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Quantum nonlocal theory of topological Fermi arc plasmons in Weyl semimetals
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The surface of a Weyl semimetal (WSM) displays Fermi arcs, i.e., disjoint segments of a two-dimensional
Fermi contour. We present a quantum-mechanical nonlocal theory of chiral Fermi arc plasmons in WSMs with
broken time-reversal symmetry. These are collective excitations constructed from topological Fermi arc and bulk
electron states and arising from electron-electron interactions, which are treated in the realm of the random phase
approximation. Our theory includes quantum effects associated with the penetration of the Fermi arc surface
states into the bulk and dissipation, which is intrinsically nonlocal in nature and arises from decay processes
mainly involving bulk electron-hole pair excitations.
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I. INTRODUCTION

Plasmons are self-sustained oscillations of the charge den-
sity that occur in metals and doped semiconductors [1–3]. The
coupling of these matter excitations to photons enables one to
squeeze electromagnetic radiation from the visible [4] to the
terahertz (THz) [5] spectral range into nanoscale devices. How-
ever, plasmons suffer scattering from ever-present extrinsic
mechanisms in real solid-state devices [6], including phonons
and disorder. Therefore, when confinement is significant, i.e.,
when the plasmon wavelength λp in the material is much
smaller than the illumination wavelength λ0 = 2πc/ω, losses
tend to be high (at room temperature) and hamper potential
technological breakthroughs.

Substantial efforts have been recently made to increase
the lifetime of these propagating modes at room temperature,
without decreasing the associated compression ratio λp/λ0.
For example, one can utilize high-quality graphene sheets
encapsulated in hexagonal boron nitride [7], where graphene
plasmons scatter essentially only against the acoustic phonons
of the two-dimensional (2D) carbon lattice [8], which are
weakly coupled to the electronic degrees of freedom. Another
possible pathway is to use plasmons in topologically nontrivial
materials [9–12]. In the particular case of crystals display-
ing broken time-reversal symmetry (BTRS), the existence
of unidirectional propagating modes akin to the ultra-long-
lived [13] topological [14] edge magnetoplasmons that occur
in 2D electron systems in the quantum Hall regime [3] is
expected. Technologically, it would be extremely useful to
use materials where BTRS occurs without the aid of an
external magnetic field. Natural candidates among topological
materials with BTRS are recently discovered Weyl semimet-
als (WSMs) [15–20]. These are semimetals with protected
linear band crossings in the Brillouin zone, which act as
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power-law-decaying sources of Berry curvature [15–20]. Some
of these compounds do display intrinsic BTRS [21] and, at the
same time, have intriguing topological surface states called
“Fermi arcs” (FAs) [15–20]. These are disjoint segments of
a 2D Fermi contour—see Fig. 1(b)—which have so far been
imaged only with angle-resolved photoemission spectroscopy
(ARPES) [22,23]. Provided that losses are not too strong and
that the plasmon electric field leaks sufficiently outside the
material, the plasmonic excitations of FA surface states can in
principle be explored with spatial resolution using scanning-
type near-field optical spectroscopy (for a recent review, see,
e.g., Ref. [24]).

Theoretically, a few aspects of plasmons in WSMs have
been studied for both cases of bulk [25] and surface [26] modes.
In particular, the authors of Ref. [25] carried out a study of bulk
plasmons in WSMs, by coupling the Maxwell equations as
modified by the axion term [27] with a local approximation for
the constitutive equation, Jα(q,ω) ≈ ∑

β σαβ(0,ω)Eβ(q,ω).
The local conductivity tensor σαβ(0,ω) was calculated [25] by
using semiclassical Boltzmann transport theory in the clean
limit. The authors of Ref. [26] studied WSM surface plasmon
polaritons by using the same approach and deep in the retarded
limit, i.e., for surface plasmon wave numbers |q‖| ∼ ω/c.
Finally, the authors of Ref. [28] carried out a semiclassi-
cal study of WSM surface plasmons, which is intrinsically
valid in the long-wavelength limit. Nonlocal corrections were
heuristically added to the semiclassical equations of motion.
An important open question on the plasmon lifetime remains.
In order to quantify this, the quantum-mechanical coupling
between Fermi arc surface states and bulk states needs to be
evaluated.

In this paper, we present a fully quantum-mechanical theory
of WSM Fermi arc (FA) plasmons that goes beyond the state
of the art [25,26,28]. The present derivation focuses on the
simplest microscopic model Hamiltonian of a (type-I) WSM
with BTRS [15–19] and is based on linear response theory
[1–3] and the random phase approximation (RPA) [1–3]. We

2469-9950/2018/97(12)/125431(12) 125431-1 ©2018 American Physical Society

http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevB.97.125431&domain=pdf&date_stamp=2019-06-21
https://doi.org/10.1103/PhysRevB.97.125431


ANDOLINA, PELLEGRINO, KOPPENS, AND POLINI PHYSICAL REVIEW B 97, 125431 (2018)

Eλ(k , 0)

k̂y

k̂x

(a)

(b)

2b

FIG. 1. (a) shows the bulk band structure Eλ(k) of a WSM with
BTRS, for kz = 0. Note that the two Weyl nodes are separated by
a vector 2b in the k̂x‖x̂ direction. (b) shows the square modulus of
the FA wave function in Eq. (3) as a function of the penetration z (in
units of 1/b) into the bulk of a WSM, for a given value of kx/b. The
right-hand side of the panel shows a low-energy zoom of the bulk
band structure with two Weyl cones, with the sheet representing the
FA dispersion relation EA(k‖).

focus on the electrostatic regime, where the plasmon wave
number |q‖| is much larger than the photon one (ω/c), enabling
a great concentration of electromagnetic energy. We claim that
quantum nonlocal effects are crucial to understand WSM FA
plasmon physics. First of all, our theory captures analytically
the first nonlocal correction to the FA plasmon dispersion in
the limit |q‖| � kF, where kF is the bulk Fermi wave number.
Second, since the FA wave functions are in contact (i.e., strong
spatial overlap) with a bulk of gapless excitations, FA plasmons
are susceptible to Landau damping even at zero temperature
and deep in the long-wavelength |q‖| � kF limit. We quantify
this intrinsic dissipation mechanism, which is dominated by
processes whereby FA plasmons decay by emitting electron-
hole pairs in the bulk. Our calculations on the FA plasmon
lifetime pose strict bounds on the observability of certain an-
gular portions of the highly anisotropic FA plasmon dispersion.
Indeed, since FA plasmon modes can be strongly overdamped
along certain angular directions, it is essential to consider the
dispersion relation as well as the angular dependence of the
losses. Finally, we study the pattern of FA plasmon waves that
can be measured by carrying out a scattering-type near-field
optical experiment (s-SNOM) [24] on the surface of a WSM
with BTRS. In this class of experiments, light is focused on a
metallized tip with the aim of launching propagating surface
plasmons. We calculate the screened potential associated with

FA plasmons, which clearly shows characteristic features due
to their peculiar propagation dynamics.

