position
r, far away from the crystal sample, collecting electrons
emitted with energy E along the direction f. In this situation,
the energy-resolved ARPES intensity can be evaluated from
[31,32,41-45] (see also Appendix A for a brief derivation)

Inrees(E8) o ) f(E — g — p)

1
X |ME,f;a(w0)|2_2 AJE —wp), (26)
T

where p is the chemical potential, the index a runs over crystal
bound states, with corresponding wave function ¥,(r); A, (E)
is the spectral function, which in the noninteracting limit
reduces to A,(E) = 2n8(E — €,), where ¢, is the energy of
state a, and Mg 3.,(wo) are the ARPES matrix elements. These

e Gl ({Gy))
px({Grj + G}

] ; (22)

(

are given by

Mg s.q(w0) = —l—/d3r1{¢5 f D[V (ry)]
— (VY5 xDIWa(r)} - Ay (r),  (27)

where A, (r1) is the screened [32] vector potential and 7 ;(ry)
is the complex conjugate of a photoemitted state with energy
E, which is the solution of the Lippmann-Schwinger equation

Ypar) =e PN 4 / Pyt (V)G (B ),

(28)

where pg = pgf, with pg =+/2m(E+i0)/i*, GE (E;r,r)
is the free space electronic Green’s function [which is explicitly
given by Eq. (A19)], and V(r) is the crystal potential. Using
integration by parts, we can write the ARPES matrix element
as

2e
M ralon) = i f P VYL DY) - Ay (1),
29)

where we have neglected the contribution arising from V -
A, (r) = p/(iwep), where p is the total charge in the crystal,
which is a common approximation [32,45,46]. In the same
spirit, we neglect effects of screening in A, (r;) and assume it
to be described by a plane wave A, (r) = A}, e;e'9™, where
A:\UO is the amplitude, q is the wave vector, satisfying wy = c|q]
with ¢ the speed of light, and eg is the polarization vector for the
A = s, p polarizations. For simplicity we will also approximate
w;yf(rl) by a plane wave ng(h) ~ ¢~PET1 [15], which will
greatly simplify the evaluation of Mg ;.,(wp), while providing
a nontrivial description of the ARPES matrix elements [47].
With these approximations we obtain

2e
ME,f";a (CL)()) x~ _Ai:)

A0, (P - €)) / dPrie T PETOTIY (ry)

(30)

and the ARPES matrix element becomes proportional to the
Fourier transform of the crystal bound state.

In order to obtain the ARPES intensity for a bilayer vdW
structure we need to evaluate Eq. (30) with the crystal bound
state given by Eq. (8). In real space we have that

Z 'k o(Goi )e’(k+Gb D) (Rej+T0a)

i,j.o

vdW _
Yin (X) = \/—

X Wy o(r — Ry, j— Tia)

(Gy.)e' (5t Ge) (Rojttn)

J—Z¢hka

i,j,o

X Who(® — Ry j — Tp o), (€29)
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and the ARPES matrix element Eq. (30) becomes

2
ME ¢xn(wo) = ?EAZXUO (pe -eﬁ)\/ﬁ,

iG, ;- —i Q. Ty
D Brka(Gri)e G e T, (Q)dkr6, Q.G

ij.o

Z¢b k.o(Gr, $)e!Cri T g Ot

ij,a
X Wp o (Q)k+6G,,-Q..Gy; | (32)

where Q = pg — q is the transferred momentum, with Q, and
Q. indicating the components parallel and perpendicular to
the z axis, and W o(Q) = [ d*re "QTw, ,(r) is the Fourier
transform of the Wannier wave functions. Using the relations
given by Egs. (17), (18), (23), and (24) together with the
in-plane momentum-conserving Kronecker symbols, we can
write

G, tra _ _—
Dka(Gr)ETT =g 16, -6, (Gri)ETT

= ¢10,.2(0), (33)

Ph i o (Gr)e T =l 6, a(Gri)e G
K, Q.1+Gy; Lis

= B} 0,00, (34)

and the ARPES matrix elements can be rewritten as

2e
ME 3x.n(wo) = N, W

X Y 8k-,.G 4G, (35)

iJ

Ay (P - €g) Mo

where we have defined

Mo = Z B! 0, O ETw b, o, (Q)

Ac.t n 0,7~
oy 2P0 0T (@, 36

and assumed that the total area of both layers is the same, that is
N;A.; = NpAcp [30]. It is still necessary to evaluate W, 4(Q).
Assuming that the Wannier functions are well localized they
can be written in a separable form as [15]

weo(r) = Ry o (It (B), (37)
where Ry .(|r]) is the radial wave function and Y/"(F) =
Nl’”(—l)‘m‘Pl""‘(cos 60;)®,,(¢;) are real spherical harmonics,
where

N QL+ 1A = |m))! 38)
L= 27 (I + |m])!

is a normalization factor, P/"(x) is an associated Legendre
polynomial, and ®,,(¢;) is defined as

cos (m¢y), m >0,
q>m(¢f‘) = \/L*’ m = 0, (39)
sin (|m|¢p), m < 0.

