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Chiral pair of Fermi arcs, anomaly cancellation, and spin or valley Hall effects
in Weyl metals with broken inversion symmetry
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Anomaly cancellation has been shown to occur in broken time-reversal symmetry Weyl metals, which explains
the existence of a Fermi arc. We extend this result in the case of broken inversion symmetry Weyl metals.
Constructing a minimal model that takes a double pair of Weyl points, we demonstrate the anomaly cancellation
explicitly. This demonstration explains why a chiral pair of Fermi arcs appear in broken inversion symmetry Weyl
metals. In particular, we find that this pair of Fermi arcs gives rise to either “quantized” spin Hall or valley Hall
effects, which corresponds to the “quantized” version of the charge Hall effect in broken time-reversal symmetry

Weyl metals.
DOI: 10.1103/PhysRevB.97.165201

I. INTRODUCTION

Anomaly cancellation is the mechanism to explain the
existence of a gapless surface state, topologically protected [1].
For example, the existence of a chiral edge mode in the integer
quantum Hall effect is understood as follows [2]. The chiral
edge state suffers gauge anomaly, which means that the U(1)
current is not conserved. On the other hand, the Chern-Simons
term is not invariant under the gauge transformation in the
presence of a boundary. It turns out that the gauge anomaly
at the boundary is canceled exactly by the gauge noninvariant
term of the Chern-Simons theory in the bulk. As a result, a
topological term with a gapless boundary mode consists of a
topological field theory consistently.

A Weyl metal state may be regarded as a three-dimensional
generalization of an integer quantum Hall phase [3-11]. The
Chern-Simons term is replaced with a topological-in-origin E -
B term. The “axion” 6 field corresponding to the Hall conduc-
tance in the integer quantum Hall effect is proportional to the
displacement from a reference point and its gradient is nothing
but an applied magnetic field to describe the momentum-space
distance between a pair of Weyl points in the case of time-
reversal symmetry breaking. A Fermi arc state corresponds
to the chiral edge mode, responsible for the existence of an
anomalous Hall effect. As the gauge anomaly from the edge
state must be canceled by the gauge noninvariant term from the
Chern-Simons term in the integer quantum Hall state, the gauge
anomaly from the Fermi arc is also canceled by a gauge nonin-
variant contribution at the boundary from the inhomogeneous
axion term. As a result, the topological-in-origin inhomoge-
neous 6 term with the Fermi arc state gives a consistent “topo-
logical” field theory for the broken time-reversal symmetry
Weyl metal phase, where contributions from massless Weyl-
fermion excitations should be taken into account, of course.

In this study, we extend the anomaly cancellation of a broken
time-reversal symmetry Weyl metal state into that of a broken
inversion symmetry Weyl metal phase. The minimal model of
the broken time-reversal symmetry Weyl metal state is given
by a pair of Weyl points, where the momentum-space distance
between the pair of Weyl points is the gradient 6 proportional
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to the applied magnetic field. On the other hand, that of the
broken inversion symmetry Weyl metal phase is given by
a double pair of Weyl points, where the momentum-space
distance between each pair of Weyl points is determined by
the strength of the inversion symmetry breaking. Based on
this minimal model, we demonstrate the anomaly cancellation
explicitly. This demonstration explains why a “chiral” pair of
Fermi arcs instead of a Fermi arc with definite chirality appear
in broken inversion symmetry Weyl metals.

One may point out that the explicit demonstration for
the anomaly cancellation in the broken inversion symmetry
Weyl metal phase does not give any novel conceptual aspect,
compared with that in the broken time-reversal symmetry
Weyl metal state. However, we claim that there are no
concrete calculations to show the anomaly cancellation
in the broken inversion symmetry Weyl metal state. In
addition, we emphasize that there exists novel physics in the
anomaly cancellation of the broken inversion symmetry Weyl
metal phase. Since time-reversal symmetry is preserved, a
“quantized” version of the anomalous Hall effect resulting
from the Fermi arc cannot appear. Instead, we find that this
pair of Fermi arcs give rise to either a “quantized” spin
Hall or valley Hall effects, which may be regarded to be a
“generalized” version of the two-dimensional quantum spin
or valley Hall effect. In this respect, we believe that our
explicit demonstration serves as a meaningful reference in
understanding the “chiral” pair of Fermi arc states in various
inversion symmetry-breaking Weyl metals [12—18].

II. AREVIEW ON THE ANOMALY CANCELLATION
IN THE BROKEN TIME-REVERSAL SYMMETRY
WEYL METAL STATE

A. An effective minimal model for broken time-reversal
symmetry Weyl metals

A minimal model for abroken time-reversal symmetry Weyl
metals is given by [19,20]

Swt = f 2B (0d + i 0 — 1y — cuy™y W),
M)
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(1)) yk = (_((Jrk %k) and 5 = iy !y
c* = (% c) is the chiral gauge field, where ¢ is the chiral
chemical potential and ¢ is the momentum-space distance
between a pair of Weyl points. p is the chemical potential.
Here, we focus on u = 0 and A =0.

Introducing y* = —iy? into the above action, we have a
simplified form

where 3 = ({

Swum = /d“x\i'(x)iy“(au +id, +ic,y)¥(x). (2

Here, we have u = 1,2,3,4. y* is anti-Hermitian, satisfying
{y*,y'} = —28"". We take into account the U(l) gauge
field A,,.

B. An axion term
The Weyl-metal action (2) suffers chiral anomaly [21],
given by

3 Wiy y W(x) = €MV P ., Fop. 3)

1672

Although it is straightforward to derive this anomaly equation
based on the Fujikawa’s method [22,23], we show our deriva-
tion explicitly in Appendix A in order to clarify the way of
regularization. The resulting axionic action is

i

Sax = —
1672

f d*x(c, x")e" " P F,, Fup. 4)

C. Surface states

Following Goswami and Tewari [24], we obtain a localized
wave function at one surface of the Weyl metal phase. Here,
the surface is defined by changing the chiral gauge field ¢ —
¢®(x), where ®(x) is a step function in x coordinate:

1

i

ikyy+ik.z m
X =A™V
K[fk).,kz( ’y,Z) W—k:
N k24m?—k,
— 2 2
x e( cO(x)+4/k+m JC, (5)
/2
(R Am* =k )/ K4m (c— /K2 +m?) .
where A = : . < is a normal-
( 2c(k2+m?—k; o /K2 +m?)

ization constant and E}, = k, is an eigenvalue of this surface
state. y and z define the surface coordinate and x describe the
coordinate perpendicular to the surface. The chiral gauge field
¢ is given along the z direction. For a state localized near the
surface to exist, k, should satisfy the following condition of
—Vc2—m? <k, <2 —m? If m?* > 2 is fulfilled, there
are no surface states. It is important to realize that this surface
state has definite chirality, given by ¥y . = —Y, «, with the
chirality operator 7 = y%y2.

D. An effective Hamiltonian for the Fermi arc

Let us now establish an effective Hamiltonian for the Fermi
arc state. We introduce a surface projection operator as follows:

Pegge = Z > Wk ) Wi ils (6)

ky T mZ<k.</F—m?

where we have (x,y,z|V, «.) = ¥, k. (x,y,2). Then, we con-
struct an effective surface Hamiltonian in the following way:

Hefr = PedgeHPedge = Zle/fk k I//k N |

/dx/dy/dx/dyzz

X X Y)Y Wiy ke Yoy (Wi ke X790 Y

/dxfdyfdx/dyzz

X |x,y.ke)(=0)3ye 88 ()Y ke |

= /dy Z lx =0,y,k)(—=i)dy(x =0,y,k;|, (7)
k;

where &, means k. satisfying —v/cZ — m?2 < k, < +/c2 — m?2.
For simplicity, we assumed that the surface wave function is

localized perfectly at the surface, i.e., (x,y|¥x, ) ~ 6(x). This
expression can be translated into

Her = Z

—2—m? <k, <+/c2—m?

dyy (D= ¥.(y)  (8)

in the second quantization language.

E. Gauge anomaly in the Fermi arc state

(1 + 1) dimensional Dirac theory is given by

S = / d>xW(x)(yodo + iy '8V (x) ©
in the Euclidean signature. Here, we have y° =o! and
y! =io? If we set y> = —iy?, we obtain

= /dzx\il(x)iy“aulll(x) (10)

with u = 1,2. Here, we have g"¥ = —§"".
Let us gauge the above theory with the chiral gauge. Then,
we obtain

S = /dzx\il(x)iy“(au +ieA,P)W(x), (1)

where P_ = 2(1 — y) is a prO_]CCthIl operator to select the
chirality and y = y%y! =iy?y! = —o? is the chirality ma-
trix. Notice that we couple the U(1) gauge field only to the
negative chirality sector. Recall that the edge mode in the above
section has the negative chirality, i.e., Y@, x, = —@x,.x.- This
effective action is invariant under the particular or “partial”
gauge transformation:

Au(x) —> A, 49,0,
U — P W(x), U(x) = Ux)e P (12)

The U(1) gauge current, which is a Noether current resulting
from the above partial gauge symmetry, is given by

J =Wy Pow(x). 13)
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Classically, i.e., in the action level this gauge current is con-
served. Howeyver, it turns out that this conservation law breaks
down in the partition function level because of a quantum
correction, referred to as gauge anomaly. This anomaly can be
understood perturbatively in the one-loop quantum correction
for the gauge-field propagator. See Appendix B for more
details. The result is well known [22], given by

. i Ly i A
A jt(x) = Ee‘ A, (x) = 8—7Te’ Fuv. (14)

One can express the gauge anomaly in terms of an effective
action of the U(1) gauge field as follows:

SWIA -
WAL oy powe = 7. as)
m

where the generating function is defined by Z = [DW¥
DWe SV WAl = o=WIAl - Under the gauge transformation
A, — A, + 9,n(x), the generating function changes in the
following way:

Sy WIA] = WA +dn] — W[A]

SWI[A]
:/dzxaun(x) 5,

= - f d*xd,m(x)(j")

— | ann) e 1
= ﬂ(x)SNG F/AU’ (16)

where the gauge anomaly equation has been used.

Since W[.A] is an effective action of only one k, sector, we
should include all k, sectors in order to get the effective surface
action of the Weyl metal phase

Wam Al = > WAl = 2cW[AL (17)
—c<k.<c

Here, we setm = 0for simplicity. As aresult, we find the gauge
anomaly of the Fermi arc state in the broken time-reversal
symmetry Weyl metal phase

ic
BnW\%iI\g/le[A] = E/dl‘dzﬂ(x)wauv
ic
— —[dtdzn(x)th. (18)
21

Here, we did not take into account the role of disorder scattering
for this gauge anomaly contribution. It would be quite an
interesting study to investigate the role of disorder scattering
for the Fermi arc state.