Our paper is organized as following. In Sec. II we present
the single-particle Hamiltonian and corresponding bulk and
surface eigenvalues and eigenstates of a type-I semi-infinite
WSM with BTRS. In Sec. III we lay down a general theory
of surface plasmons hosted by electron systems occupying a
semi-infinite space. In Sec. IV we present a formal expression
of the linear density-density response function of a WSM based
on the Lehmann representation. We also introduce analytical
asymptotic formulas for the same quantity in the relevant limits
with respect to the 2D conserved wave vector q‖ and frequency
ω. Section V is devoted to the FA plasmon dispersion, while
intrinsic damping of these modes is discussed in Sec. VI.
Finally, in Sec. VII we present a calculation of the spatial
pattern of FA plasmon waves that would be seen in an s-SNOM
experiment on the surface of a WSM with BTRS. A brief
summary is reported in Sec. VIII. Five Appendixes report a
number of very useful technical details.

II. SINGLE-PARTICLE PHYSICS OF SEMI-INFINITE
WSMs

In order to describe a three-dimensional (3D) WSM with
BTRS and two Weyl nodes separated by a vector 2b (see Fig. 1),
we use the following family of Hamiltonians [29] depending
on the parameter m,

Hm(k) = h̄v

2b

(
k2
x − m

)
σx + h̄v(kyσz + kzσy). (1)

In Eq. (1), v is the Weyl fermion’s velocity and σi are ordinary
2 × 2 Pauli matrices. The first term on the right-hand side
of Eq. (1) breaks time-reversal symmetry. For m = b2 > 0,
the low-energy spectrum of Hm(k) contains two Weyl nodes
separated by 2b = 2bk̂x with b > 0. The spectrum ofHm(k) is

Eλ(k) = λh̄v
√

K2
x + k2

y + k2
z , where λ = ±1 denotes conduc-

tion/valance band states and Kx ≡ (k2
x − b2)/(2b). For kx ≈

±b, Eλ(k) is linear and isotropic, with two Weyl cones located
at k = ±bk̂x . The corresponding eigenstates are �λ,k(r) =
V −1/2uk,λe

ik·r , where V = SLz is the 3D electron system
volume, S the surface area, Lz its thickness, and uk,λ is a spinor
given by

uk,λ = 1√
2

(√
1 + λ cos (βk)e−iφk

λ
√

1 − λ cos (βk)

)
, (2)

with cos (βk) = ky/
√

K2
x + k2

y + k2
z , sin (βk) =√

(K2
x + k2

z )/(K2
x + k2

y + k2
z ), and eiφk = (Kx +

ikz)/
√

K2
x + k2

z .
In this paper, we are interested in the surface states of a

3D WSM, which we obtain from the following procedure.
We first note that, for m < 0, Hm(k) describes an insulator
with a gap Eg = −h̄vm/(2b). The vacuum can be therefore
modeled by taking the limm→−∞ Hm(k). Fermi arcs (FAs)
are present only on a surface parallel to [18,30] 2b = 2bk̂x .
Orienting the crystal in such a way that (k̂x,k̂y,k̂z)‖(x̂, ŷ, ẑ),
we locate the vacuum/WSM interface hosting the FAs at z = 0.
Surface states emerge by assuming that the parameter m in
Eq. (1) changes sign with z, i.e., m(z) = b2
(−z) − m̃
(z),
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where 
(z) is the Heaviside step function and m̃ is a positive
constant. This choice describes a WSM for z < 0 and the
vacuum for z > 0, provided that one takes the limit m̃ → +∞.
Breaking translational invariance along the ẑ direction requires
the change kz → −i∂z. FAs are described by states that are
bound to the surface. Following Ref. [29], we find that their
wave functions are

�A
k‖ (r) =

√
b2 − k2

x

bS

(
1
0

)

(−z)ez/�eik‖r‖ , (3)

where k‖ = (kx,ky), � = 2b/(b2 − k2
x), and the index “A” in

Eq. (3) stands for “arc.” These states have chiral dispersion,
EA(k‖) = h̄vky , group velocity given by v, density of states
given by NA = b/(2π2h̄v) (which is independent of the bulk
doping), and exist only between the two Weyl nodes, i.e., for
−b � kx � b. Note that �, which physically represents the
extension of the FA state into the WSM bulk z < 0, goes to
infinity for kx → ±b. This means that for kx near the location
of the Weyl nodes, leakage of the FA states into the bulk cannot
be neglected. For the sake of simplicity, the FA states (3) will
be denoted by the shorthand |A〉.

The presence of the WSM/vacuum interface at z = 0 affects
also the propagating (i.e., bulk) states. Since k‖ is a good
quantum number (because of translational invariance in the
x̂- ŷ plane), we obtain propagating states in the presence of
the interface by taking linear combinations of bulk plane-wave
states with positive (kz > 0) and negative (−kz < 0) values
of the ẑ component of the wave vector k. Assuming specular
reflection at the interface, we find

�B
λ,k(r‖,z) = 
(−z)√

V

(
uk,λe

ikzz + rkuk̄,λe
−ikzz

)
eik‖·r‖ , (4)

where k̄ = (k‖,−kz) is the reflected wave vector and rk

is a reflection coefficient (with |rk| = 1) to be deter-
mined by imposing suitable boundary conditions. Of course,
�B

λ,k(r‖,z) is an eigenstate of the half-space Hamiltonian
limm̃→+∞ Hm(z)(k‖,kz → −i∂z) with eigenvalue Eλ(k). As
explained in Appendix A, the continuity of the wave functions
at the interface requires rk = −1. Because the “reflected” states
(4) originate from the WSM bulk states �λ,k(r), we will denote
them by the shorthand |B〉.

III. SURFACE PLASMONS OF SEMI-INFINITE WSMs

Due to the presence of the interface at z = 0, it is natural to
lay down linear response theory [3] by imposing translational
invariance in the direction perpendicular to ẑ and that the
wave vector q‖ parallel to the surface is a good quantum
number. The linear density response n1 induced by an external
potential is therefore a function of z, q‖, and frequency ω.
It can be expressed in terms of the screened potential [3]
Vsc(z,q‖,ω) and the proper density-density response function
[3] χ̃nn(z,z′,q‖,ω) according to

n1(z,q‖,ω) =
∫ 0

−∞
dz′χ̃nn(z,z′,q‖,ω)Vsc(z′,q‖,ω). (5)

For a self-sustained oscillation occurring in the absence of
an external potential, the screened potential is related to the

induced density by

Vsc(z,q‖,ω) =
∫

dz′
∫

dz′′v(z,z′,q‖)χ̃nn(z′,z′′,q‖,ω)

×Vsc(z′′,q‖,ω), (6)

where the integrals over z′ and z′′ span the half space z <

0 and v(z,z′,q‖) = 2πe2 exp (−q‖|z − z′|)/q‖ is the Fourier
transform of the Coulomb potential (q‖ = |q‖|).

