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Chiral d-wave superconductivity in a triangular surface lattice mediated by long-range interaction
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Adatom systems on the Si(111) surface have recently attracted an increasing attention as strongly correlated
systems with a rich phase diagram. We study these materials by a single band model on the triangular
lattice, including 1/r long-range interaction. Employing the recently proposed TRILEX method, we find
an unconventional superconducting phase of chiral d-wave symmetry in hole-doped systems. Contrary to
usual scenarios where charge and spin fluctuations are seen to compete, here the superconductivity is driven
simultaneously by both charge and spin fluctuations and crucially relies on the presence of the long-range tail of
the interaction. We provide an analysis of the relevant collective bosonic modes and predict how a cumulative
charge and spin paring mechanism leads to superconductivity in doped silicon adatom materials.
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I. INTRODUCTION

The search for materials with unconventional high temper-
ature superconductivity (SC) has been one of the most active
fields in correlated solid state physics since the discovery of
the cuprate high T, compounds. Sophisticated synthesis tech-
nology nowadays allows for the construction of new materials
like heterostructures or surface systems on an atomic length
scale. Recently, many-body studies on experimentally well-
controlled correlated adatom lattices X:Si(111) and X:Ge(111)
with (X =Pb,Sn,C) led to interesting results [ 1-5] and allowed
for the unification of the materials in a single phase diagram [3].
A first-principles derivation of the low-energy Hamiltonian of
these systems [2,3] revealed sizable long-range interactions,
explaining why the standard Hubbard model fails to capture
the materials’ ground states or low-energy spin and charge
fluctuations. Depending on the species of the adatom, some of
the materials were shown to be in close vicinity to a triple point
between a Fermi liquid, a Mott insulator, and a charge-ordered
insulator. Sn:Si(111) and Pb:Si(111) in particular turned out to
be close to a charge-order Mott insulator phase transition with
sizable charge fluctuations which, in the case of Sn:Si(111)
were visible in core-level spectroscopy [5]. In complementary
studies [4], the importance of spin fluctuations for Sn:Si(111)
was emphasized. Silicon adatom systems with intrinsic long-
range interactions are, hence, promising candidates to search
for new physics like unconventional SC.

For such systems, theoretical methods are needed which
are capable to capture both local and non-local electronic
correlations. Dynamical mean-field theory (DMFT) [6,7] has
been proven to be a powerful approach to treat local cor-
relations and Mott physics. If nonlocal interactions have
to be treated, extended DMFT (EDMFT) [8] captures their
effects on the local self energy and charge polarization by a
retarded onsite interaction. Local approximations like DMFT
and EDMFT are, however, not sufficient when nonlocal
fluctuations start to play an important role. To overcome
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these shortcomings of DMFT, several extensions have been
proposed [9,10]. Cluster extensions of DMFT in real and
reciprocal space [10-13], e.g., are capable to treat nonlocal
short-range fluctuations. Long-range fluctuations, on the other
hand, can be taken into account by DMFT+GW [14-16]
or dual boson methods [17-20]. For our paper, we em-
ploy the recently developed TRILEX approximation [21-24],
which combines a balanced treatment of long-range spin and
charge fluctuations with comparatively little computational
effort.

In this paper, we show that the triangular lattice model
for the adatom materials has a dome-shaped superconducting
phase of chiral d-wave symmetry as a function of hole doping
in realistic parameter regimes. The long-range interaction is
key for enhanced critical temperatures and distinguishes the
adatom Hamiltonian from triangular Hubbard models [25—
32]. By analyzing spin- and charge-response functions (and
their dependence on the materials’ long-range interaction), we
further show that the pairing mechanism crosses over from a
cumulative spin/charge fluctuation character at small dopings
to a charge-dominated one at large doping.

II. MODEL AND METHOD

We make use of the extended Hubbard model on the
triangular lattice with 1/r interactions,

H:Z[,‘j@;a@jg-F%ZU[jﬁiﬁj—/LZfli, (1)
i,j,0 i,j i
to study the low-energy physics of adatom systems, following
a first principles constrained random-phase approximation
(cRPA) derivation [2] where éjg (¢js) are electron creation
(annihilation) operators on site i with spin o = 1,]. #1; =
nj4 +1#;, is the density operator on site i, and w is the
chemical potential. #;; and U;; are the hopping integrals and
long-range Coulomb interaction strength between sites i and j.
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For translational invariant two-dimensional systems, the long-
range Coulomb interaction, in momentum space, reads Uy =
U+ V), £0 ek /IR;|, where R; are real space coordinates,
Uy is the on-site interaction, and V is the strength of the
long-range interaction, respectively (Supplemental Material A
in Ref. [33] and Ref. [34]). More specifically, we adopt hop-
ping parameters up to next-nearest-neighbors (1 = 0.042 eV
and t' = —0.02 eV) from Refs. [2,3] derived from density-
functional theory (DFT) for the Pb:Si(111) adatom system
(closest to the triple point) and vary the interaction parameters
in realistic regimes for the adatom materials found by cRPA [3].