F. Anomaly cancellation: Callan-Harvey mechanism

Breakdown of the gauge invariance in the effective chiral
surface state can be cured by anomaly inflow from the bulk
effective action of the Weyl metal phase. This mechanism
of anomaly cancellation is known as Callan-Harvey mech-
anism [1]. The Callan-Harvey mechanism has been already
discussed in the broken time-reversal symmetry Weyl metal
phase [24]. However, we found a subtle issue for the derivation
of the anomaly cancellation. Here, we provide a rigorous

FIG. 1. Geometry of a Weyl metal sample.

derivation for the anomaly cancellation based on the original
paper [1].

First, let us point out the subtle problem. One may start
from an effective axionic action Eq. (4) with setting the chiral
gauge field as ¢ = ¢®(x;)z. Here, ®(x;) is the step function.
The axion term is

i

Sax[A] = 16722

/ d*xe - xe"" P F,, Fop

i
= / d*xcx;O(x1)e" P F, Fug

1672
- _# d*xce"Px3A, Fopd(x1)d1,

+®(x1)83uAvFa/3]a (19)

where 9, ®(x) = §(x) has been used. Under the gauge trans-
formation A, — A, + 9,7n(x), the variation of the effective
action (8,84 = Sax[Ay + 9un] — Sax[AL]) is given by

ic

8pSax = = d*x[e" P x3 Fopd(xy)
+ P O(x1) Fuglon
= o5 [ d'x1e™ Fup(8,28(n) + x3018(x1)80)
+ 8,1 Fupd(x1)n
=0. (20)

There does not exist the anomaly inflow to cancel the gauge
anomaly of the Fermi arc state in this derivation.

In order to resolve this subtle point, we consider a geometry
of the Weyl metal sample as shown in Fig. 1. We use the
differential form since it is independent of the coordinate
system and it is easier to calculate the anomaly inflow. The
axion term is represented in the following way:

0
WBUK[ A, F =—/ ZFAF

=—/ id(.A/\]-")

/\/147[2

=—l—2/ [dOAAF)—do A AN F]
47 M

=L [ aonAANF, Q1)
47'[2 M
where 6 o c,x" is an “axion” field, A = A,dx", and F =
%F wdx® A dxV. M denotes an infinite space, where the Weyl
metal sample is embedded. The boundary of the Weyl metal
sample is defined by the function 6(x).
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Under the gauge transformation A — A + dn, the varia-
tion of the effective bulk action is given by

8, WEIk[ A F] = 4’7 | dondnnF

- = / [—d(ndd A F)+ nd*0 A F]
4 M

=, nd*0 A F. (22)
In the cylindrical coordinate (p,¢$,z), we can set O(x) =
—cpO(p — po), where p = pg represents the boundary of the
Weyl-metal sample (Fig. 1). We emphasize that (x) is not a
single-valued f}lnction. As a result, d%6 # 0. When p > py,
Vo(x) = —%aﬁ. Therefore we have fc(ﬂ>ﬂ0) Vé(x)-dl =
—2mc. However, if p < pg, we have fc(quo) VéO(x)-dl =0.
These equations are translated into V x VO(x) = —%S(p —
po)z = 28,0, — 8,0,)6.

Inserting this equation into the above, we find the anomaly
inflow from the bulk state

/ nd*6 A F = / T (8,,8,0) Fapdx™ A dx” A dx® A dx?
M M2

- /M d4xge“”°‘5(aua,, — 3,0,)0 Fap

= f d*xn(8,8, — 8,9,)0 F,,

= —2nc/dtdanZ,. (23)

The variation of the effective action under the gauge transfor-
mation is

ic
Sy Wk [ A, F] = —5> / dtdzn(x)F,,. (24)

Comparing Eq. (18) with Eq. (24), we confirm the anomaly
cancellation

8, W + 8, Wemk = 0. (25)

III. BROKEN INVERSION SYMMETRY WEYL METALS

Since time-reversal symmetry is preserved, Berry flux
should satisfy the following constraint: By(k) = —By(—k),
where band indexes I and II are used to label the bands, which
are time-reversal partner to each other(spin-full case). This
implies that there should be an even number of pairs of Weyl
points in the broken inversion symmetry Weyl metal state.
Here, we apply the Callan-Harvey mechanism to the broken
inversion symmetry Weyl metal state. We find that a pair of
Fermi arcs appear to give rise to a “quantized” version of either
spin or valley Hall effects.

A. An effective minimal model for broken inversion
symmetry Weyl metals

Following Ref. [25], we start from
H=0"sk, — 07k, + (—m1 + mzkzz)oZ +aoc®.  (26)

Parity and time-reversal transformation operators are given
by P =c%and T = is”KC, respectively, where K perform the

Akz

Y
8

FIG. 2. Band structure of an effective Hamiltonian (26). Four blue
dots denote four Weyl points in the k, = O plane. Here, kg = /m/m,
and « is the strength of inversion symmetry breaking.

operation of complex conjugation. Then, itis straightforward to
see the time-reversal symmetry of this effective Hamiltonian.
On the other hand, the last term with the coefficient « breaks
inversion symmetry. One can find that there are more terms
which give rise to breaking the inversion symmetry while
preserving the time-reversal symmetry: o”s*, o”s”, and o7 s*.
The first and the second terms result in two nodal rings in
momentum space. The third term makes a Weyl point along
the k, direction while the « term causes the Weyl point along
the k, direction. We can consider only the oo* term without
loss of generality.

We start to consider the inversion symmetric case with
a = 0. Since both the time-reversal and the inversion symme-
try are preserved, two bands must be degenerate. Eigenvalues
are given by

Ey = i\/kg + k2 4 (mok? —m))”. 7)

There are two Dirac points at (0,0, = /m/m>).
Turning on «, the band structure evolves into

E\+= i\/(kx — @)? 4 k2 + (mak? — ml)z, (28)

Eyy = :I:\/(kx + ) + k§ + (mzkg — ml)z. 29)

Each Dirac point splits into a pair of Weyl points. As a result,
we have a double pair of Weyl points at («,0,+/m/m>), («,0,
—my/my), (—a,0,/my/my), and (—«a,0,—/m;/my) as
shown in the Fig. 2. Here, the definition of “pair” will be
clarified below.

B. Low-energy effective Hamiltonian with inversion
symmetry breaking

In order to discuss anomaly cancellation, we write down a
low-energy effective Hamiltonian near the double pair of Weyl
points shown in Fig. 2. Expanding the momentum near the
two Dirac points at (0,0, & /m;/m,) = (0,0, £ ko) = £k,
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we obtain

H'(k) = H(ko + 6k) ~ H (ko) + 8k - ViH(K)|x,
= stzkx - O.ka + aUX + Gz(kz - k())’ (30)

H™ (k) = H(—ko + 6k) ~ H(—ko) + 6k - Vi H(K)|
=0"5%ky — 0k, + ot — ok, + ko), 31
where we set 2,/mm, = 1 for simplicity. Then, the original

Hamiltonian can be approximated in the low-energy limit as
follows:

Hk) ~ H (k) f(k —koD) + H (k) f(lk +ko]).  (32)

Here, the function f(x) is introduced to play the role of a UV
cutoff for this low-energy effective Hamiltonian. Accordingly,
the Bloch state is represented as

| k,o,5,+)
|k7a’s> - {'kvays’_)

Now, we rewrite this low-energy effective Hamiltonian as
one reducible representation in the following way:

(k ~ ko)

k~-ky O

< _(H*® 0
H(lo) ~ ( 0 H—(k)>
= (0"5%, —07ky + o™ — o%ko)
Rt +0° @ k.. (34)

Accordingly, we have |k,o,s) — |k,o,s,7), where an addi-
tional quantum number is identified with a valley index. H (k)
is an eight-band Hamiltonian, which originates from the four-
band one, Eq. (26), in the low-energy limit.

The inversion and time-reversal transformation operators
are redefined consistently as follows:

P=0c*"®t", T=is"®1tK. (35)

See Appendix C for the derivation. It is easy to check out that
the time-reversal symmetry is preserved for this low-energy
effective Hamiltonian, i.e., THK)T ! = H(—k) while the
inversion symmetry is not respected due to the « term, i.e.,
PHK)P~! # H(-K).

C. Gamma matrix description

It is straightforward to write down the low-energy effective
Hamiltonian with Gamma matrices. Taking into account the
eight-component spinor

W = (¢1,1,1, P1,1,-15 P1,—1,1, P1,—1,—1, P—1,1,1,
G111, D111, P-1-1.-1)", (36)

where ¢q.pc = ¢r: 5202, We obtain the low-energy effective
Hamiltonian

H = Z Ui(k) (0" s°k, —0 'k, + ac™ 4 o° 'k, —0 ko)W (k)
k

= fd%w(r)(oxszz'ax —0vid,

+0%T%i9, + oFa — k)W (r). (37)

This gives rise to the following effective action:
S = /d“xqﬁ(x)[ao +0*s%id, — a”id,
4+ 0710, + 0¥ o — o%ko W (x)
= /d4x¢l(x)[F030+iF'8x +iT?9, +il’d,
—al'T57% 4 kI T2s% W (x), (38)
where W(x) = Wi(x)I'"’ and Gamma matrices are given by
r'r' = 0%, I''r*=—o’, I''r’ =o%s* (39
= I =rr'r’r’? = —s%r?, (40)
satisfying {['*,I'V} = 2g""1g,s with g*" =(1,—1,—1,
—1)5"Y. We observe that there are two different representations

of I'* satisfying Eq. (39) with conditions: {T'*,'V} =
28"V 1gxg and {T*. T3} = 0.

1. [t5,T*]=0and {s*,T*} =0
The first representation for I'* is
r'=s¢", r'=—is, 41
2= —is‘o?, I'’=—iso’7%. (42)
These eight by eight gamma matrices can be rewritten as a

product of four by four gamma matrices and two by two pauli
matrices as follows:

M=y T'=y P=y’ @)
g (44)

where
=5,y = mised = —istet, @)
y, = —is'a’, y) =iv)nviv. = 5o’ (46)

y}* matrices are four by four matrix, which consist of o and
s*, satistying {yt, )} = 28"V 1axa.

2. {5, T*} =0and [s*,T*] =0
The other representation for I'* is
I =o%t*, ' =ioVs*t", 47
M =io*t", I'’=—it. (43)

These eight by eight gamma matrices can be also rewritten as a
product of four by four gamma matrices and two by two pauli
matrices as follows:

I? =y (49)

s

0 0.0 1 1.z
M'=y's, T =ys",

F3 — )/350, FS — ySSSZ’ (50)
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where

0 72X

v =0o%t", y!=io’t", ysz =io*t", (51

O =iyl =t (5D

7/53 = —io
ys“ matrices are four by four matrix, which consist of o* and
Th, satisfying {y,1)} = 2"  14xa-

As a result, we have two types of low-energy effective
Hamiltonians:

Sty = / d*xW()[yd0 + iy, 9, + iy 9y
+iy) T, —ay, vy —koy, W (x), (53)
Sond = / d*xU(x)[y2d + iy, s°d, + iy 9,
+ iy5382 + oz)/s1 + koySSyss]\If(x). (54)

It is not possible to find the representation satisfying both
[t%,T#*] =0 and [s%,'*] = 0. If T'# fulfills both conditions,
[[C#, T3] = 0 must be satisfied because of I'> = —z%s%. This
is contradictory to the condition of {I"*, '} = 0. It turns out
that this property of I'* is related to the Fujikawa’s uncertainty
principle [26], which plays an important role in the following
discussion.