Using the plane wave expansion [48]

e = 4 Z Z (=) i (@MY

=0 m=—I

VQY®),  (40)

where j;(x)is a spherical Bessel function, we can write W ,(Q)
as

e,0(Q) = (=) V" QR0 (Q), @1

where Ry o(Q) = 4m [ drr?j,,(Qr)Reo(r) and we have
used the orthogonality property of the real spherical harmonics.
For the case in which Ry ,(r) are given by hydrogen-like wave
functions

2
Rio(r) = —z N e X Lo (), (42)
Ngdy

where N, =/(n =1 = D/(n+ D!, x =2r/(ngas), a, =
ao/Z, (with ag the Bohr radius and Z, the effective nuclear
charge), and L¢ is a generalized Laguerre polynomial, then
Ry 4(Q) can be evaluated analytically and is given by [14,49]

Rio(Q) = 4ma’*N,,

Nyl

¥ lo+1 y:—1
T e e ‘(y2 + 1)’ @)
where y =n,Q/a, and C; is a Gegenbauer polynomial.
Analytic expressions for RM(Q) are also available if R, (r)
are approximated by Slater type [50] or Gaussian type [51]
orbitals.

Summarizing the results of this section, we can write the
ARPES intensity corresponding to photoemitted electrons with
energy E > 0 emitted along direction £, due to an incident
electromagnetic field with frequency wy, wave number q, and
polarization vector eé as

2 22[01 +zl(x |

. 2e
Inrpes(E,F | @o,q,A) ¢ N;|—A

AL pe - e

1
X D F(E =0 — 0| Maal*—Ag.n(E — wn), (44)

where pg = ppf with pr = /2mE/h?, Q = pr — q,
Man =D #l'q, a®e & (=) V" (QR, 4(Q)

A {078
A D B, O
c.b 7,

X (=) V" (Q)Rp.a(Q), (45)

and in order to include broadening effects we can approximate
the spectral function by a Lorentzian

n

Ao, n(w) =2 )
Q., (w) (w— EQL,n)Z-i-nZ

(46)
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with n the broadening factor.

We make two remarks regarding Eq. (45). First, we point
out that its form depends on the chosen convention to define
the Fourier components of the electronic operators in Eq. (4). It
is also possible to work with an alternative convention, where

1 ,
* Do )
kq

C(Z,R(.;,oz = m

t ~t a & =
The operators ¢, , and &, , are related via &, , =

e"‘k”‘v“czk[,a. Using the convention of Eq. (47), Eq. (31)
would be written as

1
N

X W o —R;;—114)

aw
Kk (T =

Z (e Ye! (k+Go)Re,

i,j,0

1 - )
= D B ka(Gr)e (H G R
N ”Za bk (O,
XWpo(T — Ry j — Tpa), (48)

where @'y ,(Gy;) = @'y ,(Gp ) * TG and ¢p (Gy i)
= ¢} 1« o(Gr)e'®TC) e With these definitions, Mg,
would be obtained from Eq. (45) by replacing M,QL.a(O) —
&g’QLa(O)e”’Qi'”-“. Second, we would like to emphasize
that the factors of ®,,,(¢¢), which are included in Eq. (45)
via y,'f “ (Q), ensure that the ARPES intensity has the same
symmetries under rotations along the z direction as the bilayer
vdW structure.

We would like to point out that the present formalism can
also be applied to model ARPES in other system subject to
competing periodicities, such as systems displaying CDWs
[52] or 2D materials weakly coupled to a substrate.

IV. APPLICATIONS

We will now apply the general formalism developed in the
previous section to two systems: twisted bilayer graphene and
twisted bilayer MoS,.

A. ARPES of twisted bilayer graphene

Graphene has a triangular Bravais lattice, with a unit
cell containing two carbon atoms, A and B, which form a
honeycomb structure. We write the basis vectors for the bottom

layer as
1 V3
ap1 =a(5,7>, (49)
. 1 V3
p2 = a >3 )

where a ~ 2.46A is the graphene lattice parameter, and the
positions of the A and B atoms are given by the sublattice
vectors

(50)

T4 = (0,0), 51)
Thp = %(o,n. (52)

FIG. 1. Brillouin zone and basis vectors of reciprocal lattice for
the top (in red) and bottom (in blue) isolated graphene layers that form
a twisted bilayer graphene vdW structure. The dashed green hexagon
shows the Brillouin zone of the moiré superlattice. The yellow arrows
show the path along which the ARPES mapped band structure of Fig. 3
is computed.

The top layer is rotated with respect to the bottom one by an
angle of 6 such thata,; = R(#) - a,;, fori = 1,2,and 7, , =
R®) - 1p 4 +de,, for « = A,B, where R(0) is the rotation
matrix

cosf —sinf
R(0) = |:sin9 cos 0 ] (3)

and d ~ 3.35A is the separation between the two layers. The
corresponding reciprocal space basis vectors are given by

by, = 4—”(ﬁ 1>, (54)

a2
45 V31

by, = ——0=1, 55

b2 3a( > 2) (55)

for the bottom layer, and by b, ; = R(0) - by, ; for the top layer.
In Fig. 1, we show the first Brillouin zone of both layers.
Also shown is the Brillouin zone of the moiré superlattice,
whose associated reciprocal lattice basis vectors are given by
byi = by — by [53,54].