TRILEX approximates the three-legged fermion-boson in-
teraction vertex using a local self-consistent quantum im-
purity model. For systems retaining SU(2) symmetry, the
self-consistent TRILEX equations [21-24] for the fermionic
single particle self-energy ¥(Kk,iw,) and bosonic polarization
in charge and spin channel P¢%(q,iv,) can be rewritten as

. __ soimp nes ) R 7l imp,n
Zk,lw,, - Eiw,, z : m Gk+q,twn+tvn Wqﬁiv,,Aiu)n,iv,,’

7,q,ivy
n  __ pimp7y ~ ~ imp,n
Py iv, = P, +2§ Gitq imgtiv, Ok i, Dig, iv,» (2
k,iw,

where the index 1 = {c,s} corresponds to charge and spin
channel, respectively, and w, and v, are fermionic and bosonic
Matsubara frequencies. Gy, is the dressed Green’s function,
and W;:fv” are the fully screened interactions in the charge
and spin channels, respectively. The local part of self-energy
and polarization are replaced by their impurity counterparts
%" and P;™", respectively, and for any quantity X, Xiio, =
Xxiw, — Xll‘:f with Xll‘a’f = NL > ke .z Xk io,- We employ the
Heisenberg decomposition of the interaction [22], for which

we have me = 1, m =3, and W.',, = UJ[1 — UJP),, 17"
Bare interactions in charge and spin channel are, hence, given
by Uy = % +vgand U® = —% (for details see Supplemental
Material A in Ref. [33]). This spin/charge ratio is a choice
(dubbed “Fierz ambiguity” [22,24]). Moreover, in the param-
eter range explored in this paper, we have observed (Fig. 2
and Supplemental Material B in Ref. [33] and Ref. [35])

that using A:prv ~ 1 in Eq. (2) does not change our results
qualitatively as it was also found in Ref. [23]. This simplified
TRILEX version can be seen as a GW-+EDMFT-like scheme
which, however, can treat simultaneously both charge and
spin fluctuations. The impurity problem was solved using
the segment picture in the hybridization-expansion continuous
time quantum Monte-Carlo algorithm [36—40] implemented
with the TRIQS library [41].

To probe SC instabilities, we solve the linearized gap
equation with converged simplified TRILEX results as an
input [23]. For singlet d-wave pairing, the corresponding
eigenvalue equation for the gap reads

Mg iw, = — Z |G iw,

o
k' iw),

2 eff
Ak’,iw}, Vk—k’,iwn—iw,’, ’ (3)

where the singlet pairing interaction is given by

Veff — maC _ ms W(;iv”’ (4)

q.ivy q.ivy

and is therefore a combination of effective interaction in charge
and spin channel. The SC instability occurs when the largest
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FIG. 1. Phase diagram of the Hamiltonian Eq. (1) as function
of temperature (for 7 > 40 K) and doping for Uy =0.7eV, V =
0.2 eV (circles) and V = 0.3 eV (diamonds). Green/blue regions
correspond to 1 > Max[—P*(q,iv, = 0)U*] > 0.95 for q € B.Z. Or-
ange/red regions indicate chiral d-wave superconductivity.

eigenvalue A = 1. The pairing symmetry is monitored by the
k dependence of the gap function Ay ;,,, .