Plasmons are nontrivial solutions of the integral equation
(6). In this paper, we are solely interested in plasmons whose
associated electric field is bound to the WSM/vacuum inter-
face. We therefore set Vsc(z,q‖,ω) = v̄sc(q‖,ω)e−q‖|z|, which
describes a mode bound to the surface with a “localization”
length scale equal to 1/q‖. Utilizing this ansatz for Vsc(z,q‖,ω),
we evaluate [31] Eq. (6) for z > 0. We find that this integral
equation can be written as a standard algebraic 2D plasmon
equation,

1 = 2πe2

q‖
χeff (q‖,ω), (7)

provided that one introduces the effective 2D proper response
function,

χeff (q‖,ω) ≡
∫ 0

−∞
dz

∫ 0

−∞
dz′χ̃nn(z,z′,q‖,ω)eq‖(z+z′)

= Lzχ̃nn(qz,q
′
z,q‖,ω)

∣∣
qz=iq‖,q ′

z=−iq‖
. (8)

Here,

χ̃nn(qz,q
′
z,q‖,ω) ≡ 1

Lz

∫
dqz

2π

∫
dq ′

z

2π
χ̃nn(z,z′,q‖,ω)

× e−iqzze+iq ′
zz

′
. (9)

No approximation has yet been made on χ̃nn(qz,q
′
z,q‖,ω).

The only key assumption we used to derive Eq. (7) was that
χ̃nn(z,z′,q‖,ω) ∝ 
(−z)
(−z′).

Screening due to the dielectric background can be taken care
of by replacing e2 → e2/ε̄ in Eq. (7), where ε̄ ≡ (1 + εb)/2
and εb is the high-frequency WSM bulk dielectric constant.
This prescription, which is valid only for surface modes, is
demonstrated in Appendix B.

IV. NONINTERACTING RESPONSE FUNCTION OF A
SEMI-INFINITE WSM

In the RPA [3], the exact proper response function
χ̃nn(qz,q

′
z,q‖,ω) in Eq. (9) is replaced by the noninteracting

response function χ (0)
nn (qz,q

′
z,q‖,ω), which can be evaluated

with the aid of the Lehmann representation [3],

χ (0)
nn (qz,q

′
z,q‖,ω) = 1

V h̄

∑
m,n

fn − fm

ωn,m + ω + i0+ 〈n|n̂q‖,qz
|m〉

× 〈m|n̂−q‖,−q ′
z
|n〉 . (10)

Here, |n〉 , |m〉 (En,Em) denote the eigenstates (eigenenergies)
of the noninteracting Hamiltonian, h̄ωn,m = En − Em are
the excitation energies, fn are the occupation numbers, and
n̂q‖,qz

≡ e−iq‖·r̂‖−iqz ẑ. As we have seen above, the states of
our semi-infinite WSM comprise the FA states (3) and the
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reflected states (4). We can therefore naturally decompose
χ (0)

nn (qz,q
′
z,q‖,ω) into the sum of three contributions,

χ (0)
nn = χ

(0)
AA + χ

(0)
BB + χ

(0)
AB. (11)

In the first contribution, χ (0)
AA, the sum over n and m in Eq. (10)

spans only the FA states (3), i.e., |n〉 = |A〉, |m〉 = |A〉′. In
the second contribution, χ

(0)
BB, the sum spans only the reflected

states (4), i.e., |n〉 = |B〉, |m〉 = |B〉′. Finally, the third contri-
bution,χ (0)

AB, takes into account the remaining cross processes in
which |n〉 = |A〉 and |m〉 = |B〉 or |n〉 = |B〉 and |m〉 = |A〉.
Because of Eq. (8), the same decomposition holds true for
χeff (q‖,ω), i.e., χeff = χ eff

AA + χ eff
BB + χ eff

AB. The FA plasmon
dispersion is controlled by Re[χeff (q‖,ω)], while the plasmon
damping rate depends on dissipation, i.e., Im[χeff (q‖,ω)].

To make analytical progress, we concentrate our attention
on FA plasmons in the long-wavelength limit, defined by the
regime in which q‖ is the smallest wave-vector scale in the
problem. Equation (8) implies qz ∼ q ′

z ∼ q‖. We denote by
the shorthand q the small quantity qz ∼ q ′

z ∼ q‖.
In the limit q � b,ω/v, we find that the leading-order FA

effective response function reduces to (Appendix C)

Re
[
χ eff

AA

] → q‖ cos(θ )

h̄ω(2π )2

[
2b

(
1 + vq‖ cos(θ )

ω

)
− q‖| sin(θ )|

]
.

(12)

As the FA density of states NA, Re[χ eff
AA] does not depend

on the bulk carrier density n. Neglecting for a moment the
contribution to Eq. (7) from the reflected states, Re[χ eff

BB],
and the cross term, Re[χ eff

AB], we find a long-wavelength FA
plasmon dispersion

�FA
θ = αeevb

π
cos(θ ), (13)

where θ is the angle between q‖ and the ŷ axis (i.e., the
direction along which the FA states have finite group veloc-
ity), cos(θ ) = qy/q‖, and αee = e2/(h̄vε̄) is a dimensionless
coupling constant describing the strength of electron-electron
interactions. The strong directionality dependence of �FA

θ is
evident. Interestingly, the group velocity vFA

θ = θ̂q−1
‖ ∂θ�

FA
θ =

−αeevb sin(θ )θ̂/(πq‖) of the mode in Eq. (13) vanishes when
the plasmon wave vector q‖ is in the ŷ direction.

We now turn to evaluate the contribution χ
(0)
BB(qz,q

′
z,q‖,ω)

due to the reflected states (4). For a Fermi wave number kF �
b, we can linearize the spectrum E±(k) around the points k

(j )
x =

jb, where j = ±1 is the Weyl cone index. Again, we work in
the long-wavelength limit, which in this case is defined by
q‖ � ω/v,kF. Noting that qz,q

′
z ∼ q‖, we can state that q‖ is

the smallest wave vector in the problem. Moreover, we assume
to be deep in the single-particle optical absorption gap, i.e., we
consider h̄ω � 2EF, where EF = h̄vkF is the Fermi energy. In
this regime, interband contributions to all response functions
involving the reflected states (4) can be neglected and we can
safely use the high-frequency moment expansion [3,32] for the
intraband contribution to Re[χ (0)

BB]. As detailed in Appendix D,
we find

Re
[
χ eff

BB(q‖,ω)
] → nq‖

meffω2
, (14)

where n = k3
F/(6π2) is the density of bulk electrons and

meff = EF/v
2 the effective mass. Corrections to Eq. (14) scale

as q3
‖ , while terms ∝q2

‖ are exactly zero. Notice that inserting
only Re[χ eff

BB(q‖,ω)] in Eq. (7), we recover the well-known
Ritchie relation [33] �s = �b

√
εb/(2ε̄) = vkF

√
αee/(3π ) for

the surface plasmon frequency, �2
b = 4πne2/(εbmeff ) being

the square of the bulk plasmon frequency. In the undoped
kF = 0 limit, Eq. (14) yields Re[χ eff

BB(q‖,ω)] = 0.
Finally, we need to evaluate the cross contributions

χ
(0)
AB(qz,q

′
z,q‖,ω) and Re[χ eff

AB(q‖,ω)]. Up to leading order in the
long-wavelength limit and, as above, deep in the single-particle
optical absorption gap h̄ω/(2EF) � 1, we find (Appendix E)

Re
[
χ eff

AB(q‖,ω)
] → −q2

‖ [1 + sin2(θ )]

3π2

1√
2EF|h̄ω| . (15)

Clearly, Eq. (15) cannot be used in the undoped kF → 0
limit. In this case an explicit calculation (Appendix E) yields
limkF→0 Re[χ eff

AB(q‖,ω)] = 0. Note that χ eff
AB(q‖,ω) does not

depend on b to leading order for q‖ � b. In this limit, indeed,
χ eff

AB(q‖,ω) describes electron-hole transitions near each Weyl
node.