We will describe each individual graphene layer within
the nearest-neighbor tight-binding model for p, orbitals [55],
which reads

2

Hy=—1) ) (cig, aCtRo+a,z +He)  (56)
i j=0

where t >~ 2.7 eV is the nearest-neighbor hopping and we

have written a; o = (0,0). For the interlayer coupling, we have

Rt (R, Ry ;) = h(Ry; + 70 — Ry j — Ty p), 0. = A, B,

where the function 4’?(r) can be written in terms of Slater-

Koster parameters [56] as

r? d?
htb(l') = htb(rvd) = Vp[m(R)F + Vppa(R)Fv (57

where R = +/r?+d? is the distance between the two
atoms, with r the distance projected in the x-y plane.
For the dependence of the Slater-Koster parameters on R,
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0.8
0.7 1

0 2 4 6 8 10 12
qa
FIG. 2. Plot of the interlayer coupling function '*(q) for bilayer

graphene, Eq. (58), as a function of ga, with a the lattice parameter
of graphene. The parameters used are given in the main text.

we use the parametrization of Refs. [30,57]: V,,(R) =
Vl?pﬂe_(R_”/‘/g)/’o and V,,,(R) = Vpopge_(R_d)/m, where ry ~
0.184a, VO = —t~—-27¢eV, and V° ~0.48eV. From

. ppr . ppo
this we can evaluate numerically

1 4
higp (@ = h"(@) = — / d’re”Th(x,d),  (58)

C

where A, = Ac; = +/3a%/2. We plot the function h'’(q) in
Fig. 2.

Writing the electronic creation and annihilation operators
in terms of Fourier components as in Eq. (4), we can construct
the Hamiltonian for the graphene bilayer structure in the form
of Egs. (12)—(14), where

0
hLt = [n*k ng} (59)

is written in the A, B sublattice basis, y,x = —t Z?zl ekdui
with 8;,; = RQ2n(i —1)/3) - T, p the nearest-neighbor vec-
tors in each layer, and the interlayer coupling matrices are
given by

iG T LA
ht,b . el O
k.G,.G;, — 0 eiG"”~E

Rk + Gy +G)  h'P(k+Gy+G)
htb(k + Gb + Gt) htb(k + Gb + Gt)

e~ iGrTha 0
TN N

0 e Gy Thp

with hﬁ’thGb = (h;(”th’Gl)T. By truncating the Hamiltonian to
the Ng shortest G, and G, vectors, H({G,},{G,}) becomes
a 4Ng x 4N matrix, from which we can obtain an approx-
imation to the energies and eigenstates of the twisted bilayer
graphene structure. The obtained model is a tight-binding
extension of the continuous models of Refs. [57-60]. From the
eigenstates, we can obtain the ARPES intensity using Eqgs. (44)
and (45). Due to the fact that the function 4'*(q) decays rapidly

Ek,n [GV}
(an)

Ek,n [eV]
e}

—2 A f

P

7
7
-

—4
Kb Mm Kt Fm

FIG. 3. Computed ARPES bands for twisted bilayer graphene for
two different twist angles: 6 = 11.6° (top) and 6 = 20° (bottom).
The yellow dotted lines show the bands Ey,, eigenvalues of
H\({G,},{G,}), for k along the path K, - M,, - K, - I, —
M,, — I',, represented by the yellow arrows in Fig. 1. The blue
tick bands represent Ex, weighted by the ARPES matrix element
value, with the thickness corresponding to | My g ,|>. The dashed red
lines show the dispersion relation for the decoupled graphene layers.
It was assumed Q, = 0. The horizontal dot-dashed lines mark the
energies —1.3, —1.0, and —0.8 eV (for 8 = 11.6°) and —2.3, —1.65,
and —0.7 eV (for & = 20°) at which the ARPES constant energy maps
of Fig. 4 are computed. In both plots we used a number of reciprocal
lattice vectors Ng = 7. It was assumed Q. = 0.

for |qla > 1, the obtained ARPES signal converges rapidly
with only a few G; and G;, vectors. Notice that due to the fact
that the model we use only involves p, = y{) orbitals, we have
that ®y(¢g) = 1/+/2 in Eq. (45) for Mq,.

In Fig. 3 we show the computed ARPES bands along the
path indicated in Fig. 1, for two different angles: 6 = 11.6°,
for which ARPES measurements where performed in Ref. [61],
and for 6 = 20°. The thickness of the bands is proportional to
the value of | Mg, o.,|*, where for simplicity we assumed that
there is no transferred momentum along the z direction, Q, =
0, and neglected the effect of RM(Q) on Mg, 0.»- The bands
where computed using a truncated Hamiltonian with Ng =7
[including G;/; = (0,0)], which was found to be sufficient
to obtain converged results. Increasing N¢ virtually does not
change the thick bands in a visible away, although more Ey ,
bands do appear, which, nevertheless, have negligible ARPES
weight. As anticipated the ARPES weighted bands mostly
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0.75 " (d)e = —1.3eV

0.50

0.25

ky [A]
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—0.25
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ky [A]

0.00

—0.25

0.75 1

0.50

0.25

ky [A]

0.00

—0.25 A

FIG. 4. Computed constant energy ARPES map for twisted bi-
layer graphene for a twist angle of & = 11.6° for the energies of
€ =—1.3, —1.0, and —0.8 eV measured from the Dirac point.
(a)—(c) show the constant energy ARPES maps for two decoupled
graphene layers, while (d)—(f) show the ARPES maps taking into
account coupling between the two layers. The dashed red and blue
lines show the limits of the Brillouin zone of the top and bottom
layers (respectively), while the green dashed hexagon represents the
moiré Brillouin zone. A broadening of n = 0.05 eV was used. The
Hamiltonian was truncated with Ng = 7. It was assumed Q, = 0.

follow the bands of the decoupled system. Constant energy
ARPES maps were also computed for the energies signaled
by the dot-dashed horizontal lines in Fig. 3. The computed
constant energy maps are shown in Figs. 4 (for 6 = 11.6°)
and 5 (for 6 = 20°). For comparison, we also show the constant
energy maps for the decoupled bilayer structures. The absence
of part of the constant energy surface, due to the ARPES matrix
elements, in both the coupled and decoupled cases is clear. A
significant reconstruction of the constant energy ARPES maps
is observed for energies at which the band structures of the
isolated graphene layers intersect.