D. An effective axionic action for broken inversion
symmetry Weyl metals

Since the total Berry flux is zero for broken inversion
symmetry Weyl metals, the Hall conductivity must vanish.
As a result, the conventional effective axionic action does
not exist for this Weyl metal state. However, we find other
types of effective axionic actions, introducing two kinds of
fictitious gauge fields into the effective action: one is a spin
gauge field S, and the other is a valley gauge field V,,, which
are coupled with a spin current j/ = WI'*s*W¥ and a valley
current j* = WI'*t?W, respectively. Both spin and valley
currents are Noether currents, involved with the symmetry
under ¥ — W and ¥ — /77U, respectively.

We start from the low-energy effective action with both spin
and valley gauge fields,

S = /d“qu(x)[i[‘“(au +iA, +istS, +it?V,)
— a7 4 ke Ts% W (x), (55)

where @ =1,2,3,4 and T* = —iI"°. It turns out that both
spin and valley currents can not be conserved simultaneously
when quantum corrections are taken into account. In other
words, one of both symmetries related to either spin or
valley current should be anomalous in the quantum level. The
problem on which symmetry becomes anomalous should be
determined by the UV condition. The UV condition fixes
the possible representation for the low-energy effective field
theory. Physically, this determines the formation of a pair of
Fermi arcs.

1. [z%,T*] = 0and {s*,T*} =0

Action in the first representation Eq. (53) is symmetric under
the following three kinds of transformations:

U O, U P, (56)
W TPOW T e TR, (57)

U — O B PO (gt = —y0). (58)

The first, second, and third transformations are related to the
charge, valley, and spin current, respectively. We note that
the third transformation related to the spin current is the
chiral transformation in terms of the y, matrix. Therefore
this low-energy effective action is not invariant under the
third transformation when quantum corrections are included.
In mathematical terms, the integral measure of the partition
function is not invariant under the third transformation. As a
result, the spin current is not a conserved current. Resorting to
the Fujikawa’s method, one can obtain an effective axion term
as we did in the case of broken time-reversal symmetry Weyl
metals. Detailed calculations are shown in Appendix D. Here,
we quote the result only

1st v
S = = ——
eff eff 472

f d*xax'e"PF, ., Fus,  (59)
where F, ,,, = 9, V, — 9,V is the field strength tensor, given
by the valley gauge field V,,.

Following the same method as the case of broken time-
reversal symmetry Weyl metals, it is straightforward to find
the valley Hall current from this axion term. Performing the
integration by part as follows:

. 1 . 1
_ g TaX s _ i6,(x")
S:ff——/d Xmeﬂ' Fv'MVFaﬂ=_/I;47fv/\F

=/ #[d(@UV/\}')—dGU AV A F]
M

=—’—2/ 6, ANV NF
T Jm

i

=-33 d*xe®P 3,0,V F . (60)
we obtain
5SV i
i eff - nvap 8\)91) Fa
=Gy, T g€ e
- _#GMI%F,,&. (61)

Since this current is evaluated in the Euclidean signa-
ture, we have to change it into the Lorentzian signature;
1,2 03 0y _ o] 2 3 =4
(vy,v7,v7,v;) = (vg, Vg, Vg, iVg). Then, we have

) o

J(L),v = ;FB, (62)
oo X ke p (63)
-]L,‘U - 27_[2 ng-

This valley Hall current may be regarded as an anomaly inflow
from the bulk to the pair of Fermi arcs. Performing essentially
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+ k.

=l 4
8

FIG. 3. A double pair of Fermi arcs (red and green lines) for the
valley Hall current case; [t%,['*] = 0 and {s*,'*} = 0. Here, each
color of Fermi arcs represents where they are located in real space
(green: the upper terminated plane and red: the lower terminated
plane).

the same task as the case of the broken time-reversal symmetry
Weyl metal, we find that the pair of Fermi arcs is given in Fig. 3.

2. {5, T*} =0and[s*,T*] =0

The low-energy effective action Eq. (54) is symmetric under
the following three types of transformations as the case of the
first representation:

U — Og, s i) (64)
U — TPOY, U WP (-t = =) (65)

U — SNy § s PN, (66)

In this representation, the second transformation related to the
valley current is the chiral transformation in terms of the y
matrix. Therefore the valley current is not conserved because of
the chiral anomaly. The corresponding axionic effective action
derived from the chiral rotation is given by

S2nd _ QS

ot = Oeff = m/d“xkox%’”“ﬁFYWFaﬂ, (67)

where F; ,, = 0,5, — 0,3, is the field strength of the spin
gauge field S,,. We refer all details to Appendix D.

It is straightforward to find the spin Hall current from this
effective action, taking into account the integration by part:

3 . 1
_ 4 Lkox i6,(x")
ot = /d xme’”“ﬁFs,qua = /M 7}1 NF

=/ L [d6,8 AF) = db, AS A F]
MTT
i

- do, NS N F
M

—# / d*xe™P1 9,0, S5 F,, (68)

Akz
s

FIG. 4. A double pair of Fermi arcs (red and green lines) for the
spin Hall current case; {t*,I'*} = 0 and [s*,['*] = 0. Here, each color
of Fermi arcs denotes where they are located in real space (green: the
upper terminated plane and red: the lower terminated plane).

and resulting in

. 3 :ff i v,
is = 58S, 52 B0 Fup
— 2ane“3'7é koFye. (69)

In the Lorentizan signature, we have

. ko

L= —;Flz, (70)
jk — _k_0€k3n§F (71)
L. 272 ng-

This spin Hall current may be also regarded as an anomaly
inflow from the bulk to the pair of Fermi arcs. Performing
essentially the same task as the case of the broken time-reversal
symmetry Weyl metal, we find that the pair of Fermi arcs is
given in Fig. 4.

3. Discussion: Valley Hall effect versus spin Hall effect

So far, we discussed that two different representations
give two different physical situations. Then, what is the right
physical picture? We cannot answer which is correct within
only the low energy effective Hamiltonian. We need more
information which should be introduced from the UV structure
of the dispersion relation. However, the analysis based on the
low energy effective action tells us that only one of these two
different choices exists at least. These two representations take
two different regularization schemes. The first representation
or regularization scheme preserves the charge symmetry and
the valley symmetry, but breaks the spin symmetry while the
second representation or regularization scheme preserves the
charge symmetry and the spin symmetry, but breaks the valley
symmetry. One important thing is that there is no regular-
ization scheme which preserves all the symmetry involved
with charge, spin, and valley simultaneously as we pointed
out in the Sec. IIIC. Although we have shown this aspect
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with a specific Hamiltonian, this argument can be generalized.
See Appendix G for more general discussions on this point.
Involved with the issue of the regularization scheme, recent
studies [27,28] have shown that structure of Fermi arcs can
be changed by tuning the Weyl band structure in the UV level,
which does not affect the emergent symmetry of the low-energy
effective Hamiltonian.

E. Callan-Harvey mechanism in broken inversion
symmetry Weyl metals

1. Gauge transformation of the axion term

Effective axionic actions of Sg;[A,,V,] and SJ[A,,S,]
have anomaly with respect to the valley gauge transformation
of V, — V,+9d,n and the spin gauge transformation of
S, — S, + 9,n,respectively. Taking into account these gauge
transformations, we find

N

8, Sl AV = == / dtdxnF,, (72)
2ik°

8y Sere[A.S] = - dtdynF. (73)

Of course, this anomaly inflow should be canceled by the
anomaly of a pair of Fermi arcs, which is nothing but the
Callan-Harvey mechanism.

2. Valley Hall current

Following the case of broken time-reversal symmetry Weyl
metals and setting o — «6(z), one can find the edge state
localized near the boundary from the low-energy effective
Hamiltonian. We show all detailed calculations in Appendix E.
An effective surface Hamiltonian in the |t%,k,,k,) basis is
given by

H=Y"Y% \IJT(kX,ky)(%V _%y)\lf(kx,ky)
k. ky
-/ dylvi_((y)<_gay l.gy>\vkx(y)
=> / dy W] ()(—=id, )W, (), (74)

where k, — —+/a? —m? < k, < ~/a? —m?. Then, the cor-

responding effective surface action is

S=) / dt / dyW] ()0 — iT30,)W ()
];:

=3 f dr / dy B, ()8 +iy'0)W (). (T5)
];z

where y* =1l y! =it?, and 7 =y = -1

y?2 = —iy°, we have
§= )
T <ky <N
where u = 1,2, 9y = 0, and {y*,y"} = —6"".

Setting

x U, (iy" 9, ¥, (), (76)

In order to show the anomaly cancellation, we introduce
both charge and valley gauge fields to the above boundary

action:
S = > f d*x U (y)iy"
—Ja?—m? <k, <va?—m?
x (0, +iA, +iV, 7)) (). )
The surface valley current is given by
_ WA, V]
b=,

=— Y (B, T8

—Va2—m? <k, <va?—m?

where W[A,V] is an effective free energy defined by Z =
e VIAY] = [ DIDWe ST WAV,

This boundary effective action is invariant under the fol-
lowing valley gauge transformation:

U, — ey Uy - e V- V48,0, (79)

However, we find that the expectation value for the valley
current j/* becomes anomalous in the one-loop order. All
details are shown in Appendix F. Here, we quote the result
only

. 2ia i,
Oulileg()) = —= €0, AL (1) = —€ Fu(). (80)

This anomaly equation implies
i
8’1 W‘?l?[%;,valley = _; [ dzxn(x)EMvFuv(x)~ 81)

Sy W;fll%le,valley is canceled exactly by 6,55, which is nothing
but the Callan-Harvey mechanism.

3. Spin Hall current

Following the case of the valley Hall effect, we can obtain a
localized surface solution for the case of the spin Hall current.
See Appendix E for details. From these solutions, we can
construct the surface effective action. The surface Hamiltonian
in terms of the |s%,k,,k;) basis is given by

H=Y"%" \m(ky,kz)(’g _(;(V>\IJ(ky,kz)
k. ky ’
= Z/dy‘llgz(y)(_gay igy>\11k;(y)
Ez
=> f dyW] ()(—is*d,) Wi (), (82)
];Z

where k, is the momentum to satisfy —+/ kg —m? <k, <
~/a? — m?. Then, the corresponding effective action is

S = Zfdr/dngz(y)(ar —is?3y) W (y)
]27

=y f dr / dy B ()3 +iy' 8V (), (83)
k.

165201-8



CHIRAL PAIR OF FERMI ARCS, ANOMALY ...