V. FA PLASMON DISPERSION

We now solve Eq. (7) in the RPA, i.e., by re-
placing Re[χeff (q‖,ω)] with Re[χ eff

AA(q‖,ω) + χ eff
BB(q‖,ω) +

χ eff
AB(q‖,ω)]. In the following, we focus only on positive

frequencies, since modes with negative frequency can be
obtained from the relation �(q‖) = −�(−q‖).

For doped WSMs (kF �= 0) we find that the plasmon
dispersion in the long-wavelength limit is given by �(q‖) =
�θ + δ�(q‖), where �θ is the value of the plasmon frequency
for q‖ → 0 and δ�(q‖) is the first-order nonlocal correction in
q‖,

�θ = 1

2

[
�FA

θ +
√(

�FA
θ

)2 + 4�2
s

]
(16)

and

δ�(q‖) = αeevq‖I(θ ). (17)

In Eq. (17) we have introduced the quantity

I(θ ) = �θ√(
�FA

θ

)2 + 4�2
s

{
cos(θ )

2π

[
2bv cos(θ )

�θ

− | sin(θ )|
]

− 2[1 + sin2(θ )]

3π

√
h̄�θ

2EF

}
. (18)

The first line in the previous equation is due to Re[χ eff
AA(q‖,ω)],

while the second line is due to Re[χ eff
AB(q‖,ω)]. Equation (16)

is formally identical [26] to the dispersion relation of a surface
magnetoplasmon [34] in the case of a magnetic field oriented
along b and with �FA

θ → ωc cos(θ ), ωc being the cyclotron
frequency. This result reflects the fact that the topological FA
states play the same role of edge states in the quantum Hall
regime. The FA plasmon dispersion relation �(q‖) is illustrated
in Figs. 2(a) and 3(a). In Fig. 2(a) we clearly note that, for every
value of qx , there is a large asymmetry in the dispersion �(q‖)
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FIG. 2. (a) displays the FA plasmon dispersion relation �(q‖) in
units of EF/h̄ and as a function of qx/kF and qy/kF. The plasmon
group velocity vg is orthogonal to the contour lines. (b) shows the
quality factor Q(q‖) as a function of qx/kF and qy/kF. The orange
dashed line represents Q(q‖) = 1. Below this line the plasmon is not
a well-defined excitation. In both panels we have set αee = 0.5 and
b = 3kF.

as a function of qy . This stems from the fact that, for qy > 0,
�(q‖) is dominated by the FA states. On the other hand, for
qy < 0, the main contribution to �(q‖) is given by �s, which
stems from the reflected states (4) and is weakly dispersive. The
weak dispersive features seen for qy < 0 reflect a hybridization
between the FA and bulk channels. This mixing of channels
with very different symmetries (the former highly directional,
while the latter is isotropic) leads to a pair of saddle points in
the dispersion relation, which are seen from the contours in
Fig. 2(a) at h̄�(q‖)/EF ≈ 0.20. In Fig. 3(a) we show cuts of
�(q‖), each one taken at a fixed value of q‖, and plotted as a
function of −π � θ � π .

For typical experimental values [20], εb = 10, EF =
40 meV, b = 0.05 Å

−1
, and v = c/1000, Eq. (16) yields a FA

plasmon energy �θ in the forward θ ≈ 0 direction on the order
of 30 meV, corresponding to a frequency νθ ≡ �θ/(2π ) of
∼7.3 THz.

In the undoped kF → 0 limit the plasmon dispersion is

�(q‖) = �FA
θ + q‖

[
v cos(θ ) − | sin(θ )|�

FA
θ

2b

]
. (19)

−π −π/2 0 π/2 π

θ

0.0

0.2

0.4

0.6

0.8

1.0

h̄
Ω

(q
‖)

/E
F

ŷ

b ‖ x̂

θ
q‖

−π −π/2 0 π/2 π

θ

10−1

1

10

102

Q
(q

‖)

(a)

(b)

FIG. 3. (a) The plasmon frequency �(q‖) in units of EF/h̄ as a
function of θ for different values of q‖ = |q‖| (black solid line: q‖ = 0;
red solid line: q‖ = 0.1kF; green dashed line: q‖ = 0.3kF; blue dashed-
dotted line: q‖ = 0.5kF). The inset shows the definition of θ , i.e., the
angle between the group velocity of the FA states and the wave vector
q‖. (b) The dimensionless plasmon quality factor Q(q‖) as a function
of θ for different values of q‖ (black solid line: q‖ = 0.03kF; red solid
line: q‖ = 0.1kF, green dashed line: q‖ = 0.3kF; blue dashed-dotted
line: q‖ = 0.5kF). In both panels we have set αee = 0.5 and b = 3kF.

We will momentarily show that in the undoped limit the FA
plasmon is strongly damped, but for nonzero kF, this damping
is suppressed.

VI. INTRINSIC LIFETIME OF FA PLASMONS

So far, we have treated the plasmon as a solution of
Eq. (6) occurring on the real frequency axis. For fundamental
reasons related to causality [3], however, retarded response
functions must have poles located below the real axis, i.e.,
at ω = �(q‖) − i�(q‖) with �(q‖) > 0. When the imaginary
part is small, i.e., when �(q‖) � �(q‖), the plasmon is a
well-defined collective excitation of the many-body system
[3]. The plasmon lifetime τ (q‖) is �−1(q‖). Expanding Eq. (7)
in the small parameter �(q‖)/�(q‖), we obtain

�(q‖) = Im[χeff (q‖,�(q‖)]

∂ω Re[χeff (q‖,ω)]|ω=�(q‖)
. (20)

We define the quality factor as Q(q) ≡ �(q‖)/[2�(q‖)].
We first calculate ∂ω Re[χeff (q‖,ω)|ω=�(q‖)] at leading order

in q‖. Only χ
(0)
AA and χ

(0)
BB contribute to this quantity at

leading order in q‖. We find ∂ω Re[χeff (q‖,ω)|ω=�(q‖)] →
−q‖[cos(θ )b/2 + vk2

F/(3�θ )]/(h̄�2
θπ

2). We then calculate
Im[χeff (q‖,ω)]. As detailed in Appendix C, Im[χ eff

AA(q‖,ω)] →

125431-5
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−q‖b cos(θ )δ(ω − EA(q‖)/h̄)/(2h̄π ). This result can be easily
understood as the absorption spectrum of a one-dimensional
system [3], whose role in our case is effectively played by
the FA states. For the calculation of Im[χ eff

BB(q‖,ω)], we use
the well-known approximate relation [35] χ eff

BB(z,z′,q‖,ω) �

(−z)
(−z′)[χ (h)

BB(z + z′,q‖,ω) + χ
(h)
BB(z − z′,q‖,ω)]. Here,

χ
(h)
BB(z,q‖,ω) = ∫

dqzχ
(h)
BB(q3D,ω) exp(iqzz)/(2π ) is the

Fourier transform of the homogeneous response function
χ

(h)
BB(q3D,ω) of a bulk WSM [36,37] and q3D = (qz,q‖).