Good qualitative agreement between our results for the twist
angle of 6 = 11.6° and the experimental data of Ref. [61]
is observed, especially taking into account the simplicity
of our model. There is however an observed discrepancy
between our results and the experimental data: in Ref. [61]
two bands are observed with energy >~ —1 eV along the line
that bisects the angle between the Dirac points of the two
layers (Fig. 2(d) of Ref. [61]), which is shown as the path
'y - M,, > I, in Fig. 1, while in our model there is

2_
=l
= ]
=
=2
,2—
2_
=
= |
&;’x
_2-
2_
ot
= |
&P:
_2-
—2 0 2 —2 0 2
ko [A] ko [A]

FIG. 5. Computed constant energy ARPES map for twisted bi-
layer graphene for a twist angle of 0 = 20° for the energies of
€ =—2.3, —1.65, and —0.7 eV measured from the Dirac point.
(a)—(c) show the constant energy ARPES maps for two decoupled
graphene layers, while (d)—(f) show the ARPES maps taking into
account coupling between the two layers. The dashed red, blue, and
green lines represent the same as in Fig. 4. A broadening of n = 0.05
eV was used. The Hamiltonian was truncated with N; = 7. It was
assumed Q, = 0.

only one band with ARPES weight around that energy. The
absence of one of the ARPES bands in our results is easily
understandable: the two bands are formed by bands of the
top and bottom layers which are degenerate for the decoupled
system along the path T',, — M,, — I';, (see the merging
of two bands of the decoupled system along that line in
Fig. 3) corresponding, therefore, to bonding and antibonding
states. For the antibonding state we can check numerically that
Pk (0) = =47 p(0) and 1 5(0) = —¢7, (0) [62]. For
Q. =0, we then obtain M g ang qb,a'{(“ A(0) + ¢f"{§‘ 5(0) +
i (0) + (;52“]2 5(0) =0, and therefore this band would not
be visible in ARPES. There are two possible explanations for
the fact that the antibonding band is visible experimentally
in ARPES: (i) a possible energy imbalance between the two
layers, (ii) effects of finite transferred momentum along the
out-of-plane direction, Q. As a matter of fact, a shift in energy
between the Dirac cones of the two layers of AE = 0.05 eV
is reported in Ref. [61]. We have checked that this shift in
energy indeed leads to My o.ani 7 0, but the value is too small
to lead to a significant visibility of the antibonding band. The
remaining possibility is finite-Q, effects. For finite Q,, we
would obtain (assuming the Dirac points of both layers are
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aligned)
Mi 0.ani o< e 2 [¢P0(0) + ¢} 5 (0)]
+ G A(0) + P £ (0)

= %R 5in (Q.d/ DB 5O) + B 4 O)].
(61)

while for the bonding state, for which g3, (0) = ¢P3%(0) and
¢Ef’ﬁ‘% 0 = ¢k‘f§i (0), we would obtain

M0 bond & € %422 cos (0,d/2)[ 2% 1 (0) + ¢ 5 (0)].
(62)

Therefore, both bands can have similar visibility in ARPES
if 0.d/2 ~ (14 2n)r/4, n € N. Besides this effect, we also
expect that a better agreement with the experimental data
would be possible, provided a more accurate modeling of the
band structure of the individual layers was employed.

B. ARPES of twisted bilayer MoS,

Similarly to graphene, monolayer MoS; has a honeycomb
structure, with the A sites occupied by Mo atoms and the B sites
occupied by two S atoms, top and bottom, which lie at planes
above and below the Mo plane. We write the Bravais basis
vectors for MoS; in the same way as for graphene, Eqs. (49) and
(50), with a lattice constant a ~ 3.16A [63]. For an unrotated
layer, the Mo and S atoms occupy the approximate positions
inside the unit cell

™o = (0,0), (63)
< Loyl (64)
Tslop/bcl =a|\ —, - 1.
V32

For the separation between the two MoS, layers (between
the Mo planes) we use the value for bulk MoS; ¢’ ~ 6.14/0\,
which corresponds to a separation between nearest S planes
of d >~ 2.98AA. We will describe the electronic properties of
the individual MoS, layers, using the 11-band tight-binding
Hamiltonian of Ref. [63], with the parametrization of Ref. [64],
which involves the dy>_y2, dyy dy., dy;, d> Mo orbitals
(corresponding to the real spherical harmonics yg, Yy 2 yzl,
Yy t yg) and the py, py, p. S orbitals (corresponding to the
real spherical harmonics V!, V"', JV). The Hamiltonian for
an unrotated layer is given by