PHYSICAL REVIEW B 97, 165201 (2018)

where ¥ =s', y! =is?, and 7 = yOp! = —s3. If we set
y? = —iy°, we have
S = > ExW (Niy" 9, Ve (y),  (84)

— N/ kg—m? <k, </a2—m?

where u = 1,2, 9y = 95, and {y*,y"} = —6"*".

Following the case of the valley Hall effect, we also gauge
the above surface action. While we gauged the action with
charge and valley gauge fields in the valley Hall case, here we
gauge the effective action with charge and spin gauge fields in
the following way:

S = >
— ke —m? <k, </ k3—m?
X0y + 1Ay — 1S, 7)Vi (). (85)

x Wy (y)iy"

Now, the spin current is given by

SWIA,S]
3S,
— ke —m? <k, </ k3—m?
where W[A,S] is an effective free energy defined by Z =
e~ WIAST — fD\II\IJe’SN"“”A'S].

This boundary effective action is invariant in the classical
level under the following spin gauge transformation:

Js'

(e y" 7 W), (86)

U — 70, U — U e S, — S, +3,0. (87)

On the other hand, we find that the expectation value of the
spin current j!* becomes anomalous in the one-loop order. All
procedures are completely identical to those for the case of
the valley Hall current. The variation of the effective surface
action with respect to the change of the spin gauge field is

8y Wist aoin = ’nﬁ f d?xn(x)e"” Fp(x). (88)

8y W;,dff’spm is also canceled perfectly by 6, S5%;.

IV. DISCUSSION ON THE VALLEY HALL CURRENT

A. Is the valley quantum number physical?

Up to now, we demonstrated the anomaly cancellation for
the broken inversion symmetry Weyl metal phase, described
by a specific model, where the spin quantum number s, is
conserved. Since s, is conserved, it is natural to consider the
spin Hall current mediated by the Fermi arc state. Actually, the
spin Hall effect has been proposed in TaAs, which is an broken
inversion symmetry Weyl metal material [29]. On the other
hand, one may criticize the physical realization of the valley
Hall current since the valley quantum number is not conserved
in the UV level. Here, we argue that an emergent symmetry,
which appears at low energies, plays a central role in the
quantum anomaly and the anomaly cancellation, reflected in
the existence of gapless surface states, even if such a symmetry
does not exist in the UV level.

Generally speaking, spin is not conserved, either, because of
the spin-orbit interaction. For a generic Hamiltonian of broken
inversion symmetry Weyl metals, there are no conserved
quantities such as spin. In this case we can introduce two
kinds of “valley” indexes in the low energy effective theory
to describe the broken inversion symmetry Weyl metal phase.
We may apply the same argument of the anomaly cancellation
as the above to this case, where s, is replaced to another valley
index. Then, we ask the following question: is the valley Hall
current physical? Here, we confirm the existence of Fermi
arc states even if there do not appear such symmetries in the
UV lattice Hamiltonian. Then, one can guess that there are
corresponding Hall currents mediated by such Fermi arc states.

B. The valley Hall effect in graphene

We start from reviewing the valley Hall effect in
graphene [30]. The band structure of graphene consists of two
Dirac points, referred to as valleys, K and K’, respectively,
where an effective Hamiltonian near each valley is given by

H(K) = v(t ko + kyoy). (89)

Here, k. and k, are the momentum measured from each Dirac
point. o, and o, are Pauli matrices, involved with the pseudo-
spin (A and B sublattices), and 7, is a valley indexing matrix,
the eigenvalue +1 (—1) of which is assigned to the K (K')
valley.

Let us break the inversion symmetry in this effective
Hamiltonian. Then, such gapless Dirac points become gapped.
When the chemical potential is located at a position inside the
gap, one may expect quantized Hall responses based on the
Berry curvature. Considering the existence of time-reversal
symmetry, the sign of the Berry curvature is assigned to be
opposite at each valley and the Hall conductivity is canceled
to vanish. On the other hand, one can introduce the valley Hall
conductivity, given by oyajey = 07,1 — 07, —_1, similar to the
spin Hall conductivity, where o _+ is the Hall conductivity
for each valley. For the concept of the valley Hall current to be
well defined, the valley quantum number should be a conserved
quantity. One may wonder how the valley quantum number,
which is just an index for labeling the different k-points, can
be considered as a conserved physical quantity. In order to
answer this question, we take into account another quantity
“coupled to” each valley, which is physically meaningful. That
is the pseudo-spin or chirality quantum number, given by the
sublattice degree of freedom [31]. Then, the valley index can
be considered as a conserved quantity in some specific cases.

For example, the existence of edge states in graphene, which
depends on the shape of the edge (armchair or zigzag), can
be understood with the presence or suppression of intervalley
scattering [30]. Considering the conservation of the crystal-
momentum component parallel with the edge and the conser-
vation of the pseudospin vector, we can determine whether the
intervalley scattering is suppressed or not [32,33]. In the case
of the armchair edge, two valleys of K and K’ are projected
onto the same point in the surface 1D Brillouin zone. There-
fore the edge-parallel component of the crystal momentum
is conserved for the case when an in-going electron and an
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FIG. 5. Surface band structure (a) and Fermi arc structure (b) with 20 unit cells along y axis fora = 1 and 8 = 2.

out-going electron belong to different valleys. In addition, the
direction of the pseudospin vector for in-going and out-going
fermions is the same when they belong to different valleys.
As a result, scattering between different valleys is dominant
for the armchair-edge case. The intervalley scattering does
not protect surface states for the armchair edge. In contrast
to the armchair edge, two valleys K and K’ are projected
onto different points in the surface 1D Brillouin zone for
the zigzag-edge case. Therefore the edge-parallel component
of the crystal momentum is not conserved for in-going and
out-going fermions belonging to different valleys. As a result,
there exist surface states in the zigzag-edge case, which is
consistent with the valley Hall conductivity calculation based
on the fact that the valley is a good quantum number. For
details, we would like to refer to [32,33].

C. Valley Hall current in a spinless broken inversion
symmetry Weyl metal phase

We apply the same argument to the case of broken inversion
symmetry Weyl metals. We start from the following effective
Hamiltonian for a spinless broken inversion symmetry Weyl
metal:

H(K) = t;sink,o, + 2t:[cos k, + a(cosk, — 1)]o,

+2t3[cos k; + B(cosk, — 1)]o. (90)
Here, o; are Pauli matrices related to orbital or sublattice
degrees of freedom. Taking into account t; = #, = 3 = 1 and
la| > 1/2,|B| > 1/2, this effective Hamiltonian gives rise to
four Weyl points with the linear dispersion at (k,,k,,k;) =
(£m/2,0, &£ 7 /2). Then, the low-energy effective Hamiltonian
for the above lattice model is given by

Hopprox(K) = kyo, + 25,0k, + 21,0k, + 7o, + o, (91)
near the Weyl points, where s, and 7, are Pauli matrices
involved with valley quantum numbers.

The form of this low-energy effective Hamiltonian is quite
similar to Eq. (34). Repeating the same procedure performed
previously, we can derive two types of valley Hall currents and
the anomaly cancellation, respectively. Here, we note that there
are no o — and B — involved terms in this effective Hamiltonian.

It means that such UV parameters as « and 8 do not affect
the emergent symmetry of the low-energy effective theory. In
this low-energy effective Hamiltonian, both valley indexes of
s, = £1 and 7, = *1 are good quantum numbers. However,
they were not in the UV level. Valley indexes do not have any
physical meaning intrinsically. It can have their own physical
meaning by other quantities.

As discussed in graphene, the other quantity is nothing
but the pseudo-spin vector, given by h(k)/|/h(k)|, where
H(K) = h(k) - . For our spinless broken inversion symme-
try Weyl metal, we obtain h(k) = (2[cos kx+a(cos k, —1)],
sink,,2[cos k; + B(cos k, — 1)]). Based on the same argument
as that in graphene, which determines the existence of surface
states, we can find that there are no surface states for xy and
vz planes. Only the xz plane can host the surface state since
the intervalley scattering is suppressed. This result agrees with
the previous arguments [34,35] for the existence of surface
states.

We confirm the above statement based on our slab-
calculation for the microscopic lattice Hamiltonian, Eq. (90).
More precisely, we calculated surface (xz plane) band (Fermi
arc) structures for two different cases, given by Figs. 5 and 6.
Subfigures (a) in Figs. 5 and 6 show the band structure of
gapless surface states in the xz plane. In this respect, we
can regard the valley index as a conserved quantity when
we are considering the xz plane. There exist two types of
gapless surface states, depending on « and . Fermi arc states
in subfigures (b) in Figs. 5 and 6 reveal these aspects more
clearly. An essential point is that ¢ and B do not affect
anything on the low-energy effective Hamiltonian near the
Weyl points, Eq. (91). This demonstration confirms that we
can not determine which Weyl points are connected to form
a pair within the low-energy effective Hamiltonian only, as
discussed in Sec. IIID.

Here, we have shown that the valley index in the spinless
broken inversion symmetry Weyl metal phase can be con-
sidered as a physically conserved quantity, depending on the
orientation of a surface. Although we have shown the existence
of surface states based on the intervalley scattering argument,
one can show it based on more general arguments given by
Wan et al. [34]. Based on this argument, we can show that the
same result holds for the spinfull broken inversion symmetry
Weyl metal phase.
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FIG. 6. Surface band structure (a) and Fermi arc structure (b) with 20 unit cell along y axis fore =2 and 8 = 1.

V. CONCLUSION

In conclusion, we applied the Callan-Harvey mechanism
to the case of broken inversion symmetry Weyl metals, and
found either the spin Hall effect or the valley Hall effect,
depending on the UV condition. Turning on charge, spin, and
valley U(1) gauge fields, we derived two types of axion terms
from two kinds of low-energy effective actions, based on the
Fujikawa’s method. This explicit demonstration clarifies the
anomaly inflow in either spin or valley currents from the Weyl
metal bulk to the surface state. Solving Weyl metal equations
with a surface boundary condition, we found normalizable
surface zero modes, which consist of a chiral pair of Fermi
arcs. Constructing the corresponding effective surface action
and calculating both spin and valley surface currents, we found
the gauge anomaly involved with either spin or valley U(1)
gauge fields. We proved explicitly that this spin-gauge or
valley-gauge anomaly at the surface is canceled exactly by
the anomaly inflow from the bulk action. We would like to
emphasize that our demonstration is the first concrete calcula-
tion for broken inversion symmetry Weyl metals although it is
certainly expected in a conceptual point of view.