Straightforward algebraic manipulations yield

Im
[
χ eff

BB(q‖,ω)
] �

∫
dqz

2π

2q2
‖(

q2
‖ + q2

z

)2 Im
[
χ

(h)
BB(q3D,ω)

]
. (21)

Equation (21) is crucial as it states that, for every ω, the decay
rate (20) of the FA plasmon depends on the spectral density
of electron-hole pairs Im[χ (h)

BB(q3D,ω)] in the bulk integrated
over all values of qz. Physically, this equation expresses the
fact that a surface plasmon can decay without conserving
the ẑ component of the wave vector q3D, for the presence
of the surface breaks translational invariance in this direction
relaxing the three-dimensional momentum conservation that
a bulk plasmon would obey. The latter is encoded in regions
of the plane q3D-ω where Im[χ (h)

BB(q3D,ω)] is zero. Because
of the convolution in Eq. (21), this ceases to be true for
Im[χ eff

BB(q‖,ω)].
In the limit ω � vq‖ and at the leading order in

2EF/(h̄ω) � 1, we obtain

Im
[
χ eff

BB(q‖,ω)
] → − q2

‖
32π2h̄ω

(
2EF

h̄ω

)2

. (22)

In the limit kF → 0, we find Im[χ eff
BB(q‖,ω)] = −q‖/(24πh̄v).

This implies that, in the undoped limit, the decay rate � tends
to a finite value in the long-wavelength q‖ → 0 limit. The FA
plasmon is therefore not a well-defined excitation in the case of
an undoped WSM, since it easily decays by emitting interband
electron-hole pairs in the gapless bulk.

Finally, we need to calculate Im[χ eff
AB(q‖,ω)]. Following the

steps described in Appendix E, we find

Im
[
χ eff

AB(q‖,ω)
] → −q2

‖
[
1 + sin2(θ )

]
3π2h̄ω

(
2EF

h̄ω

)−1/2

. (23)

We emphasize that the contribution to the decay rate coming
from Eq. (23) is suppressed with respect to that coming from
Eq. (22) by a factor [2EF/(h̄ω)]−5/2 � 1. We will therefore
neglect the contribution (23) for the calculation of �. Phys-
ically, Eq. (23) represents processes in which a FA plasmon
decays by emitting a composite electron-hole pair, with one
partner of the pair belonging to the FA manifold of states and
the other partner to the bulk manifold. In the limit kF → 0, we
get Im[χ eff

AB(q‖,ω)] = −2q2
‖ [1 + sin2(θ )]/(3π2h̄ω).

In summary, for a doped WSM, we get the following
compact expression for the decay rate of a FA plasmon in the
long-wavelength limit and deep in the single-particle optical
gap h̄ω � 2EF,

�(q‖) = �θ

32

q‖
kF

1
cos (θ )

2

b

kF
+ 1

6

(
2EF

h̄�θ

)(
2EF

h̄�θ

)2

. (24)

FIG. 4. (a) shows the interface, located on the x̂- ŷ plane, between
a semi-infinite WSM and vacuum. The WSM sample (blue) is a
parallelepiped with surface area S and height Lz/2. The (gray) cone
represents the metallized tip of an atomic force microscope used in
an s-SNOM experiment. The latter is illuminated by a laser (red)
and located at the origin of the x̂- ŷ plane. In (b) we present the
screened potential in response to a laser with frequency ω0. The color
map shows the calculated screened potential evaluated at z = 0 and
multiplied by the square root of the distance r‖ from the tip located
at the origin, i.e., Vsc(0,r‖,ω)

√
r‖. Results shown in this panel have

been obtained by setting b/kF = 5, αee = 0.8, and h̄ω/EF = 1.4.

The quantity �(q‖)/�(q‖) is plotted in Figs. 2(b) and 3(b).
In writing Eq. (24) we have omitted the contribution ∝δ(ω −
EA(q‖)/h̄) stemming from Im[χ eff

AA]. This δ-function contribu-
tion is not present in the range of values of q‖ we have used to
make the plot in Fig. 2(b). From Fig. 2(b) we immediately
see that the WSM surface plasmons are highly directional
and weakly damped only in the direction of propagation of
the single-particle FA states. From Figs. 2(b) and 3(b) we
clearly see that damping increases (quality factor decreases)
very rapidly as a function of the angle θ .

Before concluding, we would like to comment on one
evident limitation of the WSM model in Eq. (1). As discussed
above, in this model the FA states disperse only in the k̂y

direction and their dispersion is strictly linear, EA(k‖) = h̄vky .
More complicated models—see, for example, Ref. [38]—
allow of course for more general FA dispersion relations. For
example, taking EA(k‖) = h̄vky + h̄2(k2

x − b2)/(2mx), one
can demonstrate that Eq. (16) is not modified by the parabolic
correction. Also, one can show that the first nonlocal correction
in Eq. (17) is modified only for θ ∼ ±π/2, i.e., along the
directions parallel or antiparallel to the Weyl-node separation
vector 2b. Along these directions, however, the FA plasmon
is anyway strongly damped—see Fig. 3(b)—and therefore
quantitative changes to its dispersion relation for θ ∼ ±π/2
are uninteresting.
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VII. RESPONSE OF FA PLASMONS TO AN ILLUMINATED
METALLIZED TIP

In this section we present an elementary theory that de-
scribes the potential that one would observe by carrying out
a scattering-type near-field optical experiment (s-SNOM) [24]
on the surface of a WSM with BTRS. In this experiment [24],
light is focused on a metallic tip with the aim of launching
propagating surface plasmons. In Fig. 4(a) we sketch the setup
of such an experiment.

We model the tip as an external potential oscillating in time
and with an exponential profile in the ẑ direction,

vext(z,q‖,t) = V0e
−q‖|z|e−iω0t , (25)

where ω0 is the frequency of the laser that illuminates the
tip. The exponential dependence on z dramatically simplifies

the algebra. In the Fourier transform, we find vext(z,q‖,ω) ∼
δ(ω − ω0). Since we are interested in what happens at the
surface of a WSM, we set z = 0. In this case, the external
potential reduces to a delta function of r‖, vext(0,r‖,t) =
V0δ(r‖)e−iω0t .