III. RESULTS

Emergence of d-wave SC. InFig. 1, we plot the temperature—
doping (T-$) phase diagram for V. = 0.2 eVand V = 0.3 eV
for a fixed value of Uy = 0.7 eV in the simplified TRILEX
approximation. At half-filling (§ = 0) we obtain a correlated
Fermi liquid (Supplemental Material C in Ref. [33]) with
strong magnetic fluctuations. The static spin-spin correlation
function x*(q,iv, = 0) is very large at some q but has not
diverged yet, i.e., no phase transition has occurred. More
precisely, we use Max[—P*(q,iv, = 0)U°] with q € B.Z.,
which reaches 1 at a second-order spin-ordering phase tran-
sition to quantify the strength of the spin fluctuations and
color code regions in the phase diagram for which 1 >
Max[—P%(q,iv, = 0)U®] > 0.95 in green (V = 0.2 eV) and
blue (V = 0.3 eV). From this plot, we see that spin fluctuations
are slightly enhanced by increasing V. For § > 0.2 we observe
the emergence of a dome-shaped superconducting phase (a
plot of A in Eq. (3) as a function of temperature is shown
in the Supplemental Material D in Ref. [33]). The pairing
symmetry of the SC phase is of d-wave character and includes
doubly degenerate d,2_,2- and d,,-wave pairing channels (see
Supplemental Material E in Ref. [33] and Ref. [42] for a plot
of the gap function). The degeneracy of these two pairing
symmetries is protected by the Cg, point group of the triangular
lattice, which then yields chiral d-wave symmetry below T, to
maximize condensation energy. The predicted chiral SC phase
depends crucially on V: T, increases from V = 0.2 eV (red
circles) to V = 0.3 eV (orange diamonds) as shown in Fig. 1.
Moreover, for V. = 0.0 eV and V = 0.1 eV (not shown here),
we do not find a SC phase for T > 40 K.

Impact of long-range interaction on susceptibilities and
single particle spectra. The crucial impact of V on the SC
instability is reflected in the effective singlet-pairing inter-
action V;Efvn, which depends on fluctuations in both charge
and spin channels. We analyze the respective susceptibilities
x°/*(q,iv,) with the data shown in Fig. 2: In the upper panels
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FIG. 2. Maximum values of the static charge (a) and spin (b)
response functions versus hole doping. Color coding indicates the
position of the maximum in the first Brillouin zone as defined
in the inset. Data is shown for fixed Uy = 0.7¢eV and T =40 K
and nonlocal interaction strength V = 0.3 eV (diamonds) and V =
0.2 eV (circles). (c¢) Charge- and spin-response functions on the
real frequency axis (obtained by analytical continuation with the
maximum entropy method [43]) at their maximum in momentum
space (qmax.) With (dashed) and without (solid) vertex corrections
for T =116 K and § = 0.2. (d) Characteristic frequency of charge
(filled symbols) and spin (open symbols) fluctuations with the same
convention and parameters as (a) and (b).

we show the maximum values of the static (iv, = 0) charge
(left hand side) and spin (right hand side) susceptibilities as
a function of hole doping. The corresponding position of the
maximum in the first Brillouin zone is color coded (see inset).

The charge fluctuations increase with hole doping to a maxi-
mum value around § = 0.5 and, thereafter, decrease approach-
ing the “empty” limit at § = 1. The spin fluctuations, instead,
decrease monotonically as a function of §. While x °(q,iv, =0)
always peaks at K, the maximum of x*(q,iv, = 0) moves from
M to K when the system is slightly doped, and then follows
K — M — I" when the system is further hole doped. The
peak position of the charge response function as a function
of doping remains at the K point since its momentum depen-
dence is mainly determined by the doping-independent v(q),
which energetically favors a 3 x 3 charge configuration in real
space [3]. The momentum dependence of the spin response
function, however, is mostly determined by the topology of
the Fermi surface. Indeed, the V dependence is much stronger
for the charge response [compare diamond (V = 0.3 eV) and
circle (V = 0.2 eV) symbols in Fig. 2]. There are, however,
small effects of V to the spin-response function, which can
be understood by the V-dependent renormalization of the
one-particle spectra as show in Fig. 3 [44]. Atfixed T =40 K
and § = 0.2, V is increased from 0.0 eV to 0.3 eV (subplots
from left to right hand side). Upon increasing V, the bandwidth
is effectively reduced and the spectral weight near to the Fermi
energy is increased. Consequently, particle-hole excitations
that contribute to the spin polarization P*(q,iv,) and the spin
susceptibility are enhanced.

High

Low

r ¥“mKk I MK I' MK

r MK T

FIG. 3. Single particle spectral function A(k,w) along the path
I'-M-K-T" (see inset of Fig. 2) for fixed doping 6 = 0.2, T =40 K,
Uy = 0.7 eV and four values of V.