In the present study, we focused on the case that the
chemical potential locates at the Weyl point. However, it is
not the case in real experiments. It turns out that the chiral
anomaly does not change as a function of either temperature
or the presence of a chemical potential [36]. This means
that “quantized” responses given by topologically protected
surface states do not change even if both temperature and
chemical potential are turned on. On the other hand, there
would be nonquantized responses given by electrons near
Fermi surfaces in the presence of Berry curvatures. Actually,
the anomalous Hall effect in a Weyl metal phase with time-
reversal symmetry breaking consists of contributions from not
only surface states but also Fermi-surface electrons [3]. It
turns out that the unbounded linear band structure of Weyl
electrons does not allow the nonquantized part from Fermi-
surface electrons [24]. In order to find such Fermi-surface
contributions, we should take into account a more realistic
dispersion of electrons, given by lattice regularization, for
example. Following Sec. V of Ref. [24], one can evaluate
the nonquantized part for the valley Hall effect numerically

if he/she resorts to the lattice-regularized band structure of
Eq. (90). However, these quantized and nonquantized re-
sponses in the presence of lattice regularization should be in-
vestigated more deeply beyond the numerical analysis in order
to understand the role of the Fermi surface in the topological
structure.

We believe that our explicit demonstration casts various
interesting questions, involved with generalizations of the
present ideal case. As far as we know, the role of disorder
scattering has never been discussed clearly, particularly, in
the view of anomaly cancellation. Disorder scattering gives
rise to mixing between each Fermi point in the Fermi arc
state, expected to spoil the present simple calculation at
least when disorder strength exceeds a critical value. The
role of electron correlations in the anomaly cancellation
would be more important and difficult. Recently, a topological
Fermi-liquid theory has been proposed to describe anomalous
transport phenomena in broken time-reversal symmetry Weyl
metals, where the concept of Landau’s Fermi-liquid theory
is generalized to incorporate both the Berry curvature and
the chiral anomaly [37,38]. However, the issue on anomaly
cancellation has not been discussed within such a topological
Fermi-liquid theory. When inversion symmetry is broken
instead of time-reversal symmetry, the situation would be
much more complicated. Not only the spin current but also
the valley current should be taken into account. This is
somewhat analogous to the relationship between the integer
quantum Hall phase and the quantum spin-Hall state in two
dimensions.
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APPENDIX A: DERIVATION OF AN AXIONIC
ACTION FOR BROKEN TIME-REVERSAL
SYMMETRY WEYL METALS

1. Chiral transformation
We introduce the chiral rotation as follows:
W(x) — O W(x), Wx) — P)e*@” . (Al
Under this chiral transformation, the effective action (2) for a
Weyl metal state changes as
Swm — fd“x@(x)iy“[au +iA,

+i(c, + dsBMQ(x))yS]\IJ(x). (A2)

Here, we set «(x) = ds6(x). Multiple steps of chiral rotations

result in

SwMm — /d4x\P(x)iy”[8M+iAM+i(cu+s8M9(x))y5]\D(x)

= / dx V()i PO (x), (A3)
where

PO = y"0, +iAy +ilc, +59,00)r°] (A4

PV =y o, +iA, — iy +50,000)°]. (A5

Since " is not Hermitian because of the chiral gauge field,
we choose a basis which differs from the conventional case of

the chiral anomaly [22],
W(x) = Zan<p<‘><x> B(x) =) ¢i(x)ba,

where the eigenvectors ¢(x) and @'

(A6)

(x) are determined by

DY = 1,02, 12>“>T¢,$>(x> ncof:), (A8)

where A, is an eigenvalue. Then, the path-integral measure is

DY (x)D¥(x) = [detU] ! HdEndan, (A9)

where [U ™, = 65 (1)) ().

Now, we can see how the integral measure changes under
the chiral transformation. Since the wave function changes in
the following way:

\Ijl(x) — eidse(x)VS\IJ(_x) ql/(x) — ql(x)eidsg(x)l’s

L en(x) = 3, €400 g0, (x),
2 oad 2o (A10)
Zn ¢’({V)Tb’/1 — Zn ¢r(lS)Jf(x)bnetd59(x)y’ ,
we obtain
a,,, = Z Cnmamv = Z Dnml;ma (All)
Con = / AT I GO, (A1)
Do = [@lxgle e g0, (a1

As a result, the integral measure is given by

DY (x)DV/(x) = [detU]™" | | db,da,

= [detU] '[det C]"'[det D]~ Hdb da,

= [det C]'[det D]"'DY(x)DW(x) (Al4)

under the chiral transformation, where

[det C17' = exp |:—zds f d?x0(x) Z(p(m(x)ystp,(f)(x)],

[det D]™! = exp [—ids/dde(x)qu(m(x)V ¢(Y)(x)i|

(A15)

Finally, the partition function changes as follows:

— / DU (x)DW (x)e S

— /D\I—I(x)DlI/(x)exp [—/ddx{@(x)iﬂ(s)lll(x)
+ / ds o) (Z oy @)
0 n
+ Y oW (x)y%f,”(x))”

= / DU (x)DW(x)exp [—Sim]- (A16)

2. Regularization

In order to calculate the part that changes under the chiral
transformation, we follow the standard way of regulariza-
tion [22], given by

Z[ f)T(x)J/S (s) ¢(S)Ty5¢r(ls)]

— 5 QIR
n

s o1 Bk
¢’(15)Ty ¢’(IS)]6 gvel

~ lim [¢(S)fy5e*D(Lzm " o) gty S BT gl >]
n

M—o0 .
(A17)
One can show
3 ¢y te
L T UV Gl
) tr[y e ]e . (A18)

As a result, we obtain

D [T @y @) + 6Ty ¢ ()]

n

. 4k ik 5 PO p) P p&i ik

= lim ze xtr[y (e B - )]e’ .
M— o0 (27‘[)

(A19)
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3. Chirality splitting

In order to perform the momentum integration in the above

expression, we consider chirality splitting given by

PO =@ +idD)Py + (@ +idV)P_
= DVP, +DOP,

m(S)T m(S)P + m(S) P,

where
AV = A, e, +58,000),
AV = A, — (¢ +59,0(0)),
=30 £yd),

B =9+ iAY,

(A20)

(A21)

(A22)
(A23)
(A24)

(A25)
|

3 (e 0y e @) + 6Ty 6 ()]

n

wm (2;1)4

n )

= li

M— o0

, / d*k
lim
M—o0

(2m)*

) @R
e—zk-xtr |:)/5<€ 2

vy ey ES FY

Then, we obtain

m(S)ID(S)T ID(S)) P+ (ID(S)) P, m(S)TlD(S)
=BV P+ (BVYP, (A26)
giving rise to
PO o) @»OR ®¥2
e M2 =P,e M 4+ Pe v, (A27)
2O p©)i W @2
e w2 =P.e m + Ple m . (A28)

Now, it is straightforward to perform the momentum inte-
gration in the following way:

o

—08) kP + StV 1ES
MZ

@2
MZ

+e

~0$), +ikp P+ Ly 1ED,

M2 + e

(e )]

“k _ 1
(271)4M4 kﬂtr[y ( 8M4V Yy P E L

)

- 8M*
Ak el apr o) g © o)
= (27[)46 € ﬂ[F-FSMVFSa/S'FF—s/wF—saﬂ]
1 ) 8} s s
e, P, £, P (29)
[
where under the chiral transformation, where B = y#(d, +i A, +
trly’] = tr[y’y*y’1 = 0, ic,(1 —s)y). Setting s = 1, we obtain
rly’yty vy Pl = —dete? (A30) o - .
have been used. Swm = /d x[W)iy" 0y +iAy +ic,y)W(x)]  (A35)
Setting 6(x) = —c, x", we have
= s = /d4x |:\I/(x)iy“(8 +iA )V (x)
AV, = Ay el —s), AY = A, —c,(1—5), (A31) WM a :
FO, =FY =8,A, —8,A, = F,, (A32) ’lcg; B, Faﬁ] (A36)

Then, we obtain

D e )y e () + ¢ Ty B (x)]

n

1

~ 1672
Finally, the effective action changes as

/ d*x [@(x)iw%f(x)

§ i
_ d n
/0 SCyuX T2

—— P, Fyp.

SWM e S&’;\/I =

e F,wFaﬂ}

(A33)

(A34)

APPENDIX B: GAUGE ANOMALY OF THE U(1) SURFACE
CURRENT IN BROKEN TIME-REVERSAL
SYMMETRY WEYL METALS

We introduce a bosonic “spinor” ¢(x) into an effective
action of the surface Fermi-arc state as follows:

S = /dzx[‘il(x)iy“(au +ieA, P)W(x) + G(x)iy"

X (3 +ieA,P)p(x) + p(x)Mp(x)], B
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where M is the mass of the bosonic spinor field. Recall that
‘P_ is the chirality projection operator. This is referred to as
the Pauli-Villars regularization [22]. If we consider the chiral
gauge transformation for ¢(x) and ¢(x), they transform as ¥ (x)
and W(x) and the mass term breaks the chiral gauge symmetry
explicitly.

Performing the Fourier transformation, we obtain

A’k |- -
S = / — [\IJ(k)k\IJ(k) + d(k)(k + M)p(k)
(2m)

d? _
- f 9Bk + ) AP (k)

(2n)?
+ ¢k + q)A(q)Pqﬁ(k))} (B2)
where
7] _ / dzk _ik'xLIj \Ij _ / d2k ikv(\p k
(x) = me (x), ¥(x)= We (k),
(B3)
_ de —ik-x 7 _ dzk ik-x T k
$(x) = f Gy B0, $) = f Gy PR,
(B4)
Aulg) = / d*xe' T A (x). (B53)
Accordingly, Green functions are given by
- K
G(k) = (V)W (k) = 2’
~ - ¥ —
G(k) = (p(k)g(k)) = 2o (B6)

The current operator is

9 = / dPxe ¥ j(x) = f dPxe TP () P_W(x)

d*k - u
_ / G Ok Y P (B7)

under the Fourier transformation. Applying the Pauli-Villars
regularization into the above expression, we obtain

g )—/ﬂ[q’(k+ )yHP-W (k)
]reg q - (27_[)2 q Y -
+ ok + @)y " P-p(0)]. (B8)
Up to the one-loop order, we find
(jk (@)= lim /ﬁ[—tr(G(k)y”P Gk +q)y"P-)
e Moo ) (27)? B B

+ (G " P-Gk + ¢)y"P-)A,(—q)

=— [2(24"61” —g"'q") +ie" (q; —q;)

. av Au(_ )
+2128M1}qa6 q/":| 471;q§1 ’ (B9)

The difference in the sign comes from the fact whether the
particle is a fermion or a boson. Here, we have used the
following properties of y* and the integral identity:

r(y") =tw(y) =0, wy”y") =2g"", (B10)
tr(y"yy®) =0, tu(y"y"y)=e€"2i (" =1), (BlI)
w(y yPyry”) =2 g — g™ + g*"gf*),  (B12)

r(y"y) = u(y“y’y*y) =0, (B13)
u(y vy y'v)
= —2i[€" 8up(Spy + 8pv) + €78, (Sap + 85,)],  (B14)

d*k 1 =D 1
Qr)2 (k2 — Ay 4xr n—1A"1
As a result, we find that the surface U(1) current given by the
Fermi-arc state is not conserved:
i€"q,A(—q)
4

(n>1). (B15)

i
= 0, j"(x) = —€e"F,,.
) (x) 87‘[6 "
(B16)

q- <jreg(‘])) =

APPENDIX C: INVERSION AND TIME-REVERSAL
TRANSFORMATION OPERATORS FOR THE
LOW-ENERGY EFFECTIVE HAMILTONIAN

We point out that the inversion transformation operator is
represented in the original-basis state |k,o,s) as follows:

PHP™ = 3N Plk.i) Hy (k) (k. j|P~!
k i,j

= > > I ki Hy(—k){—k,jl = H
k ij

= Pj = (—k.i|k.j). PiuHusK)P;' = Hyj(—K)
€

_g (PR =+s)=|-ko=+.s)
TP (Plk,o =—5)=—|-ko= —,s>>' ©

Note that the operator P relates |k,i) with | — k,i). Here, we
find the representation for P in the enlarged Hilbert space
k,o,s,T).