Working in the RPA, we can easily write the relationship
between Vsc(0,q‖,ω) and the external potential vext(0,q‖,ω),
which involves the effective 2D response function χeff (q‖,ω0),

Vsc(0,q‖,ω0) = V0

1 − 2πe2

q‖
χeff (q‖,ω0)

. (26)

Near resonance, i.e., when the laser frequency ω0 is close to
the WSM FA plasmon frequency �(q‖), we can write

Vsc(0,q‖,ω0) � V0

−2πe2

q‖

(
∂χeff (q‖,ω)

∂ω

)
ω=�(q‖)

[ω0 − �(q‖) + i�(q‖)]

. (27)

Fourier transforming the previous result to real space, we find

Vsc(0,r‖,ω0) � V0

∫
d2q

(2π )2

eiq‖r‖

−2πe2

q‖

(
∂χeff (q‖,ω)

∂ω

)
ω=�(q‖)

[ω0 − �(q‖) + i�(q‖)]

. (28)

This integral can be easily evaluated in polar coordinates,

Vsc(0,r‖,ωTIP) � V0

∫ ∞

0
q‖dq‖

∫ 2π

0
dθ

1

(2π )2

eiq‖r‖ cos(θ−θ ′)

−2πe2

q‖

(
∂χeff (q‖,θ,ω)

∂ω

)
ω=�(q‖)

[ω0 − �(q‖,θ ) + i�(q‖,θ )]

, (29)

where we have introduced the angle θ ′ defined by r‖ · ŷ =
r‖ cos(θ ′).

Using the result ∂ωRe[χeff (q‖,ω)|ω=�(q‖)] →
−q‖[cos(θ )b/2 + vk2

F/(3�θ )]/(h̄�2
θπ

2) reported above,
and noting that the integrand is peaked where the denominator
vanishes, we can extend the integration range over q‖ from
[0,∞] to [−∞,∞]. This allows us to use the power of the
residue theorem.

The integrand has a simple pole with respect to q‖. We
define it as p̃(ω0,θ ) = p1 + ip2, which satisfies the equation
ω0 = �(p̃,θ ) − i�(p̃,θ ). Using the definitions of I(θ ) and �θ

given above, we have

p1 = ω0 − �θ

�2
θ + [vαI(θ )]2

vαI(θ ) (30)

and

p2 = ω0 − �θ

�2
θ + [vαI(θ )]2

�θ . (31)

After straightforward mathematical manipulations, we find

Vsc(0,r‖,ω0) � V0

∫ θ ′+π/2

θ ′−π/2
dθ

p̃(ω0,θ )�2
θ

cos(θ )b/2 + vk2
F/(3�θ )

× exp [ip̃(ω0,θ )r‖ cos(θ − θ ′)], (32)

which needs to be evaluated numerically.
Figure 4(b) displays the calculated screened potential for

the following parameters: b/kF = 5, αee = 0.8, and h̄ω/EF =
1.4. Here, it is possible to recognize features due to the
peculiar propagation dynamics of FA plasmons. The illus-
trated SNOM pattern is highly anisotropic because of the
highly unidirectional character of both FA dispersion and
damping. The anisotropy of the dispersion relation—shown in
Fig. 2(a)—manifests through the FA plasmon group velocity,
which is maximal around the angular directions θ ≈ ±π/4.
The anisotropy of the plasmon dissipation—see Fig. 2(b)—
shows up in the propagation direction of FA plasmons, which
predominantly occurs only along the y > 0 direction.

VIII. SUMMARY AND CONCLUSIONS

In summary, we have presented a quantum-mechanical
nonlocal theory of surface plasmons in semi-infinite Weyl
semimetals with broken time-reversal symmetry. We have been
able to derive a simple analytical formula—see Eqs. (16)–
(18)—for the surface plasmon dispersion relation in the elec-
trostatic limit |q‖| � ω/c, which takes into account exquisite
quantum effects associated with the penetration of the Fermi
arc surface states into the gapless bulk. We have also included
nonlocal corrections, which were crucial to investigate in a
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quantitative manner the surface plasmon damping rate (24),
as determined by decay processes involving the excitation of
electron-hole pairs.

Our calculations show that the intrinsic damping of topo-
logical Fermi arc plasmons is small at small values of the
in-plane wave vector q‖, mainly in a specific direction, i.e.,
the direction along which the single-particle Fermi arc states
disperse. Scattering-type near-field optical spectroscopy can
therefore be used as an alternative to ARPES to carry out
spatially resolved investigations of these intriguing chiral
modes occurring in Weyl semimetals with broken time-reversal
symmetry, in the absence of an external magnetic field.
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APPENDIX A: BOUNDARY CONDITIONS

In order to determine the correct boundary conditions, we solve the problem for z > 0, evaluating the evanescent states at
z = 0+, and then we take the limm̃→+∞ Hm(z)(k‖,kz → −i∂z) in the semi-infinite WSM model Hamiltonian introduced in the
main text. We find

lim
m̃→+∞

�E,k‖(r‖,0+) ∝
(

1
0

)
eik‖r‖ , (A1)

where �E,k‖(r‖,z) is the evanescent solution of the problem for z > 0. Imposing the continuity of the wave function at z = 0
between the reflected state in Eq. (4) of the main text and the evanescent state (A1), we find rk = −1. Note that the square modulus
of the reflected state in Eq. (4) is correctly normalized only in the limit V → ∞.

APPENDIX B: DIELECTRIC BACKGROUND SCREENING

We here describe how to include the effect of a dielectric background in Eq. (7) of the main text. We assume that dielectric
screening stems from the response of the empty (occupied) states in the bands above (below) the conduction (valence) band, far
away in energy from the Weyl crossing.

The total response χtot of the system is the sum of two terms: (i) the response of the states described by the Weyl Hamiltonian
in Eq. (1) of the main text, denoted by the symbol χ , and (ii) the contribution due to the high-energy bands, denoted by the symbol
χb, i.e.,

χtot ≡ χ + χb. (B1)

For simplicity, we start from the homogeneous (h) case and we focus on a single pair of bands, with one energetically higher than
the conduction band and the other one energetically lower than the valence band. By using the Lehmann representation we can
write

χ
(h)
b (q3D,ω) = 1

V

∑
L,H

fL − fH

εL − εH + h̄ω
|ML,H(q3D)|2 + [ω → −ω,q3D → −q3D], (B2)

where the collective labels “L” and “H” refer to states of a given electronic band with lower (higher) energy than the valence
(conduction) band, respectively, and ML,H(q3D) represents a suitable matrix element. Because the band L (H) is deep below (well
above) the Fermi level, we replace fL → 1 (fH → 0). Furthermore, we define � ≡ min(εH − εL) > 0. Since we are interested
in the frequency range ω � �/h̄, we can approximate Eq. (B2) as

χ
(h)
b (q3D,ω) � − 1

�V

∑
L,H

[|ML,H(q3D)|2 + |ML,H(−q3D)|2]. (B3)

In the long-wavelength limit, because of the orthogonality of the states belonging to different bands, we have |ML,H(q3D)|2 ∝
q2

3D. We can therefore write

χ
(h)
b (q3D,ω) � −χ0q2

3D, (B4)

125431-8



QUANTUM NONLOCAL THEORY OF TOPOLOGICAL FERMI … PHYSICAL REVIEW B 97, 125431 (2018)

where χ0 is a positive constant, independent of q and ω. By exploiting the generality of the above argument, we can express the
global contribution to the response function from all electronic bands far away in energy from the Weyl crossing as χ

(h)
b (q3D,ω) �

−χbq2
3D, where χb > 0.