6
H = ZcLJran -h, - cgr, (65)
n=0

where
b Pttt
R = (CR4, 0 Ry R CRodys CRA

C;p};vp , c;,p;f’l" C;p;,p, CI{’pEnt’ CI{’pEolv CL,}?E‘"') (66)
is a vector of creation operators, k, are hoping matrices, and
a, are given by a, = R(w(n — 1)/3)-a, forn =1, ...,6 and
ap = (0,0). Writing the electronic creation and annihilation
operators in terms of Fourier components as in Eq. (4)
we obtain the following Hamiltonian matrix in k space,

h(k), with entries hqg(k) = 22:0 [hy],pe K @+TeT0) with
a,f=do_y,... ,p?o‘. As in the case of graphene, we will
keep the bottom layer fixed, while rotating the top layer by an
angle 0. When describing a MoS, layer rotated by an angle
0, it is important to take into account that under the rotation
the orbitals will transform in a nontrivial way (in graphene this
does not happen as p, orbitals are invariant under rotations
around the z axis). We chose to represent the Hamiltonian of
both layers in terms of orbitals defined with respect to the same
common reference frame, which we choose to be the unrotated
frame. It is also with respect to this common reference frame
that the plane wave expansion Eq. (40) is written. Taking this
into account, we can write the Hamiltonian matrix for each
layer, in the orbital basis defined with respect to the common
reference frame, as

hY? = h(k), (67)

hi{l =R() - h[R(—6) - K] - R(—0), (68)

where the matrix R(6) rotates the orbitals in Eq. (66) along
the z axis, and has the block diagonal form

TR(20) N
R(9)
Lixi
R(O) = R(9) , (69)
Lix1
R(9)

L1

with R(A) the rotation matrix Eq. (53). For the interlayer
coupling, we assume that this is dominated by the hopping
between the S™P p orbitals of the bottom MoS, layer and
the S* p orbitals of the MoS, layer. We write the interlayer
hoppings in terms of Slater-Koster parameters as

th th
hpz)ol'p‘;)l’ (r) = hp:Jol!p‘fOP (r,d)

RIRJ
)

L,j=x,y.2, (70)

R'RJ
= ppU(R)? + Vopr (R 8ij —

where R = (x,y,d) is the separation between the S atoms. As
before, we assume a dependence of the Slater-Koster param-
eters on the distance of the form V,,,(R) = V) e F(R/dss=D
and Vi, (R) =V, e PR/dss=D Weuse VI ~ —0.774 eV

ppo
O ~ . . .
and V). > 0.123 eV, which are the interlayer hoppings used

in Ref. [63], with dgs ~ 3.49A the interlayer nearest-neighbor

separation between S atoms in bulk MoS,. In the absence of ab

initio calculations, we assume the value § ~~ 3, in accordance

with Harrison’s argument [65] and as previously used to model

strained MoS; [66]. The Fourier transform of hZ’m o (r,d)can
[
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FIG. 6. Plot of the interlayer coupling functions V,.(q), V;(¢),
Vi(q), and V,(q) for bilayer MoS,, Eq. (71), as a function of ga, with
a the lattice parameter of MoS,. The parameters used are given in the
main text.

be written as

Pme;Op(q)

Vilg) - SVale)  —LEVag) il Vilg)
=| “Zwg Vi@ -aWe -tV |
—l—V(q) —z—V(q) V..(q)

(71)

where the functions V,.(q), V;(q), Vi(q), and V,(g) are shown
in Fig. 6 and the explicit expressions used to evaluate them
are provided in Appendix B. We point out that the general
expression for V,.(g) is the same as for graphene, Eq. (58). As
for graphene, we can see that the Fourier components of the in-
terlayer hoppings decay fast. Having evaluated /' Ifm o (q) we

can construct the matrices hk GG, and hk G..G,’ from which,
together with Egs. (67) and (68) we can build the Hamiltonian
matrix for the twisted bilayer according to Egs. (12)-(14).
Keeping the N shortest G, and G, vectors, Hx({Gy},{G;})
becomes an 11Ng x 11Ng matrix, from which the energies
and eigenstates of twisted bilayer MoS; can be evaluated and
then used to model the ARPES intensity. As already pointed
out, the tight-binding model for MoS, involves orbitals that
do not transform trivially under rotations around the z axis.
Therefore, it is essential to keep the factors ®,,, (d)Q), Eq. (39),
in the ARPES matrix element Mg, in order to obtain an
ARPES signal that respects the threefold rotational invariance
of the twisted bilayer MoS, structure.

In Fig. 7 we show the computed ARPES bands and constant
energy maps for a twisted bilayer MoS, with a twist angle
of 0 = 13.5°, for which ARPES measurements have been
performed [67]. The calculations where performed truncating
the Hamiltonian matrix with Ng = 7. As can be seen in
Fig. 7(a), by comparing with the bands of the decoupled layers,
the interlayer coupling leads to a large splitting of the states
at the I" point, with one of them becoming the valence band
maximum. This also occurs for bulk MoS, [63] and has been
predicted by ab initio calculations for commensurate twisted

—0.50
—0.75 -
= —1.00
9,
R —1.25 1
—1.50 -
~1.75
M, r Ky M,
1.5 1 (b C .
Po—aq_ [T
7 hY i N\
z / \‘AL / %
= 0014 Ell4 ¥
=2 - \ ///' ’ \"*\\ ,/ g
_15 i ] T T T T T
~1.5 0.0 1.5-15 0.0 15
ko [A] ko [A]