Considering

7D|l(7o'7s> ~ P|k7a5s7+> (0.8 |_k707s) ~ |_k709s7_)5 (C3)

we obtain the representation of P in the enlarged Hilbert space,
given by

k,oc =+,5,7 =+) |-k,0 = +,5,7 = —)

D ko=—s1=4+)| _ | -I-kio=—,5,1=-)
|k,O‘=+,S,‘L’=—) n |_k,G=+,S,T:+>
|k50 = —,5,T= _> _|_k,0 = —,5T= +)

=>P=0'®1". (C4)

In the same way, we find the representation for the time-reversal
transformation as well:

T=is’ @ K. (C5)
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APPENDIX D: DERIVATION OF AN EFFECTIVE
AXIONIC ACTION FOR BROKEN INVERSION
SYMMETRY WEYL METALS

1. [7%,T#*] =0 and {s*,T*} =0

The procedure is quite similar to the case of broken time-
reversal symmetry Weyl metals. Since any explicit calculations
have not been shown for broken inversion symmetry Weyl
metals as far as we know, we report all detailed steps in this
appendix. Taking into account the chiral gauge transformation
in this case [Eq. (38)], we obtain

U — TTED s §elTTA® (- [¢5 T = 0), (DI)

§S—>S— /d“x‘il(x)r‘“l"srzf)uﬂ(x)q!(x) (D2)
= § = /d4x\i/(x)[if’“8ﬂ — (a4 8, /)¢

+ koI5 W (x), (D3)

where we set 9,8 = 89 B. Considering f(x) = ds6,(x) and
performing multiple steps of chiral rotations as discussed in
the Appendix A, we obtain

§6 = /d“qu(x)[i[‘“au — (o +53,0,)I''T77

+ ko257 W (x)
= / d*xU(x)i PYW(x), (D4)
PP =T, +i(a 4 50,0,)T'T°1% — ikoI°Ts%.  (D5)

J

D[ @0 + 8 (0]

n

d4k ) B2

()2 5 () i a
—(DY),) —21A,lu+u+j—‘[r‘",r“]1+%v

In order to find an effective action involved with the o
term, we introduce two types of gauge fields in addition to
the conventional U(1) gauge field A ,: the spin gauge field S,
and the valley gauge field V), as follows:

DY =TH@, +iA, +is*S, +it°V,)

+i(a 4+ 50,0,)' 1% — iko°Ts%.  (D6)
Following the Appendix A, we calculate the change of
the integral measure under this chiral rotation and obtain an

effective action

S8 = 5@ 4 / d*x /dse ()i

< Z ((P,(fﬁrsfz (s) + ¢(S)TF5 Z¢(S)) (D7)
where
BBV @) = el ().
PPV 9O x) = 2269 (x), (D8)
PV x) = 2,00 x), BVpO(x) = AP (x). (DY)

The change of the integral measure can be evaluated in the
following way:

M2

»Oy2
— eik~x

) ~0))2 ik, DY),

MW/ (2 7 T [V"S(e

+e e

i (5)
e e, )}

1
= lim e_kﬁtrl:—ﬁyf([l"“,l"”](Fﬂv + 1t v,w))z}

M—o0 (27‘[ )4

1 . / d*k
—— lim e
4 Moo )] 2m)*

where

ID(S) ¢(A)PU L+ lD(é)PU .
pY =143, +iAY,),

AL, = A+ TV, + k8" T £ (=S, + 8 (@ + 5316,)],

FO,, = ,AY, -

Pv,iz

F,

e[y T

nAY, =

FowFu + FuFoa)] = #eﬂ“aﬁFv,wFaﬁ, (D10)
(D11)

(D12)

(D13)

Fuy 4+ T Fy 0 F Fy s (D14)

! :b2yU5. (D15)

wv 1s the field strength tensor of the U(1) gauge field and F, ,, is that of the valley gauge field. Here, we have used the

representation of I'* matrices in terms of y* and T# matrices (y} = —iy?) since it is more convenient for calculations. We also
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used
u[y)] = [yviv)] =0, (D16)
[y, viv vivl] = —4eP, (D17)
tr[A ® B] = tr[Altr[B]. (D18)

Finally, we reach the following expression after the chiral transformation:
oS8 = /d4x\ll(x)[zF"8 — (o +53,0,)T'T77% + koI55 W (x) + i /d“ / ds—5€" P F, 1, Fop.  (D19)
If we set 6, = —ax! with s = 1, we obtain
s = / d*xU()[iTHd, + koI’ Ts7 W (x) — i / d*x emﬁFU v Fup. (D20)
In other words, we find

_—
ox
ot = _/d4xméuvaﬂFu,quaﬁ, (D21)

where both charge and valley gauge fields are involved. Note that the coefficient of the effective action is four times larger than
that of the broken time-reversal symmetry Weyl metal.

2. {z%,I'*} =0 and [s*,T#*] =

Now, we consider the other chiral rotation and obtain

NN eirsszﬂ(X)’ \IJ - ‘ileil"5s2/3(x) ( [.L_Z’I‘H] — 0)’ (D22)
S— 85— / d*x U ()M T5%9, B(x)W(x) (D23)
=95 = /d4x\il(x)[ir'“8ﬂ —al'T%7% 4 (ko — 33 8) T s5 W (x), (D24)

where we set 9,8 = §*33;8. Taking B(x) = ds6,(x) and performing essentially the same steps of chiral rotations before, we
obtain

¢ = fd“x@(x)[irﬂaﬂ —al'T%1% + (kg — s30T s W (x) = /d4x\1'(x)ilD(s)\IJ(x), (D25)
PY =TH3, 4+ ial' T3t — i(ko — s036,)°Ts* (D26)

We also introduce the whole set of U(1) gauge fields, given by
PO =TH@, +iA, +is°S, +it°V,) 4 ial' T3% — i(ky — 5336,) 57 (D27)

Considering the change of the integral measure under this chiral rotation, we find the following effective action:

Seit = S + / a' / dsH,(0i Y (¢ ) + 90T g), (D28)
0 n
where
w(s)Tm(S)(p’(lS)(x) — Aﬁ(p’(ls)(x)’ D(S)m(S)T(pELS)(x) — )‘121¢£1S)(x)7 (D29)
Do) = 1,00(x), BP0 (x) = 2,0 (x). (D30)
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It is essentially the same procedure to evaluate the change of the integral measure as follows:

3 (e 2o @) + 0 e ()]

n

d4k ) (m(ﬂ)z

@2 ,
Mz elk-x

d*k  _4 |:

)2 i p®) i (s)
5( DR 2k DY)+ I TS
e

—08), 22k, D), + i 1 FS),
+ e M2

—k 1 n z 2
|: 16V3([F JUN(Fw + s s,;w))i|

3 k o 1 VY,
= _Z Mhinoo (27_[) e “tr[}/y rer'r Fﬂ Z(Fv ;wF/w + F/va aﬁ)] 472 —el ﬁFs,/wFaﬂa (D31)
where
B =pYP, +BVP,_, (D32)
pY =18, +iAY), (D33)
AL = Ay + 5758y — a8 F [V, + (ko — 59360,)8°], (D34)
FE = 0,AL, = 0,AY, = Fuw + 5 Fy s F Fu, (D35)
1£y)
Py = 2”‘ . (D36)
Here, Fj ;. is the field strength tensor of the spin gauge field.
As a result, we find
S8 = /d“qu(x)[i[‘“au —al'T%1% 4 (kg — $830,) T W (x)
+i [ a* Sd b wesp R (D37)
l X A S47T2€ ssuvap-
Setting 0, = kox* and s = 1, we obtain
_ s k 3
st = fd4x\D(x)[iF“8M —aFlFSrZ]\IJ(x)+i/d4x/0 ds%ewﬂpwmﬂ, (D38)
[
where the topological-in-origin 6 term is given by where
: k X _x . x
Sog = /d4 14;):; "B | oo Fup. (D39) ylf) =s5'0", yul = —is’, yvz = —is*o?,
Yo = —is'e’, y) = —s%. (E2)

APPENDIX E: DERIVATION OF A PAIR OF
FERMI-ARC SURFACE STATES FOR INVERSION
SYMMETRY-BREAKING WEYL METALS

1. Valley Hall current

If we express the Hamiltonian in terms of y/* matrices, we
have

Hwy = /CZ3JC‘II()C)[1')/U1 A +iyloy+iy Ty —ayly]
—koy, +mt*|W(x)
= /d3x\lﬁ(x)[iy,?y,}81 +iydylo, +iylylto;

—ay)v vy —kovlv, +my | W(x), (E1)

Here, we introduced a term mt yolI/T‘lf that gives a mass to
each valley. Since this mass term preserves the time-reversal
symmetry, it is allowed.