In order to recover the plasmon dispersion relation in the homogeneous case, we have to solve the well-known RPA
equation [3]

4πe2

q2
3D

χ
(h)
tot (q3D,ω) = 1, (B5)

or, equivalently,

4πe2

εbq2
3D

χ (h)(q3D,ω) = 1, (B6)

where εb = 1 + 4πe2χb.
We now follow a similar path for the case of surface plasmon modes. We first replace the expression χb(z,z′,q‖,ω) �


(−z)
(−z′)[χ (h)
b (z + z′,q‖) + χ

(h)
b (z − z′,q‖,ω)] in Eq. (B1). We then use the result derived earlier, i.e., χ (h)

b (q3D,ω) � −χbq2
3D.

Carrying out straightforward algebraic manipulations, we find Eq. (7) in the main text, i.e.,

1 = 2πe2

ε̄q‖
χeff (q‖,ω), (B7)

where ε̄ = (1 + εb)/2.

APPENDIX C: THE AA RESPONSE FUNCTION

We here provide more details on the calculation of the response function χ
(0)
AA(qz,q

′
z,q‖,ω). Using the FA eigenstates in Eq. (3)

of the main text and the Lehmann representation [3]—Eq. (10) of the main text—we find the following exact expression,

χ
(0)
AA(qz,q

′
z,qx,qy,ω) = 1

(2π )2Lz

qy

h̄(ω + i0+) − vqy

×
∫ b−|qx |

−b

dkxL(qz,q
′
z,qx), (C1)

where

L(qz,q
′
z,qx) ≡

{
2[b2 − (kx + |qx |)2](

b2 − k2
x

) + [b2 − (kx + |qx |)2] − i2bqz

}
×

{
2
(
b2 − k2

x

)
(
b2 − k2

x

) + [b2 − (kx + |qx |)2] + i2bq ′
z

}
. (C2)

Because in our model the FA states do not disperse along the x̂ direction, we have χ
(0)
AA(qz,q

′
z,qx,qy = 0,ω) = 0. This means that,

in our model, an external field can perturb the FA states only if it carries a finite momentum along the ŷ direction. Expanding
L(qz,q

′
z,qx) in a power series of q and carrying out the integral in Eq. (C1), we obtain

Re
[
χ

(0)
AA

(
qz,q

′
z,q‖,ω

)] → 1

(2π )2Lz

qy

h̄ω

[
2b

(
1 + vqy

ω

)
− |qx |

]
. (C3)

From Eq. (C3) one easily obtains Re[χ eff
AA(q‖,ω)], as in Eq. (12) of the main text. Similarly, we find

Im
[
χ

(0)
AA(qz,q

′
z,q‖,ω)

] → − qy

4πLz

(2b − |qx |)δ(ω − vqy), (C4)

from which Im[χ eff
AA(q‖,ω)] follows.

APPENDIX D: THE BB RESPONSE FUNCTION

We here report some useful technical details on the calculation of the response function χ
(0)
BB(qz,q

′
z,q‖,ω) for the doped case.

Since we are interested in studying the long-wavelength limit, we can use the (high-frequency) moment expansion [3,32], i.e.,

Re
[
χ

(0)
BB

]
(qz,q

′
z,q‖,ω) → 〈n̂qz−q ′

z
〉

GS

(
q2

‖ + qzq
′
z

)
meffω2V

, (D1)

where meff = EF/v
2 is the effective mass, n̂qz−q ′

z
= ∑

j ei(qz−q ′
z)ẑj is the Fourier transform of the density operator [3], and 〈· · ·〉GS

is a shorthand for the following ground-state expectation value 〈GS|B · · · |GS〉B. Here, |GS〉B = ∏
|k|<kF

b
†
+,k |0〉, where b

†
+1,k

creates an electron in a state labeled by the band index λ = +1 and wave vector k. The quantity |0〉 represents the vacuum state
with no electrons in the conduction band.

By using the eigenstates in Eq. (4) of the main text, we find that

〈n̂qz
〉GS = 〈n̂qz

〉(scl)
GS + 〈n̂qz

〉(int)
GS , (D2)
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where

〈n̂qz
〉(scl)

GS ≡ 2S

∫
k<kF,kz>0

d3k
(2π )3

∫
dz × e−iqzz
(−z)[|uk,+1|2 + |uk̄,+1|2] (D3)

and

〈n̂qz
〉(int)

GS ≡ −2S

∫
k<kF,kz>0

d3k
(2π )3

∫
dz × e−iqzz
(−z)[u†

k̄,+1
uk,+1e

i2kzz + u
†
k,+1uk̄,+1e

−i2kzz], (D4)

where uk,λ=±1 has been introduced in Eq. (2) of the main text. As in the main text, k̄ = (k‖,−kz). The index “scl” (“int”) stands
for “semiclassical” (“interference”). Indeed, 〈n̂qz

〉(scl)
GS (〈n̂qz

〉(int)
GS ) is independent of (dependent of) the relative phases—see Eq. (4)

of the main text.
We start from the case qz = 0. We find

〈n̂0〉GS = N + 〈n̂0〉(int)
GS , (D5)

where N is the total number of electrons in the semi-infinite WSM, while the interference term 〈n̂0〉int
GS ∝ 1/Lz is negligible in

the thermodynamic limit.
For a generic value of qz, we obtain

〈n̂qz
〉(scl)

GS = nS

[
− 1

iqz

+ πδ(qz)

]
, (D6)

where n ≡ 2N/(LzS). We then calculate the interference term 〈n̂qz
〉(int)

GS . We are interested in the small qz limit. We find 〈n̂qz
〉(int)

GS −
〈n̂0〉(int)

GS ∝ qz. In the thermodynamic limit, this can induce in Re[χ (0)
BB(qz,q

′
z,q‖,ω)] terms of O(q3

z ,q
′3
z ), which are beyond the

interest of our leading-order long-wavelength theory.
Finally, taking into account only the semiclassical term in Eq. (D1), we find

Re
[
χ

(0)
BB(qz,q

′
z,q‖,ω)

] = n
(
q2

‖ + qzq
′
z

)
meffLzω2

×
[

1

i(q ′
z − qz)

+ πδ(qz − q ′
z)

]
, (D7)

which implies Eq. (14) of the main text.