FIG. 7. Computed ARPES bands, (a), and constant energy map,
(b) and (c), for twisted bilayer MoS, for a twist angle of 6 = 13.5°.
In (a), the bands are computed along the pathM, - I' - K, — M,
[shown in (b)]. The yellow dotted lines show the band structure, Ey ,,
while the blue tick bands represent Ey, weighted by the ARPES
matrix element value, with the thickness corresponding to [ My o.,|*.
The dashed red lines show the band structure for the decoupled MoS,
layers. The horizontal dot-dashed green line marks the energy € =
—1.12 eV, at which the constant energy maps (b) and (c) are computed.
(b) and (c) are, respectively, the constant energy maps for decoupled
and coupled twisted bilayer MoS,. A broadening of n = 0.02 eV was
used. The Hamiltonian for the coupled bilayer structure was truncated
with Ng = 7. In all plots it was assumed Q, = 0.

bilayer structures for several twist angles [67-69]. We checked
that if the interlayer distance is kept fixed, this splitting at I" is
virtually independent of the twist angle. From this, it can be in-
ferred that the change in the splitting at I with angle predicted
in [67—-69] and observed in the ARPES measurements of [67]
is due to the interlayer separation modulation with the twist
angle, which we kept fixed. As we can see in Fig. 7(a), the
effect of the interlayer coupling is negligible at the K point.
As in the case of twisted bilayer graphene, the backfolded
bands have negligible visibility in ARPES. In Fig. 7(c), we
show the constant energy map for the same 6 = 13.5° twist
angle. For comparison, the ARPES constant energy map for
the decoupled layer is shown in Fig. 7(b). Once again, it can
be seen that the interlayer coupling affects more strongly the
states close to the I" point having almost no impact on the states
close to the K points. It is observed that the valence band pocket
at the I' point has very weak visibility in ARPES in agreement
with what is experimentally observed in Ref. [67].

165414-10



GENERAL THEORETICAL DESCRIPTION OF ANGLE- ...

PHYSICAL REVIEW B 97, 165414 (2018)

V. CONCLUSIONS

In this work we developed a general theoretical framework
to model ARPES of lattice mismatch/misaligned vdW struc-
tures. By describing the photoemitted state as a plane wave
and the bound electronic states in terms of Bloch waves of
the individual layers, while taking into account generalized
umklapp processes, we obtained an efficient description of
ARPES that can be applied both to commensurate and in-
commensurate structures. Being based on a tight-binding de-
scription of the bound electronic states, the present formalism
can deal with arbitrary lattice mismatch/misalignment, going
beyond previous low-energy, continuum descriptions of both
twisted bilayer graphene and graphene/h-BN structures. We
applied the developed formalism to the cases of twisted bilayer
graphene and twisted bilayer MoS,. The example of graphene
showcases the importance of the ARPES matrix elements in
two ways: (i) by showing the importance of the momentum
dependence of the ARPES weight in entangled bands, which
is responsible for the absence of part of the constant energy
surface map around the K points, and (ii) by showing that the
ARPES weight of backfolded bands is very small, which is a
consequence of the weak coupling between the two layers. As
a consequence, the observed ARPES bands mostly follow the
band structure of the decoupled system, except at energies at
which states from both layers are degenerate, where a signifi-
cant reconstruction of the spectrum occurs. By comparing the
results of the current model to the experimental data of ARPES
of twisted bilayer graphene at a twist angle 6 = 11.6° [61],
we showcased the importance of the transferred momentum
between the incoming radiation and the photoemitted state
along the z direction, which significantly affects the visibility
of bands in ARPES that correspond to bonding and antibonding
states of the two layers. In the example of MoS,, we once
again observed that the ARPES bands mostly follow the band
structure of the decoupled system. Differently from graphene,
we found out that while there is a significant shift in energy of
the states at the I" point, the reconstruction of the valence band
close to the K points due to the interlayer coupling is negligible,
which is in accordance with experimental ARPES data [67].

Although this work focused on bilayer vdW structures, the
formalism can also be applied to structures formed by multiple
lattice misaligned/mismatch layers. We would like to point
out that the present approach to model ARPES can also be
extended to other systems where competition between different
periodicities occurs, both commensurate and incommensurate,
such as 2D materials placed on top of a weakly coupled
substrate or materials displaying CDW phases. The coupling
to a substrate can be described via a substrate surface Green’s
function, which would play a role similar to H;, in the present
work. The effect of the substrate can also be approximated by a
potential which acts on the 2D material. In systems with CDW
phases, two cases must be distinguished: (i) a system with weak
fluctuations, which can be described at a single-particle level,
and (ii) a strongly interacting system, with strong fluctuations.
In the former case, it is possible to describe the system with a
single-particle (mean-field) Hamiltonian as done in this work.
In the latter case, it is not possible to describe the system at
a single-particle level and the electronic spectral function of
crystal bound states, which can be severely reconstructed by the

interactions, has to be obtained from the full Green’s function
of the interacting system [52]. In this case, it is therefore
crucial to distinguish between the effects of interactions and
the effects of the ARPES matrix elements (which encode the
effect of competition between the different periodicities) [13].
The approach presented in this work can be used to take into
account the latter effect.
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APPENDIX A: NONEQUILIBRIUM GREEN’S FUNCTION
DESCRIPTION OF ARPES

In this Appendix we briefly review the rigorous derivation
of the observed photoemitted current in an ARPES experiment
using the nonequilibrium Green’s function technique. This
approach was first developed in Ref. [31] and its connection
to other formalisms and experimental observations clarified
in Ref. [32].