The above Hamiltonian looks quite similar to the Hamilto-
nian of the broken time-reversal symmetry Weyl metal except
for the representation of gamma matrices. In this respect, we
may use the boundary solution of the broken time-reversal
symmetry Weyl metal in order to find that of the broken
inversion symmetry Weyl metal. Unfortunately, it is not much
straightforward to apply the case of the time-reversal symmetry
breaking to that of the inversion symmetry breaking directly
since the representations of gamma matrices are different from
each other. Therefore we perform the canonical transformation
to change the representation into Weyl one. Since the canonical
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transformation in the particle-number conserving system is
nothing but the unitary transformation, we have

H=vHY =vUITURUTUV = VTH'V, (E3)

W =UWVv, H =UHU"'. (E4)

Here, unitary matrix U should satisfy the following relations:

Uyly, U =y%", Uy)yiU =y%%  (B5)

Uy Ut =y uy)yyul =y%°  (E6)
0 1 0 k
where ' = (] (). v =(« %), and y®> =iyy'y?y’
Then, the resulting unitary matrix U is given by

— 53

2
_ no? 0 n*'n=1 (E7)
Lo g’ JerE=1"
where n&* =i ans Uy/U' = y' are satisfied.
Under this canonical transformation, we note that both

time-reversal symmetry and inversion symmetry operators are
changed as well:

1+s3 1
U=TYU2®T+EO’3®

P=0'Q7t" > P=Uc*®@7°Ul = —6°®@s°® 1%, (E8)
T=is"@T'K—>T=Uis’ @ t*KU"
=-néc* s’ T K. (E9)

Rewriting the Hamiltonian in terms of this Weyl represen-
tation of gamma matrices, we obtain

where W'(x) = UW(x). Since we do not take into account any
scattering terms between different valleys (t° = 1 and t° =
—1), ¥ must be a good quantum number. As a result, we can
divide the above Hamiltonian into two sectors of ° = 1 and
¢ = —1, given by

Hwm = Hwm re=1 + Hwm,ri=—1, (E11)

Hwgomil = /d%‘lli[iy‘)ylal +iy%y?8, £iyy3a,

— a0y 'y’ — koyy? £my 1V, (E12)

v _
\I’,izll’;::ila /=< j+]>-
\Ijrfz—l

In the above, we set « = a0(z) to get a boundary solution at
the z = O plane. Then, the Dirac equation is also separated and
given by

(E13)

HsurfI/f(x,y,Z) = El/f(x’y’z)v
Hsurf - Hsurf,rle @ Hsurf,r":—l (E14)
_ 1»//IZ:I
i Iﬂ(xy)%z) - (1//1:3_—] ’
Hgye ‘IZZ=1W‘[:=1 = E+er=1,
’ E15
{Hsurf,ﬂ:lwrzzl =E Yo ( )
First, we consider
() v =
Hsurf,ﬁ:“prf:l = E+¢T~’:17 (Elé)
—ig -V —ab()o! + kyo? m
m io -V —ab(o! —kyo?
X Yrezi(X,Y,2) = E4frami(x,,2). (E17)

Since there are translational symmetries along the x and y axes,

—ay’ vy — koy?y? + myPri W (x), (B10)  we set Yrreey(x,y,2) = e* gy 4 ¢ (2) and obtain
|
ol(ky — ab(2)) + 0%k, + 03 (—id, + ko) m
( m —ol(ky +@0(z)) — 0%k, + (i3, — ko) Pemihik, (2 = Exfrcinn, ()
(E18)
In order to solve this equation, we use the following ansatz: i(ky — 8,)ii(2) +mi(z) =0
1 0 mit(2) + i ke +9)04(2) =0
i 0
brrn, @ =1 o | +oe@| | (E19) e (2) = et )
0 —i A (E23)
U+(Z) — e—lkoz—a9(z)z5+(z)
We note that both eigenstates have the eigenvalue —1 for y°y 2.
Then, we obtain = (87 — (k} + m?))ii(2)/0:(z) = 0 (E24)

(iky — ((aB(z) +i0, — ko)ui(z2) + mvy(z) =0, (E20)
mu,(z) + (ik, + (af(z) +i0, — ko))vy(z) =0, (E21)
E, =k, (E22)

i (z) = le—ﬂ/kf+m2z +Aieuk§+mzz
= . (E25)
U4(z) = Ble Vhtms 4 g2 pykitmis
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Boundary conditions for & and ¥, are given as follows: 1
i
A2 —ikoz ,—a0(2)z ja/KZ+m?Z | m
Jim (€)= lim 7.(), lim 5y(€)= lim By(e), (E26)  Prbn () = ApeT e e B i Gt | (E29)
lim, i, (€)= lim i (e), lim T, (e)= lim ¥,(e), (E27) ek,
22 m’ Vidtm? (a— ki +m?)
where the prime symbol represents a derivative with resect to |AZ|]" = ;
+ 2 2 mZ—k. ) a
the argument. m? + (Vi +m?—ky)
Considering the boundary conditions and normalizabil- (E30)
ity of the wave functions, we find E, =k, (B31)
Next, we consider
—Va?—m? <k, <vVa?—m? (E28) (i) ¢ = —1
|
Hsurf,r¢=711prz=71 = Eflﬁfz:fl (E32)
—ic -V, +i030, —af(2)o' + koo —m
( + im ( ) 0 l&' . vJ_ _ io.38 _ (X@(Z)O'] _ k00'3 wz’Z:fl(xvva) = Efl/frlzfl(xayszl (E33)
Z
Setting Yrpze—1(x,y,2) = ek p 14 4. (2), we have
ol(k, —a8(2)) + azky + 0339, + ko) —m
—m —o'(ky + a6(2)) — Uzky +03(—id, — ko)
XPrim 1 ke ky (2) = E_@riz—1 4, 1, (2)- (E34)
Now, we consider the ansatz of
1
—i
1 0 b 1(2) = A2 ekt 00@zp/kitmiz ] ,
—i 0 KoKy - m+k
e i@ =u@| |+ @9
' 0 . 4/karm +k
i
(E43)
where both eigenstates have the eigenvalue 1 for y°y2. Then, |A2? = §
we obtain - 24 ( K2+ m? — kx)2
. . . 2 2 — 2 7
(0. + ko + ia0(2) — iku_(z) — mv_(z) = 0, (E36) (Y Amie R Am)
mu_(z) + (ia + ko + i@f(z) + ik v_(z) = 0, (E37) *
S (E38) E_ = —k,. (E45)
10, — ky)ii_(z) —miv_ (Z) =0 In summary, we find a pair of Fermi-arc surface states:
= \mi_ +i(0, + k)0_(z) = ’
uez) = elhi=0@i_(7) 30 Va2 —m? <k, < Va?—m?, (E46)
02) = b 0_(g) (£39) R -
Ilf‘rle ok = A(kx)elkxxelkvyeflkozefag(z)ze k§+m2z
= (@ — (ki +m ))fu(z)/m(z) =0 (E40) o |
i ( —/k? +mZ+A2 k2 +m?z i
ol iy plaay g2 Vi (E4D | cto | Er=hke o ED)
—iC(ky)
Considering the boundary conditions and normalizability of Yeieo gk, = Alky)e B el ikos omat@z pi/litms
the wave functions, we obtain 1
—i
X cky | E_ = —ky, (E48)
—Va?—m? <k, <+a?—m?, (E42) iC(kxX)
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2

Aky)2 = - .
m? + (k2 +m? — k)
2 2 _ 2 2
X‘/k)c+m (Ol ,/kx-i—m ), (E49)
o
Clh,) =i (E50)

m
JEFm? +k,
where they are characterized by opposite chirality quantum
numbers given by

0.2
VY Vriztkok, = —Vrizlk &y »

YOV ek, = FWeemtk, - (E51)

2. Spin Hall current

The effective Hamiltonian in the 3!/ representation is

Hwy = / dExVT)[iyly)s*a. +iylv2o, +iylyo,

0,,3.,5

+ayly! +koylviv? +myl]Wx), (E52)
where
0 _ _z.x 1 . _y_x 2 . x_X
y, =0ttt y, =ioc’tY, y =io't",
7/3 =—it’, y_f = —1°. (E53)

Here, we also introduced a term mySO‘IIT\IJ that gives a mass
to to each spin sector. This mass term also respects the time-
reversal symmetry.

Following the previous section, we find the canonical
transformation

as follows:
P=0'@1t" > P=Uc*®@t"Ul =1", (E55)
T=is? 'K > T =Uis® @ " KU
=nEs’ ® o @ K. (E56)

Now, we start from

Hwm = fd3x\1'/*(x)[iyoylsz8x +iy°y?9, +iy°y’9,

+ay’y! +koy’y’y? +my° 10 (),
where W'(x) = UW(x). Since we do not consider any scatter-
ing terms between different spin sections (s*=1 and s*=—1),
s% is a good quantum number. As a result, the above Hamil-
tonian is separated into two spin sectors with s° =1 and
st=—1:

(E57)

Hwm = Hww si=1 + HwM si=—1, (ES8)

2 f Prxwli+iyy o, +iy®y2a, +iyy3a.

+ay’y! + k0 )y°y’y’ + my°1W,, (E59)

W=V yy, V= (‘ijli::“)'

si=—1

(E60)

Here, we set ko = kof(x) to get a boundary solution at the
x = 0 plane. Accordingly, the Dirac equation is

I-Isurfl//(xvy91) = El/f(x,y,z)7

3 _ 3 2
U = r)o—2 ® ! -;'L’ —I—EO’I ® th = (ng Egl>’ Hgyt = Hsurf,sle @ Hsurf,sfzfl (E61)
=g = 1, (ES4) = Y(x.y.2) = (gij_l_l),
where *€ =i and Uy/UT = y' are satisfied. H D
Under this canonical transformation, both the time-reversal { Hsurf,ﬁ:“ﬁ;”::-l - —%ﬁ S‘l;l_’ . (E62)
symmetry and inversion symmetry operators are also changed surfst=—1¥si=—1 = 5—¥si=—1
|
First, we consider
1) s*=1.
I—Isurf,sf-:l wsf-:l = E+ws7:l s (E63)
—io -V —aoc! 4+ kb (x)o? m
< m e ioc -V+ao!+ koe(x)03)1//xz_l(x’y’2) = B2 (B8

Since there are translational symmetries along the y and z axes, we set Y:—1(x,y,2) = e”‘v"-"“kf%sz:l,k),,kz (x) and obtain

(01(—i8x — )+ 0%+ 07k + k) i) — P ok = koe(x)))@::l,kwkz(x) = Eiyoipy i (). (E6S)
Following the previous section, we use the ansatz of
1 0
Detn @ = | § | +oe| ] (E66)
0 —i
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Here, both eigenstates have the eigenvalue y0y2 = —1. Then, we obtain
0y — i + kob(x) + k)uy(x) + mvy(x) =0, (E67)
mui(x) + 0y — i + kot(x) — k;)vi(x) = 0, (E63)
Ef=k (E69)
(O + k)i () +mip(x) =0 Jui(x) = Og (x)
=\ miiy (0 + (0 — ko) = 07 | ve(x) = efer—Hng, (1) (E70)
= (87 — (k2 +m?))it4(x)/04(x) =0 (E71)
= iy (x) = AL[ Ky Aie chiiie (E72)
4 (x) = Bie—dkf-&-mzx + Bie‘/k12+m2x ’
Considering the boundary conditions and normalizability of the wave functions, we find
—\Jk§ —m? < k; < \/k§ —m?, (E73)
1
i
¢+,ky,k1 — Aiezaxe—ko(?(x)xw [k2+m? | — kzzJ:nm27kz 7 (E74)
N K2Am?—k.
El =k (E75)
Here, Ai is the same as that of the previous section.
Next, we consider
(i) s*=-—1.
Hgurt o= 1¥si=1 = E_ Yoy, (E76)
iocld, —io -V, —ao! + kof(x)o? m
( m _io_lax + l'a, . VJ_ +a0_] + koe(x)o,3 'l//SZ:—l(-x’y,Z) - E—I//SZ=—1(x1y1Z)' (E77)
Taking ¥ye——1(x,y,2) = ¥ k2., 4, we have
ol(id, — )+ ozky + 03(kZ + koB(x)) m
< m 01(—i3x +a)— O'Zky _ GS(kZ — koB(x)) ¢x7:—l,ky,kz(x) - E—¢s7:—l,ky,k1(x)-
(E78)
Now, the ansatz is
1 0
_j 0
e thr @ =1 o | +o-] ] (E79)
0 i
where both eigenstates have the eigenvalue y°y? = 1. As a result, we obtain
0y +ia + ko (x) + k)u_(x) + mv_(x) =0, (E80)
mu_(x) 4+ (0, + i + koB(x) — k;) =0, (E81)
(E82)
(9x +k Jii_(x) +mb_(x) = u_(x) = e~ X kbWxg_(x) (E83)
mii_(x) 4+ (0, —k)V_(x) = v_(x) = el k00X g (x)
= (07 — (kK2 +m ))a_(x)/ﬁ_(x) =0 (E84)
i Al e—«/kzz-‘rmzx + A2 ea/kzz-kmzx
{T) = Ble Vkitmix | p2 o /ktmix (E85)
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Considering the boundary conditions and normalizability of the wave functions, we find
—Jk§ —m? <k, < \/kg —m?, (E86)
1