APPENDIX E: THE AB RESPONSE FUNCTION

Here, we detail the calculation of the response function χ
(0)
AB, always for a generic doping. We neglect inter-Weyl-node

electron-electron scattering processes and we linearize the spectrum Eλ(k) around each Weyl node. In order to simplify the
notation, we set h̄ = 1. Under these simplifying assumptions, the quantity we need to calculate is

χ
(0)
AB(qz,q

′
z,q‖,ω) =

∑
j=±1,λ=±1

∫
d3k

Lz(2π )3

(−jkx + jqx)
(kz)


(kF + qy − ky) − 
(kλ − k)

vky − vqy − λvk + ω + iη
Mj

λ(qx,qz,q
′
z)

+
∑

j=±1,λ=±1

∫
d3k

Lz(2π )3

(−jkx − jqx)
(kz)


(kF − qy − ky) − 
(kλ − k)

vky + vqy − λvk − ω − iη
Mj

λ(−qx, − qz, − q ′
z), (E1)

where η = 0+, j = ±1 is a Weyl-node index, λ = ± is a conduction/valence band index, k+1 = kF, and k−1 = �. Here, � is an
ultraviolet cutoff. We will take the limit � → ∞ momentarily. The matrix element Mj

λ(qx,qz,q
′
z) reads as follows,

Mj

λ(qx,qz,q
′
z) = −j (kx − qx)

Lz

[1 + λ cos(βk)]
1

k2
x + k2

z

[
jkx − ikz

−j (kx − qx) + i(kz − qz)
− jkx + ikz

−j (kx − qx) − i(kz + qz)

]

×
[

jkx + ikz

−j (kx − qx) − i(kz − q ′
z)

− jkx − ikz

−j (kx − qx) + i(kz + q ′
z)

]
. (E2)

We denote by the shorthand q the small quantity qz ∼ q ′
z ∼ qx , and we expand the response function up to the quadratic order in

q. Carrying out the sum over the index j , we find

χ
(0)
AB(qz,q

′
z,q‖,ω) = −q2

x + qzq
′
z

Lzπ3

∑
λ

∫
d3k

{

(kx)
(kz)[
(kF − ky) − 
(kλ − k)]

v2(ky − λk)2 − (ω + iη)2

}
2λvkxk

2
z

k
(
k2
x + k2

z

)2 . (E3)

It is now useful to define the following dimensionless quantities, p ≡ k/kF and ω̃ ≡ ω/EF, and use cylindri-
cal coordinates, pz = p⊥ cos(φ) and py = p⊥ sin(φ). We perform the integral over φ and, exploiting the identity
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lim�→∞ [
(1 − py) − 
(�/kF − p)] = −
(py − 1), we obtain

χ
(0)
AB(qz,q

′
z,q‖,ω) = q2

x + qzq
′
z

3Lzπ3EF
[J1(ω) − J2(ω) − J3(ω)], (E4)

where we have defined

J1(ω) =
∫ +∞

−∞
dpy

∫ ∞

0
dp⊥


(1 − p)

p

[
2

(py − p)2 − (ω̃ + iη)2

]
, (E5)

J2(ω) =
∫ +∞

−∞
dpy

∫ ∞

0
dp⊥


(1 − py)

p

[
2

(py − p)2 − (ω̃ + iη)2

]
, (E6)

J3(ω) =
∫ +∞

−∞
dpy

∫ ∞

0
dp⊥


(py − 1)

p

[
2

(py + p)2 − (ω̃ + iη)2

]
. (E7)

We first analyze the real part of the response function. We start by studying the auxiliary function J1(ω). Introducing a new set
of polar coordinates, py = p sin(θ ) and p⊥ = p cos(θ ), we find

Re[J1(ω)] = P
∫ +π/2

−π/2
dθ

∫ 1

0
dp

2

p2[sin(θ ) − 1]2 − ω̃2
, (E8)

where “P” denotes the Cauchy principal value. The following mathematical identity will be used below,

P
∫

dp
1

p2[1 − sin(θ )]2 − ω̃2
= 1

2ω̃[1 − sin(θ )]
log

∣∣∣∣∣1 − [1−sin(θ)]p
ω̃

1 + [1−sin(θ)]p
ω̃

∣∣∣∣∣. (E9)

Introducing the auxiliary variable t = 1 − sin(θ ), we can write

Re[J1(ω)] =
∫ 2

0

dt√
t(2 − t)

1

ω̃t
log

∣∣∣∣ ω̃ − t

ω̃ + t

∣∣∣∣. (E10)

We now note that the integrand in the previous equation is peaked at t ∼ 0 and t ∼ ω̃. Furthermore, for ω � 2EF, both peaks
collapse at t ∼ 0. We can therefore approximate (E10) as

Re[J1(ω � 2EF)] �
∫ 2

0

dt√
2t

1

ω̃t
log

∣∣∣∣ ω̃ − t

ω̃ + t

∣∣∣∣, (E11)

which can be evaluated analytically, yielding∫ 2

0

dt√
2t

1

ω̃t
log

∣∣∣∣ ω̃ − t

ω̃ + t

∣∣∣∣ = −
√

ω̃ log
(

2−ω̃
2+ω̃

) + 2
√

2 tanh−1
(√

2/ω̃
) + 2

√
2 tanh−1

(√
ω̃/2

)
ω̃3/2

. (E12)

A further asymptotic expansion in the limit ω � 2EF yields

Re[J1(ω � 2EF)] � −
√

2π

ω̃3/2
. (E13)

Similarly, we find

Re[J2(ω � 2EF)] � −
√

2π

ω̃3/2
+ π√

2ω̃
, (E14)

while, in the same limits, Re[J3(ω � 2EF)] is a regular function having a negligible contribution with respect to Re(J1) and
Re(J2). Replacing Eqs. (E13) and (E14) in Eq. (E4), we finally obtain

Re
[
χ

(0)
AB(qz,q

′
z,q‖,ω)

] → −q2
x + qzq

′
z

3Lzπ2EF

1√
2ω̃

, (E15)

which gives Eq. (14) of the main text.
In order to evaluate the imaginary part of the response function, we exploit the Dirac identity 1/[x2 − (ω + i0+)2] =

1/(x2 − ω2) + iπδ(x2 − ω2). For ω < 2EF, we obtain

Im[J1(ω)] =
∫

dpy

∫ ∞

0
dp⊥
(1 − p)δ(py − p + ω̃)

π

ω̃p
, (E16)

Im[J2(ω)] =
∫

dpy

∫ ∞

0
dp⊥
(1 − py)δ(py − p + ω̃)

π

ω̃p
, (E17)

Im[J3(ω)] = 0, (E18)
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which, replaced in Eq. (E4), result into

Im
[
χ

(0)
AB(qz,q

′
z,q‖,ω)

] = −q2
x + qzq

′
z

3Lzπ2EF

(√
2 + ω̃ − √

2 − ω̃
)

ω̃
3
2

. (E19)

The leading term for ω � EF gives Eq. (23) of the main text.
Following similar steps in the undoped case (EF = 0), we find

χ
(0)
AB(qz,q

′
z,q‖,ω) → −i

2
(
q2

x + qzq
′
z

)
3Lzπ2ω

. (E20)
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