In order to describe the process of photoemission, we must
consider both states that are bound to the crystal and unbound,
nearly free states. Therefore, in the model employed, the crystal
must not occupy the entire space. For concreteness we assume
that the positions of the atoms that form the crystal are restricted
to the z < O region. We assume that the crystal is infinite along
the x-y plane. The single-particle Hamiltonian for the electrons
reads

2
Hy = /d3rxw(r)[p— + V(r):|\IJ(r), (A1)
2m

where Wi(r) is the electronic creation field operator, V(r) is
the crystal potential, and p = —i/iV,. We describe the exciting
electromagnetic field in the Weyl gauge, such that E(¢,r) =
—0,;A(t,r)and B(z,r) = V x A(z,r), where A(z,r) is the vector
potential. The coupling to the electromagnetic field is obtained
via minimal coupling p — p + eA(z,r). In the presence of the
vector potential, the Hamiltonian can be written as the sum of
three terms

H=Hy+ Hia+ Hya, (A2)
where Hy is the same as in Eq. (A1) and
Hia=— / e[V IV )] - Ao, (A3)
Hyp = —% / Ar[¥ir)JP )W (r)]A%(r,1), (A4)
with
1w = - T, -V, (A5)
2mi
6’2
JO(r) = ——, (A6)
m
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the matrix elements in real space of the paramagnetic and dia-
magnetic currents, respectively. The arrows in the differential
operator indicate whether the derivative acts on the electronic
field operator placed to the right or to the left. The expectation
value of the current is given by

. h &2
(J(,r)) = lim [—e—, (Ve =Vp)— —A(t,r)]
r'—r 2mi m

X(—i)G;(t,r;t,l"), (A7)
with the lesser Green’s function defined as
Grlt.r;t' ) = i (W', F)W(t,r)a, (A8)

where the A subscript means the expectation value is evaluated
taking into account A(z,r). This can be done perturbatively in
A(t,r) using the nonequilibrium Green’s function formalism
[70,71]. By expanding the contour-ordered Green’s function in
the Schwinger-Keldysh contour in powers of A(z,r) and then
using Langreth’s rules, the lesser Green’s function is given to
second order in A(z,r) by

Gi=G6G"+G"0odJ" AN0G"
+G*oJV A6 GT

1
+5G70 J?A» o 6"

1
+ EGR ©JPA) OG-

+G=oJV-A)-6*-JV-A) oG
+GFoJV - ANoGRodV A0 G
+G6fodV - AMHe6od? Ao Gh

+ O(AY), (A9)

where the retarded and advanced Green’s functions are given
by

GR@,r;t' . ¥) = —i0@¢ — ){W(r,r), ¥ (@ r)}), (A10)

GAt,rit' ) =i0F — (V@) ¥ r)})), (All)

and the O product represents integration over the spatial
variables and time, and summation over other possible degrees
of freedom (sublattice, orbital, spin, ...). All the Green’s
functions in Eq. (A9) are evaluated in the absence of A(z,r),
and are therefore in thermodynamic equilibrium. In Eq. (A9)
interactions between the emitted state and the remaining hole
are neglected, an approximation that is typically referred
to as the sudden approximation. Including these kinds of
interactions would lead to a renormalization of the vertices
J® and J® [31]. For a photodectector placed very far away
from the crystal sample, only the last term in Eq. (A9) gives
a finite contribution. This can be understood if we write G=
in terms of the eigenstates ¥, (r) of Eq. (Al). The creation

field operator can be written as Wi(r) = >a cjl ¥r(r), where

cj; creates an electron in state ,(r) with energy €,, and the

lesser Green’s function, for a noninteracting system, becomes

G=(t.r; 1 r)—Zwa(r)w @)e 0 ifcle,).  (A12)

Notice that only crystal bound states are occupied, and there-
fore the sum in previous equations is restricted to those states
due to the occupation function (clca). At the same time, the
wave function of crystal bound states decays exponentially
away from the crystal. Therefore if one of the arguments of
G~ is evaluated away from the crystal, that term can be safely
neglected. This also allows us to discard the diamagnetic term
in Eq. (A7), as it would only contribute to third order in A(z,r).
Therefore, to second order in the electromagnetic field, the
photoemitted current measured away from the crystal is given
by

hi
J@r) = lim 2V, — V,) / dtd’r, / dt,d’r,
r—r 2m

x GR(t,r; 1,0V (1) - Ay, 1))

x G=(t1,r1;12,12)JV(12) - A(t2,12)GA (12,125 1,7).  (A13)

Assuming a monochromatic electromagnetic field at frequency
wo > 0,

A(t,r) = A, (De ™™ A, (r)e'™, (Al14)
expressing all quantities in Fourier components in time and
looking at the time-averaged current over one period 21 /wy,

we obtain

) = hm —(V -V, )/ /d3r1/d3r2

x[GR(E;r,ep)I V() - Ay (11)G = (E — wp; 11,12)

) JV(r2) - Ay (0)GHEs 12, 1) + (g & —wp)]. (AL5)
Some further simplifications can be performed. First, by
using the fluctuation-dissipation theorem, which is valid in
thermodynamic equilibrium even for an interacting system,
we can write

G (Eirir) =Y Ya(@)¥;(r)if (E — () A(E),

a

(A16)
where A,(E) = GR(E) — G;“(E) is the electronic spectral
function in the eigenstate basis, and f(w) = (e + 1)71
the Fermi-Dirac distribution function with @ the chemical
potential. Once again, only crystal bound states are occupied
and therefore, the integration over the spatial coordinates in
Eq. (A15) is mostly confined to the region of the crystal. This
allows us to use the asymptotic expression of the retarded and
advanced Green’s functions, valid for r and r’ far away from
the crystal [32,41],