—i

m
k2 Am?—k,

im
N K24m?—k,

B k. = ALl eI g R ( (E87)

Here, A? is the same as that of the previous section.
In summary, we find a pair of Fermi-arc surface states

—Jk§ —m? <k, < ki —m?, (E88)

1
PO i
R A(kz)ezkyyﬂkzzemzxe—k()é)(x))ce4 /k2+m2x , Ei =k, (E89)
' C(k)
—iC(k;)
1
o —i
wszz—l,ky,k: — A(kz)ezkyyﬂk;zezaxekaO(x)xeA/k3+1112x , E = _kya (E90)
_C(kz)
_iC(kz)
Clk;) = - (E91)
R mE =k,
where they are characterized by opposite chirality quantum numbers given by
VO Usci k. = —Vsmth s YV Wemmidke = HWsm—1k k.- (E92)

APPENDIX F: CALCULATION OF THE ONE-LOOP QUANTUM CORRECTION TO THE U(1) SURFACE CURRENT
IN THE CASE OF INVERSION SYMMETRY-BREAKING WEYL METALS

1. Valley Hall current

Since we do not take into account any interactions between fields with different £, momentum, we will not include the
summation over k, from now on. Introducing the Pauli-Villars regularization field into the effective action, we start from the
following surface action

S = f Px[B OOy @+ i A + V)W) + GQ)iy B + i Ay + iV, )P0 + FOMP()]. (F1)
If we consider the valley gauge transformation of ¢(x) and ¢(x) like that of ¥(x) and W(x), the mass term breaks the valley

gauge symmetry explicitly.
Under the Fourier transformations

W(x) = d—zke—"k'x\y(x) F(x) = / ﬂeik'x@(k) (F2)
(2m)? ' (2m)? '
dzk —ik-x s de ik-x 7
¢(X)=f(2n)2€ d(x), ox)= (2n)2€ o(k), (F3)
Aug) = / Pxe A, (0, Vilg) = / dPxe T A, (), (F4)

we obtain

d’k - - d*q - -
S = / any [‘U(k)k‘lf(k) + ¢k + M) (k) — / ﬁ(‘l’(k + ) A@PLY (k) + ¢k + ) A(@) P (k)

d’q - )
_ / (2732 Wk + V(7 W(k) + k + q)V(q))?¢(k)):|, (F5)
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where both Green’s functions are

G(k) = (¥ (k)W (k) = % G(k) = (p(k)p(k)) = k—MZ (F6)
The valley current of
. 2. —iqgx : 2. —iq-xq, - de T, -
@ = [ e niiw = [ dxe i ibwyryve = [ S gy ) F7)
is regularized as
. d’k - _ - _
Jieg(@) = / W[\p(k + "y + ¢k + )" v okl (F8)
Up to the one-loop order, there are two contributions from A, and V,, respectively, in the following way:
(jle@) = / an )2[ Gy 7Gk + @)y") + w(Gh)y" 7 Gk + @)y )AL (—q)
d’k
+ / ) S GERY PGk +q)y"7) — w( Gy 7 Gk + @)y PIVi(=9). (F9)
As a result, we find
. i(e“” (‘12 - ‘13) + 282, quuqa) Lo 9"q"
. <JrleLg(q)> = ; |: a g — ZGM Ay(—q) + ; g (F10)

= qu<jrlég(q)) = Z |:27[l

v

i 1
p (e’”qu(CIﬁ —47) + 24,8 Y e““wm) - ge“”qu]Au(—q) +2 o —a"Vu(=q)
o v

i

2 J 1
= = 2[00} +a) /0’ = " G A =D + Y Za"Vil=a) = == D A=) + ) —g"Vi(—q). (1)
W,V v 'Ry v

If we ignore the contribution from the V,, field considering that it is a fictitious gauge field, we obtain the anomaly

auliliy(@) = —= Ze" quAv(—q) (F12)
sV
= Qi) = = S0, A,(0) = — 5 Fiu (). (F13)

One can show that this anomaly is canceled by the anomaly inflow of the bulk, considering

§,WIV, Al = W[V +dn, Al — W[V, A] = /dzxaﬂn(x)::TW = /d%@un(x)jv (x)
"
= / d*xn(x)d, jM(x) = / d*xn(x)e™” F,, (x). (F14)

2. Spin Hall current

Since we do not take into account any interactions between fields with different k£, momentum, we will not include the
summation over k, from now on. Introducing the Pauli-Villars regularization field into the effective action, we start from the
following surface action:

S = /dzx[\il(x)iy“(au +iA, —iS, PIV(X) + @iy (0, +iA, —iS,7)P(x) + G(x)Mp(x)]. (F15)

If we consider the spin gauge transformation of ¢(x) and ¢(x) like that of ¥ (x) and W(x), the mass term breaks the spin gauge
symmetry explicitly. Since the form of action is completely same as that of valley Hall case except for that V,, is changed to S,
all calculation is same. Therefore we give only the result here:

8, WI[S,Al = —%/dzxn(x)e’”FM(x). (F16)
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ky k’y ky
(=kz0, kyo) ® (Fz0,ky0) : Y T s, =1 _,".
k. ks ko
° . s =1 iy
e (kao. —Kyp) h ' : :
0 40 =1 =1
k. = 0 plane
k. = 0 plane prane k. = 0 plane
(a) (b) (c)

FIG. 7. (a) Position of four Weyl points in k, — k, plane; color (red, blue) refers the chiral charge (+1,—1) of each Weyl fermion, (b) Two
pairs of Weyl points classified according to eigen value of s, (c) Two pairs of Weyl point classified according to eigen value of .

APPENDIX G: GENERALIZATION FOR THE EXISTENCE OF TWO DIFFERENT REGULARIZATION
SCHEMES IN BROKEN INVERSION SYMMETRY WEYL METALS

Consider a Hamiltonian that has four Weyl points, shown in Fig. 7, for example. In the diagonalized basis, we obtain

H= Z WI(k)diag(—Eiy ks Bt kor — E—korksos E—kotsos — Ekvormtyos Evor—tsos = E—teoi—tyos E—keg—kso )W (K)
k

= Z Wik H k)W (k), (G1)
k

where Ex 4k, = \/ (ky F kyo)*> + (ky F ky0)? + k2. This diagonalized Hamiltonian commutes with two matrices; Oy and O,
given by

SO O O O = O O O

(G2)

S O = O O O O O

O =, O O O O o O

S =, O O O O O O

SO O O O O o o =
S O O O O O = O
S O O O o = O O
S O O O = O O O
|
SO O O = O O O O
- o O O O O O o
SO O O O O o o -
SO O O O O O = O
SO O O O O = O O
S O O = O O O O
S O = O O O O O
|
- o O O © o o O

Here, t and s do not mean the valley and spin necessarily but denote two different quantum numbers.
One can find that these different two observables turn out to commute with the Hamiltonian for any broken inversion symmetry
Weyl metals. If we classify the energy bands according to the eigenvalues of O,. and O;_, we find

s; =10 diag(—Er, kyr Ekeg by — E—keo ko s E -y kyo)
s;=—1 diag(_Ekxo,—kyo’Ek.ro,—kyo’_E—kxo-—kyo’E—kxo,—kyo)’ (G3)
T, =1 diag(—Ex, k0 Ekeky» = Ekror—kyo s Ekrg,—ky)
T, = —1: diag(_E_kXkayO’E_k)qukyO’_E_kx()-_ky()’E_kx01_ky0)' (G4)

Each sector is composed of two Weyl points.
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For one s, sector, one can apply the unitary transformation to the Hamiltonian which gives the following transformed one:

Hk) = Hy=106) " Vou (KYH(KU{ (k), U, = (US‘"_”M ’ ) (G5)
B 0 H._.) % SO TR 0 Us,——1laxa)’
H (k) = —iy°(y 'k + v (ky — 5:ky0) + vk — 5.7 v kyo), (G6)

where ¥ = ((1) (1)) yi= i(ao,- 751) withi = 1,2,3, which satisfy {y*,y"} = 26"’ 14,4 and y° = — o112y = ((1) fl).Here,
o' represent Pauli matrices. The representation of gamma matrices is the Weyl one in the Euclidean signature. One can always
find the unitary transformation U, which gives gamma matrices in this Weyl representation. Since we changed the basis by the
unitary transformation, we need to change the representation of O;, and O,, coherently, O, =U 5. O U, ST .Recall that O,, commutes

with Uy, and thus the representation of Oy, is not changed, O;. = O,.. How about the representation of O, ? Interestingly, O, is
~ ~ 5

also the same as O._; O,, = O... This can be verified easily. An important point is that O, = (’6 )?5) =y’ ® 1,. As aresult,

the transformation ¢'%=? becomes anomalous in this representation (chiral anomaly).

There can exist other representations of gamma matrices even though the Hamiltonian H (k) is the same. If we denote another
representation of gamma matrices as y*, it should satisfy the following properties:

vy =7 0 =1.23), (77"} = 28" 1asa, (G7)

7 =777 (G8)
From the properties of vy = %97 and {y",7"} = 28"" 144, one can find the following identity: 7° = y°. Therefore we obtain
0. =y’ ®1, = 75 ® 1. As aresult, any O, related transformation is still anomalous in any other representations. One may

consider additional unitary transformations such as Uy, (k); H (k) = U, (k)H (k)Uj. (k). Even in this case, Oy, is still anomalous
since antiunitary relation is preserved under the unitary transformation. Therefore we conclude that if we choose gamma matrices
which commute with O;_, O, should be proportional y>. This is also true for the opposite case: if we choose y matrices commuting
with O._, then O, is proportional to 33, which should be anomalous. In our specific model for broken inversion symmetry Weyl

metals, T and s correspond to valley and spin, respectively.
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