We now extend these considerations to the frequency
dependence of the bosonic fluctuations. In Fig. 2(c), we plot
the dynamic response functions at the q-points where they
are maximal (qmax.) for doping § = 0.2. The data clearly
shows a peaked structure of the dynamic response functions.
Moreover, we show in this plot the impact of the vertex
corrections (compare solid and dashed lines). which are only
quantitative in the considered case as claimed in the intro-
duction. Figure 2(d) shows the doping dependence of the
characteristic frequency w;*(qmax.) defined by g (qmax.) =
Jo @Ml (@max..@)ldew/ [7~ IM[x**(Qmax..@)]dew in both
channels. Inside the superconducting region (indicated by the
vertical red dashed lines), the characteristic frequency of the
fluctuations are of the order of 100—200 meV. Moreover,
|wg-wg | is small and minimal for the region of maximum 7. In
agreement with our discussion above, we see that an increase of
V yields even smaller |wj-wj |, which suggests that charge and
spin contributions to the SC pairing mechanism are cumulative.

Separating spin and charge channels in the pairing mech-
anism. To disentangle the interplay between charge and spin
degrees of freedom in gap Eq. (3), we solve for A, including
contributions from only spin (i) and only charge channel
(Ae), ie., V(;fifvn = —3W;,, and qu,fifvn = W:;wn, respectively.
First, we follow the phase boundary of the SC phase in
the underdoped regime for fixed V = 0.3 eV, starting from
(6,T) =(0.2,40 K)upto (8,T) = (0.38,65 K). In Fig. 4(a) we
plot A, A, and A.: Since we are following the phase transition
line, A &~ 1. A and A are both smaller than A and A, + A = A,
indicating a cumulative charge and spin contribution for the
chiral d-wave pairing in the underdoped regime. This observa-
tion is surprising and in stark contrast to the expectation that
spin and charge fluctuations drive competing instabilities. The
same conclusion can be drawn when the X values are calculated
at the critical doping §. = 0.2 as a function of the nonlocal
interaction V as depicted in Fig. 4(b).

Our data indicates that overall both spin and charge fluc-
tuations are important for the SC phase. As a function of
doping, however, we observe that charge fluctuations become
increasingly dominant and A becomes negligible. This effect is
reflected in the V dependence of the SC dome in Fig. 1, which is
stronger at larger dopings. We arrive at the same conclusions
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FIG. 4. Eigenvalue X of the gap equation Eq. (3)(A = 1 signals SC
transition) for full effective singlet pairing interaction V(f?v’l (cyan) and
charge/spin only channels (red/green). (a) Plot for V = 0.3 eV along
the SC phase boundary up to doping § = 0.38. (b) Plot as a function

of V for fixed doping § = 0.2 and temperature 7 = 40 K.

when we analyze the dependence of A on the choice of the
Fierz parameter that defines the charge-to-spin fluctuation ratio
(Supplemental Material F in Ref. [33]).

Let us stress two important points: (i) The true long-
range character is crucial for the predicted SC in silicon
adatom materials. If only short-range (i.e., nearest-neighbor)
interactions are considered, charge ordering is overestimated
and, long before any SC emerges, the system turns into a
charge-ordered insulator as proven by calculations shown in
the Supplemental Material G in Ref. [33]. (ii) The degeneracy
of the dy»_y2- and d,,-wave-pairing state is important for
the cumulative charge and spin interplay. Since the origin of
this degeneracy is connected to the lattice symmetry group, a
different behavior can be expected for the 2D square lattice (see
Supplemental Material H in Ref. [33]): in the square geometry
with relatively large V /Uy, the q dependence of x°(q,iv, = 0)

favors dy,—pairing symmetry while x°(q,iv, = 0) prefers
dy>_ > —pairing symmetry, and the two channels compete with
each other.

IV. CONCLUSION

We predict the existence of a dome-shaped unconventional
chiral d-wave superconducting phase for hole-doped triangular
lattice systems with oc1/r interactions, which could be realized
by hole-doping existing « phase Si(111) adatom materials.
The analysis of spin and charge correlation functions reveals
that lattice geometry as well as the nonlocal interaction are
necessary conditions for the emergence of SC. The nature of the
pairing undergoes a crossover from an unexpected combined
charge/spin mechanism in the underdoped regime toward a
charge fluctuation dominated one at higher doping. In future
studies, high hole-doping levels will be considered in more
detail. Here, triplet f—wave pairing symmetry may begin to
become important due to the appearance of a disconnected
Fermi surface [45].

Note added. During the review process of this paper,
we became aware of very recent experimental activities on
strongly hole-doped Sn:Si(111). F. Ming. and coworkers [46]
were able to reach doping levels up to 10—12% by using boron-
doped silicon as a substrate without perturbing the symmetry
of the adatom lattice. This first success proves the feasability
of synthezising heavily doped adatom systems and motivates
further experimental work along the lines of our prediction.
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