GR(E'rr N_Zm IPET oy
3Er) = —— ——e P g o),

R2 Anr (AL7)

GME;r),r) ~ —2m
K2 4m

where pr = /2mE /h* for E > Oand pp = i~/2m|E|/h* for
E < 0 (we choose as zero of energy the threshold to have free
electron states), ¥ ;(r1), given by Eq. (28), is the conjugate of
an electron diffraction state [32,41], f is the unit vector pointing
along r, and Ggee(E ;r,1’) is the free space retarded Green’s

lﬂE #(ry)e " PET (A18)
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function

2m 1 eirelr=r|
W aAr r—r|
Equation (A17) can be obtained from the Dyson equation for
the retarded Green’s function

G (E;r,y)=— (A19)

GRE;r,Y) = Ggee(E;r,r’)+fd3r1G§ee(E;r,r1)

x V(r)GRE;r,1). (A20)

If we are interested in the Green’s function when r is very far
away from the crystal, we can use the following approximation
for GR (E;r,r'), valid for |r| > |r/|,
R o 2m 1 e'Per
Gfree(E7 r,r ) ~ —?H .
Inserting this approximation into the Dyson equation (A20),
we obtain Eq. (A17) with

—ipgi-r
e PR .

(A21)

Y (X)) = e PR / d*rie” PEET Y (e )GR(E; 11, 1).

(A22)
Using the Dyson equation for the Green’s function Eq. (A20),
we can rewrite the above equation as Eq. (28), which is
nothing more than the Lippmann-Schwinger equation for the
scattering of an incoming plane wave state, ¢ (r') = =7 efr
by the crystal potential V (r). Equation (A18) for the advanced
Green’s function can be obtained in a similar way. Inserting
Egs. (A16), (A17), and (A18) in Eq. (A15), the detected
photoemitted current becomes

T = — ¢ f d—ERe[hﬂei(l’E—PZ)r}

(4nr? )] 2nm m

X Z [f(E —w — M)|ME,f;a(wo)|2Aa(E — wp)

+ (wy < —wp)l, (A23)
where we have defined the ARPES matrix elements as
2m
ME,n;a(wO) = _F
x / i[9 aEDTOED V)] - Ay ().
(A24)

which can also be written as Eq. (27) of the main text. For
E < 0, we have that e!(PE=Pi)" = ¢=2IPEI" and therefore this
contribution vanishes for a detector far away from the crystal.
Therefore, we can restrict the integration in Eq. (A23) from 0
to +00. At the same time, we notice that the second term in
Eq. (A23) involves states with energy E + wo > 0 which are
unoccupied, and can therefore be neglected. This allows us to
write
P —e /' T dE hpg

J) = WA ; E?ﬂE —wo — )

x Z iME,f;a(w0)|2~Aa(E — wp).

-

(A25)

Assuming that the electron detector can resolve the energy of
the photoemitted states and it collects electrons emitted along

direction £, the measured ARPES intensity is proportional to
Eq. (26) of the main text.

APPENDIX B: FOURIER TRANSFORM OF INTERLAYER
HOPPING FOR MoS,

In this Appendix, we provide details on how the two-
dimensional Fourier transform of the interlayer coupling for
S p orbitals for twisted bilayer MoS,, Eq. (70), is computed.
We wish to evaluate

d’r .
th _ =" —iqr
hplbm'p!fp(q) = / A, e X
i1 (r) + v2(r) 2 0% ()2
va(r) 3% vi(r) + v2(r) % nrE |
vy(r)2d ()24 vi(r) + va(r) %

(B1)

wherevi(r) = Vppr(R)and v2(r) = Vppo(R) — Vppr (R), with
R = /r? + d?, and A, is the unit cell area of MoS,. We have
three kinds of integrals:

To(q) = / Pre T F(r), (B2)
7:(q) = f d*re™ "y, f(r), (B3)
T,(q) = / Pre V£, (B4)

where f(r) is a function only of r = |r|. Using the fact that

fOZ” dpe™* 5% = 27 Jo(x), where Jy(x) is the Bessel function
of first kind and order 0, we can write

To@ = 2 [ drrf)an) (B5)
The integrals Z;(q) and Z;;(q) can be written as
. 2 < 0 —i -r)
L(q)zl/dr 2 pmiar) £y
9g;
=ifdrrf(r)iJ0(qr), (B6)
9g;
2 82 —iqr
L=~ [ d r(aqiaqﬁ )f(r)
2
= —/drrf(r) Jo(gr). B7)
0q:9q;

Using the properties of Bessel functions, it is possible to write

0 1
a—qu(qr) = —Erzqi[fo(qm + Ja(gn)l, (BS)
2 1 5
Jolgr) = —8;j=rLJ J
50190, o(gr) i" [Jo(gr) + Ja(gr)]
+ 1912, gr). (BY)
q

Using this, we can write Eq. (B1) as Eq. (71), with
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2 T 72
Vilg) = —— [ drr|vi(r)Jo(gr) Vilg) = qu—fdrrvz(r)ﬁ[Jo(qr)+ Ja(gqr)),  (B12)
C Cc
1 r2 27-[ d2
+§v2(r)ﬁ[.lo(qr) + Jz(qr)]], (B10) Ve (q) = < drr|vi(r) + Uz(r)ﬁ Jo(gr).  (B13)
2
Valg) = 2 / drrvz(r)r—z J(gr), B11)  The remaining integration over r has to be performed numer-
Ac R ically.
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